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Resumen

En la presente tesis abordaremos dos topicos importantes en dlgebra conmutativa y geometria
algebraica afin que son las derivaciones y los automorfismos polinomiales. Estableceremos
una correspondencia entre las acciones racionales del grupo multiplicativo G,, sobre var-
iedades algebraicas afines y ciertas derivaciones que llamaremos racional semisimple. Ademés
mostraremos una forma de escribir el cuerpo de funciones racionales a través del kernel de la
derivacién y un elemento que llamaremos slice racional para la derivacion racional semisimple.
En [7] Dubouloz y Liendo definen cuando una derivacion es racionalmente integrable, este
tipo de derivaciones estan en correspondencia con las acciones racionales del grupo aditivo
Gg, generalizaremos el concepto de racional semisimple y racionalmente integrable a través
de las derivaciones racional localmente finitas, una derivacién racional localmente finita sat-
isface cumplir que la aplicaciéon exponencial de ella se factoriza sobre un cuerpo de funciones
racionales. Los automorfismos racionales localmente finitos se definen a partir de un flujo
racional el cual puede ser diferenciado. Mostraremos que si tenemos una derivacién racional
localmente finitas la aplicacién exponencial de ella da origen a un automorfismo racional
localmente finito y viceversa, si tenemos un automorfismo racional localmente finito su difer-

enciacién permite obtener una derivacién racional localmente finita.



Abstract

In the present thesis, we study two important topics in commutative algebra and algebraic
geometry: polynomial derivations and polynomial automorphisms. We establish a one-to-one
correspondence between the rational G,,-actions on algebraic varieties and certain derivations
0 which we will call rational semisimple. Also, we proved that if there exists an element
s € Kx such that satisfy 9(s) = s, called rational slice, we can decompose the field of rational
functions since Ky ~ K}G(’m (s).

As defined by Dubouloz and Liendo define when a derivation is rationally integrable that
the type of derivation is in correspondence with the rational G,-actions over algebraic varieties.
We generalize the concept of rational semi-simple and rationally integrable derivation through
rational locally finite derivation, which coincides with the regular case with the locally finite
derivations.

The rational locally finite automorphism defines a rational flow that can be differentiated.
We will show if we have a rational locally finite derivation, the exponential maps associated to
it, give origin to a rational locally finite automorphism, and viceversa. If we have a rational
locally finite automorphism with their differentiation, we will be allowed to obtain a rational

locally finite derivation.



Notation

Bl = Blx1,. ..,z Polynomial ring inn variables with coefficient in B
(Gq,+) Additive group (k,+)
(G, +) Multiplicative group (k*,-)
E[X],O(X) Ring of coordinate (ring of regular functions) of algebraic variety X
A7 Affine space n dimensional over k
B* Units of B
Frac(B) Field of rational functions of B
K(X),Kx Field of rational functions associated to algebraic variety X
Der(B) Set of derivations over B
Aut(X) Automorphism groups of variety X
[E, D] Lie bracket of maps E and D



Introduction

The operations of derivation and integration are widely known and have been used for a
considerable amount of time as the notion of derivative in its first beginnings. This concept is
generalized through what we call derivation.

Derivations occur in many different contexts in diverse areas of mathematics and, in so
doing, they connect various branches of it. For instance, the theory of Lie algebras, theory
of geometric invariants, commutative algebra, algebraic geometry, differential algebra, and
partial differential equations among others.

The derivations are a very useful tool to study several problems in mathematics. In our
context we allow ourselves to distinguish whether two varieties are not isomorphic through in-
variants, and to describe and understand the automorphism group of affine algebraic varieties.

Our focus is on the polynomial derivations; this has form D = >"" | Pia—% where the P;’s
are polynomials in the polynomial ring in n variables with coefficients in k k" = klxi, ..., zp]

and 2 corresponds to a partial derivative with respect to variable x;. Given f € k[ the
2
elementZD( f) is defined by

_p9f of
D(f)—P18:E1 —l—...-i—Pnaxn.

The locally finite derivation and automorphism have contributed to understanding and
establishing equivalences to the great problems of affine algebraic geometry. Some of the

problems on affine n space are:

e Characterization problem: Finding an algebraic and geometric characterization of

the affine n dimensional space A".

e Jacobian problem: If the map ¢: A" — A" has a Jacobian determinant with an

element of C* then is it an automorphism?

e Automorphism problem: Providing a description of polynomial automorphisms of
A™. The polynomial automorphisms form a group under composition, which is rather

large.



e Linearization problem: When is an automorphism of A™ linearizable?.

Also, the derivations help to classify a finitely generated ring associated to algebraic variety
and this way distinguish them from each other. Makar Limanov introduces an invariant
(henceforth ML invariant) that consists in the intersection of all kernels of locally nilpotent
derivations. Using the ML invariant and advanced techniques of graded ring, he managed to
describe the group of automorphisms of the Danielewski surfaces. Moreover, using the ML
invariant, he proved that the Koras-Russell variety associated with {(z,y, z,t) € C* |z + 2%y +

22 + 3 = 0} is not isomorphic with C3.

Understanding the automorphism group of the affine n-dimensional space A" has always
been of great interest to mathematicians; however, since this group is larger and very difficult,
the classification is open for n > 3. In 1942 Jung-Van der Kulk gave a description of the
automorphism group for A? where the automorphism group is the amalgamated product of
elementary group and affine group, and therefore any automorphism is tame. At that time
it was believed that for n = 3 the automorphisms were also tame; however, in 1972 Nagata
constructed the unipotent automorphism (z—2y(y*+x2) —z(y? +22)%, y+2(y*+22), 2) (expo-
nential maps of locally nilpotent derivation) and conjectured that was not tame, Shestakov in
2004 managed to prove that indeed this automorphism is not tame, rather it is wild. The group

of automorphisms is conjectured to be generated by triangular and affine automorphisms.

Within the linearization problem, we have the case in which the automorphism comes
from an action of an algebraic group. The linearization problem about regular G,,- actions is
positive for the cases n = 1, n = 2 (Gutwirth), n = 3 (Koras-Russell ). Similarly, studying the
problem of linearization of derivations for the case semisimple is analogous and more general
than the problem for actions of the multiplicative group, because the semisimple derivations
are in correspondence with the semisimple automorphisms, and hence particularly just with
some actions of the multiplicative group.

The derivations give negative answers to Hilbert’s fourteenth problem which asks whether
certain algebras are finitely generated. Zariski in 1954 proves that the problem is true for
n = 1,2. Then in 1959 Nagata found a counterexample to Hilbert’s conjecture constructed
ring of invariants for the action of a linear algebraic group for C[") with n > 32. Daigle and
Freudenburg show a counterexample for the case n = 5 using the kernel of locally nilpotent
derivation; nevertheless, the case for n = 4 is open.

This thesis is divided into four chapters.



e Chapter 1 presents some known facts about algebraic geometry. These topics will help us
understand the correspondence between affine algebraic varieties and finitely generated
rings, the actions of algebraic groups on affine algebraic varieties, and their equivalence

in the co action morphism.

e Chapter 2 Derivations over affine rings (rings finitely generated over a field of character-
istic zero) are introduced. We will see the classic results of this theory and its utilities,

particularly the locally nilpotent derivations and the semisimple derivations.

e In Chapter 3, I describe some results of my work during my Ph.D. We established a
correspondence between the rational actions of G, on X and certain derivations 0 on
the field of rational functions K (X), which we will call rational semisimple; this is an
analog to the work conducted by Duboulouz and Liendo [7] in regards to rational G,
action. We describe K (X) using the kernel of derivations and an element which we will
call rational slice s for 9, following Koshevoi’s idea in [12], such an element allows the
decomposition (ker 9)(s) = K(X).

e Within Chapter 4, the correspondence between rational locally finite derivations in the
field of rational functions Frac(B) and rational locally finite automorphism in Frac(B)
will be described. This correspondence coincides in the regular case, the correspondence
between locally finite elements (regular derivations and automorphisms), the locally
nilpotent derivations, and the regular G, action is verified, and when the eigenvalues of

a semi-simple derivation are integer numbers with the regular G,, action.



Chapter 1
Basic notions of algebraic geometry

In this chapter, we define the basic topics of algebraic geometry and relate it with the action
of algebraic groups over algebraic varieties and the ring of regular functions, field of rational
functions, these objects are in correspondence between the category of rings finitely generated

and the category of affine algebraic variety.

1.1 Categories

Definition 1.1. A Category % consists of 3 elements.
1. A collection of objects that we denote by obj(%).

2. For all pairs of objects A, B in obj(%) a set Mor(A, B) where the objects will be called
morphism. When we denote a morphism Mor(A, B), we will denote it by f: A — B.

3. Composition rule:
o : Mor(A, B) x Mor(B,C) — Mor(A4,C)

where o f, g) denotes go f.
In addition, the following axioms must be verified:
1. Associativity. For any map f, g, h is satisfied:
ho(gof)=(hog)of
if these compositions are well defined.

2. Identity. For all objects A in obj(%’) there exists a morphism in Mor(A, A) which we
denote by 14 such that for all morphisms f en Mor(A,B) f =1pofy f= fola.

10



Example 1.2. 1. The category of k-vector spaces where the objects are k-vector spaces

and the morphisms are the linear transformations.

2. The category of topological spaces where the objects are topological spaces and the

morphism are continuous functions.

3. The category of topological spaces pointed where the objects are pairs (X, zg) where X
is a topological space and xg is a fixed point in X and the morphism are continuous

functions that send the fixed point in fixed point.

4. The category of groups where the objects are groups and the morphisms are homomor-

phisms.

Definition 1.3. For a pair of categories o/, # we define a covariant functor F : &/ — £

consisting of:
1. Identify for each A € obj(</), with an object F(A) € obj(A).

2. For every pair of objects A, B in obj(%/) associate a morphism f € Mor(A, B) a mor-
phism F(f) € Mor(F(A), F(B)) satisfying:

(a) F(1a) = 1pa)
(b) F(fog)=F(f)oF(g)

Definition 1.4. For a pair of categories o/, 4 we define a contravariant functor F' : &/ — A

that consists of:

1. Identify for each A € obj(</), with an object F(A) € obj(A).

2. For all pair of objects A, B in obj(</) associate to a morphism f € Mor(A, B) a morphism
F(f) € Mor(F(B), F(A)) verifying:

(a) F(1a) = 1pa)
(b) F(fog)=F(g)oF(f)
1.2 Algebraic set and Zariski topology

In this section, we consider k as a field of characteristic zero. Let n be positive integers,

we define A} = {(z1,22,...,2,)|2z; € k} and consider their set of points, for simplicity, we
denote by A™ when the field is known. We will write k"l = k[z1, x5, ..., 2,] the polynomial
ring with coefficients in k, k") is a Noetherian ring, if P(z1,...,2,) is a polynomial in k[ and

11



x = (ay,...,a,) € A" we denote P(aq,...,a,) the evaluation of the polynomial P(z1,...,x,).

For simplicity we denote P(z) by P(z1,...,xy).

Definition 1.5. Let S be a algebraic subset arbitrary of k[

V(S) = {x € A"| for all P(z) € 8, P(z) = 0} (1.1)

i.e., V(S) is the set of all common zeros of the polynomials P(x) in S. V(S) we will call
it the affine algebraic set defined by S. If S = {P,..., P} we write V(P,..., P,) instead of
V{P,...,P}).

Example 1.6. 1. For positive integers n we have V({1}) =0y V({0}) = A™.
2. For n = 2, we have V(z1,22) = {(0,0)} and W (z122) = {(a,0)}U{(0,b)} where a,b € k.
Remark 1.7. 1. The function V reverses the inclusions, i.e. if S C S’ then V(S’) C V/(S).

2. If S is a subset of k", we write (S) or (S) to the ideal generated by S and verify
V(S) =V ({(S)). We can restrict ourselves to the case where S is an ideal.

3. Since k™ is Noetherian, every ideal is finitely generated, that is, I = (P,..., P,) hence,
every affine algebraic set is determined by a finite number of polynomials and verify

V(I)=V(Py,...,P)=V(P)N...0V(P,).
4. The set {a} of a point in A" is an affine algebraic set given by V' (z; — a;) .

5. The arbitrary intersection of affine algebraic sets is an affine algebraic set ﬂV(S’j) =
J

|4 USJ . If we restrict ourselves to ideals, then replace the union by the sum of
J

ideals.

6. The finite union of affine algebraic sets is an affine algebraic set. V(I)UV (J) =V (IJ) =
V(IndJ).

From 5) and 6) we deduce that the family of the affine algebraic set in A™ is a family of
the closed set for the topology in A",

Definition 1.8. We define the Zariski topology over A™ since the topology whose closed set

are the affine algebraic sets.

Definition 1.9. We consider P € k" and let V(P) C A" . We will call the set D(P) =
A™\ V(P) standard open (is the complement of closed set).

12



Example 1.10. 1. For a positive integer n we have D(1) = A" y D(0) = 0.

2. For n =2 and k a field of characteristic 0 we have D(x179) = A2\ {(x1,22) € A?| 11 =
0 or x9 = 0}.

Proposition 1.11. The standard open familiy of A™ is a basis for the Zariski topology.

Proof. The proof is given in [17]. O

1.3 Ideal of a affine algebraic set

We will define an operator I that associates an ideal in the polynomial ring with a set of

points.
Definition 1.12. Let V be a subset of A™. We define

I(V)={PeklM|P(z)=0foral z eV} (1.2)
is called the ideal of V.

I(V) is the set of polynomial functions vanishing in V. To verify that this is an ideal, we

consider the ring homomorphism

r: kP F(V k)

where F(V, k) is the ring of polynomial functions with domain V' and codomain k.

In this way Im(r) € F(V, k) are the functions whose restriction in V' coincides with poly-
nomials and ker(r) = I(V'), which in consequence is an ideal. The image Im(r) we denote by
['(V') and its polynomials we will call regular functions. By the first isomorphic theorem of a
ring T(V) = im(r) = k" /1(V)

1. For a positive integer n we have I(0) = k™,

2. If k is infinite, for n positive integer I(A}) =0

1.4 Irreducibility

Definition 1.13. Let X be a topological space that is not empty, a topological space X is
said to be irreducible if X = FUG, where F'y G are closed sets in X, then X = F or X = G.

Theorem 1.14. Let V be an affine algebraic set in A" endowed with the Zariski topology.

V is drreducible < I(V') is the ideal prime < T'(V') integral domain.

13



Proof. The proof of Theorem 1.14 is given in [17, Pages 13 and 14]. O

Definition 1.15. Let X be a set, a chain of subsets of X is a sequence Xg C X7 C ... C X,
such that X; are differents. We will say that the above chain has a large n.

Definition 1.16. Let X be a topological space. The dimension of X is the maximum of the
lengths of chains of closed subsets irreducible of X. This number is a positive integer, or +oo,

which we denote by dim X.

Theorem 1.17. Let V be a affine algebraic subset not empty. We can write V' of unique form,
except rearrangement, V = Vi U...UV,, where the sets V; are irreducible affine algebraic sets
and V; € V;. The V; are called irreducible components of V.

Proof. The proof of Theorem 1.17 is given in |17, Pages 14 and 15|. O

1.5 Hilbert’s Nullstellensatz (zero-locus-theorem)

It is not difficult to prove that if V' C A" is an affine algebraic set, then V(I(V)) = V.
However, it is not always true that if I C k[" is an ideal of polynomial rings, if we verify
I(V(I)) = I, then we just have I C I(V(I)).

Example 1.18. Let k& = R be the real numbers and I = (23 + 23 + 1), then V(I) = ) and
I(V(I) =RM £T.

We now consider k an algebraically closed field.

Theorem 1.19 (Weak Nullstellensatz). Let I C k" be a proper ideal contain in k™. Then
V(I) is not empty.

Proof. The proof of this theorem 1.19 is in [17, Pages 15 and 16]. O

Definition 1.20. Let B be a ring, we define the radical of a ideal I in B since the ideal

Rad(I) = {x € B| there exist r € N such that 2" € I'} (1.3)

Rad(I) is an ideal containing I.

Example 1.21. Let B = CY be the polynomial ring in one variable with coefficients complex.
We consider I = (2?) then Rad(I) = (z) for all P in (x), P?is in (2?), (x) C Rad(I). On the
other hand, since (X) is maximal y Rad(I) # Cl! is verifying Rad(I) = (x).

Theorem 1.22 (Nullstellensatz). Let I be an ideal in k™. then I(V(I)) = Rad(I).

14



Proof. The proof of Theorem 1.22 is given in [17, Page 16]. O

Remark 1.23. The ideal I(V) is radical if only if the ring I'(V) es reduced ( i.e, has not

nilpotent elements).

An application of the nullstellensatz tells us that if V' is an affine algebraic set, we associate
V to the ideal I(V') and this one to the algebra I'(V'), that is, a reduced k-algebra of finite
type. Is reduced because I(V') is a radical ideal and of finite type because it is isomorphic to
kM /T ([17, page 202]).

Proposition 1.24. There exist a correspondence bijective decrease W +— I(W'), whose inverse
is [ — V(I), between affine algebraic sets of A™ and radical ideals in kM. Also, the following

are equivalents :

1. W is irreducible < (W) prime < I'(W) integral.
2. W is a point < I(W) mazimal < T'(W) = k.

Proof. The proof of 1 is the theorem 1.14 and part 2 is deduced from theorem 1.19 and the
decreasing property of I y V.
O

In general, if V is an arbitrary set of affine algebraic sets with W an affine algebraic set
contained in V', I(V') C I(W). The theorem of homomorphism of the ring, I(W') determinate
an ideal Iy (W) of ring I'(V') correspond to the set f € I'(V) that vanishing in W and we have
the isomorphism

D(V)/ I (W) = T(W) (1.4

If I is an ideal of T'(V'), we can define V (1), since the set of zeros of functions of I over V:
V(I)={z €V forallf € I, f(x) =0} (1.5)

Proposition 1.25. There ezists a decreasing mutually inverse bijection W — Iy (W) y I —
V(I), between the affine algebraic sets of V' and the radical ideals in I'(V'). In addition, the

following are equivalents.
1. W is irreducible < Iy (W) is prime < I'(W) is integral.
2. W is a point < Iy (W) is mazimal < I'(W) = K.

3. W is a irreducible component of V < Iy (W) is a minimal ideal prime of T'(V').

15



Proof. The proof of Proposition 1.25 is in [17, Page 18] and follows from Proposition 2. O
Proposition 1.26. The points of V' are in bijection with the mazimal ideals of T'(V').
Proof. The proof of Proposition 1.26 is in [17, Page 18]. O

Definition 1.27. Let V be a affine algebraic set and f € I'(V') not zero. The set

Dy (f) =V\V(f) ={z e V|f(x) # 0} (1.6)
is called a standard open set of V.

If we know V', the open standard Dy (f) will be denoted by D(f). This open set generates
a basis of a topology on V' which is also called the Zariski topology on V.

1.6 Category of affine algebraic sets

For this section, k is a algebraically closed field. We will define one of the basic categories in
the work of algebraic geometry.

We will consider the family of objects
ob(V) ={V C A" n € N,V affine algebraic set } (1.7)

Definition 1.28. Given V and W elements of obj(¥) with V' C A™ and W C A™ and let
¢ : V — W be a function that can be written of form ¢ = (¢1, ..., ), where ; : V. — AL
We say that P is a regular map if P, € I'(V), and the set Mor(V,W) we will denote by
Reg(V,W).

It is not difficult to prove that considering the definition above and ob(¥") we can define a

category (|17, pag 20]).

Example 1.29. 1. Every element f of I'(V') is a morphism. In particular, the coordinate

functions are morphisms from V to Al

2. If Vis V(xg—2?) and let o be the projection ¢ : V — Al given by ¢(z1,72) = 1. Then

¢ is an isomorphism of affine algebraic sets where the inverse is given by x1 + (21, 2?).

Definition 1.30. Let ¢ : V' — W be a morphism of algebraic sets. For any f € I'(W) we
define o*(f) = f o . Then
e (W) = T(V)

16



Proposition 1.31. With the information of the above definition * : T (W) — I'(V)

is a morphism of reduced k-algebras of finite type.

Remark 1.32. T' is a contravariant functor between the category of affine algebraic sets
with the regular functions and the category of reduced k-algebras of finite type with the
homomorphism of k-algebras associate to (V, ¢) with (I'(V'), ¢*) (See [17, Page 21]).

Proposition 1.33. The functor I' is completely faithful, that is, the map ~v: ¢ — ©* from
Reg(V,W) to Homy,qio(T'(W),T'(V)) is biyective.

Proof. The proof of Proposition 1.33 is in |17, Page 21| O

Remark 1.34. To further emphasize this relationship between categories and the relation
between V and T'(V), we consider a k-algebra reduced finite dimensional n, B ~ k" /I for
some ideal I of kl"l. Given V = V(I) we will write V = Spec(B) in consequence, some times
we will write V' = Spec(I'(V)).

1.7 Ringed spaces

Definition 1.35. Let X be a topological spaces. A pre sheaf over X is given by the following

information:
1. For each open set U in X, a set F(U).

2. For each pair of open U and V that verify V' C U, a function ryy : F(U) = F(V) is
called the restriction function, which we will often denote by rv.(f) = f|y that verify

the following conditions:

(a) SiW CV CU, then rwy =rwy orvuy
(b) row = drw)

If our pre-sheaf also verify:
If U is an open of X covered by open sets , {Uy} (o € A a set of indexes), then for all the
choice of elements f, € F(U,) such that fo|lv,nvu, = fglusnu, there is only one f € F(U)
such that f|y, = fa, will say that F is a sheaf.

Definition 1.36. If X is a topological space and F is a sheaf over X. If U is an open set in
X, F(U) is a commutative ring and the restriction functions are homomorphisms of the ring,

we will say that F is a sheaf of the ring.

17



Example 1.37. 1. Sheaf of continuous functions in R or C.
2. Sheaf of differentiable functions in R or C.

An usual notation in Sheaf’s theory is F(U) = I'(U, F) and the elements of I'(U, F) are

called section of F over U and when U = X the corresponding sections are called global section.

If we fix a topological space X we can define the category of sheaf over X so it is necessary

to define a set of morphisms between each pair of sheafs F and G.

Definition 1.38. A The morphism of the sheaf ¢ : F — G in a topological space X is a
family of functions {¢(U) : F(U) — G(U)} with an open set U of X that behaves well with

respect to inclusions, i.e., if U C V the following diagram is commutative

Fv)—2 gy
F(U) — (V)

Definition 1.39. If X is a topological space endowed with a sheaf of ring Ox, the pair

(X, Ox) is called a ringed space and Ox is called the structural sheaf.

We can define the category of ringed space where objects obviously are ringed spaces and
each pair of ringed spaces (X, Ox) and (Y, Oy) a morphism of a ringed space, consist in a
pair (f,®) where f : X — Y is a continuous function ¢ : Oy — f*Ox is a sheaf morphism.

f*Ox is the sheaf on Y that is associated with each open set U of Y the commutative ring
Ox(f~HU)).

1.8 Affine algebraic variety

Let V' C A™ be an affine algebraic set with the Zariski topology, we want to define a structural
sheaf Oy over V' to define the ringed spaces (V, Oy).

It is enough to define &y based on open sets of V' that verify certain conditions, which

generate a unique sheaf in V' [17, page 41].
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Lemma 1.40. Let X be a topological space, B be a basis of open sets in X and I a set. We
suppose that for each open set U in B a set F(U) of functions from U to I satisfying the

following conditions:

1. If V, U arein B,V CU yse FU), then sly € F(V).

2. If an open set U € A is covered by the set U; indexed by i € I, such that U; € B and if
s is a function of U to k such that, for all i € I s|y, in F(U;), then s € F(U).

Then there is a unique sheaf F of functions on X such that, for each U € B, F(U) = F(U)
Proof. The proof of lemma 1.40 is in [17, Page 41]. O

Definition 1.41. Let V an affine algebraic set , for all f € I'(V'), we will consider D(f) and
we define Oy (D(f)) =T'(V)¢. La localization of I'(V') en f.

Example 1.42. If £ = C, we consider V' = A" I(A") = {0}, T'(V) = (C[”]/{O} ~ Cll let
f(z1,.. . xp) =21 ...2, € CM then Oy (D(f)) = dﬁl,_mn.

The definition 1.41 confirms the conditions of Lemma 1.40 (see [17, Pages 42 and 43]) and,

consequently, defines a structural sheaf over V' called the sheaf of regular functions.

Definition 1.43. An affine algebraic variety is a ringed space (X, Ox) that is isomorphic to a
ringed space (V, Oy ), where V is an affine algebraic set and Oy is the sheaf of regular functions

over V. A morphism of affine algebraic varieties is simply a morphism of ringed spaces.

We can define the category of affine algebraic varieties where the objects are affine alge-
braic varieties and for each pair of affine algebraic varieties (X, Ox) y (Y, Oy ) a morphism in

Homy 4, (X,Y) is a morphism of ringed spaces.

Proposition 1.44. Let V be affine algebraic set and we consider f € T'(V') the open set D(f)
endowed with the restriction sheaf Oy to D(f) is affine algebraic variety

Proof. The proof of Proposition 1.44 is in [17, Page 43]. O

Proposition 1.45. Let (X, Ox), (Y, Oy) be two affine algebraic varieties , there is a bijection

between the following sets
Homyq (X, Y) ~ Reg(X,Y) ~ Homy, a1 (I'(Y), I'(X))

Proof. The proof of Proposition 1.45 is in |17, Page 44|. O
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In the following a affine algebraic variety (X, &x) will only be mentioned X and the mor-
phisms between the varieties will be presented since the morphism between the affine algebraic

set uses the proposition 1.45.

Definition 1.46. A topological space X is compact if, given any recovery of X, there is a

finite sub-coverage of it.

Definition 1.47. An algebraic variety is a ringed space (X, Ox) such that X is compact and
locally isomorphic since the ringed spaces are affine algebraic varieties. i.e., for all x € X i.e.,
for all  in X there is an open neighborhood U of x such that (U, Ox|y) is an affine algebraic

variety.

1.9 Algebraic groups

Let k be an algebraically closed field (characteristic zero). We consider affine algebraic varieties
X over k, endowed with the Zariski topology. The coordinate ring of X, or the ring of a regular
function, will be indicated by k[X]| or O(X). If B is an affine k¥ domain, then X = Spec(B)
is its corresponding affine varieties. We consider the algebraic group G over k. An algebraic
group G is an algebraic variety endowed with a group structure that is compatible with its

structure, since it is an algebraic variety.

Definition 1.48. Let G be algebraic variety over k and m : G X G— G a regular morphism.

The pair (G, m) is an algebraic group over k if there are regular maps
Idg : x—=G |, inv : GG
such that the following diagram commutes

Idgxm

GxGxGE GxG
mxIdg m
Gx G _ G
G (Inv,Idg) « G(Idg,[nv) a
* = G = *
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eXIdG IdGXe

* X G GxG G x %

1
1

Example 1.49. e The additive group G, := (k,+) is an algebraic group because the
addition is an algebraic map and O(G,) = k[t].

e The multiplicative group G,, := (k\ {0},-) is an algebraic group with the usual multi-
plication and O(G,,) = k[t,t~1].

e The General linear group GL,, (k) with the product of matrices is an algebraic group and

its coordinate ring is O(GLy,(k)) = k[t11,t12, - - - , tun, d~ 1] with d = det{t;;}.

1.10 Group actions

Definition 1.50. We denote by e : Spec(k) — G the neutral element of G and m¢g : GXG —
G the morphism given by the group operation law . An group action of a group G over X is

a morphism « : G x X — X such that the following diagrams are commutative.

GxGx X" GxX Spec(k) x X cliX Gx X
mg xIdx (e «
pTo
GxX p X X

This action can be seen in the ring of regular functions through the comorphism:

O(X) = O(G) ® O(X) OX)—2~ = 0(G)® O(X)
o (mgxIdx)* eveg
Ido(x)
O(G) ® O(X) ~=> O(X) © O(G) © O(G) O(X)

We suppose G is algebraic group and G acts algebraically over the k-variety X and we

write B = O(X), the ring invariants of this action is
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BE={feBlg - f=fVgeG}

An element f € B is called semi-invariant for the action if there exists a character y: G —
k* such that g - f = x(g)f for all ¢ € G. In this case x the weight of the semi-invariant f.
Certain important groups, such as the lineal special group SLa(k) and the additive group G,
have not invariant characteristics and are not trivial.

The sets of fixed points by the action are
X¢={reX|g-r=2Vg€G}

The action is free of fixed points or simply free if X is empty. the orbit of z € X is the
set {g - x| g € G}, is denoted by G -z or O(z).
In terms of group actions, Our main research interests are the action of additive group

(Gg-action) and the action of multiplicative group (G,,-action) over the field k.

1.10.1 Regular G,-action

Definition 1.51. A regular G,-action a : G, X X — X is a morphism between varieties such
satisfy t-(s-x) = (t+s) -2 and 0-x = z. This definition has a characterization in the category
of affine algebra. A regular Gg-action a : G, x X — X is equivalent to determining a coaction

homomorphism o : O(X) — O(X)[t] such that the following diagrams commute:

* *

O(X) ———= O(X)[ OX) ——=0X)]  (18)
aj t—s+t Hdox) evo
O(X)]s] S OX)|[t,s] O(X).

*

¥, which fixed the element ¢, therefore

Where a is the extension of homomorphism of ring «

this diagram of o aj = aj;, and evgoay = Idp(x)-
Remark 1.52. The Rensthler theorem in [19] shows that all G,-action, G, x C? — C? are

conjugate to (¢, (z,y)) — (z,y +tf(z)), with f(z) € CM.

1.10.2 Regular G,,-action

Definition 1.53. A regular G,,-action a : G,;, x X — X is a morphism between varieties that

satisfy ¢+ (s-x) = ts-x and 1-z = x. This definition has a characterization in the category of
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affine algebra. A regular G,,-action « : G,,, x X — X is equivalent to determining a coaction

homomorphism o : O(X) — O(X)[t*!] such that the following diagrams commute:

* *

O(X) T o(x)[tH] O(X) ——— O(X)[t*!]
al t—sst o (x) evi
O(X)[s*!] —— 2 O(X)[t*!, s+ O(X).

*

¥, which fixed the element ¢, therefore

Where a is the extension of homomorphism of ring «

this diagram of o oy = a7 and evi oy = ldp(x)-

The Gy,-actions correspond to Z-graduations over O(X), therefore we can write O(X)

since

O(X) =P OX); = {f € OX)|t- f(w) =t f(w)}

€L
then O(X)®» = O(X)y, this invariants ring is finitely generated because G, is a reductive
group. If X is a G,,-variety, G,, can be seen as a subgroup of Aut(X) via the homomorphism
ring G, — Aut(X) given by ¢ — «y.
A regular G,,, action on A" is linear if ¢t- (z1, o2, ... z,) = (tMN a1, 229, ..., ..., t*2,) with
Ai € Z. They are classified conjugate by an automorphism for n = 1,n = 2 [11], n = 3 [21]

and are linear , for n > 3 is open.
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Chapter 2

Derivations

Let B be a k-domain, where k is a characteristic zero field. B* denote the group of units of B
y Frac(B) denote the quotient field of B, Aut(B) denotes the automorphism group of B since
k-algebra.

2.1 Basic definition for derivations

Definition 2.1. Let B be a k-algebra, D: B — B be a map. A derivation is any function

D that satisfies the following conditions:
For all a,b € B

1. D(a+0b) = D(a) + D(b)
2. D(ab) = aD(b) + bD(a) (Leibniz rules)

the set of all derivations over of is denoted by Der(B), if A is a subring of B, we denote
Dera(B) by the subset of all D € Der(B) with D(A) = 0. The kernel of D is the set
ker(D) = {b € B|D(b) = 0} (also denoted by BP the ring of constant of B with respect to

D), some important facts.

e ker(D) is a subring of B for any D € Der(B).

The subfield Q C k has Q C ker(D) for any D € Der(B).

e Aut(B) acts on Der(B) by conjugation: ¢ - D = pDp~ 1.

Given b € B and D, E € Der(B), if [D,E] := DE — ED, then bD, D + E, and [D, E]

are again in Der(B).
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We denote the nth composition D™ by D" and D° = Idp is the identity map in B.

Definition 2.2. Let D € LND(B), we said that D is irreducible if (DB) does not contain
a proper principal ideal of B.

2.1.1 Locally finite derivations on B

Definition 2.3. Let B be a commutative k-algebra and D a k- derivation of B, D is called
locally finite if for any b € B there exists a finite generated k-module M C B such that b € M
and D(M) C M.

Equivalently, if we denote by V;, the k- submodule of B generated by the set of the
n -th composition {b, D(b), D?(b), D3(b),...}, given an element b € B, the derivation D is
called locally finite, if every module V}, is finitely generated over k for all b € B. This
definition indicates the existence of annihilator minimal polynomial p(T) € k[T] such that
p(D) = D" +a, 1D" ' +... 4 a1D + agl = 0. The set of locally finite derivations will be
denoted by LFD(B), and the term "locally finite" will be abbreviated as 1f. Additionally,
two particular cases of If derivations will be defined: the locally nilpotent derivations and the
semisimple derivations. An element b € B is said to be semisimple in relation to D if there
exists a finite D-invariant k-subspace W C B containing b such that the k-endomorphism
Dl is semisimple.

Also, we denote by Nil(D), Sem(D) and Fin(d) the following subset of B

Nil(D) = {b € B;3 n € Zso D"(b) = 0}

Sem(D) ={be B;3M, C B,b€ My, D|y;, is semisimple}

Fin(D) = {b € B; 3 M, C B,b e My, D(M,) C My, M, is a finite k-module}
The following containments are always followed B”  Nil(D) c Fin(D) C B.

Proposition 2.4. If D is a k-derivation of a k-algebra B, where k is a field of characteristic
zero, then Nil(D),Sem(D) and Fin(D) are k- sub algebra of B.

Proof. The proof is in [14] Proposition 7.1 ,Proposition 9.5.2. O

Lemma 2.5. Let S be a generating set for the k-algebra B. If for each g € S the vector space

generated by elements D'(g) is finite-dimensional, then D is locally finite.

Proof. The proof is based on Lemma 2.2 in [23]. O
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Definition 2.6. Let D € Der(B), if for each b € B there exists j € Zx( such that D7(b) =0
(that is, we have Nil(D) = B), D is called locally nilpotent derivation (LND for short)
. The set of locally nilpotent derivation over B is denoted LND(B) and the set of locally
nilpotent derivation with kernel A C B by LND 4(B).

Definition 2.7. Let B be a ring and D € LND(B). A slice of D is an element s € B that
satisfies D(s) = 1. A preslice (or local slice) of D is an element s € B that satisfies D(s) # 0
and D?(s) = 0.

Definition 2.8. A derivation D € Der(B) is semisimple if there exists a basis {b;}icr of B
as k vector space such that D(b;) = A\;b; with A\; € k (that is, we have Sem(D) = B), the set
of semisimple derivation is denoted by SSD(B).

A slice s € B for D € SSD(B), is an element that satisfies D(s) = s. Note that a semi-
simple derivation D defines a k-graduation of B since all elements can be written as a linear
combination of elements of {b;};cs.

Clearly, the locally nilpotent and semisimple derivations according to their definition are

locally finite derivations.

Proposition 2.9. (Decomposition Jordan- Chevalley) Any D € LED(B) admits a decompo-
sition D = Dy + Dg where Dy € LND(B),Dg € SSD(B) and [Dy, Dg| = 0.

Proof. For more details, see Proposition 1.3.8 in [22], Theorem 9.4.1 in [14] O

Proposition 2.10. (Proposition 1.3.9 [22]) If D € LFD(B) with above decomposition D =
Dy + Dg, we have the following:

e ker(D) = ker(Dy) Nker(Dg)

o For every k-subspace M of B we have: M is D-invariant if and only if M both Dg and

Dy -invariant.

If D € LND, the exponential map determined by D is exp(D): B — B

exp(D)(f) = 3 £ D'(/)
>0

for any local slice r € B of D, the Dixmier map induced by 7 is m.: B — Bp(,), where:

_ (_71)7’ i rt

where Bp ) is the localization at D(r)
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2.1.2 Locally nilpotent derivation LND(B)

We describe some principies related with locally nilpotent derivations, it appear in Freuden-
burg’s book [8].

Principies for Locally nilpotent derivations
Principie 2.11. We suppose D € LND(B)

1. ker(D) is factorially closed.

2. B* C ker D, in particular LND(B) = LNDg(B)

3. If D # 0, then D admits a local slice r € B.

4. Auty(B) acts over LND(B) by conjugation.
Proof. The proof is in [8, page 22]. O
Principie 2.12. We suppose D, E € LND(B).

i

1. exp(D) =) % € Auty(B).

1>0

2. If [D,E] =0 then D+ E € LND(B) and exp(D + E) = exp(D) o exp(E).
3. The subgroup of Auty(B) generated by {exp D|D € LND(B)} is normal.
Proof. The proof is in [8, pag 26] . O

Corollary 2.13. (Slice theorem) We suppose D € LND(B) admits a slice s € B, and let
A =ker(D). Then

d
1. B=A dD=—
[s] an 7

2. A=ms(B) y ker(mg) = sB
3. If B is affine, then A is affine.

Proof. The proof is in [8, page 28| . O

27



2.1.3 Correspondence between Locally nilpotent derivations and the regu-

lar G, -actions

A classic result establishes the correspondence of the locally nilpotent derivations and the

regular G, -actions.

Theorem 2.14. Given a regular action ay: G, x Spec(B) — Spec(B), there exists a corre-
spondence biyective between the reqular actions of the additive group and the locally nilpotent

derivations:

D — (exp(tD))*

evoo oy —

Proof. For details of the proof, see [5], [8]. O

2.1.4 Semisimple derivation SSD(B)

Remark 2.15. We have the following remarks:

e The semisimple derivation allow decompose the ring B, B = @BA with By, = {b €

A€k
B|D(b) = A\b}, satisfying ByBy C Byyx and By = ker D the kernel of derivation D. If

E(D) is the set of all eigenvalues of D and G(D) is the group generated by E(D), we
have B = @ cq(p) Bx-

e Given f € ker D, we have fD is not necessarily a semi-simple derivation (unlike LND).

Definition 2.16. We define the semisimple Makar-Limanov invariant since the intersection
of kernel of semisimple derivations whose eigenvalues are integers number or the intersection
of all regular actions of the multiplicative group:

SML(B)= (] kex(D)= () B®»

DeSSD*(B) GmnB

where SSD*(B) C SSD(B) is the set of semi-simple derivations whose eigenvalues are inte-
ger numbers. If D € SSD*(B) then ¢Dy~1 € SSD*(B), because if {a;}icr is a semi-invariant
basis for D, hence {¢(a;)}ics is a semi-invariant basis for ¢ Dp~1. Therefore ¢ SSD*(B)p ! =

SSD*(B) and as a consequence ¢(SML(B)) = SML(B)
Remark 2.17. e SML(CI) =C

e This invariant would allow us to work on rigid ring which the ML invariant does not

provide information.
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Example 2.18. For example, for the surface D, = {(z,y, 2) € C*lay = p(2)} with p(z) no

monomial, we have the Z-graduations have form (a, —a, 0) with a € Z, therefore, the action has

d
form ¢t (z,y,2) = (t*z,t" %y, z) and the semisimple derivations have form D = a(w% — ya—y),
since ker(D) = ker(AD), it is enough to compute the kernel of :caa - aa and the kernel

x
ker(D) = Clzy, z] = C[p(z), 2] = C[z] for all a € Z. Therefore MLS(O(D,)) = C[z] .

Correspondence semisimple derivations with eigenvalues integers and regular G,,-

action

Next, we demonstrate the bijective correspondence between the semisimple derivations whose
eigenvalues are integer numbers over B and the regular G,,-actions over Spec(B) and the
Z-graduations over B. Giving a semi-simple derivation D we define the exponential map

exp(zD)

exp(zD): B — BJ|7]]

D — eXp(TD):ZTi,—

i
with the relation ¢ = Z —

il
i>0
Lemma 2.19. Let D € SSD(B) be a semisimple derivation whose eigenvalues are integer

numbers, the image of the exponential map exp(tD)(B) is contained in B[t*1].

Proof. If D is a semisimple derivation whose eigenvalues are integer numbers, there is a basis
{a;}jes as vector space such that for each a; there exists p1; € Z with D(a;) = pja;, then for

any a € B we have a = 3, A\ja; with \; € Z,

exp(7D)(a) Z g D’ Z/\ a;) Z)\ Z Dl (aj)

i>0 j j i>0 i >0

T)" ,
a; = Z )\jajt“f
J
with 375 Aja;th € B[t*!]. O
Lemma 2.20. The exponential map (exp(rD))* is a reqular G,,- action over Spec(B).

Proof. We use the commutative diagram 1.8

1. If t = 1, then implies that 7 = 0 therefore the exponential map exp(7D) correspond

only the first element of the serie, this equivalent to identity map.
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2. Let t,t' associated with z and 2’ respectively, be clear that [tD, 7' D] = 0, give a € B we
have
exp(7D) o exp(7D)(a) = exp((r + 7')D)(a)

(1 + ') o
This expression is equivalent to Z Z Z , 80 the composition
>0 i>0 ! J>0
of two morphisms is equivalent to the morphism given by #t'.

O]

Lemma 2.21. Let ¥ = {a* € Homk(B,B[til,t/ﬂm o] = 1dp ; of ooy = aju} be the set of

k-homomorphisms from B to B[til,t’ﬂ], for each af € ¥ we have D,, := ev; o R oaj is a

semi-simple derivation whose eigenvalues are integer number.
a* i ev
B —% B[ 4% B[ttt &4 B

Proof. 1. Linearity because the morphisms are linear, let a,b € B and X € k,

Dy (Aa+b) =evy o%oa:()\a—f—b) = Aevy o%oaf(a)—l—evl o%oaf(b) = ADq(a)+Dq(b)

2. By the second diagram 1.8, for all elements ¢ € B we have evj oaj(c) = ¢ , then

Dy (ab) = evio— oaj(ab)

p
= eviofaf(a)of (8]

ey d
dt t(b)+at(b)dt a; (a)]

Dy (ab) = aDy(b) +bDy(a)

= eviofag(a)—

O]

Theorem 2.22. There exists a correspondence biyective between the regular actions of the

multiplicative group and the semisimple derivations whose eigenvalues are integer numbers:

D — (exp(rD))*

*
evy og cay — Oy

wztht—Z—

>0

30



Proof. 1. — If D is a semi-simple derivation whose eigenvalues are integer numbers, there
exists a basis of eigenvalues {a;}ic;y C B such that D(a;) = M\a; with \; € Z, since
any element a € B can be written as follows a = Zj vja;, and for each a; we have

exp(7D)(a;) = tYiaj, we can compute exp(rD)(a)

exp(rD)(a) = > 7;exp(rD)(a;)
j

= Z v; exp(1D)(a;)

J
exp(rD)(a) = Y thia
j

d
Now, if apply T and then ev;

d d
eV o, 0 exp (tD)(a) = evy o= ; vithia;

= e Z’yj)\thjfla]‘
J
d
eV o o exp (tD)(a) = ;'yi)\iai = D(a)

Equivalent to applying D to the element a.

. . . . . d
2. + If oy is a Gyp-action, of is a coaction homomorphism and D, = evy oa ocy for lemma

2.21 is a semisimple derivation with integer eigenvalues, for any a; we have a*(a;) = a;t"

and therefore D} (a;) = (evy oi oaj)"(aj) = )\?aj

dt
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exp(7Dqy)(a) = exp(T7Dqy Z)\aj

= Z)\ Z—T”D" (a;)

n>0

= Z)\ Z—T 7](1]

n>0

= Z)\ ajz

n>0

= Z)\%Z T’yj

n>0

_ A5 .

= Z)\]t Ta;
J

exp (TDy)(a) = af(a)

2.2 Polynomial locally finite derivation over k"]

In this section we consider B = k™ be the ring in n variables with coefficient in k, the deriva-
n

tion D € Der(kl") has form D = ZB(:{)l, e with P; € k", also this derivations

) 0
) ——
— ) n axz7
can be seen since vector fields V' over k" given by
VA" — A"
(331,1‘2, A ,;L'n) — (Pl,PQ, .. .,Pn)

when we talks about polynomial vector field, we refer the same sense that polynomial derivation

hence we have the correspondence of set Der(kl™) = Vec(A™) . Moreover, we define the

P;
divergence of a derivation D € Der(k[")), as the sum div(D) = SX

=1

Example of polynomial derivations

n 7
0
Definition 2.23. A linear derivation has form D = g ( g aijT;)=— 3 , this derivation we
: - -’Ez
=1 j=1

can associate to the matrix M = [a;j]1<ij<n € Mp(k). This kind of derivation is locally finite
because it admits a characteristic polynomial P(T) = det(M — T'I) such that P(D) = 0.
The nilpotents matrices (for example, upper triangular) are related with locally nilpotent

derivations and the diagonalizable matrices with semisimple derivation.
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Theorem 2.24. (Theorem 6.2.1 in [14] ). Let D be a k-derivation of k[ X]| such that D(z;) =

n
Z ajx; fori=1,...,n with a;; € k. If the matriz [a;;] is nilpotent, then the ring of constants
j=1
k[z1,...,2,)P is generated finitely on k.

Corollary 2.25. (Theorem 6.2.2. in [1{]) For any linear derivation on k™ we have that the

constant ring is finitely generated.

n n

Also, if Dy = Z(Z aijxj)%, Dp = Z(Z b,-jxj)ai whose associated matrix is A

i=1 k=1 i=1 k=1
and B, we have [Da, Dg| = D4 pi-
Definition 2.26. D € Der(B) is a triangular derivation of B if only if D(z;) € C[zy1,...,z;—1]
fori=2,...,n—1and D(z1) € k.

Example 2.27. The triangular derivation D = (x + f(y, z))f)ax + (y + g(z));; + Z((i is a

locally finite derivation on k[x,y, z| for any f(y, z) € kly, 2], g(z) € k[z].

Definition 2.28. An derivation D is Jacobian if there exists fi, fa,..., fn—1 € k"), such
that for g € k", D(g) is defined as follows:

o o
011 Oxry Oz

D(g) = Ay forguy(9) = | 971 Or2 O
Ofn-1 Ofn_1 O0fn-1

ox1 ox1 o Oz

where ker(D) = k[f1, fo, .- fn-1]

2.2.1 Locally nilpotent derivation on k[

Definition 2.29. Let D be a locally nilpotent k-derivation on the polynomial ring k™. Then
we define rank of D denoted by rank(D), is defined to be the least integers i for which there

exists a coordinate system (x1,x2,...,x,) of B satisfying k[x;11,...,2,] C ker(D).
Definition 2.30. Give D € LND(k[™) is nice if D?(x;) = 0 for all 1 <i < n.

Theorem 2.31. (Rentschler theorem [19]). Let D be a locally nilpotent k-derivation of k[ X, X|
(where k is a field of characteristic zero). Then there exists a k-automorphism p of klx,y] such

that 5
pDp~t = f )3,
for some f(x) € k[X].

33



For n > 3 the classification of LND in k[ is open; however, there are interesting results

regarding their characterizations; we have the following facts for n = 3.

e (Miyanishi, Kambayashi): For a field k of characteristic 0, if D € LND(kP)), then

ker(D) = k[? (polynomial ring in two variables).

e (Zurkowski): If D is a homogeneous LND on k[z,y, 2] with respect to a positive Z
grading w, then ker(D) = k[F, G] where F, G are homogeneous with respect to w.

e (D. Daigle): If D € LND(k[") and ker[F},..., F,_1] then D = oA, F,_,) for some
a € ker(D).

2.2.2 Semisimple derivation on k™

Definition 2.32. A derivation over k[ is diagonalizable if D(xz;) = a;x; with a; € k.

Proposition 2.33. (Proposition 9.5.9., Nowicki in [16]) If k is algebraically closed, then every

semisimple k- derivation of k[x,y] is diagonalizable.
Proof. The proof is given in [16, page 110]. O

This means that all semi-simple derivations of k[x, y] are conjugate to the derivation of the

form axi + by2 with a,b € k .
Ox y

of (x,y)

0 0

Example 2.34. D =x— + | f(z,y) — t————"> 4+ z | — is a semi-simple derivation. Since
Ox Ox 0z

Sem(D) is a k-algebra, we observe that x,y, f(z,y)+ 2 are in Sem(D) and therefore Sem(D) =

klx,y, z].
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Chapter 3

On rational multiplicative group

actions

Abstract

We establish a one-to-one correspondence between rational G,,-actions on an algebraic variety
X and derivations 0: Kx — Kx of the field of fractions Kx of X satisfying that there exists a
generating set {a;};cr of Kx as a field such that d(a;) = A\;a; with A\; € Z for all i € I. We call
such derivations rational semisimple. Furthermore, we also prove the existence of a rational
slice for every rational semisimple derivation, i.e. an element s € Kx such that d(s) = s. By
analogy with the case of additive group actions, we prove that Kx ~ Kg;(’m(s) and that under
this isomorphism the derivation 0 is given by 9 = s%. Here, K;(?m is the field of invariant of

the G,,-action.

3.1 Introduction

Let k be an algebraically closed field of characteristic zero. By a variety we mean an integral
separated scheme of finite type. We let Ox be its structure sheaf and Kx be its field of
rational functions, so that Kx = Frac Ox (U) for any affine open set U C X.

We also let G,,, and G, be the multiplicative group and the additive group over k, respec-
tively. It is well known that regular additive group actions on affine varieties are in one-to-one
correspondence with certain derivations called locally nilpotent [5], [8]. Indeed, letting X be
an affine variety a locally nilpotent derivation on X is a k-derivation 0: Ox(X) — Ox(X)
such that for every f € Ox(X) there exists i € Zxo with §'(f) = 0. All derivations in this

paper are k-derivations, so we will call them simply derivations. Given a locally nilpotent
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derivation 0 on X we obtain a regular G4-actions ¢: G, x X — X on X via the exponential

map o
2'0'(f)

i!

©" =exp(20): Ox(X) = Ox(X)[z] given by fr— Z
i>0

On the other hand, given a regular G,-action ¢: G, x X — X on X we obtain a locally

nilpotent derivations 9 on X via
d
0: Ox(X) = Ox(X) given by f+— evg o% op*(f),

where evg: Ox(X)[z] = Ox(X) is the evaluation morphism in z = 0.

In [7] Dubouloz and the second author introduced a class of rationally integrable derivations
that generalized locally nilpotent derivations to the rational setting. In fact, a derivation
0: Kx — Kx is called rationally integrable if the exponential map

20'(f)

exp(z0): Kx — Kx|[|z|] given by f Z T
i>0 '

factors through the ring Kx(z) N Kx[|z|]. Their main theorem provides a one-to-one corre-
spondence between rationally integrable derivations 0: Kx — Kx and rational G, actions

p: Gy x X --» X on X. The correspondence is given similarly to above via
* d *
¢* =exp(z0) and 0 =evy ooy (f),
z

after recalling that Kx (2)NKx|[|z|]] = {r(z) € Kx(z) | ordg(r) > 0} so that evy is well defined.

In this paper, we expand and generalize the results in [7] to allow a classification of rational
Gm-action. It is well known that regular G,,-actions on an affine variety X are in one-to-one
correspondence with semisimple derivations 9: Ox (X ) — Ox(X) having integer eigenvalues.
Recall that such a derivation is semisimple if there exists a basis {a; }ier of A as a vector space
such that 0(a;) = \ja; with \; € k.

In Definition 3.5, we introduce rational semi-simple derivations. A derivation 0: Kx — Kx
on an algebraic variety X is rational semisimple if there exists a generating set {a;};cr of Kx
(as field) such that 0(a;) = \ja; with \; € Z. Every semisimple derivation whose eigenvalues
are integer numbers is rational semisimple. Our main result in this paper is Theorem 3.14
establishing a one-to-one correspondence between rational G,,-actions ¢: G, x X --+ X in
X and rational semi-simple derivations 0: Kx — Kx in X. The correspondence is as follows:
we prove in Corollary 3.2 that the image of ¢* is contained in Kx(t) N Kx[|t — 1|] = {r(t) €
Kx(t) | ordi(r) > 0} and so we obtain 0 from ¢ via

d
0: Kx — Kx given by fb—>evlo£0<p*(f)-
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As for the other direction, letting o be the isomorphism of formal power series rings given by
the logarithmic power series

i1 (E—1)

o: Kx[lz]] & Kx[[t —1[], givenby zr Y (-1) -

i>1
we recover the rational action ¢ from 0 via ¢* = o o exp(20).

As a consequence of our main result, we prove in Corollary 3.17 the existence of a rational
slice for every rational semi-simple derivation, i.e., an element s € Kx such that d(s) = s.
Moreover, we prove in Proposition 3.18 that Kx = K}G(’m (s) and that under this isomorphism
the derivation 9 is given by 9 = 5%. Here, K}%’” is the field of invariant of the Gy,-action.

Finally, we provide in Proposition 3.20 a characterization of regular actions of the multi-
plicative group on the class of varieties that are proper over the spectrum of its ring of global
regular functions. This characterization agrees with the one recalled above in the particular

case of affine varieties.
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3.2 Rational G,,-action

Let u: Gy, X G, — Gy, the morphism given by the group law (t1,t2) — t1te, and let
eg,,: Spec(k) — G,, be the neutral element map. A rational action of the multiplicative

group is a rational map ¢: G,, x X --+ X, (z,t) — ¢ - x such that the following diagrams are

commutative:
id id
G X Gy X X =22 - Gy x X Spec(lc)xXeGmX F Gy x X (3.1)

| |

| |
uXidx : ® pry :90

® Y M
GpxX—-——-=—-—— > X.

We let dom(p) be the largest open subset of G,, x X where ¢ is well defined. If (g, x) €
dom(yp), we denote (g, x) simply by g - z. The next lemma shows that dom(¢) N ({g} x X)
is a nonempty open subset of {g} X G,. In particular, for ¢ = 1, dom(p) N ({1} x X) is an
open subset, not empty. This will allow us to exhibit a criterion for the existence of rational

action in terms of the function field of X.
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Lemma 3.1. Let X be an algebraic variety endowed with a rational G, -action. For every fived
g € Gy, we define Vy = dom(p) N ({g} x X). Vy is a non-empty open subset of {g} x X ~ X

and the morphism
pg: Vg - X
z = 9g,7)

1s dominant.

Proof. Following Demazure in [6] we consider the morphism ug: Gy, — Gy, , b — gh™! whose
inverse is (ug) ™' Gy, — Gy , h — h™1g. We define 8, = p o (uy x idx) o (pry, ),where pry
is the projection in the first coordinate, and idx is the identity in X. As

T u d
By: G x X T G x X 25X G x X 20 X

We have f4: Gy, x X --» X, (h,x) — ¢(g, ) is dominant for all choice of g.

Note that this map only depend of z. Then dom(8y) = G,, x U, with U C X an open
subset. We have 3, = p40pry, where pry is the projection of G,, x X into the second coordinate.
Hence, U = pry(V}). Since g4 is a rational map and V; = {g} x dom(ypy), we obtain Vj # (.

Moreover B4 = ¢4 o pry, which means ¢4 is dominant because Im(8,) C Im(p,). O
We can apply the case g = 1 to obtain the following characterization.

Corollary 3.2. Let ¢: G, x X --» X be a rational action then Im(¢*) C O,, where O, =
{r(t) € K(t) | ordi(r) > 0} is the discrete valuation ring of K(t) and ord; is the order of

vanishing in t = 1.

Proof. Let V! C G,,, x X and X' C X be affine open sets such that ¢|y/: V! — X' is regular.
We let Og,,xx(V') = A C K(t) and Ox(X’) = B C K. By Lemma 3.1, we may and
will assume V' NV # ) and so it is an dense open set of {1} x X. Now, the composition

VNV — V' — X’ is dominant by Lemma 3.1 and induces algebra homomorphisms
B A AJA(— 1),

and this composition is injective. This in turn shows that ord;(¢*(b)) = 0 for every b € B
different from 0. Since K = Frac B we have ord;(¢*(f)) = 0 for every f € K, which proves
the corollary. O

Given a rational action ¢: Gy, X X --» X for every fixed g € G,, we obtain a birational
automorphism

QOQ:X__') X: IH(,O(Q,JI)
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since ¢(1,2) = Idx and for every g,¢' € G,, we have @4 0 pg(x) = p4q(x). Moreover, the
map G,, — Bir(X) sending g to ¢4 is a group homomorphism. Finally, a rational action

¢: Gy, x X --» X such that dom(y) = G,, x X is a regular action.

3.2.1 Criterion for existence of G,,-rational actions

A G,,-rational action ¢: G, x X --» X in a variety X, is equivalent to the co-action homo-
morphism ¢} : Kx — k(G,, x X) = Kx(t) where the map ¢} factors through the subalgebra
O, ={r(t) € Kx(t) | ordy(r) > 0}, with m, = {r(t) € Kx(t) | ordi(r) > 0}. The co-action

morphism is characterized by the commutativity of the follow diagrams:

.
¥ty N

KX Kx(tl) KX ~ Oy/my OV (3.2)
50:2 t1—=t1t2 I evy
X
Kx(tg) Kx(tl,tg) KXZO,,/m,/

The following proposition is classical.

Proposition 3.3. Le X be a variety. X admits a nontrivial rational G, -action if only if it

is birationally isomorphic to Y x P! for some k-variety Y.
Proof. See [20, 13, 18|. O
Mimicking the case of G,-actions on affine geometry, we we have the following definition:

Definition 3.4. Let X be a G,,-variety, an element s € Kx such that ¢;(s) = ts is called

rational slice.

For each faithful rational action, a rational slice always exists. Indeed, since the action is
faithful, there are two semi-invariant a,b € Kx whose weights n, m are relatively prime, i.e.,
¢5(a) = t"a and @f (b) = t™b. By Bezout theorem we have that there exist ¢, d € Z such that
nd +mc = 1. Hence s = a®b® satisfies ¢} (s) = st and so is a rational slice.

A derivation on k-algebra A, is a linear map d: A — A such that satisfy the Leibniz rules,
d(ab) = ad(b) +bd(a). We define the kernel of a derivation O as its kernel as a linear map, i.e.,
ker(0) := {a € A|0(a) = 0}. The set of derivations over A is denoted by Der(A4). We say 0 is a
semisimple derivation on A if there exists a basis {a;};c; of A as k-vector space of eigenvalues
such that d(a;) € ka;, we will focus in the subset of semisimple derivations whose eigenvalues

are integers numbers. For more details over semisimple derivations see [?, 14]. Is known that

39



the regular G,,-actions are in correspondence with the set of semisimple derivations whose
eigenvalues are integers numbers.
Analogously with the definition of semisimple derivations over a k-algebra, we will give a

definition of derivation over Kx, we will call rational semisimple.

Definition 3.5. Let Kx be the field of rational function associated to algebraic variety X,
0 € Der(Kx). We say 0 is rational semisimple if there exist a generating set {a;};cs of Kx
(as field) such that d(a;) = A\ia; with \; € Z.

Let 0: Kx — Kx be a k-derivation. Denoting the i-th iteration of 9 by 8° and 8 is the
identity map, we define the exponential map

20'(f)

exp(z0): Kx — Kx[lzl], givenby fr Y Z=p,

i>0
Furthermore, since 0 is a k-derivation, the following proposition shows that exp(z9) is a k-rings

homomorphism.

Proposition 3.6. Let 0 be a k-derivation on Kx, then exponential map exp(z0): Kx —

Kx[|z|] is a k-ring homomorphism.

Proof. The exponential map exp(z0) is k-linear since 0 is k-linear. As for the product struc-

ture, we have

exp(:0)(fg) = - TUOZ
>0
]_ i n > ii > i
35 (2 (Moo ) -

L 9i(f) o .
pp> ()(z‘—%)! )

J!

exp(20)(fg) = exp(20)(f) exp(20)(g)

Furthermore, there is an isomorphism of formal power series rings

i+1 (t — 1)Z

o: Kx[|z|]| = Kx[|t —1]], given by zr—>Z(—1) -

1>1
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The inverse of this isomorphism is given by
i
ot Kx[|t —1)] = Kx||z[], givenby t—1r )" i'
i>1

This corresponds to the logarithmic series and its inverse is the exponential series. In the
sequel we will show that the image of o o exp(z0) is contained in Kx(t —1) = Kx(t) and that
o oexp(z0) is the comorphism of a rational G,,-action if and only if 0 is a rational semisimple
derivation. With this in view, for every we denote ¢} = o o exp(z0) so that its comorphism

corresponds to a map ¢y: G, X X --» X.

Lemma 3.7. Let 0: Kx — Kx be a rational derivation. Assume that the image of ¢% is

contained in Kx(t), then ¢g is an action of the multiplicative group.

Proof. From Proposition 3.6 we have ¢ is a ring homomorphism. Let
G %
tl = Z j and t2 = Z j
i>0 i>0
We have the identity

1 .
t1t2 = Z 5(2’1 + ZQ)Z

i>0
By Lemma 3.1, for every t € G, we can specialize ¢3 to obtain a field automorphism
P5(t): Kx — Kx. We extend 0 to a derivation 0: Kx(21,22) — Kx/(21,22) by setting
0(z1) = 0(z2) = 0. Since now the derivations z;0 and 220 commute, by [14, Proposition 2.4.2]

we have

P5(tit2)(f) = o o exp((21 + 22)0)(f)
= 0 o (exp(210) o exp(220))(f)
= ¢p(t1) o pj(t2)(f)

Furthermore, by definition of ¢%: Kx — Kx[|t — 1|] the composition

evy 0¢} = evy oo o exp(z0)
= evpoexp(zd)

ziai
=evpo E .
7!

i>0

evyogy = Idg, .

Hence, by (3.2) we see that ¢ is the comorphism of a multiplicative group action. O
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Proposition 3.8. The following are equivalent.
(i) 0: Kx — Kx is rational semisimple.
(11) The image of ¢} is contained in Kx(t).

Proof. First, assume that 0 is rational semisimple. Hence, there exists a set of field generators

{ai}icr of Kx such that 0(aj) = A\ja; with A; € Z. For these generators we have
210 (a; Z'Naj 2\ ,
®5(a;) = ooexp(z0)(aj) = o Z z'(]) =0 Z zi{ =0 Z (ﬂj)aj =tha;.
i>0 ’ i>0 ’ i>0 '

Let now f, g € k[a;,i € I] with g # 0. Now,

This proves (i) — (i7). Inspired by Koshevoii [12], to prove the converse assertion, we let

f € Kx and we let A
Zi ait’
Zi bit'’

with ¢ € Z and ag, by # 0. We may also assume that the representation is irreducible, meaning

Ba(f) =t

that >, a;t" and Y, b;t" are relatively prime. Furthermore, such representations of ¢}(f) are
unique if we further assume that by = 1.
By Lemma 3.7, we have ¢3(s) o ¢35(t)(f) = ¢5(st)(f). This yields
i $5(s) (@)t _ 3 ai(st)’ i >i(aish)t!

g

22 05(s) (i)t > bi(st)! Soi(bist)te

This yields ¢}(a;) = a;t’ and ¢}(b;) = b;t?. In particular, this implies that

o3(a;) = s oexp(20)(a;) = [ S i C)

7!
i>0

while

: (2)" (29)" Z'j'a;

i>0 i>0 i>0
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We conclude that

9 (a ) 'j'a
P D D

i>0 ’ i>0

In particular, taking equality in the term with ¢ = 1 we obtain that d(a;) = ja;. Finally, since

.
f= L we find that the set
22 bi
Z» aiti
ai,bi € Kx | t'- o5(f) = =2 for some f € K
{ s Vi X‘ ¢6(f) Zibitz f X
generates Kx and so 0 is a rational semisimple derivation. O
Given a rational G,,-action ¢ on X with comorphism ¢*: Kx — Kx(t), we define the
map

d
D,: Kx — Kx given by f»—)evloaogp*(f),,

generalizing the usual definition of the infinitesimal generator of a group action of one param-

eter. The following lemmas will be required in our proof of our main result.

Lemma 3.9. Let ¢ be a rational G, action on X with comorphism ¢*: Kx — Kx(t). Then

the following hold:

d d
i)]/The map D, is a derivation. We have an equality D, = evio— o ¢* = evgo— o
° ® dt % d
z

o lop*.

. Proof. By Corollary 3.2, we know that the image of ¢* is contained in Kx|[|t — 1|]. Given f
and g in Kx, we let o*(f) = > ;5qai(t — 1)! and ¢*(g) = > i bilt — 1)!. We have ag = f

and by = ¢ since ¢* is the comorphism of a G,,-action. Moreover, we have

Dy(f) =ev1 o% o *(f) =evy Zai Cit—-1D)" | =ap, (3.3)
i>1

so that the map D, (f) corresponds to the first order term of ¢*(f). To prove (i), remark that
the composition D, = evy o% o " is k-linear and maps k to 0. Furthermore, the term of the

first order term of fg is agbi + a1by. This yields the Leibniz rule since

D, (fg) = aoby + ai1bg = fDy(g) + Dy(f)g -
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Assertion (i) follows by the following straightforward computation:

evgo 007 0" (f) =evpo s 00! > i (b=

il
i>0 j>1 J:
) i—1
) 27 )
=evo |> airi| > > || =@ =Delh)
i>1 j>1 J: 7>0 J:

We will now prove that the map ¢* := 0! o ¢*: Kx — Kx]||z|] is the germ of a rational
Gg-action in X. Indeed, letting s and w, in the following diagram put as subscript the

transcendental element over Kx in the target ring.
of ot
Kx =% Kx|[|t — 1]] = Kx]||2]]
* -1
Kx 2% Kxl|s — 1]] 2 Kx/[Jwl]

We also let ¢} := o, o ¢f and ¥} = o,' o ¢* With these definitions we now proof the

following lemma.
Lemma 3.10. With the above notation, we have evg oyl = Idg, and ¥} oy, = V7, .

Proof. Letting f € Kx we assume

P (/)= ait—1)" sothat ¢I(f)=) a|D
= =0 \j=1 7
Since ¢* is the co morphism of a Gy,-action we have ag = f and so evooy(f) = ap = f. To

prove the second assertion, remark that

Yo (f) =0 opfooy, ol

=07 ooy opf o gi(f)

=o' ooy, 0 pl(f)

=o,looy! Z ai(st —1)°

>0

%

=0, 'oo,! Zai[(s—l—i—l)(t—l—l—l)—l
i>0
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Applying now o1 o o} amounts to replace t — 1 by Y.<, j—: and s —1 by > .o “;—,Z Hence,

we obtain

wrovi = a | (X5 +1] [ S 5+1) -1

>0 j>1 7 j>1

=:§E:ai j{:fﬁi j{:fi -1

| |
i>0 >0 >0

Now, by the usual properties of the exponential sum, we obtain
- i

:Z@i 27(w+z)] -1

I
i>0 >0 J:

w Z‘j
~ Y Z@

i>0 §>1

¥ 0 Y (f) = Yy (f)

O]

Lemma 3.11. Let ¢ be a rational G,-action on X with comorphism ¢*: Kx — Kx(t). Then
' i

the iterations DZD satisfy DZQ = evg o@ oo togp*

Proof. We can now use the argument as in [5, Proposition 4.10] applied to ¢* = o~ 0 p*. For

the convenience of the reader we copy the argument here. Letting 3 (f) = Zizo a;z', we have

Yo wiaw' =% o g (f) = Vs (f) = D ar(z + w)’

i>0 >0

:Zaf Z <f>zng

£>0 i+j=0>0
_ 1 +] j i
= E E Qi j i z w
>0 \j>0

Hence we obtain

“(a;) = Za”j <l 1—‘7>z] and in particular ¢¥*(a;) ZCL]H Jj+1 Z] Za g2

7=>0 7>0 ji>1
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Since Dy (f) = a1 by (3.3), we have ¢* o D, = 4 o o*. Indeed,

* i d ; d
VD) =07 (a) = D ag2" = o | Doae | = (@ (f)
i>1 >0
Hence, we have ¢* o Dfp = Cgl oy* for all ¢ > 0. Composing on the left with evy we obtain
) di
DZD = evoo@ oo ! o ",
since evgo9* = Idg, by Lemma 3.10. O

In the following proposition, we show that the derivation D, is rational semisimple.

Proposition 3.12. Let p: G, x X --+ X be a Gy,-rational action on X. Then the following
hold

1) Dy is a rational semisimple derivation.
©
(ii) The composition ¢*D¢ = o oexp(zDy,) equals p*.

Proof. The assertion (i) follows directly from (i7) and Proposition 3.8 since in this case the
image of ¢j‘3¢ equals the image of ¢* which is contained in Kx(¢).

To prove (ii), let f € Kx. By Corollary 3.2, we have that ¢*(f) € Kx||t — 1|] and so
o lop*(f) € Kx[|2]]. Let 07t o p*(f) = >i>0 ajz’. By Lemma 3.11 we have that

Z'DL(f)
®
Op, (N =00y~
i>0
Zi d' —1 *
—003 2 evgo
L gl Voodz’oa ogp(f)
>0
_UOZ; eVOOE Zajz
i>0 j=0
2 |
B ) j—i
7o) G evoo Z%( —iy”
i>0 Jj2i J
i
20027 (473 l'
— gl
>0
:UoZa,zZ—aooflmp*(f):SO*(f)
i>0
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Proposition 3.13. Let 9: Kx — Kx be a rational semisimple derivation. Then the compo-

sition Dy, = evi o oo oexp(zd) equals 0.
Proof. Let O be a rational semisimple derivation. Then by Lemma 3.9 (ii), we have
Dy, = evio— ogoexp(zd) = evgo— 00 ' o oexp(z9) = evg oi o exp(z0)
o dt dz dz

Letting now f € Kx we obtain

d d iai ; i—lai
Dy () = evgors- o exp(d)(f) = evgot o 30 ZLU) oy SV ET I
i>0 ’ i>1 '

This proves the proposition. O

The following is our main theorem in this paper establishing a one-to-one correspondence

between rational G,,-actions on X and rational semisimple derivations on K.

Theorem 3.14. Let X be an algebraic variety. There exists a one-to-one correspondence

between the rational G,-actions over X and rational semisimple derivations on Kx given by
{Rational semisimple derivations on KX} — {Rational G,,-actions on X}
0 — qba
D, <+— o
Proof. Let X be an algebraic variety. If 0: Kx — Kx is a rational semisimple derivation, then
¢} is a rational Gy,-action by Lemma 3.7 and Proposition 3.8. On the other hand, if ¢ is a
rational G,,-action on X, then, by Proposition 3.12 (7), we have that D, is rational semisimple.

The fact that these maps are mutually inverse to each other is proven in Proposition 3.12 (ii)

and Proposition 3.13. ]

3.3 Examples and applications

In this section we provide several examples and applications of our main theorem. To perform
the computations in the sequel, we need the following technical lemma proving that conjugation
of a rational semisimple derivation by an automorphism ¢ amounts to conjugation of the

corresponding G,,-action by the same automorphism .

Lemma 3.15. Letting 0: Kx — Kx be a rational semisimple derivation and ¢*: Kx — Kx

be a k-automorphim, we have
Qsz;*oao((p*)—l = 90* © ¢3 o (W*)il
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Proof. Since (¢* 0 0o (¢*)~1)! = ¢* 00" o (¢*)~! and ¢ commutes with ¢*, we have

(0" 08 o (o)1) . St o . o
¢<p*o@o(ap*)*1:0’oz e Z.,(SO) )=Uocp © Z il o (¢*) = o gy o () !

>0 1>0

O
Example 3.16. Letting X = A? = Speck[z,y] we let E be the Euler derivation given by

E_axéfa:+by88y with a,beZ.

This derivation is a regular semisimple derivation corresponding to the linear G,,-action on X
given by
Gm x X = X where (t,(x,y)) — (t%,t%).

If we conjugate E with the birational map
p: X - X givenby (z,y) = (z-1)(y—1)+1Ly),
whose inverse is
-1 . rz—1
¢ X --»X givenby (z,y)— 1 +1ly] .
y —

We define the rational semisimple derivation 0 = ¢* o E o (¢*)~!. A straightforward compu-

tation shows that

fal(z=1)(y—-1)+1)=blx—-1)y\ 0 0
8_< y—1 >3w+by8y

By Lemma 3.15, we have ¢} = ¢* o ¢%; o (¢*)~!. More explicitly we obtain:

t((x—1)(y—1)+1)—1
g 1 +1,tby) .

p9: Gy x X --» X given by (z,y) — (

We can recover the rational derivation 9 by computing ev; o% o ¢3. Indeed, a tedious

computation shows that

i(qﬁ* (ZE)) _ (atail[(‘r - 1)(y - 1) + 1]) (tby - 1) - btbily[ta[(x - 1)(y - 1) + 1] - 1}
dat? (tby — 1)2
d * d b b—1
@(%(y)) = %(t y)=0bt"""y.
So that

a((z-D(y—-1)+1)—blz—1)y
y—1

d *
evio—, o o5(z) =

d
evi 00 G(y) = by

recovering the initial derivation 0.
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Recall that a rational slice of a rational G,,-action ¢ is a function s € Kx such that
©*(s) = ts. We can also characterize slices in terms of the corresponding rational semisimple

derivation as we show in the following lemma.

Corollary 3.17. Letting X be an algebraic variety with fields of the rational function Kx,

we let 0: Kx — Kx be a rational semisimple derivation. Then s € Kx is a rational slice of

¢5(t) if and only if O(s) = s.
Proof. Assume first that 9(s) = s. Then 9*(s) = s for every i > 0 and so we have

ZZ

5(s) =coexp(20)(s)=s-0 Zﬁ = ts.

i>0
Now if ¢3(s) = ts then 0(s) = evy o% oph(s) =s O

Furthermore, a slice provide a ruling of the field Kx over the field of invariants K;G{" of

the G,,-action.

Proposition 3.18. If s is a rational slice for an faithful rational G,,-action ¢: G x X --» X,

then s is transcendental over Kg;(’m, Kx = Kgm(s) = (ker 9)(s) and 0 = s% on K;(gm (s).

Proof. We define the set T' = {a € K% | ¢*(a) = t'a with i € Z}. In the proof Proposition 3.8
we proved that T generates Kx. Moreover, T is a group under multiplication. We have
¢©*(a) = t% for all a € K;G(”". Therefore Tp := K}G(”" \ {0} is a subgroup of T. Let now T'/Tj,
given a,b € T such that ¢} (a) = t'a and ¢} (b) = t'a, for some i € Z, we have p*(ab~') = ab™!
implies ab~! € Ty. Hence, a and b differ by a element of Tj.

We define the group homomorphism 7' — Z given by a + i where ¢*(a) = t'a. This
homomorphism is surjective by the existence of a rational slice, see Definition 3.4 and below.
Moreover, its kernel is Ty. We conclude that T'/Ty ~ Z with a rational slice s as generator.
Since Ty generated the field K;(gm and T generates the field Kx we obtain that Kx = K;Ggm (s).

Assume now that s is algebraic over K Gm, i.e., assume that there exists a non trivial poly-
nomial P € K}G(’m [z] such that P(s) = 0, then ¢*(P(s)) = P(ts) = 0. This is a contradiction
since t is is transcendental over K x and so the same holds over the subfield K;(im. We conclude

d

that therefore s is transcendental over K}%’". Finally, the structure of 0 given as d = s on
K;Ggm(s) follows since 8(K;G(’m) =0 and J(s) = s. O

Corollary 3.19. Let 0: Kx — Kx be a rational semisimple derivation. If O(s) = As, with
A € k, we have Kx = ker(0)(s)
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As in the rational case treated above, given a regular G,,-action ¢ on X, we define a

derivation of the structure sheaf D,: Ox — Ox given over every affine open set U C X by
: d
Dy: Ox(U) = Ox(U) given by f+—evy 00 (f)-

Any derivation 9: Ox — Ox induces a derivation Kx — Kx simply by extending 9: Ox (U) —
Ox(U) to the field of fractions Frac(Ox(U)) = Kx for any affine open set via the Leibniz
rule. We denote this derivation also by the same symbol 0: Kx — Kx.

In the next proposition, we characterize the derivations of the structure sheaf X that come
from a regular G,,-action in the case where X is semi-affine. Recall that a variety X is called
semi-affine if the canonical morphism X — Spec Ox(X) is proper. In this case Ox(X) is
finitely generated and so Spec Ox(X) is an affine variety [10, corollary 3.6]. For instance,
complete or affine k-varieties are semi-affine, blow-ups of semi-affine varieties are also semi-

affine.

Proposition 3.20. Regular G,,-actions on a semi-affine variety X are in one-to-one cor-
respondence with rational semisimple derivations 0: Ox — Ox such that the derivation on
global sections Ox: Ox(X) — Ox(X) on the ring of global regular functions is semisimple

with integers eigenvalues.

Proof. By Rosenlicht theorem [20], for any regular G,,-action on X there exists of a nonempty
Gp-invariant affine open subset U. Hence, dy: Ox(U) — Ox(U) is semisimple with integer
eigenvalues and since Ox (X) C Ox(U) it follows that Oy is a semisimple derivation of Ox (X)
with integer eigenvalues.

Conversely, let 9: Ox — Ox be a derivation such that 9y = dx: Ox(X) = Ox(X) is
semisimple with integer eigenvalues. Then Jy induces a possibly trivial regular G,,-action
vo: Gy x Xo — Xo on Xy = SpecOx(X) for which the canonical morphism p: X — X
is Gy,-equivariant. In particular, for every point € X, letting & = ¢ |g, « @y Gm - X,

t = (t,z) and § = @o |g,, xpz): Gm — Xo,t = @o(t, p(r)) , we have a commutative diagram

Gmfé>X

PN

Xo.

Since p is proper, we deduce from the valuative criterion for properness applied to the local
ring of every closed point ¢ € G,, that ¢ is defined at every point (z,t) € G,, x X whence is

a regular Gy,-action on X. O
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Chapter 4

Locally finite birational maps

Abstract

In this paper, we build on previous results by the authors to properly define the definition of
rational locally finite derivation of an algebraic variety, which in the regular case coincide with
the definition of a regular locally finite derivation.

Additionally, we define automorphism over the field of rational functions as rational locally
finite attributing the existence of rational flow which can be differentiated. We show that
there exists a one-to-one correspondence between the rational locally finite automorphims and
the rational locally finite derivations, and the regular case coincide with the correspondence

between locally finite automorphism and locally finite derivations.

Introduction

Dubouloz and Liendo define in [7] when a derivation is rationally integrable over the field
of rational functions, these derivations are in correspondence with the rational action of the
additive group G,. This idea, in conjunction with the work developed by Koshevoi [12], has
allowed us to generalize in [2] the correspondence between rational G, actions and certain
derivations called rational semisimple. In this article, we generalize the concept of locally finite
using the same idea through of an integrability condition in the exponential map, and defining
when a derivation is rational locally finite, this definition is the same as completely integrable
vector field. The definition of rational locally finite automorphism is defined over a generating
set as field, the span linear of all compositions is a finite dimensional k-vector space, this we
allow to define a rational polynomial flow which can be differentiated, and the rational locally

finite automorphism are a generalization of locally finite automorphism.
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4.1 Preliminaries

Let k£ be an algebraically closed field of characteristic zero, B a k-algebra finitely generated
X = Spec(B) an algebraic variety and Frac(B) = K the field of rational functions . If
p: X — X is a morphism over X, we obtain the equivalence of categories ¢*: B — B. If B is
generated by a {b; }ier as k vector space, then K is generated by {b;}icr as field, which means
that it is generated via k- as linear combinations and quotients of these linear combinations,
for example, C[z,y] is generated by the set {z'y'}; j>0 then C(z,y) is generated as field by

{z'y"}; j>0 through k- as linear combinations and quotients of these linear combinations.

4.1.1 Derivations

A derivation D: B — B, is a k linear map, satisfying the Leibniz rules for all a,b € B we have
D(ab) = aD(b) + bD(a), we define the kernel of D as the set ker(D) = {b € B|D(b) = 0} also
denoted by B, if A C B we say D is a A-derivation if A C ker(D), for the nth composition
D™ we denote by D™ and D° = Idp, the set of derivations is denoted by Der(B). We say that
D is locally finite if for all b € B the linear span of {b, D(b), D?(b),...} is finite dimensional,
the set of locally finite derivations is denoted by LFD(B) and If means locally finite for short,
the definition is associated to existence of a vanishing polynomial P,(T") € k[T] ( which is verify
Py(D)(b) = 0). A derivation is locally nilpotent if for each b € B there exists n € Z>( such
that D™(b) = 0, the set of locally nilpotent over B is denoted by LND(B). A derivation D is
called semisimple if there exists a basis {b; };cr of B as a k-vector space such that D(b;) = \;b;
with \; € k, the set of semisimple derivations is denoted by SSD(B). Both derivations that
are locally nilpotent and semisimple are If.

If D is an If derivation, it admits the Jordan decomposition D = D,, + Ds; where D,, is a

locally nilpotent derivation, Dy is a semisimple derivation and D;D,, = D,, Ds.

4.1.2 Polynomial automorphisms

Let B be a k-algebra finitely generated, F*: B — B an automorphism of ring, F* is locally
finite if for each b € B the linear span of set {b, F’*(b), (F*)2(b),...} is finite dimensional, F is

locally finite if F'* is, the definition is associated with the existence of a vanishing polynomial
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Py(T) € k[T ( is verify P,(F*)(b) = 0). Our main object of study are the locally finite
automorphisms (If automorphism for short), and the set of If automorphisms is denoted by
LFA(B). An automorphism F* is wunipotent if F' — Id is nilpotent. An automorphism is
semisimple if there exists a basis {a;};c; C B of eigenvectors such that F*(a;) = v;a; with
v; € k. Since the k-algebra B is finitely generated, for both automorphisms and derivations it
is enough to prove the condition If on a generating set.

The unipotent and semisimple automorphisms are a particular case of the If automorphism
and if F'is a If automorphism it admits the Dunford decomposition (Multiplicative Jordan de-
composition) F' = F,Fs; where F, is the unipotent automorphism and Fy is the semisimple
automorphism. It is well known that there is a correspondence between unipotent automor-
phisms and locally nilpotent derivations, for more details see [8],[22],[5]. There also exists a
correspondence between semisimple automorphisms and semisimple derivations, which we will

show below.

4.1.3 Polynomial flow

Definition 4.1. Let X be an algebraic variety, a map ¢ : k x X — X is said a flow if satisfy:
L props = @ris
2. po=1dx

Let V: k™ — k™ be a C'l-vector field, and consider the (autonomous) system of differential

equations

0x(T)
or

= V(z(r)) with initial condition z(0) = xo € k" (4.1)
Then there exist a unique maximal local solution (flow)

2(1) = ¢(1,20) = ¢r(20) (4.2)

The flow (7, x0) is called a polynomial flow if p(7,2z¢) is polynomial in each fixed 7, that
is, (7, o) depends polynomially on the initial condition z¢. If a flow ¢(7, ) is polynomial
then (see [1]) it is global and even (if £k = C) entire (|3]).

Since the flow ¢, is polynomial if depends polynomially on x for each 7, is clear that
for each 7 € k, define a holomorphic automorphism. We say a polynomial flow is quasi-
algebraic if for each 79 € k the ¢, is an algebraic automorphism. Our case of interest for

study are the algebraic and quasi algebraic because they are related with If derivation and 1f
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automorphism. A natural question would be for which V as above does the flow associated
© depend polynomially on the initial condition xzg, this question was answered by B. Coomes
and V. Zurkowski in [4] proved (for k£ =C) .

A polynomial vector field V = (P, P, ..., P,) has a polynomial flow if and only if the

0 0 0
derivation Py — + Po— + -+ - + P, —— is locally finite.
8.’171 (93:2 83771

This result is very important because indicate a relation between algebraic automorphisms

and derivations over £™ with this characteristics.

Example 4.2. In 1985 Bass and Meisters in [1] classify the polynomial flows and locally finite

vector fields on k? conjugate by an automorphism in k2, these are given by:
L pr(w,y) = (2,e"y); D = by 5,
2. or(z,y) = (z+7,e7y) ;D=2 + bya%
3. pr(2,y) = (z,y+ f(2)7); D = f(x) 2
4 or(z,y) = (e, ey) D = ax g + by f;

5. r(@,y) = (¢"Tw, ™™ (y + T2™)) ; D = az gy + (amy + ™) 5

4.1.4 Exponential map

Given D € Der(B) with D(7) = 0, we define the exponential map with parameter 7, since the

map:

DI
Some times for short we denote the exponential map exp(7D) = Z 77 T for F¥p.
Jj=0 ’
We extend the exponential maps exp(7D): B[|7|] — BJ[|7|] fixing 7.

Proposition 4.3. The exponential maps exp(TD): Bl|7|] — Bl[|7|] is an isomorphism

Proof. Clearly if a,b € B as D is linear we have exp(7D)(a + b) = exp(7D)(a) + exp(rD)(b)
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Dila l
exp(7D)(a) exp(TD)(b) = ZTJ Dj(' ) ZTZDlgb)

>0 T>0
_ T'+ZL 7+ . a .
N m L I+ piga)pi
- szm( D pi@nio)
exp(rD)(a) exp(rD)(b) = 3 Tm%Dm(ab) — exp(rD)(ab)
m>0

Moreover if we suppose D1 Dy = Do D1 we have exp(7(D1+D3)) = exp (D1 )oexp (tD2) =
exp (1D3) o exp (7D1),

Since D1 Dy = D9 Dy, we have (D; + Dy)™ = Z <m> Di o Dg then

exp(7D1) o exp (TD2) = exp(7(D1 + D2))

In particular if Dy = —D;, we have exp(7D;)oexp(7(—D;)) = exp(7(—D1))cexp(7Dy) =
Id. O

4.2 Rational case

4.2.1 Rational If derivations

Definition 4.4. Given 0 € Der(K), we say 0 rational If derivation, if for a generating set
{b;}icr C K (as field) , Vj, the linear span generated by {b;,d(b;),0%(b;),...} as k- vector

space is finite dimensional.

Definition 4.5. A k-derivation 0: K — K on a variety Spec(B) is called rationally integrable
if the formal exponential homomorphism exp(79): K — K[|7|] factors through K (7)N K]|7|].
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Definition 4.6. Let K be the field of rational functions associated to algebraic variety
Spec(B), 0 € Der(K). We say 0 is rational semisimple if there exist a generating set {b; };er of

K (as field) such that 9(b;) = v;b; with v; € k. Is easy to see that exponential homomorphism
Yy
exp(70): K — K|[[7]] factors through K (t1,to,...,t,) N K]||7|] where t; = Z (%,7'—) , for some
- J-
Jj=0

a finite set v; € k.

In particular if 4; € Z, by theorem 2.14 in [2] the rational semisimple derivation are in

vy
correspondence with the rational -actions defining 7 = Z m . The rational semisimple

1
iz 7
and rationally integrable derivations are particular case of rational 1f derivations.
Lemma 4.7. If 0 is rational lf derivations, it admits a decomposition Os + 0, where Os is

rational semisimple, 9, rational unipotent and 050, = 0,0s.

Proof. Let A C k the set of eigenvalues for 0, and {b; };cr a generating set for K such that the
linear span of {07 (b;)};>0 is finite dimensional, {b;};c; with the linear combinations generate
a k-algebra B and the condition {07(b;)};>0 finite dimensional implies B = @, B», where
By = {b € B|(0 — A\1d)"™(b) = 0, for somem > 0}, for simplicity we denote 0 — AId = 0 — A,

also we have B)B,, C B4, because if we consider a € By,b € B, there exist [,m such that

I+m I+m A
(0~ M) =0, (8- u)™(b) = 0, (9 — A+ w)*"(ab) = 3 ( j )(8 )M (a)( —
=0

1)’ (b) = 0, since we have two case the first case [ +m — j > [ and j < m this case implies
(0 — N+ (a) = 0 and the second case [ +m —j < [ and j > m then (9 — u)?(b) = 0, so
that B\B,, C By, for any A\, u € A.

We define 05 as 05(b) = Z Aby if b = Z by. Clearly is a derivation, linear by definition,
A A
satisfy the Leibniz rule, if a € By, b € B, we have ab € By, hence 0s(ab) = (A + p)ab =

Aab + pab = 95(a)b + ads(b), for any b € B is extended by linearity. Since 05(B)) C By we
have 09; = 9;0 = A0 on By, 0; is rational semisimple because for all b € B can be writen as

b= Z by, then if we consider {by}xca as generating set, K can be defined as localization of

A
B with S7! = B\ {0}, so that S™'B = K. We conclude {by},ca is the generating set as field
and satisfy Js(by) = Aby where \ € k.
Let 0, = 9 — 0, is a derivation because d and Js are, d, commute with 9, because 0

commute with 0 and ds. Now if b € By, 0,(b) = (0 — 09s)(b) = (0 — A\)(b) then there exists [
-1

sufficiently big such that 0 = (9 — A)!(b) = 0% (b), then exp(rd,)(b) = Y /0] (b) and in the
j=0
same way as in the previous derivation if we consider the localization of B with S~! = B\ {0}

and {by } as generating set, the image of exponential map satisfy exp (79, )(K) C K(7)NK][|7]].
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To prove the uniqueness of decomposition suppose there exist two decomposition of 9, ds+9,, =
0 =04+ 0,. Since & commute with 9,9, ,,0, we have s commute with &', and 0,
commute with @,. A difference of commuting locally nilpotent (respectively semisimple)
derivations is locally nilpotent (respectively semisimple), since Js — 8; = 8;1 — Op, Os — 8; is
semisimple and 9, — ), is locally nilpotent derivation, on By we have (85— .,)(b) = Ab— b =0
therefore is the zero map, so that 95 = 9, and 9, = 9, . O

Lemma 4.8. Given 0 € Der(K), with (1) = 0 and the exponential map exp(70): K —
K||7|], 0 is rational locally finite if satisfy

exp(70)(K) C K(7,t1,...,t,) N K][|7]]

gy
where t; = Z (%1) , for some a finite set ~; € k.
Jj=0 '

Proof. Since 0 admit a decomposition ds+ 9y, we compute exp(7(9Js+09,)). For the generating
set {b; }icr, we have 05(b;) = \;b; and Gﬁ(bz) = )\gbi and exp(70s)(b;) = t;b;, if if we extend this
by linear combinations and quotients we obtain exp(79s)(K) C K(t1,...,t,) N K][|r]]. Since
(1) = 0s(1) = On(7) = 0, the exponential maps fix the parameter 7, we can extend the maps

over 7, sending 7 to T.

exp(7(0s + On)) = exp(70s) 0 exp(10y,)(K) exp(70s) (K (1) N K|[|7]])
exp(10)(K) C K(7,t1,ta...,t) N K]|7]]

N

[
Corollary 4.9. Let 0 € Der(K) be a rational If derivation, then exp(0) = exp(70)|r=1
Proof. For lemma 4.8 we have exp(79)|;=1 can be factorized as exp(9)
exp(0)
K22 et T K
[

4.2.2 Rational flow

Definition 4.10. Given a algebraic variety X, we define the morphism ¢,: k x X --» X, we

say @y is a rational flow if:
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® ;00 (T) = Pryr(T)
* po(z) =1
e For each 1y € k, we have ¢, is a birational map.

We can distinguish two types of rational flow, the algebraic given by quotient of polynomials
and the quasi algebraic given by quotients of polynomials and exponentials with exponent a

scalar multiplied by 7.

Example 4.11. e The first example correspond to a rational flow quasi algebraic

or kx A2 — A?
ae"x aeTy
(I1—e)z+a (1—e)z+a

)

(7, (z,9)) = (

and their vector field associated 9 = (azx + 3;2)8850 + (by + xy)aay

e The second example is a rational flow algebraic

ok x A — A3
e + T
1+Ta:’y

1 0
and their vector field associated —z%2— + —— —
dx  p(z)dy

Remark 4.12. Is clear that for each 79 € k the maps ¢, is a birational map.

(7, (2,9,2)) = (

4.2.3 Rational If automorphism

Definition 4.13. Given a automorphism F* in K, we say rational locally finite, if the nth

composition can be extended to rational flow ()" which the image of a generating set {b; }ics

(NiT)?
4!

is contained in K(7,t1,t2,...,t,), where t; = Z for some \; € k.

Jj=0
Remark 4.14. Given an automorphism F* in K, if there exists a generating set {b;};c; C K
(as field) such that the set V4, given by the linear span generated by {b;, (F*)(b;), (F*)?) (b;), ...}
as k- vector space is finite dimensional then F™* is rational locally finite, because it allow define
a rational polynomial flow whose image is contained in K(7,t1,to,...,t,), this condition is

stronger than the previous definition.

Definition 4.15. Let F,, Fs be birational morphisms over X, F, is rational unipotent if
F7 comes from a rational -actions and F rational semisimple if there exist a generating set

{a;}ier (as field) such that Fs(a;) = v;a; with v; € k. In particular if v; € Z the rational flow

corresponds to a rational -action.
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Remark 4.16. The image of comorphism of a rational -action is contained in K (7), and the
image of flow associated to semisimple comorphism above evaluated in the generating set as
field is contained in K (t1,...,t,) some finite set of {¢;} therefore the rational unipotent and

rational semisimple are particular case of rational locally finite automorphism.

Lemma 4.17. If F' is a rational If automorphism then F admits a decomposition F' = F, Fy

where F,, rational unipotent and Fs is rational semisimple and F,Fs = F,F,,

Proof. Let {b;}ic1 be a generating set for K and we consider {e*};c; the eigenvalues for F*
and we define the k-algebra B = @, ., Bx where Q C k, the B), is composed of set of elements
of K that are fixed by e " F* i.e. By = {b € K|e ™ (F*)7(b) = b}. Also if a € By we have
e M(F*)"(a) = a and if b € B, we have e 7 (F*)7(b) = b then

ab = e—)\T(F*)T(a)e—,LLT(F*)T(b) _ e—(A-‘r,u)T(F*)T(ab)

and therefore B\B,, C By, for any A\, u € Q. Define (F*)7 as (F*)7(b) = >, by if
b= >, bx. Since is linear by definition and for by € By,b, € B, then byb, C Byy, and we
have (F*)7(by)(F*)5(b,) = e brel™h, = ePTW7Th\b, = F¥(bab,) which can be extended for
any b € K via linear combinations and quotients, their inverse for by € By, satisfy ((F*)7)~! =
e by . Moreover (F*)™(By) C By for all \, we have (F*)7(F¥)™ = (F¥)"(F*)" = M (F*)7,
F¥ commutes with (F*)7. In particular, the automorphism F; is rational semisimple since
S~1B = K and there exist a generating set {b)}xcn of K as field satisfying F¥(by) = e’by,
where A € k.

Let F* = F*(F¥)~!, clearly is an automorphism because is the composition of two auto-
morphism ( F* and (F})~! are), for each By we have (F)” commute with (F*)7, then F*

commute with F* in B. Moreover, if by € B then for construction (F)™ = e " (F*)7 in B,
(F;)T/ (F;)T _ efAT(F*)TefAT/ (F*)T’ _ 67/\(T+Tl) (F*)T+T’ _ FJ+T’

and (F¥)? = e *0(F*)? = Id therefore correspond to condition of a regular -action on B. If
we extend over K = S™!B we obtain a (F¥)” comes from rational -action.

Suppose there exist two decompositions of F*, FfF¥ = F* = (F')*(F')%. Since F* com-

S
mute with F*, F*, (F')*, (F')* we have F* commute with (F')* and F* commute with (F')*.
We have the equality F*((F')*)~! = (F*)~Y(F). To composition of commuting rational

u

semisimple (respectively rational unipotent) derivations is rational semisimple (respectively
rational unipotent), thus must be Id, because on we have By F*((F')*)~1(by) = F*(e *by) =
e F*(by) = by (rational unipotent and rational semisimple simultaneously means identity),

this forces, F = (F')* and F = (F')*

S u

O
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Lemma 4.18. F* is a rational locally finite automorphism then F* comes from a rational

polynomial flow

*\T ZO’ anYU'TpJ(T>bU
() (5) = e
Zp/BPry (:ZP(T)
where or 0 = (01,...,0:),p = (p1,---,pr) € L, b7 = 0705 ... b7, b = bIus? L b,
Po(T),qp(T) € K[T], 0 - T = (017,...,00T), p-T = (p1T, ..., ppT) .. 7T =777 ... 427 and

p1T

YT = 7 ’Y?l")r‘r; with o, ﬁp €k

Proof. First, we analize the particular case when F™* is rational semisimple, rational unipotent

and subsequently the composition of both. If F7 is rational semisimple, for a generating set

Yoo gb?

we have (F7)7(b;) = ~7b;, and given b € K, we have b = where 0 = (01,...,0.),p =

Zp ﬁpbp
(P15 pr) € Z8¢, b7 = b7' 057 ... b7, b = VI'b5? ... by and since F¥ is a homomorphism of
U'Tba'
field respect the multiplication and sum (F)7(b) = 20 07TV where o7 = (017, ...,0,7),
° Zp BP’YP'pr

p-T = (piT,...,pr7) L. 7T = A7 42T and AP = AP AR | if we extend the
; ) *\ 7/ *\T Z O‘07 Ty * Z aU’YU.ObU
fixing the 7,7"’s then (FX)™ ((FF)7(b)) = Z B, and (F*)°(b) = Z B ST

which is a rational quasi algebraic flow and for each 0 € kK F™ is algebralc Now if F;

ZG’ Oéo—bg
Zp lﬁpbp ’

where p,(7),q,(7) € k[7], the coation morphism of a

Yo CoPo (T 4+ 7')07
Zp /Bpr(T + T/)bp

(this means py(0) = ¢,(0) = 1). We suppose F; and F;; fix the parameter 7,

is rationally integrable this comes from the action of the additive group, for b =
Yo Qoo (T)b7
Zp ,qup(’i')bp
rational -action satisfy (F)7(F*)™ = ((F)™7 (b)) =

Y o QoDs(0)07
Zp 5pr(0)bp

we can extend the homomorphism from K(7,t1,ta,...,t.) to K(7,t1,t2,...,t,) leaving fixed

we have (F))7(b) =

and (F};)°(b) =

the parameter 7 as follows:

(F7)7(b) = (F F7)7(b)
= (F5)7(FS)7(b)

e (Zo00r7TH
o (£552)
ZUOZJV pa( )ba
> BoVPTap(T)bP

(F7)7(b) =

ZJ Oéo_,ya.(r-‘rr’)pa(T + T/)bo’

satisfying the condition of a rational polynomial flow (F*)™ ((F*)7(b)) =

— Zo‘ a070.0p0(0>ba — b
Zp /Bp”YpAOQp(O)bp

and (F*)°(b)
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Definition 4.19. Given a If rational automorphism F* we can consider the rational flow

(F*)™ and define a derivation associated to (F*)7, as follows

d
— Bl *\T
BF eVOOdTO([" )

where evg is the evaluation 7 =0

Clearly is a derivation over K, given a,b € B, A € k we have

Or(a+M\b) = evo o% o (F*)"(a+ \b)
Or(a+ ) = evg odii[(p*y(a) EAF)T(B)]

Or(a+Xb) = evo odi‘lT o (F*)™(a) + Aevo o% o (F*)(b)
8F(a+>\b) = ap(a)—i—)\ap(b)

The Leibniz rules

(FY (@) = () @)(F) (1) /o
LBy (ab) = (Y @) (F) )+ () (@)= (F)(B)/evo
evgo o (F)(ah) = evo o ((F*) (a)) (F)°(8) + (F*)°(a) evo - ((F*)7(8)

Op(ab) = 9Jp(a)b+ adpr(b)
Proposition 4.20. If F is a rational If automorphism then Op is rational If derivation

Proof. We must prove that the image of exponential maps exp(9r) factor through K (7,t1,...,t.)N
K[|7|], We can distinguish three case

o If ' = F,, rational unipotent then (F))” comes from rational action, O, is rationally

integrable and the exponential map for [7|, (F;¥)"(K) = exp(70r,)(K) C K(1) N K]|7]]

o If F' = F; rational semisimple then for a generating set as field {b;};cs such that we have

F¥(b;) = 7ibi where ; € k, (FJ)7(bi) = ~7b; hence evg odi o (F¥)"(b;) = In(~;)b; and
T

In(v;)7)’
eXp(Taps)(bi) = 'y{bi = tibz‘, where ti = ZM
>0 J:
for above (F¥)"™ = exp(70r,). We conclude the exponential map exp(70r,)(K) C
K(t17""t7“)mK[|T”

, for some a finite set {v;}icr,
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e Using the fact F' = F,F,, we have

(F)" (FO)T(Fy)T
(F)" exp(7IF,) o exp(T0F,)
d
(F)" exp(7(9F, + OF,)) /df
=
d
7 ° (F)" exp(7(0F, +0F,)) © (OF, +0Fr,) /evo
d
evg o~ (F)" (OF, + OF,)
Or aps + 8Fu

We extend exp(70F,), exp(70F,) to K(7,t1,t2...,t,)NK]|7|] fixing the parameter 7 and
exp(70r)(K) = exp(70F,) o exp(70F, ) (K) we have

exp(T0p,) 0 exp(T0p, ) (K) S exp(T0r,)(K(T) N K[|7]])
exp(T0F)(K) C K(7,t1,ta...,t.) N K]|7|]

Therefore Or is If rational derivation. ]

Corollary 4.21. If F is rational If automorphism over Spec(B) then O = Op, + Op, and
Fy=Fy Fj,.

Proof. By the proof above we have 0p = Op, + Op,. It derivation commute the exponential

maps of sum of derivations is the composition of maps associated Fjj = Fj 5 = Fj F; [
Proposition 4.22. If 0 is rational If then exp(0) is rational If automorphism.

Proof. Clearly is an homomorphism whose inverse maps is exp(—03). Moreover (exp(70))” =
exp(70) is a rational flow because if d(1) = (') = 0, exp(79) and exp(r9) fix 7,7" and

the map can be extended over K (7,7, t1,...,t,,t},...,t.) then we have exp(70) o exp(7'0) =

exp((7 + 7)0) and exp(79)|,—o = Idx represent a rational polynomial flow which the image
is contained in K(7,t1,ta...,t,) O

Theorem 4.23. There exist a correspondence between rational semisimple derivations and

rational semisimple automorphism over K.

0 — exp(0)

d
evpo— o (F*)T «+ F
dr
where evy consist in evaluate the parameter T in 0.
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Proof. If 0 is semisimple then there exist a generating set {b; };cr as field such that 9(b;) = ~;b;

b7
where v; € k, 0™(b;) = 7]'b; therefore exp(0)(b;) = €”b;. If b € K given by b = %;bﬂ
p P

5, a0 b : T e
then exp(@)(b) = W where Y0 = zi:l YiOi and Yp = Zi:l YiPi, which is a
p =P

semisimple automorphism whose inverse is exp(—09). We have (exp(0))” = exp(79) and for
p p p p P

d
each b; evy o © exp(70)(b;) = evg od—(e'wbi) = evo(1:€77b;) = v:bi = 9(b;), we conclude
T T

d
evoo o exp(70) = 0, i.e Op, = 0. Conversely if F' is semisimple we have a basis {a;}icr
T

aga’
ZZ:UQUP where a” = af' ---a?",
p Ppd

o_)\U' ag
- ZZ:)UZ o where A7 = A7! AT, M =
p P

Ao AR If we extend the composition over a parameter 7 on the generating set, we obtain
d d

(F*)(a;) = Ala; and evg i (F*)"(a;) = In(A;)a;. Therefore exp(evy o0 (F*)")(a;) =
T T

Aia; = F*(a;) the initial automorphism, therefore Fy, = F' O

such that F*(a;) = A\;a;, all element b € B is written as b =

a? =ai'---af", ag, B, € k, we have F*(b) = b

Theorem 4.24. There exists a correspondence between the rational If derivation over K and

rational If automorphism on Spec(B)

0 — Iy
6F<—F

Proof. To prove this bijective correspondence, 1) 0p, = 0 and 2) Fp, = F'.

d
1. Since g o F'y = F’y00 and evgoF’, = Id hence

d
OF, = evg o - o Fry =evgoFly00 =20
T

2. If F* is an rational If automorphism, by lemma 4.18 we have the existence of rational

polynomial flow (F*)”
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Y0 oY Tpe(T)b7 d

Fe) = >, B Tap(T)be L dr
| oy = 2 oI, S )
dr N (Zp 5p’7p'TQp(7—)bp)2
(50 0 Do (1)) -5, B2y (1))
- (S, B g (WP
£ SO0 B D (T, 597 )
ar ° ) = (5, B g, ()2
(%0 007" 2o (PN (7)1 gp(7) + 57 1T 5
B (32, Bor?7ap(1)0)?
£ S0 + B ont) (5, )
evo % o ( ) ( ) - (Zp 5pbp)2
(5, b )5, () + STy 5,00)
(5, BP
Lo () = SO0V, ) — (25 0017 (2, )5 )
dr (Zp Bpb)?
(50 P00 )(5, 8 — (5, o), 7,0
! (5, 5ob)?
Or = O, + OF,

Since the decomposition is unique and dp, o r, = JF, o Of, by corollary 4.21, we have

Fop. vop, = Foy, oFy,, and we consider for [7| Fp, = F,, and by theorem 4.23 Fy, = F}

Therefore
F or — F Or, +0r,
Fop = Foy, o Fop,
Fy, = F,oF,
Fy., = F

Corollary 4.25. Given a O rational If derivation, we have K5 = ker(0).
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Proof. 1. If b € K an element not zero of invariant ring associated to F*, a = F*(a) =
Zz’zo %, this implies 9°(a) = 0 for i > 1, therefore a € ker(9), conversely if a is in the
kernel of 0, 87;(;1) = 0 for all n > 0 so that F*(a) = a is an element of invariants ring of
Fy.

O

4.3 Regular case

In the following section, we will show the correspondence of If elements in a finitely generated

k-algebra.

Proposition 4.26. Let D € LFD(B) then the image of exponential map exp(7D) : B — B]|7]]

J
is B[, t1,...,t;], where t = Z T—' for some v; € k and t; =t
j>0 7"
Proof. Since D is a If derivation admits a decomposition D = D,, + D, where D,, € LND(B),
D, € SSD(B). We can distinguish three cases to analyze:

e If D = D,, € LND(B), for all element b € B there exist | € Z> such that D'(b) = 0,

D2?(b Db
therefore exp(7D)(b) = b+ D(b)T + 2()72 4ot (b)

— 771 and the image of
exponential map is contained B][r].

!

e If D = Dy € SSD(B) there exist a basis of eigenvectors {bz}zel such that D(b;) = ~;b;

(b)) — ~7 _ (vir) . ,
hence D’(b;) = ~;b;. therefore exp(7D)(b;) = b; E +— = bit"", where for each i we
- J-
Jj=0
write t; = t7 = E M Every element b € B can be written as b = Em Bib; we
i : T Yy Y

j>0 J=1
can extend for linearity the exponential map for b of the following way exp(7D)(b) =

m
Z Bja;t;, we conclude exp(rD)(B) C Blty,...,t].
j=1

e The last case is when D = Dy + D;. The exponential maps exp(7(Ds + D,,)) is equal
to exp(7Ds) o exp(TDy,) = exp(7Dy,) o exp(7Ds) because 7Ds(7Dy,) = 7Ds(7D,,). The
exponential map fix 7 and also in consequence the t;’s. we can extend the composition

as follows

exp(7D)

exp(TDy) exp(7Ds)

B

B7] Bl t1,. .., t,]
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Remark 4.27. When we evaluate 7 = 0 we obtain ¢; = 1, and if 7 = 1 we obtain ¢; = €.

dr dt;
Also, i 1 and d—; = vit;
Corollary 4.28. Let D € LFD(B) then the image of ezponential map exp(1D) : K — K[|7|]

(i)
j!

is contain in K(1,t1,...,t.), where t; = Z for somev; €k and 1 <1 <r.

=0
Proof. if a,b € B with b # 0 we have

exp(7D)(a)

exp(7D) (Z) = exp(TD)(ab_l) = exp(7D)(a) exp(TD)(b_l) = exp(rD)(0)

where exp(7D)(a),exp(tD)(b) € B[r,t1,...,t;] O
Corollary 4.29. Let D € LFD(B), then exp(D) = exp(7D)|r=1
Proof. For the proposition 4.26 we have exp(7D)|;=1 can be factorized as exp(D)

exp(D)

T—1

D) Bt 0] T2 B

B

O

Theorem 4.30. There exist a correspondence between semisimple derivations and semisimple

automorphism over B.

D — exp(D)

d
evpo— o (F*)T « F
0" dr (F7)
where evy consist in evaluate the parameter T in 0.

Proof. It D is semisimple then there exist a basis {b;};cs such that D(b;) = 7;b; where v; € k,
D"(b;) = ~'b; therefore exp(D)(b;) = €Yb;. If b € B then b = ), a;b; then for linearity
exp(D)(b) = ), jeib; , which is a semisimple automorphism whose inverse is exp(—D). We
have (exp(D))” = exp(7D) and evy o% o exp(7D)(b;) = evy o%(e"’”bi) = evo(7€"7b;) =
~ibi = D(b;), we conclude ev o% oexp(tD) = D, i.e Dp, = D. Conversely if F' is semisimple
we have a basis {a;}ics such that F*(a;) = \;a;, all element b € B is written as b = ), f;a;
we have F*(b) = ) . fiNia;. If we extend the composition over a parameter 7 we obtain
(F*)7(a;) = A a; and evg o% o (F*)"(a;) = In(A;)a;. Therefore exp(evy o% o (F*)")(a;) =
Aia; = F*(a;) the initial automorphism, therefore Fp, = F O

Proposition 4.31. Let D € LFD(B), then exp(D): B — B is a lf automorphism.
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Proof. We first prove that it is a homomorphism, invertible and then locally finite

1. Since D7 (a +b) = DI(a) + D7 (b)

exp(D)(a) exp(D)(b)

exp(D)(a) exp(D)(b)

we have exp(D)(a) + exp(D)(b)

2. exp(D) is an homomorphism and exp(—D) is their inverse.

3. If Dy is semisimple then exp(Dy) is semisimple and if D, is locally nilpotent then exp(D,,)
is unipotent, also if D admit a decomposition D = D, + D where DsD,, = D, D, we have
the Dunford decomposition is given by exp(D) = exp(Ds + D,,) = exp(D;) o exp(D»),

it is unique, therefore is locally finite.

Theorem 4.32. There exist a correspondence between If derivations and If automorphism over

B.

D — exp(D)

d
evpo— o (F*)T «+ F
dr

where evy consist in evaluate the parameter T in 0.

Proof. To prove this bijective correspondence, 1) 0r,, = 0 and 2) Fp, = F.

d
1. Since g oF'y =F,0D and evgoF’, = Id hence

Dp

2. Ifb=>"_ a,y?b” we define (F*)”

d
D :evood—oFT*D:eVOoFT*DoD:D
T

(0) = >-5 677 Tpo(T)b7 with p;(0) =1

67



= Z Y’ " pe ()b

d dpo(7)

o (F7)7 () = 3 (3777 Tpe(r) +97 77 )agh”
v o (P77 ) = (i) + Loyt

evp o Zln Jasb? + Z dpg 7) [—ve
evoo(F™)7(b) = Dr,(b) + D, (b)

Hereinafter

Fp, = exp(Dr) = exp(Dp, + Dr,) = exp(Dr,) exp(Dr,) = FyF; = F*
, therefore Fp, = F
O]

Nowicki theorem showed "if G is a connected algebraic group which acts algebraically on
the polynomial ring B, then there exists D € Der(B) with ker(D) = BY. In particular, this

means B® is an algebraically closed subring of B".
Corollary 4.33. Let B = k™ the polynomial ring in n variables, D € LFD(B)

There ezist a locally finite derivation D such that ker(D) = A if only if there exist an
algebraic group G such that B¢ = A

Proof. If D is If we have Fp is an algebraic automorphism and for theorem 0.12.1 in [9] there
exist G = (Fp) C Aut(B) such that ker(D) = BE. If B¢ = A, since we have G < Aut(B),
we choose some g € G, D = evg o0 g™ where ker(D) = A
T
O

Corollary 4.34. Let D, Dy, Dy € LFD(B), ¢ € Aut(B), we have the following facts:

1. If D1, Dy are commutative, then Dy + Do is locally finite and FEIJFDQ = FEI o FBQ.
2. F¥ € LFAut(B) and (F*)p! = F* .
3. H={F}|D € LFD(B)} then (H) is a normal subgroup of Aut(B).

4. FfyoD = Do F}, anddd oFy =F'hoD.
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5. ker (D) = B'p.

6. If D s locally finite, this can be obtained by differentiating Fp and then evaluating at

b (Fp-1d
T

. In particular if If D is locally nilpotent we have the equivalence D = log(I + F*) =

i>1

T at zero, 1i.e.

7=0

7. Fp is linearizable if only if D is linearizable.
8. BP = BPsn BP»
Proof. 1.

Fp, o Fp, :expD1 o exp Dy

Z Y

g>0 r>0
_Z:OZ;]HDJODS
J=ur
- zg;)n@tjgjlt o D'
m
B (D1 + D)™
mEZ:O m)!

sz)l OFB2 =exp(D; + D) = F,;‘)H_D2
2. Since D = Ds + Dy and commute, and we have Fj is a semisimple automorphism
and F7, unipotent we have Fp is If automorphism . Since D(—D) = (—D)D we have

FioF*, =F oF=F;=Idg

L= (@Dp™1)7, we have the exponential maps satisfy

3. Let ¢ € Aut(B), since g o DJ o ¢~
goFBgo_l = F;le and the conjugation of If derivations is a 1f derivation pDe~! €

LFD(B) then ¢ o Fjyo0o~! € H and therefore is in (H).

DJJrl D’
DOFD—DOZ Z Z_—‘OD:FBOD
J>0 §>0 j§>0 J:

and
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d D DﬂﬁL

— e A —— ) =F'poD

dr ° D = dT go j‘ ;1 ! g D °
Jz Jz 720

) DJ
5. If b € ker(D) for j > 1 we have D’(b) = 0 thus Zj>0 &
20 ")

BFp. Conversely if b € BFb we have Fp(b) = b, this means DI (b) = 0 for j < 1, in
particular for j = 1 then BfD C ker(D).

= b this implies ker(D) C

6.
- Yol
P
DI 1
pold = Y2 L
i>1 J: T
J=Z
T = ZT 7 /eVO
j=>1
(F:D—Id> _ )
T 7=0
Id)?

o (FE —
The proof of D =log(I + F) = Z(—1)2+1(D.7

' can be seen in Van de Essen book
7!
i>1

22].

7. Using the fact F,p,-1 = ©Fpp~!, we can conclude if D is linearizable then ¢ Dyp™! is

linear and F,p,-1 is linear and thus @F@~1 the same applies if Fp is linearizable.

8. The proof is in Corollary 2.3 [15]

4.3.1 Examples

Example 4.35. Let F' be the automorphism

F:.C? & (2
(z,y) — (do+4y° 2y)

This maps can be decomposed as (4z+4y2,2y) = (4, 2y)o(x+y2,y) where F, = (z+y2, %)

is unipotent and Fys = (4, 2y) is semisimple and both commute.

d d
o F7T = (4"2,27y) then Dp, = ln(4)$% + IH(Q)Q%-
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0
o FT = (z+ 1y%y) then Dp, = yQ%.

Therefore Fp, = Fs, Dr, = Ds and D, = D,,, D, = D; and

0 0
D = (In(4)x + y2)87x + 1n(2)ya—$

Example 4.36. In the linear case, the derivation and automorphism are If, one very obvious
reason is due to the existence of the characteristic polynomial. If M € GL,, it is diagonalizable
then there exist P, D € GL,, such that M = PDP~! where D = diag(ay,...,a,) is a diagonal

matrix, then

(PDP~ 1" = PD"P!
d

= Pdi T..a)pP~t o —
iag(af,...,ay,) I

r'n

dd (PDP™H7) = Pdiag(In(a1)a], ... ,In(a,)a’) P~ /evg
-
evo dd (PDP™H7) = Pdiag(In(ai),...,In(a,))P~?
0 0 1
The derivation conjugate to linear automorphism is P diag(In(a; )z pr An(ay) e, — oz, )P~

Conversely if A € M,, A= N+ S where NS = NS, S is dlagonazable and N is nllpotent
then exp(A) = exp(M + N) = exp(M) exp(N) is a linear automorphism.

Example 4.37. Let D € SSD(k)) given by D = :EE + (f(z,y) — x@f(a:,y) + z)2 where
ox ox 0z

f(z,y) € k[z,y]. We compute Fp where it is sufficient to calculate it for z,y and z. We obtain
Fp(z) = ex, Fp(y) = y. By above we have Fp(f(z,y)) = f(Fp(z), Fp(y)) = f(ex,y) and as
D(z + f(z,9)),
Fp(z) = Fp(z + f(z,y) — f(z.y))
= Fp(z + f(z,y)) — Fp(f(z,y))
=e(z+ f(z,9)) — flex,y)
Fp(z) = ez +ef(z,y) — flex,y)

Example 4.38. We consider the following flow:

Frp:kxA? — A?
(1,(z,y)) +— (cos(T)x —sin(1)y, sin(r)x + cos(7)y)

is quasi-algebraic linear polynomial flow. We have a not algebraic action give by
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cos(t) —sin(7) x
F(z,y) = .
(#.9) sin(7)  cos(T) Y

If we derivate respecto to 7 we obtain

d —sin(7) —cos(T) x
—F(z,y) = . )
dr cos(t)  —sin(7) y
. . : 0 -1 |z . -
Finally we evaluate 7 in 0 and obtain Dy = . equivalent to the derivation
1 0 Y
D = —y— —_
F Y or +z oy

Note that de action is quasi algebraic and the derivation associated is locally finite.

Example 4.39. Is known the Lie algebra sl is generated by the matrices

0 1 00 1 0
D1 = ,Dg = and D3 =
0 0 0 1 -1
every one can be related with the derivations
0 0 0 0 0
sy (Voo X oo X ol = Vo0 CY—@CXay@C X——Yay)

10 11
and the algebraic group is SLg is generated by Fp, = ,Fp, = and Fp, =
11 01

SLy = ((X,Y + X), (X + Y, Y), (eX,e 1Y)
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