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The work of van der Lek
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Linear Coxeter groups: Notation

Consider
• A (not necessarily finite) linear Coxeter group W acting on a finite

dimensional real euclidean space h.
• A fundamental chamber C for W with walls M1, . . . ,Mℓ.
• The orthogonal reflections sj in the hyperplanes Mj (the simple

reflections).
• mjk which is the order of sjsk.
• The set M of reflection hyperplanes of all reflections in W (the

mirrors of W ).
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Linear Artin groups

The Artin group of W , denoted AW , is the group with the following
presentation:

Generators: T1, . . . , Tℓ.
The braid relations:

TjTkTj · · · = TkTjTk · · ·

with mjk < ∞ terms on each side, j ̸= k.

In particular the map

AW → W, Tj 7→ sj

extends to a surjective homomorphism, and by a theorem of Matsumoto
(1964), there is a natural section (not homomorphism!)

T : W → AW , sj 7→ Tj
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The Tits cone

The Tits cone of W is
I =

⋃
w∈W

w(C).

Denote by 8I the interior of the Tits cone.

By a theorem of Vinberg (1971) it satisfies the following properties:
• I is a convex cone and 8I is an open convex cone.
• 8I consists of points in I with finite W -stabilizer.
• W acts properly discontinuously on 8I.

In particular, W is finite if and only if I = h.
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The regular orbit space and braid groups

• Consider the space of regular points

Y = (h + i 8I) \
⋃

M∈M
MC ⊆ hC

where (·)C = − ⊗R C is the complexification functor.

The regular orbit space is the quotient X = Y/W .
Write p : Y → X for the canonical projection. This is a covering
projection.

Choose a point c ∈ C, let y0 = ic and x0 = p(y0).

The braid group of W is the fundamental group π1(X,x0).
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van der Lek’s theorem: Linear case

If M is a wall of C, let DM (C) be the open halfspace of V determined
by M that contains C.

Theorem 1 (van der Lek, 1983)
The braid group π1(X,x0) is isomorphic to the Artin group AW .
Moreover the generators Tj, j = 1, . . . , ℓ correspond under this
isomorphism to path homotopy classes [p ◦ T j ] where

T j : [0, 1] → Y, t 7→ δ(t) + i((1 − t)c+ tsj(c))

and δ : [0, 1] → h is any continuous function such that δ(0) = δ(1) = 0
and δ(1/2) ∈ DMj

(C).
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Example in type B2: Generators

T 1:

DM1
(C)

ℜ

t = 1/2

ℑ

α1

α2

c

t = 1/2

s1(c)

C

M1

M2

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Example in type B2: Generators

T 2:
ℜ

DM2(C)

t = 1/2

ℑ

α1

α2

M1

M2

c

s2(c)

t = 1/2

C

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Example in type B2: The braid relation

The braid relation in this case is

T1T2T1T2 = T2T1T2T1

and, by lifting, the LHS and RHS correspond, respectively, to the fol-
lowing paths in Y :

T 1 ∗ s1T
2 ∗ s1s2T

1 ∗ s1s2s1T
2

and
T 2 ∗ s2T

1 ∗ s2s1T
2 ∗ s2s1s2T

1,

that is

[p ◦ (T 1 ∗ s1T
2 ∗ s1s2T

1 ∗ s1s2s1T
2)] = T1T2T1T2

and
[p ◦ (T 2 ∗ s2T

1 ∗ s2s1T
2 ∗ s2s1s2T

1)] = T2T1T2T1.
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Example in type B2: The braid relation

T 1∗s1T
2 ∗ s1s2T

1 ∗ s1s2s1T
2 vs. T 2∗s2T

1 ∗ s2s1T
2 ∗ s2s1s2T

1

ℜ

δ2

δ1

ℑ

M1

M2

C

α1

α2
c

s1(c)

s2(c)

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Example in type B2: The braid relation

T 1 ∗ s1T
2∗s1s2T

1 ∗ s1s2s1T
2 vs. T 2 ∗ s2T

1∗s2s1T
2 ∗ s2s1s2T

1

ℜ

s1δ2

s2δ1

ℑ

s1(M1)

s2(M2)

s1(M2)

C

α1

α2
c

s1(c)

s2(c)

s1s2(c)

s2s1(c)

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Example in type B2: The braid relation

T 1 ∗ s1T
2 ∗ s1s2T

1∗s1s2s1T
2 vs. T 2 ∗ s2T

1 ∗ s2s1T
2∗s2s1s2T

1

ℜ

s1s2δ1

s2s1δ2

ℑ

s1s2(M1)
s1(M2)

s2s1(M1)

s2s1(M2)

C

α1

α2
c

s1(c)

s2(c)

s1s2(c)

s2s1(c)

s1s2s1(c)

s2s1s2(c)

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Example in type B2: The braid relation

T 1 ∗ s1T
2 ∗ s1s2T

1 ∗ s1s2s1T
2 vs. T 2 ∗ s2T

1 ∗ s2s1T
2 ∗ s2s1s2T

1

ℜ

s1s2s1δ2

s2s1s2δ1

ℑ

s1s2(M1)

s1s2s1(M2)

s2s1s2(M1)

s2s1(M2)

C

α1

α2
c

s1(c)

s2(c)

s1s2(c)

s2s1(c)

s1s2s1(c)

s2s1s2(c)

s1s2s1s2(c)

s2s1s2s1(c)

Thanks to Luigi Loayza Montesinos for these beautiful drawings!
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Root bases

A root basis in h is a pair (B, (·)∨) where B = {α1, . . . , αℓ} is a finite
subset of h and

(·)∨ : B → h∗, α 7→ α∨

is a map such that
• B (resp. B∨) is a linearly independent subset of h (resp. h∗).
• α∨(α) = 2 for all α ∈ B.
• β∨(α) ∈ Z≤0 for all α ̸= β in B.
• β∨(α) = 0 ⇒ α∨(β) = 0.

Let
si(x) = x− α∨

i (x)αi

the reflection associated to αi andW the group generated by {s1, . . . , sℓ}.
The fundamental chamber is

C = {x ∈ h | α∨
j (x) > 0, j = 1, . . . , ℓ}.
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Generalized root systems

The set
R = W (B) = {w(α) | w ∈ W,α ∈ B}

is called a generalized root system and W its Weyl group.

• The set R∨ = W (B∨) is the dual of R.
• The elements of R are called roots and the elements of R∨ co-roots.
• The lattices

Q =
ℓ⊕

j=1
Zαj and Q∨ =

ℓ⊕
j=1

Zα∨
j .

are called the root lattice and the co-root lattice, respectively.
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Extended Weyl group

If h ∈ h we write
t(h) : h → h, x 7→ x+ h

for the translation by the vector h.

Write L = Q.

The extended Weyl group of R is

W̃ = W ⋉ t(L).

Let XL = {Xλ | λ ∈ L} be a multiplicative abelian group isomorphic
to L:

X0 = 1, Xλ+µ = XλXµ, (Xλ)−1 = X−λ.

Write Xj = Xαj .
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Extended Artin groups

There are several equivalent definitions of the extended Artin group A
W̃

of W̃ . This is one of them:

It is the group with generators T1, . . . , Tℓ, X1, . . . , Xℓ such that
• The subgroup generated by T1, . . . , Tℓ is isomorphic to AW ;
• The subgroup generated by X1, . . . , Xℓ is isomorphic to XL;
• These generators also satisfy the push-relations:

T
(n)
j Xλ = Xsj(λ)T

(n+⟨α∨
j ,λ⟩)

j

where
T

(2m)
j := Xm

j TjX
m
j

and
T

(2m−1)
j = Xm

j T
−1
j Xm

j .
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Extended braid groups

The group W̃ acts on hC, but the action of t(L) is by translations only
of the real part.

• Let C be the fundamental chamber and choose c ∈ C.
• Consider as before the Tits cone I of W .
• Consider the space of regular points

Ỹ = (h + i 8I) \ {reflection hyperplanes of W̃}.

• The regular orbit space is X̃ = Ỹ /W̃ . Let p̃ : Ỹ → X̃ be the
canonical covering projection.
Let ỹ0 = ic and x̃0 = p̃(ỹ0).

The extended braid group of W̃ is the fundamental group π1(X̃, x̃0).
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van der Lek’s theorem: Extended case

Theorem 2 (van der Lek, 1983)
The extended braid group π1(X̃, x̃0) is isomorphic to the extended
Artin group A

W̃
. Moreover the generators Tj and Xj correspond

under this isomorphism to path homotopy classes [p ◦ T j ] and [p ◦Xj ]
where

T j(t) = δ(t)αj + i((1 − t)c+ tsj(c))

where δ : [0, 1] → [0, 1/2) is continuous, with δ(0) = δ(1) = 0 and
δ(1/2) > 0, and

Xj(t) = tαj + ic,

respectively, j = 1, . . . , ℓ.
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Affine Weyl groups

• Assume R is an irreducible root system in h.
• Let α∨

0 be the longest coroot and α0 be the corresponding root.
• Let s0 = t(α0)sα0 where sα0 is the reflection corresponding to α0.
• Let Wa be the affine Weyl group of R.

The action of Wa on h and on h∗ is by affine transformations. But its
action on the space of affine-linear functionals h∗ → R is linear, and
this space is isomorphic to h̃ = h ⊕ Rδ.
Thus we can consider Wa as a linear Coxeter group acting on h̃.
Define ĥ = h̃ ⊕ RΛ and

ψ : ĥ → R, x+ sδ + tΛ 7→ t.

We extend the inner product on h by

⟨h, δ⟩ = ⟨h,Λ⟩ = 0 ⟨δ, δ⟩ = ⟨Λ,Λ⟩ = 0, ⟨Λ, δ⟩ = 1

In this case, the interior of the Tits cone is 8I = ψ−1((0,+∞)).
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Complexifications

Let τ ∈ C× and denote the complexification of ψ again by ψ.
• Let Ya ⊆ h′

C and Xa be the space of regular points considering
Wa as a linear Coxeter group.

• Write
hτ
C = ψ−1(τ).

• Define
Yτ = hτ

C \ { reflection hyperplanes of Wa}

and
Xτ = Yτ/Wa.

• If ℑ(τ) > 0 space Yτ is a deformation rectract of Ya and there is
a deformation retraction invariant under Wa so that Xτ is also a
deformation retract of Xa.

• In this case, Wa = W̃ and there is a homeomorphism Xτ
∼= X̃

provided ℑ(τ) > 0.
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van der Lek’s theorem: Affine case

Theorem 3 (van der Lek, 1983)
The retraction Xa → X̃ defined above induces a commutative diagram
of groups and isomorphisms

π1(Xa, ∗) −→ π1(X̃, ∗)
↓ ↓

AWa −→ A
W̃

Moreover, the isomorphism in the bottom row is given by

Tj 7→ Tj , j = 1, . . . , ℓ and T0 7→ Xα0T (sα0)

where T : W → AW is the section given by Matsumoto’s theorem.
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The Heisenberg group
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The Heisenberg group

• Consider two lattices L and M in a real euclidean vector space 8hR.
• Assume that the inner product on 8hR induces a perfect pairing

⟨·, ·⟩ : L×M → 1
e
Z

for some integer e ≥ 1.
• Let

XL = {Xλ | λ ∈ L} and Y M = {Y µ | µ ∈ M}

be multiplicative abelian groups isomorphic to L and M , respec-
tively.

The Heisenberg group NM
L associated to this data is the group

generated by XL, Y M and a central element q0 subject to the
relations

XλY µ = Y µXλq⟨λ,µ⟩, λ ∈ L, µ ∈ M,

where q = qe
0.
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Automorphisms of the Heisenberg group

Consider the theta subgroup of the modular group

Γϑ =
{(

a c
b d

)
∈ SL2(Z)

∣∣∣∣ ab ≡ cd ≡ 0 (mod 2)
}

≤ SL2(Z).

This group acts by automorphisms on NL
L as follows. Let

A =
(
a c
b d

)
,

and define φA : NL
L → NL

L by φA(q0) = q0,

φA(Xλ) = XaλY bλq−ab/2 and φA(Y λ) = XcλY dλq−cd/2.

Question.
Is it possible to construct these automorphisms using topological
methods?
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A representation of the Heisenberg group

Let 8h be the complexification of 8hR and extend the inner product by
bilinearity. Add to 8h a hyperbolic plane, that is, let

h = 8h ⊕ Cδ ⊕ CΛ

where
⟨8h, δ⟩ = ⟨8h,Λ⟩ = 0,

⟨δ, δ⟩ = ⟨Λ,Λ⟩ = 0 and ⟨δ,Λ⟩ = 1.

The Heisenberg group NL
L acts on h by the formulas

Xλ · v = v + 2πiλ,

Y λ · v = v + ⟨v, δ⟩λ−
(

⟨v, λ⟩ + 1
2 ⟨λ, λ⟩⟨v, δ⟩

)
δ

q0 · v = v + 2πiδ.
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Heisenberg group as a fundamental group

The subspace
Y = {v ∈ h | ℜ(⟨v, δ⟩) > 0}

is invariant under the action of NL
L as are the subspaces

Yτ = {v ∈ Y | ⟨v, δ⟩ = τ}.

Let
Xτ = Yτ/N

L
L , p : Yτ → Xτ

choose a regular point y0 ∈ Yτ and let x0 = p(y0).
The monodromy map

π1(Xτ , x0) → NL
L

is an isomorphism since Yτ is a universal covering space of Xτ .
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Relation to van der Lek’s work

Note that the space Y is precisely the space of regular points for the
action of NL

L and that when ℜ(τ) > 0 the space Yτ is a deformation
retract of Y .
If we define the regular orbit space as

X = Y/NL
L

we have that Xτ is a deformation retract of X and thus NL
L is also the

fundamental group of X.
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Our goals
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Motivation

Our first goal is to construct topologically automorphisms of the Heisen-
berg group, in particular the automorphisms arising from the theta
subgroup of the modular group.

Why?

If all of these constructions are "natural enough" we can extend these
to the following more general construction:

Let W be a group of orthogonal transformations of 8hR leaving L and
M invariant. We define

W (L,M) = NM
L ⋊W.

When W is the Weyl group of a finite root system and L,M are
certain choices of the (co-)root or (co-)weight lattices, this
construction produces the so-called double affine Weyl group.
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Double affine Artin/braid groups

Consider an affine Coxeter system (Wa, {s0, . . . , sℓ}) acting by affine
transformations on h and linearly on h′ as before.
We can iterate the above constructions and extend Wa by a lattice M .
More precisely, we construct the extended Weyl group of Wa, that is

W̃a.

which we call the double affine Weyl group.

The double affine Artin group of W , denoted BW , is the extended
Artin group of the double affine Weyl group.

As before we can construct its space of regular points Ỹa and the regular
orbit space X̃a.

The double affine braid group is the fundamental group π1(X̃a, ∗).
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A presentation

By definition BW is generated by AWa , (a multiplicative version Y M

of) a root lattice M and a central element q0 subject to the relations

TjY
µ = Y sj(µ)Tj if ⟨α∨

j , µ⟩ = 0,
TjY

µTj = Y sj(µ) if ⟨α∨
j , µ⟩ = 1,

where q = qe
0.
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The goal

In 1992 Ivan Cherednik (followed later by Ion), using the ideas of van
der Lek, proposed a connection between the double affine Hecke algebra
and the fundamental group of a certain topological space.

Surprisingly for us, this topological point of view has not been exploited
at all (as far as we know) and the topological techniques developed by
van der Lek seem to be powerful enough to suggest the following

Main goal.
Produce topologically several involutions, automorphisms,
homomorphisms of/between double affine braid groups.
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