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The work of van der Lek




Linear Coxeter groups: Notation

Consider

o A (not necessarily finite) linear Coxeter group W acting on a finite
dimensional real euclidean space b.

¢ A fundamental chamber C for W with walls My, ..., M,.

o The orthogonal reflections s; in the hyperplanes M; (the simple
reflections).

o mjj which is the order of s;sy.

e The set M of reflection hyperplanes of all reflections in W (the
mirrors of W).




Linear Artin groups

The Artin group of W, denoted Ay, is the group with the following
presentation:

Generators: T1,...,T;.

The braid relations:
TTk Ty =TTy - -

with m;, < oo terms on each side, j # k.

In particular the map
Ay — W, Tj = S;

extends to a surjective homomorphism, and by a theorem of Matsumoto
(1964), there is a natural section (not homomorphism!)

T:W—=Aw, s;—=1T;




The Tits cone

The Tits cone of W is -
I=|J w©)

weW

Denote by I the interior of the Tits cone.

By a theorem of Vinberg (1971) it satisfies the following properties:
o Iis a convex cone and I is an open convex cone.
o I consists of points in I with finite W-stabilizer.

o W acts properly discontinuously on I.

In particular, W is finite if and only if I = b.




The regular orbit space and braid groups

e Consider the space of reqular points

Y =(h+il)\ |J McChe
MeM

where (-)c = — ®g C is the complexification functor.
The regular orbit space is the quotient X =Y/W.

Write p: Y — X for the canonical projection. This is a covering
projection.

Choose a point ¢ € C, let yg = ic and xg = p(yo)-

The braid group of W is the fundamental group (X, xo). )




van der Lek’s theorem: Linear case

If M is a wall of C, let Dps(C) be the open halfspace of V' determined
by M that contains C.

Theorem 1 (van der Lek, 1983)

The braid group w1 (X, z¢) is isomorphic to the Artin group Aw .
Moreover the generators T, j =1,...,{ correspond under this
isomorphism to path homotopy classes [p o T7] where

T7:00,1] =Y, tw8(t)+i((1—t)c+ts;(c))

and § : [0,1] = b is any continuous function such that 6(0) = 6(1) =0
and 0(1/2) € D, (C).

v




Example in type Bs: Generators

t=1/2
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Thanks to Luigi Loayza Montesinos for these beautiful drawings!

| Automorpl



Example in type Bs: Generators

t=1/2

D, (C)

@w

Thanks to Luigi Loayza Montesinos for these beautiful drawings!

| Automorpl



Example in type By: The braid relation

The braid relation in this case is
TWTyTh Ty = ToTi 15Ty

and, by lifting, the LHS and RHS correspond, respectively, to the fol-
lowing paths in Y:

TV % 51T % 51897 * 51895112

and
T2 x 55T % 5951 T2 % 5951827,
that is
[po (T1 x 5112 % s189T" * 818281T2)] =TNToTWT,
and

[po (T? % 55T % 598112 % 535185T")] = ToTh T T}




Example in type By: The braid relation




Example in type By: The braid relation

T % 5,772 vs. T? % 52T1




Example in type By: The braid relation

T % 51T? % 51551 vs. T2 % 59T % 595,12

s251(c)

5251(]\/12)




Example in type By: The braid relation

T! % 51T2 * 5152T1 * 5180512 vs. T?x 82T1 * 8281T2 * 828182T1

Ri

51525109

s18251(c)

s18251(Mz)

s1828182(¢)
$2815251(c)
s251(c)

5251(]\/12)
S98152(M7)

Thanks to Luigi Loayza Montesinos for these beautiful drawings!




Root bases

A root basis in b is a pair (B, (-)V) where B = {ay,...,a} is a finite

subset of h and

() :B—=b", a—a’

is a map such that
e B (resp. BY) is a linearly independent subset of b (resp. h*).
a¥(a) =2 for all « € B.
. ﬁv( a) € Z<p for all a # [ in B.
BY(a) =0=aY(B8) =0.
Let
si(r) =2 — o) (2)oy

the reflection associated to a; and W the group generated by {s1, ..., s¢}.
The fundamental chamber is

C={zeb|aj®)>0, j=1,....0}




Generalized root systems

The set

R=W(B)={w(a) |we W,a € B}

is called a generalized root system and W its Weyl group.

The set RY = W(BV) is the dual of R.
The elements of R are called roots and the elements of RV co-roots.
The lattices

are called the root lattice and the co-root lattice, respectively.




Extended Weyl group

If h € b we write
t(thy:h—=b, ax—xz+h

for the translation by the vector h.
Write L = Q.
The extended Weyl group of R is J

W =W x t(L).

Let XX = {X* | A € L} be a multiplicative abelian group isomorphic
to L:

X0=1, xMr=Xx*xr (XM)l=Xx"M
Write X; = X,




Extended Artin groups

There are several equivalent definitions of the extended Artin group AVT/
of W. This is one of them:

It is the group with generators T1,...,7T;, X1,..., Xy such that
e The subgroup generated by T71,..., T} is isomorphic to Ay ;
o The subgroup generated by X1, ..., X, is isomorphic to XT;
e These generators also satisfy the push-relations:
() A — xss Q) (e A))
J J
where 2m)
2m
T} = X" X"
and

(2m—-1) mm—1vm
TEMD — xmroix,




Extended braid groups

The group W acts on he, but the action of ¢(L) is by translations only
of the real part.

e Let C be the fundamental chamber and choose ¢ € C.
o Consider as before the Tits cone I of W.

o Consider the space of regular points
Y = (h + il) \ {reflection hyperplanes of W}.

o The regular orbit space is X = ?/AW/ Let p : Y — X be the
canonical covering projection.

Let ﬂo = {c and i‘o = ﬁ(go)

The extended braid group of W is the fundamental group ()Z' ,Zo)- J




van der Lek’s theorem: Extended case

Theorem 2 (van der Lek, 1983)

The extended braid group Wl(XjO) s isomorphic to the extended
Artin group AVT/' Moreover the generators T; and X; correspond

under this isomorphism to path homotopy classes [p o T7] and [p o X]
where

TI(t) = 5(t)ay +i((1 — t)e + 15 ()
where ¢ : [0,1] — [0,1/2) is continuous, with 6(0) = 6(1) =0 and
5(1/2) > 0, and ‘
X7 (t) = ta +ic,

respectively, j =1,... £.




Affine Weyl groups

e Assume R is an irreducible root system in b.

o Let ay be the longest coroot and aq be the corresponding root.

o Let so = t(a0)Sa, Where sq, is the reflection corresponding to ap.
e Let W, be the affine Weyl group of R.

The action of W, on h and on h* is by affine transformations. But its
action on the space of affine-linear functionals h* — R is linear, and
this space is isomorphic to h = b & Ré. B

Thus we can consider W, as a linear Coxeter group acting on b.
Define 6 =h D RA and

1/1:6%]1%, T+ sd+tA—t.
We extend the inner product on § by

<h76>:<h7A>:O <676>:<A7A>:Ov <A76>:1

In this case, the interior of the Tits cone is I = ¥~1((0, +00)).




Complexifications

Let 7 € C* and denote the complexification of 1) again by .

Let Y, C b/¢ and X, be the space of regular points considering
W, as a linear Coxeter group.

Write
bt =4~ 1(7).
Define
Y: =g\ { reflection hyperplanes of W, }
and

X, =Y./ W,.

If $(7) > 0 space Y, is a deformation rectract of Y, and there is
a deformation retraction invariant under W, so that X, is also a
deformation retract of X,.

In this case, W, = W and there is a homeomorphism X, = X
provided (1) > 0.




van der Lek’s theorem: Affine case

Theorem 3 (van der Lek, 1983)

The retraction Xq — X defined above induces a commutative diagram
of groups and isomorphisms

7T1(Xa7*) — 771()?7*)

! '

a

Moreover, the isomorphism in the bottom row is given by

Tj'-)Tj, j:l,,é and T(]*-)XOZOT(S(XD)

where T : W — Ay is the section given by Matsumoto’s theorem.




The Heisenberg group




The Heisenberg group

¢ Consider two lattices L and M in a real euclidean vector space 6R.
e Assume that the inner product on BR induces a perfect pairing

1
(v):LxM— -Z
€

for some integer e > 1.
o Let
XE={X* XeL} and Y™ ={Y"|puec M}
be multiplicative abelian groups isomorphic to L and M, respec-
tively.

The Heisenberg group NM associated to this data is the group
generated by X¥, Y™ and a central element gy subject to the

relations
XAV =YX M Ne L ueM,

where ¢ = ¢§.




Automorphisms of the Heisenberg group

Consider the theta subgroup of the modular group

Ty = { (‘g 2) € SLy(Z)

This group acts by automorphisms on NZ as follows. Let

a ¢
1= )

and define @4 : NLL — NLL by ¢a(q0) = qo,

ab=cd=0 (mod 2)} < SLy(Z).

QOA(X)\) _ Xa)\yb)\q—ab/Q and (PA(YA) _ XcAyqu—cd/2.

Is it possible to construct these automorphisms using topological
methods?

Question. J




A representation of the Heisenberg group

Let 6 be the complexification of GR and extend the inner product by
bilinearity. Add to h a hyperbolic plane, that is, let

h=hoCsaCA

where . )
(b,d) = (b,A) =0,
(6,0) =(A,A)=0 and (§,A)=1.
The Heisenberg group NE acts on b by the formulas
XA v =0+ 27,

Y v =04 (v,5)\ - ((v,)\) + ;(A,A)(v,6)> é

Qo - v = v + 2mid.




Heisenberg group as a fundamental group

The subspace
Y ={veph|R((v,5)) >0}

is invariant under the action of IV LL as are the subspaces
Y,={veY|{(v,d) =7}

Let
X, =Y. /NE, p:Y, = X,

choose a regular point yo € Y, and let 29 = p(yo).
The monodromy map
7T1(X7—,$0) — Nf

is an isomorphism since Y, is a universal covering space of X .




Relation to van der Lek’s work

Note that the space Y is precisely the space of regular points for the
action of N£ and that when R(7) > 0 the space Y, is a deformation
retract of Y.

If we define the regular orbit space as

X =Y/NE

we have that X, is a deformation retract of X and thus N LL is also the
fundamental group of X.




Our goals




Motivation

Our first goal is to construct topologically automorphisms of the Heisen-
berg group, in particular the automorphisms arising from the theta
subgroup of the modular group.

Why?

If all of these constructions are "natural enough" we can extend these
to the following more general construction:

Let W be a group of orthogonal transformations of GR leaving L and
M invariant. We define

W(L,M)=NMxW.

When W is the Weyl group of a finite root system and L, M are
certain choices of the (co-)root or (co-)weight lattices, this
construction produces the so-called double affine Weyl group.




Double affine Artin/braid groups

Consider an affine Coxeter system (W, {so,...,s¢}) acting by affine
transformations on § and linearly on b’ as before.

We can iterate the above constructions and extend W, by a lattice M.
More precisely, we construct the extended Weyl group of W,, that is

Wa.
which we call the double affine Weyl group.

The double affine Artin group of W, denoted By, is the extended
Artin group of the double affine Weyl group. J

As before we can construct its space of regular points ?; and the regular
orbit space X,.

The double affine braid group is the fundamental group m (X, *). J




A presentation

By definition By is generated by Aw,, (a multiplicative version Y™
of) a root lattice M and a central element gy subject to the relations

TYr =y, if (o) p) =0,
TYPT; = Y50 if (o p) =1

where g = ¢§.




The goal

In 1992 Ivan Cherednik (followed later by Ion), using the ideas of van
der Lek, proposed a connection between the double affine Hecke algebra
and the fundamental group of a certain topological space.

Surprisingly for us, this topological point of view has not been exploited
at all (as far as we know) and the topological techniques developed by
van der Lek seem to be powerful enough to suggest the following

Main goal.
Produce topologically several involutions, automorphisms,
homomorphisms of/between double affine braid groups.




Let the journey begin!
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