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THE AUTOMORPHISM GROUP OF A VARIETY
WITH TORUS ACTION OF COMPLEXITY ONE
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ABSTRACT. We consider a normal complete rational variety with a torus
action of complexity one. In the main results, we determine the roots
of the automorphism group and give an explicit description of the root
system of its semisimple part. The results are applied to the study
of almost homogeneous varieties. For example, we describe all almost
homogeneous (possibly singular) del Pezzo K*-surfaces of Picard number
one and all almost homogeneous (possibly singular) Fano threefolds of
Picard number one having a reductive automorphism group with two-
dimensional maximal torus.
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For any complete rational algebraic variety X, the unit component Aut(X)° of
its automorphism group is linear algebraic and it is a natural desire to understand
the structure of this group. Essential insight is provided by the roots, i.e., the eigen-
values of the adjoint representation of a maximal torus on the Lie algebra. Recall
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that if a linear algebraic group is reductive, then its set of roots forms a so-called
root system and, up to coverings, determines the group. In the general case, the
group is generated by its maximal torus and the additive one-parameter subgroups
corresponding to the roots. Seminal work on the structure of automorphism groups
has been done by Demazure [7] for the case of smooth complete toric varieties X.
Here, the acting torus T" of X is as well a maximal torus of Aut(X)? and Demazure
described the roots of Aut(X)" with respect to T' in terms of the defining fan of
X see [0], [5], [17], [19] for further development in this direction. Cox [(] presented
an approach to the automorphism group of a toric variety via the homogeneous
coordinate ring and thereby generalized Demazure’s results to the simplicial case;
see [4] for an application of homogeneous coordinates to the study of automorphism
groups in the more general case of spherical varieties.

In the present paper, we go beyond the toric case in the sense that we consider
normal complete rational varieties X coming with an effective torus action T'x X —
X of complexity one, i.e., the dimension of 7" is one less than that of X; the simplest
nontrivial examples are K*-surfaces, see [20], [21]. Our approach is based on the
Cox ring R(X) and the starting point is the explicit description of R(X) in the
complexity one case provided by [12], [13]; see also Section 3 for details. Generators
and relations of R(X) as well as the grading by the divisor class group C1(X) can
be encoded in a sequence A = ay, ..., a, of pairwise linearly independent vectors
in K2 and an integral matrix

S 0 0
P=11 o0 L0
do A d

of size (n+m) x (r + s), where [; are nonnegative integral vectors of length n;, the
d; are s x n; blocks, d’ is an s x m block and the columns of P are pairwise different
primitive vectors generating the column space Q"% as a convex cone. Conversely,
the data A, P always define a Cox ring R(X) = R(A, P) of a complexity one T-
variety X. The dimension of X equals s + 1 and the acting torus 7" has Z* as its
character lattice. The matrix P determines the grading and the exponents occuring
in the relations, whereas A is responsible for continuous aspects, i.e., coefficients in
the relations.

The crucial concept for the investigation of the automorphism group Aut(X)
are the Demazure P-roots, which we introduce in Definition 5.2. Roughly speaking,
these are finitely many integral linear forms u on Z"** satisfying a couple of linear
inequalities on the columns of P. In particular, given P, the Demazure P-roots
can be easily determined. In contrast with the toric case, the Demazure P-roots
are divided into two types. Firstly, there are “vertical” ones corresponding to root
subgroups whose orbits are contained in the closures of generic torus orbits. Such
Demazure P-roots are defined by free generators of the Cox ring and their de-
scription is analogous to the toric case. Secondly, there are “horizontal” Demazure
P-roots corresponding to root subgroups whose orbits are transversal to generic
torus orbits. Dealing with this type heavily involves the relations among genera-
tors of the Cox ring. Our first main result expresses the roots of Aut(X)? and,
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moreover, the approach shows how to obtain the corresponding root subgroups, see
Theorem 5.5 and Corollary 5.11 for the precise formulation:

Theorem. Let X be a nontoric normal complete rational variety with an effective
torus action T x X — X of complexity one. Then Aut(X) is a linear algebraic
group having T as a mazimal torus and the roots of Aut(X) with respect to T' are
precisely the Z°-parts of the Demazure P-roots.

The basic idea of the proof is to relate the group Aut(X) to the group of graded
automorphisms of the Cox ring. This is done in Section 2 more generally for arbi-
trary Mori dream spaces, i.e., normal complete varieties with a finitely generated
Cox ring R(X). In this setting, the grading by the divisor class group C1(X) defines
an action of the characteristic quasitorus Hx = Spec K[C1(X)] on the total coordi-
nate space X = Spec R(X) and X is the quotient of an open subset X C X by the
action of Hx. The group of Cl(X)-graded automorphisms of R(X) is isomorphic
to the group Aut(X, Hy) of Hx-equivariant automorphisms of X. Moreover, the
group Birg(X) of birational automorphisms of X defined on an open subset of X
having complement of codimension at least two plays a role. Theorem 2.1 brings
all groups together:

Theorem. Let X be a (not necessarily rational) Mori dream space. Then there
exists a commutative diagram of morphisms of linear algebraic groups where the
rows are exact sequences and the upwards inclusions are of finite index:

1 —— Hyx — Aut(X, Hx) — Birg(X) ——1

]

~

1——= Hxy —— Aut(X, Hx) —= Aut(X) —— 1.

This means in particular that the unit component of Aut(X) coincides with that
of Biry(X), which in turn is determined by Aut(X, Hy), the group of graded auto-
morphisms of the Cox ring. Coming back to rational varieties X with torus action
of complexity one, the task then is a detailed study of the graded automorphism
group of the rings R(X) = R(A, P). This is done in a purely algebraic way. The
basic concepts are provided in Section 3. The key result is the description of the
“primitive homogeneous locally nilpotent derivations” on R(A, P) given in Theo-
rem 4.4. The proof of the first main theorem in Section 5 then relates the Demazure
P-roots via these derivations to the roots of the automorphism group Aut(X).

In Section 6 we apply our results to the study of almost homogeneous rational K*-
surfaces X of Picard number one; here, almost homogeneous means that Aut(X)
has an open orbit in X. It turns out that these surfaces are always (possibly
singular) del Pezzo surfaces and, up to isomorphism, there are countably many of
them, see Corollary 6.3. Finally in the case that X is log terminal with only one
singularity, we give classifications for fixed Gorenstein index.

In Section 7, we investigate the semisimple part Aut(X)®™ C Aut(X) of the
automorphism group; recall that the semisimple part of a linear algebraic group
is a maximal connected semisimple subgroup. In the case of a toric variety, by
Demazure’s results, the semisimple part of the automorphism group has a root
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system composed of systems A;. Here comes a summarizing version of our second
main result, which settles the complexity one case; see Theorem 7.2 for the detailed
description.

Theorem. Let X be a nontoric normal complete rational variety with an effective
torus action T'x X — X of complexity one. The root system ® of the semisimple
part splits as ® = Vet @ BT with

o = B Ampo1, BT € {@, Ay, Ay, As, Ay @ Ay, By},
Cl(X)
where mp is the number of invariant prime divisors in X with infinite T-isotropy

that represent a given class D € CI(X). The number mp as well as the possibilities
for ®P°T can be read off from the defining matric P.

Examples and applications of this result are discussed in Section 8. The main
results concern varieties of dimension three which are almost homogeneous under
the action of a reductive group and additionally admit an effective action of a two-
dimensional torus. In Proposition 8.4, we explicitly describe the Cox rings of these
varieties. Moreover, in Proposition 8.6, we list all those having Picard number one
and a reductive automorphism group; it turns out that any such variety is a Fano
variety.

2. THE AUTOMORPHISM GROUP OF A MORI DREAM SPACE

Let X be a normal complete variety defined over an algebraically closed field
K of characteristic zero with finitely generated divisor class group Cl(X) and Cox
sheaf R; we recall the definition below. If X is a Mori dream space, i.e., the Cox
ring R(X) = I'(X, R) is finitely generated as a K-algebra, then we obtain the
following picture

SpecyR = X C X = Spec R(X),
/Hx
X

where the total coordinate space X comes with an action of the characteristic qu-
asitorus Hx := Spec K[CI(X)], the characteristic space X, i.e. the relative spec-
trum of the Cox sheaf, occurs as an open Hx-invariant subset of X and the map
px: X5 Xisa good quotient for the action of Hx.

We study automorphisms of X in terms of automorphisms of X and X. By
an Hx -equivariant automorphism of X we mean a pair (¢, @), where p: X — X
is an automorphism of varieties and ¢: Hy — Hx is an automorphism of linear
algebraic groups satisfying

ot-r) =3(t) - p(x) forallz € X, tec Hx.
We denote the group of Hx-equivariant automorphisms of X by Aut(X, Hx).

Analogously, one defines the group Aut()A( , Hx) of Hx-equivariant automorphisms
of X. A weak automorphism of X is a birational map ¢: X — X which defines
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an isomorphism of big open subsets, i.e., there are open subsets Uy, Us C X with
complement X \ U; of codimension at least two in X such that o, U — Us
is a regular isomorphism. We denote the group of weak automorphisms of X by
BiI‘Q (X) .

Theorem 2.1. Let X be a Mori dream space. Then there exists a commutative
diagram of morphisms of linear algebraic groups where the rows are exact sequences
and the upwards inclusions are of finite index:

1 —— Hyx — Aut(X, Hx) — Biry(X) ——1

]

~

1——= Hx ——= Aut(X, Hx) ——= Aut(X) ——=1

Moreover, there is a big open subset U C X with Aut(U) = Birg(X) and the groups
Aut(X, Hy), Bira(X), Aut(X, Hy), Aut(X) act morphically on X, U, X, X,
respectively.

Our proof uses some ingredients from algebra, which we develop first. Let K be a
finitely generated abelian group and consider a finitely generated integral K-algebra

R = P Ru.
wekK

The weight monoid of R is the submonoid S C K consisting of the elements w € K
with R,, # 0. The weight cone of R is the convex cone w C Kg in the rational
vector space Kg = K ®z QQ generated by the weight monoid S C K. We say that
the K-grading of R is pointed if the weight cone w C Kg contains no line and
Ry = K holds. By an automorphism of the K-graded algebra R we mean a pair
(¢, F), where ¢: R — R is an isomorphism of K-algebras and F: K — K is an
isomorphism such that ¢ (R, ) = Rp () holds for all w € K. We denote the group
of such automorphisms of R by Aut(R, K).

Proposition 2.2. Let K be a finitely generated abelian group and R = @, ¢ x Rw
a finitely generated integral K-algebra with R* = K*. Suppose that the grading is
pointed. Then Aut(R, K) is a linear algebraic group over K and R is a rational
Aut(R, K)-module.

Proof. The idea is to represent the automorphism group Aut(R, K) as a closed
subgroup of the linear automophism group of a suitable finite dimensional vector
subspace V C R. In the subsequent construction of V?, we may assume that the
weight cone w generates Kqg as a vector space.

Consider the subgroup I' C Aut(K) of Z-module automorphisms K — K such
that the induced linear isomorphism Kg — Kg leaves the weight cone w C Ko
invariant. By finite generation of R, the cone w is polyhedral and thus I is finite.
Let f1, ..., fr € R be homogeneous generators and denote by w; := deg(f;) € K
their degrees. Define a finite I'-invariant subset and a vector subspace

SO.=T -{wy,...,w,}CK, V°:= @ngR-

weS°
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For every automorphism (¢, F') of the graded algebra R, we have F(S°) = S
and thus (V) = V. Moreover, (1, F) is uniquely determined by its restriction
on V0. Consequently, we may regard the automorphism group H := Aut(R, K) as
a subgroup of the general linear group GL(V"). Note that every g € H

(i) permutes the components R, of the decomposition V° = D.cso Ru,

(ii) satisfies Y, avg(f1)"* ---g(fr)"~ = 0 for any relation Y a, fi* --- f¥~ = 0.
Obviously, these are algebraic conditions. Moreover, every g € GL(V?) satisfying
the above conditions can be extended uniquely to an element of Aut(R, K) via

Q(Zauffl . f:r) = Zal,g(fl)’fl ceg(f)r

Thus, we see that H C GL(V?) is precisely the closed subgroup defined by the
above conditions (i) and (ii). In particular H = Aut(R, K) is linear algebraic.
Moreover, the symmetric algebra SVY is a rational GL(V")-module, hence SV is

a rational H-module for the algebraic subgroup H of GL(V?), and so is its factor
module R. U

Corollary 2.3. Let K be a finitely generated abelian group and R = @, . x Rw
a finitely generated integral K-algebra with R* = K*. Consider the corresponding
action of H := Spec K[K] on X := Spec R. Then we have a canonical isomorphism

Aut(X, H) — Aut(R, K), (¢, §) = (¢*, &%),

where ¢ is the pullback of reqular functions and @™ the pullback of characters. If the
K-grading is pointed, then Aut(X, H) is a linear algebraic group acting morphically
on X.

We will also need details of the construction of the Cox sheaf R on X, which
we briefly recall now. Denote by ¢: WDiv(X) — CI(X) the map sending the Weil
divisors to their classes, let PDiv(X) = ker(c¢) denote the group of principal divisors
and choose a character, i.e., a group homomorphism y: PDiv(X) — K(X)* with

div(x(F)) = E, for all E € PDiv(X).

This can be done by prescribing y suitably on a Z-basis of PDiv(X). Consider the
associated sheaf of divisorial algebras

S = @ SD, SD = Ox(D>

WDiv(X)

Denote by Z the sheaf of ideals of S locally generated by the sections 1 — x(FE),
where 1 is homogeneous of degree zero, E runs through PDiv(X) and x(FE) is
homogeneous of degree —F. The Cox sheaf associated to K and x is the quotient
sheaf R := §/Z together with the Cl1(X)-grading

R = @ R[D], R[D] = 7T( @ SD/),
[D]eCI(X) D’ec=1([D])

where m: § — R denotes the projection. The Cox sheaf R is a quasicoherent sheaf
of Cl(X)-graded Ox-algebras. The Cox ring is the ring R(X) of global sections of
the Cox sheaf.
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Proof of Theorem 2.1. We set G := Aut(X, Hy) for short. According to Corol-
lary 2.3, the group G'x is linear algebraic and acts morphically on X. Looking at
the representations of Hx and G on I'(X, O) = R(X) defined by the respective
actions, we see that the canonical inclusion Hx — Gx is a morphism of linear
algebraic groups.

Next we construct the subset U C X from the last part of the statement. Con-
sider the translates g~)A( , where g € Gx. Each of them admits a good quotient with
a complete quotient space:

Px,g:9-X — (9-X)/Hx.

By [3], there are only finitely many open subsets of X with such a good quotient.
In particular, the number of translates g - X is finite.

Let W C X denote the maximal open subset such that the restricted quotient
W — W, where W = p)_(l(W)7 is geometric, i.e., has the Hx-orbits as its fibers.
Then, for any g € Gx, the translate g- W C g~)A( is the (unique) maximal open
subset which is saturated with respect to the quotient map px,, and defines a
geometric quotient. Consider

U:= ﬂ g~W§)A(.

9eGx

By the preceding considerations Uis open, and by construction it is G x-invariant
and saturated with respect to px. By [l, Prop. 6.1.6] the set W is big in X.
Consequently, also U is big in X. Thus, the (open) set U := pX(U) is big in X.
By the universal property of the geometric quotient, there is a unique morphical
action of Gx on U making px : U—U equivariant. Thus, we have homomorphism
of groups

Gx — Aut(U) C Birg(X).

We show that 7: Gx — Bira(X) is surjective. Consider a weak automorphism
@: X — X. The pullback defines an automorphism of the group of Weil divisors

©": WDiv(X) — WDiv(X), D~ ¢*D.

As in the construction of the Cox sheaf, consider the sheaf of divisorial algebras
S = @ Sp associated to WDiv(X) and fix a character x: PDiv(X) — K(X)* with
div(x(F)) = E for any E € PDiv(X). Then we obtain a homomorphism

o: PDiv(X) o K5, B ZXE)
x(p*(E))
We extend this to a homomorphism a: WDiv(X) — K* as follows. Write CI(X)
as a direct sum of a free part and cyclic groups I'y, ..., Iy of order n;. Take
Dy, ..., D, € WDiv(X) such that the classes of Dy, ..., D, are generators for
T'y, ..., I's and the remaining ones define a basis of the free part. Set

a(D;) :== "/a(n;D;) for 1 <i<s, «(D;):=1fors+1<i<r

Then one directly checks that this extends « to a homomorphism WDiv(X) — K*.
Using a(E) as a “correction term”, we define an automorphism of the graded sheaf
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S of divisorial algebras: for any open set V' C X we set
©*: T(V,8p) > (e ' (V), Spe(p)), [+ a(D)foep.

By construction ¢* sends the ideal Z arising from the character x to itself. Conse-
quently, ™ descends to an automorphism (¢, F) of the (graded) Cox sheaf R; note
that F'is the pullback of divisor classes via ¢. The degree zero part of ¢ equals the
usual pullback of regular functions on X via ¢. Thus, the element in Aut(X, Hx)
defined by Specy: U — U maps to .

Clearly, Hx lies in the kernel of m: Gx — Bira(X). For the reverse inclusion,
consider an element g € ker(w). Then g is a pair (¢, $) and, by the construction
of 7, we have a commutative diagram

=T
lpx

id

px

="

In particular, ¢ stabilizes all Hx-invariant divisors. It follows that the pullback
p* on 1"((7, 0) = R(X) stabilizes the homogeneous components. Thus, for any
homogeneous f of degree w, we have ¢*(f) = AMw)f with a homomorphism A\: K —
K*. Consequently ¢(z) = h-z holds with an element h € Hx. The statements
concerning the upper sequence are verified.

Now, consider the lower sequence. Since X is big in X, every automorphism
of X extends to an automorphism of X. We conclude that Aut()? , Hx) is the
(closed) subgroup of G'x leaving the complement X \ X invariant. As seen before,
the collection of translates Gx - X is finite and thus the subgroup Aut()A( , Hx) of
Gx is of finite index. Moreover, lifting ¢ € Aut(X) as before gives an element of
Aut(X, Hy) leaving X invariant. Thus, Aut(X, Hx) — Aut(X) is surjective with
kernel Hx. By the universal property of the qood quotient XX , the action of
Aut(X) on X is morphical. O

Corollary 2.4. The automorphism group Aut(X) of a Mori dream space X is
linear algebraic and acts morphically on X.

Corollary 2.5. If two Mori dream spaces X1, Xo admit open subsets U; C X; such
that X; \ U; is of codimension at least two in X; and U is isormorphic to Us, then
the unit components of Aut(X1) and Aut(Xa) are isomorphic to each other.

Let CAut(X, Hx) denote the centralizer of Hx in the automorphism group
Aut(X). Then CAut(X, Hy) consists of all automorphisms ¢: X — X satisfying

o(t-v)=t-@(x) forallwzec X, t€ Hy.

In particular, we have CAut(X, Hx) C Aut(X, Hx). The group CAut(X, Hx)
may be used to detect the unit component Aut(X)? of the automorphism group
of X.
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Corollary 2.6. Let X be a Mori dream space. Then there is an exact sequence of
linear algebraic groups

1—— Hy —>CAut()?, HX)O —>Aut(X)0 —1.

Proof. According to [24, Cor. 2.3], the group CAut(X, Hx)° leaves X invariant.
Thus, we have CAut(X, Hy)? C Aut(X, Hy) and the sequence is well defined.
Moreover, for any ¢ € Aut(X)?, the pullback ¢*: CI(X) — CI(X) is the identity.
Consequently, ¢ lifts to an element of CAut(X, Hy). Exactness of the sequence
thus follows by dimension reasons. O

Corollary 2.7. Let X be a Mori dream space. Then, for any closed subgroup
F C Aut(X)°, there is a closed subgroup F' C CAut(X, Hx)° such that the induced
map F' — F is an epimorphism with finite kernel.

Corollary 2.8. Let X be a Mori dream space such that the group CAut(X, Hx) is
connected, e.g. a toric variety. Then there is an exact sequence of linear algebraic
groups

1l—Hyxy —— CAut()?, Hx) —— Aut(X)O —1.

Example 2.9. Consider the nondegenerate quadric X in the projective space P, 1,
where n > 4 is even. Then the Cox ring of X is the Z-graded ring

R(X)=K[To, ..., Tpa] /{T5 + ...+ T2yy), deg(Tp) =...=deg(Th+1) = 1.

The characteristic quasitorus is Hy = K*. Moreover, for the equivariant automor-
phisms and the centralizer of Hx we obtain

Aut(X, Hy) = CAut(X, Hy) = K*E,12- Oy 0.

Thus, CAut(X, Hx) has two connected components. Note that for n = 4, the
quadric X comes with a torus action of complexity one.

3. RINGS WITH A FACTORIAL GRADING OF COMPLEXITY ONE

Here we recall the necessary constructions and results on factorially graded rings
of complexity one and Cox rings of varieties with a torus action of complexity one
from [12]. The main result of this section is Proposition 3.5, which describes the
dimension of the homogeneous components in terms of the (common) degree of the
relations. As before, we work over an algebraically closed field K of characteristic
Zero.

Let K be an abelian group and R = @, R, a K-graded algebra. The grading
is called effective if the weight monoid S of R generates K as a group. Moreover,
we say that the grading is of complezity one, if it is effective and dim(Kg) equals
dim(R) — 1. By a K-prime element of R we mean a homogeneous nonzero nonunit
f € R such that f|gh with homogeneous g, h € R implies f|g or f|h. We say that
R is factorially K-graded if every nonzero homogeneous nonunit of R is a product
of K-primes.

Construction 3.1. See [12, Section 1]. Fix r € Z>1, a sequence ng, ..., Ny € Z>1,
set n:=np+...+n, and let m € Z3(. The input data are
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e amatrix A := [ag, ..., a,] with pairwise linearly independent column vectors
2
ag, .., ar € K=,
e an integral r X (n+m) block matrix Py = (Lo, 0), where Lg is a r x n matrix
build from tuples l; := (L1, ..., lin,) € Z;il as follows
—ly 11 0
Lo=|ioieiiiiiii
—lp O Iy

Consider the polynomial ring K[T;;, Si] in the variables T;;, where 0 < i < r,
1 <7 <n; and Sk, where 1 < k < m. For every 0 < i < r, define a monomial
P lin;
=T T
Denote by J the set of all triples I = (i1, 42, 43) with 0 < 41 < @2 < i3 < r and
define for any I € J a trinomial
gr := det {Till L., Tisd} .
Ay (7 ais
Let Pj denote the transpose of Py. We introduce a grading on K[T;;, Si] by the
factor group Ky := Z"t™ /im(P). Let Qo: Z"t™ — K be the projection and set

deg(Tij) := wij := Qo(eiz), deg(Sk) := wy := Qolex),

where e;; € Z"t™ for 0 <i <7, 1< j<ny,and ey € Z"™, for 1 < k < m, are
the canonical basis vectors. Note that all the g; are Kp-homogeneous of degree

W= loywor + ...+ lOnow0no =...=lqwe + ...+ lrnrwrnr € K.

In particular, the trinomials g; generate a Kp-homogeneous ideal and thus we obtain
a Ky-graded factor algebra

R(A, Po) = K[Tij, Sk] / <g[; I e j>

Theorem 3.2 (See [12, Theorems 1.1 and 1.3]). With the notation of Construc-
tion 3.1, the following statements hold.
(i) The Ko-grading of ring R(A, Py) is effective, pointed, factorial and of
complezxity one.
(ii) The variables T;; and Sy define a system of pairwise nonassociated K-
prime generators of R(A, Pp).
(iii) Every finitely generated normal K-algebra with an effective, pointed, fac-
torial grading of complexity one is isomorphic to some R(A, Fp).

Note that in the case r = 1, there are no relations and the theorem thus treats
the effective, pointed gradings of complexity one of the polynomial ring.

Example 3.3 (The Es-singular cubic I). Let r =2, ng =2, n1 =na =1, m=20
and consider the data

0 -1 1 -1 =3 3 0
AL -1 o}’ PoLO{—1 -3 0 2}
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Then we have exactly one triple in J, namely I = (0, 1, 2), and, as a ring, R(A, )
is given by
R(A, Py) = K[To1, Toz, Ti1, Tor] / (Ton T + Tty + T5)).

The grading group Ko = Z*/im(Pg) is isomorphic to Z? and the grading can be
given explicitly via

deg(To1) = (_33) . deg(Tos) = G) . deg(Th) = (g) . deg(Ty1) = (g) .

Recall that for any integral ring R = @, R, graded by an abelian group K,
one has the subfield of degree zero fractions inside the field of fractions:

Q(R)o = {5’ f, 9 € R homogeneous, g # 0, deg(f) = deg(g)} C Q(R).

Proposition 3.4. Take any i, j with i # j and 0 < i, j < r. Then the field of
degree zero fractions of the ring R(A, Py) is the rational function field

,

Q(R(A, Fy))o = K(TJI
Proof. Tt suffices to treat the case m = 0. Let F' = [[T;; be the product of all
variables. Then T™ = K7} is the n-torus and P defines an epimorphism having the
quasitorus Hy := Spec K[K)] as its kernel

tll tlT
T = T, (t”)r—><T1,,lL)
ty ty
0 0
Set X := Spec R(A, Py). Then 7(Xr) = Xr/Hy is a curve defined by affine linear
equations in the coordinates of T" and thus rational. The assertion follows. (I

The following observation shows that the common degree p = deg(gs) of the
relations generalizes the “remarkable weight” introduced by Panyushev [22] in the
factorial case. Recall that the weight monoid Sy C Ky consists of all w € Kj
admitting a nonzero homogeneous element.

Proposition 3.5. Consider the Ky-graded ring R := R(A, Py) and the degree
w=deg(gr) of the relations as defined in Construction 3.1. Forw € Sy let s, € Zxg
be the unique number with w — s,pu € So and w — (S + 1) & So. Then we have

dim(Ry) = 85w + 1 for all w € Sp.

The element i € Ko is uniquely determined by this property. We have dim(R,,) = 2
and any two nonproportional elements in R, are coprime. Moreover, any w € Sy
with w — p & So satisfies dim(R,,) = 1.

Proof. According to Proposition 3.4, the field Q(R)o of degree zero fractions is the
field of rational functions in py/pg, where pg := TOZ0 and pp = Tll1 are coprime and
of degree p. Moreover, by the structure of the relations gy, we have dim(R,,) = 2.

Now, consider w € Sy. If we have dim(R,,) = 1, then dim(R,) = 2 implies s,, =
0 and the assertion follows in this case. Suppose that we have dim(R,,) > 1. Then
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we find two nonproportional elements fo, fi € R, and two coprime homogeneous
polynomials Fj, F} of a common degree s > 0 such that

1 _ Fi(po, p1)
fo Fo(po, p1)’

Observe that Fy(po, p1) must divide f;. This implies w — su € Sp. Repeating
the procedure with w — sp and so on, we finally arrive at a weight w = w — s,
with dim(Rg) = 1. Moreover, by the procedure, any element of R, is of the form
hF(po, p1) with 0 # h € Rg and a homogeneous polynomial F' of degree s,,. The
assertion follows. 0

Corollary 3.6. Assume that we have r > 2 and that l;1 + ... + lin, = 2 holds for
all 1.

(i) The Ko-homogeneous components R(A, Po)w,; and R(A, Py)w, of the gen-
erators T;; and Sy are all of dimension one.
(ii) Consider w = wj,j, + ...+ w;,;, € Ko, where 1 <t <r. Ifl;, ;, =1 holds
for 1 <k <t—1, then R(A, Py)y is of dimension one.
Proof. According to Proposition 3.5, we have to show that the shifts of the weights
wij, wy and w by —p do not belong to the weight monoid Sy. For wj, this is clear.
For w;;, the assumption gives

wij —p = (i = Dwij — Y lywi & So.
bg

Let us consider the weight w of (ii). Since t < r holds, there is an index 0 < ip < r
with ig # i for k=1, ..., t. We have w — = Qq(e) for

€:=€j +...+ € — (lioleiol + ...+ lionigeionio) S AN

By the assumptions, we find 1 < ¢; < n;, where 0 < ¢ < r, such that ¢;, # ji holds
for 1 <k <t—1andc¢;, #j or li,e;, = 2. Then the linear form

-1 = —1 %
10506060 +.o+ lrcrercr

vanishes along the kernel of Qq: Q"t™ — (Kj)gp and thus induces a linear form
on (Ky)g which separates w — p = Qo(e) from the weight cone. O

We turn to Cox rings of varieties with a complexity one torus action. They are
obtained by suitably downgrading the rings R(A, ) as follows.

Construction 3.7. Fix r € Z>1, a sequence ng, ..., N, € Z>1,set n:=ng+...+
n,, and fix integers m € Z>p and 0 < s < n+m — r. The input data are
e a matrix A := [ag, ..., a,] with pairwise linearly independent column
vectors ag, ..., a, € K2,

e an integral block matriz P of size (r + s) X (n + m) the columns of which
are pairwise different primitive vectors generating Q" as a cone:

(Lo 0
=7 4)

where d is an (s x n)-matrix, d’ an (s x m)-matrix and Lo an (r X n)-matrix
build from tuples l; := (li1, ..., lin,) € Z;“l as in Construction 3.1.
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Let P* denote the transpose of P, consider the factor group K := Z" /im(P*)
and the projection Q: Z"*™ — K. We define a K-grading on K[T};, Si| by setting

deg(Ti;) == Q(esj), deg(Sk) := Q(ex).

The trinomials g; of Construction 3.1 are K-homogeneous, all of the same degree.
In particular, we obtain a K-graded factor ring

R(A, P):=K[Tij, Si; 0<i<r, 1<j<n, 1<k<m]/{gr; I €7T).

Theorem 3.8 (See [12, Theorem 1.4]). With the notation of Construction 3.7, the
following statements hold.
(i) The K-grading of the ring R(A, P) is factorial, pointed and almost free,
i.e., K is generated by any n+m — 1 of the deg(T;;), deg(Sk).
(ii) The variables T;; and Sy define a system of pairwise nonassociated I -
prime generators of R(A, P).

Remark 3.9. Asrings R(A, Py) and R(A, P) coincide but the Ky-grading is finer
than the K-grading. The downgrading map Ky — K fits into the following com-
mutative diagram built from exact sequences

0

}

0 75
0 %T J Z"H+m Qo %0 S
0 L — = I —— K —— 0.

J J

1 :

0

The snake lemma [15, Sec. TI1.9] allows us to identify the direct factor Z* of Z"+*
with the kernel of the downgrading map Ky — K. Note that for the quasitori T',
Hy and H associated to abelian groups Z*, Ky and K we have T = Hy/H.

Construction 3.10. Consider a ring R(A, P) with its K-grading and the finer
Ko-grading. Then the quasitori H = SpecK[K] and Hy := SpecK[K{] act on
X := Spec R(A, P). Let X C X be a big Hp-invariant open subset with a good
quotient

p: X > X=X/H

such that X is complete and for some open set U C X, the inverse image p~1(U) C
X is big and H acts freely on U. Then X is a Mori dream space of dimension s + 1
with divisor class group Cl(X) 2 K and Cox ring R(X) = R(A, P). Moreover, X
comes with an induced effective action of the s-dimensional torus 1" := Hy/H.
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Remark 3.11. Let X be a T-variety arising from data A and P via Construc-
tion 3.10. Then every T;; € R(A, P) defines an invariant prime divisor D;; = T - x;;
in X such that the isotropy group 7%, is cyclic of order /;; and the gcd of the entries
of d;; € Z° represents the nonzero weight of the cotangent presentation of T, at
x;5. Moreover, each S defines an invariant prime divisor Fj, C X such that the
one-parameter subgroup K* — T' corresponding to dj, C Z*® acts trivially on Ej.

Theorem 3.12. Let X be an n-dimensional complete normal rational variety with
an effective action of an (n — 1)-dimensional torus S. Then X is equivariantly
isomorphic to a T-variety arising from data (A, P) as in Construction 3.10.

Proof. We may assume that X is not a toric variety. According to [12, Theorem 1.5],
the Cl(X)-graded Cox ring of X is isomorphic to a K-graded ring R(A, P). Thus,
in the notation of Construction 3.10, there is a big H-invariant open subset X of
X with X = )?//H Applying [24, Cor. 2.3] to a subtorus Ty C Hy projecting
onto T'= Hy/H, we see that X is even invariant under Hy. Thus, T acts on X.
Since the T-action is conjugate in Aut(X) to the given S-action on X, the assertion
follows. O

Example 3.13 (The Fs-singular cubic IT). Let r =2, ng =2, n1 =ng =1, m =0,
s = 1 and consider the data

-1 -3 3 0
A= ﬁ ::1 é}, P=|-1 =3 0 2
-1 -2 1 1

Then, as remarked before, we have exactly one triple I = (0, 1, 2) and, as a ring,
R(A, P) is given by
R(A, P) =K[To1, To2, Tur, Tor] / (T Tgp + T1y + T31)-
The grading group K = Z*/im(P*) is isomorphic to Z and the grading can be given
explicitly via
deg(TOl) = 3, deg(Tog) = 1, deg(TH) = 2, deg(Tgl) = 3.

As shown for example in [10], see also [11, Example 3.7], the ring R(A, P) is the
Cox ring of the Eg-singular cubic surface in the projective space given by

X =V (2125 + 2020 + 235) C P3.

4. PRIMITIVE LOCALLY NILPOTENT DERIVATIONS

Here, we investigate the homogeneous locally nilpotent derivations of the K-
graded algebra R(A, Py). The description of the “primitive” ones given in The-
orem 4.4 is the central algebraic tool for our study of automorphism groups. As
before, K is an algebraically closed field of characteristic zero.

Let us briefly recall the necessary background. We consider derivations on an
integral K-algebra R, that is, K-linear maps : R — R satisfying the Leibniz rule

6(fg) =9d(f)g+ fo(g).
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Any such §: R — R extends uniquely to a derivation 6: Q(R) — Q(R) of the
quotient field. Recall that a derivation : R — R is said to be locally nilpotent if
for every f € R there is an n € N with §”(f) = 0. Now suppose that R is graded
by a finitely generated abelian group:

R= P Ru.

wekK

A derivation : R — R is called homogeneous if for every w € K there is a w’ € K
with §(Ry) € Ryr. Any homogeneous derivation 6: R — R has a degree deg(d) € K
satisfying 0(Ry) € Rytdeg(s) for all w € K.

Definition 4.1. Let K be a finitely generated abelian group, R = @, Ry a
K-graded K-algebra and Q(R)p C Q(R) the subfield of all fractions f/g of homo-
geneous elements f, g € R with deg(f) = deg(g).

(i) We call a homogeneous derivation §: R — R primitive if deg(d) does not
lie in the weight cone w C Kg of R.

(ii) We say that a homogeneous derivation 6: R — R is of wvertical type if
0(Q(R)o) = 0 holds and of horizontal type otherwise.

Remark 4.2. Every primitive homogeneous derivation is locally nilpotent. Indeed,
for any weight w of the weight monoid Sy there exists a positive integer k such that
w + kdeg(d) ¢ So, hence 6(R,,) = 0.

Construction 4.3. Notation as in Construction 3.1. We define derivations of the
Ko-graded algebra R(A, Py) constructed there. The input data are

e a sequence C' = (¢, ..., ¢.) with 1 < ¢; < n;,
e a vector 8 € K"*! lying in the row space of the matrix [ao, .., a,].
Note that for 0 £ [ as above either all entries differ from zero or there is a unique
1o with ;, = 0. According to these cases, we put further conditions and define:

(i) if all entries By, ..., B, differ from zero and there is at most one i; with
l > 1, then we set

11Ciq

o}
ﬁi k ; .7 = Cq,
05 .7 7& Cis

0c,p(Sk):==0 fork=1,...,m,

dc.p(Tij) =

(ii) if B;, = 0 is the unique zero entry of § and there is at most one i1 with
i1 # 9 and liye;, > 1, then we set

o
ﬂi | | - ) j: Ci,
dc.5(Tij) = k#i,io OTe,

0) .7# Ci,

0c,8(Sk) =0 fork=1,..., m.
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These assignments define Ky-homogeneous primitive derivations ¢ g: R(A, Py) —
R(A, Py) of degree

i — Zdeg(ch’“)’ in case (i),
deg(6c. ) = '
eg(dc,p) (r—1p— Z deg(Tke, ), in case (ii).
k?fi[)

Proof. The assignments (i) and (ii) on the variables define a priori derivations of
the polynomial ring K[T;;, Si]. Recall from Construction 3.1 that R(A, Fy) is the
quotient of K[T5;, Si]| by the ideal generated by all

li 1 Li,
gr = det {Till Ly’ Ti;} )
ail ai2 ais
where I = (i1, i2, i3). Since the vector S lies in the row space of [ag, ..., a.]|, we
see that ¢ g sends every trinomial g; to zero and thus descends to a well defined
derivation of R(A, Fy).
We check that dc g is homogeneous. Obviously, every d¢ g(T;;) is a Ko-homo-
geneous element of K[T;;]. Moreover, with the degree p of the relations gr, we
have

T — Z deg(Tke, )s in case (i),
deg(0c,5(T35)) — deg(Ti;) = §
e8(0c,s(Tiy)) = deg(Ti) (r—1)u— Z deg(Tke, ), in case (ii).
k#io

In particular, the left hand side does not depend on (4, j). We conclude that dc g
is homogeneous of degree deg(dc 5(T3;)) — deg(T3;).

For primitivity, we have to show that the degree of ¢ g does not lie in the weight
cone of R(A, Py). We exemplarily treat case (i), where we may assume that i1 = 0
holds. As seen before, the degree of d¢ 3 is represented by the vector

Ve,B = —€0e, T+ Z lljelj + ...+ Z lrjerj S znrm,
J#c1 Jj#cr

Thus, we look for a linear form on Q™™™ separating this vector from the orthant
cone(e;j, ex) and vanishing along the kernel of Q"™ — (Kj)g, i.e., the linear
subspace spanned by the columns of Fy. For example, we may take

loeo€0co T Ly €1e, + -+ L €7, - O
Theorem 4.4. Let §: R(A, Py) = R(A, Py) be a nontrivial primitive Ko-homoge-
neous derivation.

(i) If § is of vertical type, then 6(T;;) = 0 holds for all i, j and there is a
ko such that 6(Sk,) does not depend on Sk, and 6(Si) = 0 holds for all
k # ko.

(ii) If 6 is of horizontal type, then we have 6 = hic,p, where d¢,p is as in
Construction 4.3 and h is Ko-homogeneous with h € ker(d¢c,g).
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In the proof of this theorem we will make frequently use of the following facts;
the statements of the first Lemma occur in Freudenburg’s book, see [3, Principles 1,
5 and 7, Corollary 1.20].

Lemma 4.5. Let R be an integral K-algebra, 5: R — R a locally nilpotent deriva-
tion and let f, g € R.

(i) If fg € ker(8) holds, then f, g € ker(d) holds.

(ii) If 6(f) = fg holds, then 6(f) =0 holds.
(iii) The derivation f§ is locally nilpotent if and only if f € ker(d) holds.
(iv) If g|6(f) and f|6(g), then 6(f) =0 or 6(g) = 0.

Lemma 4.6. Let §: R(A, Py) = R(A, Py) be a primitive Ko-homogeneous deriva-
tion induced by a Ko-homogeneous derivation 6: K[T;;, Sk] — K[T};, Sk]. Then
d(gr) = 0 holds for all relations g .

o~

Proof. Clearly, we have §(a) C a for the ideal a C K[T};, Si] generated by the

gr. Recall that all g; are of the same degree p. By primitivity, deg(d) = deg(d)
is not in the weight cone. Thus, K[T;;, Sk]p-{-deg(g) Na = {0} holds. This implies

3(gr) = 0. O

Proof of Theorem 4.4. Suppose that § is of vertical type. Then 5(Tili/T&l,5) =0
holds for any two 0 < ¢ < s < r. By the Leibniz rule, this implies

OIS =T 8(T5).
We conclude that T} divides 6(7}%) and T! divides 6(T!*). By Lemma 4.5 (ii),
this implies §(7) = §(T%) = 0. Using Lemma 4.5 (i), we obtain 6(T};) = 0 for all
variables Tj;. Since ¢ is nontrivial, we should have §(Sk,) # 0 at least for one k.
Consider the basis e = deg(Sy) of Z™, where k =1, ..., m, and write

deg(d) = w' + Z brer, where w' € Ky and by, € Z.
k=1

Then deg(d(Sk,)) = W' + > sy, bker + (br, + 1)e,. By Lemma 4.5, the variable
Sk, does not divide 6(Sk,). This and the condition 6(Sk,) # 0 imply by, = —1
and by > 0 for k # kg. This proves that §(S;) = 0 for all k # kg and 6(Sk,) is
Ko-homogeneous and does not depend on Sk, .

Now suppose that ¢ is of horizontal type. Then there exists a variable Tj; with
5(Tz]) 7& 0. Write

deg(6(Ty;)) = deg(Ty;) + w' + Z brer.
k=1
Then all coefficients by, are nonnegative and consequently we obtain §(Sj) = 0 for
k=1,...,m.
We show that for any TZZ there is at most one variable T;; with 6(7;;) # 0.
Assume that we find two different j, k with 6(7T;;) # 0 and §(T3,) # 0. Note that

we have

ot} o1}
ot O Tia): g 0(Tik) € (A, Po)ysacao):
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By Proposition 3.5, the component of degree p+ deg(d) is of dimension one. Thus,
the above two terms differ by a nonzero scalar and we see that Tzl,g’“ divides the sec-
ond term. Consequently, T;, must divide 6(7}x), which contradicts Lemma 4.5 (ii).

A second step is to see that for any two variables T;; and Ty with §(T3;) # 0
and 0(Txs) # 0 we must have [;; = 1 or lzs = 1. Otherwise, we see as before
that OT" /OT;; §(T;;) and 8T,i’€ /O0Tys 6(Ts) differ by a nonzero scalar. Thus, we
conclude 0(7T;;) = fTis and 6(Tys) = h1;;, a contradiction to Lemma 4.5 (iv).

Finally, we prove the assertion. As already seen, for every 0 < k < r there is at
most one ¢ with §(Tk, ) # 0. Let & C {0, ..., r} denote the set of all k admitting
such a cg. From Proposition 3.5 we infer R(A, Py),+deg(s) = Kf with some nonzero
element f. We claim that

T} aW
f’hIIm%J o) &hll

kER keﬁ\{z} ke

hold with a homogeneous element h € R(A, Py) and scalars S, ..., 8, € K. In-
deed, similar to the previous arguments, the first equation follows from fact that all
8T,i’“/ OTke,, 0(The, ) are nonzero elements of the same degree as f and hence each
GT,ik /0Ty, must divide f. The second equation is clear then.

The vector 8 := (fo, ..., Br) lies in the row space of the matrix A. To see
this, consider the lift of ¢ to K[T};, S| defined by the second equation and apply
Lemma 4.6. Now let C' = (co, ..., ¢-) be any sequence completing the ¢, where
k € R Then we have § = hdc g. The fact that h belongs to the kernel of dc g
follows from Lemma 4.5. O

Example 4.7 (The Eg-singular cubic IIT). Situation as in Example 3.3. The
primitive homogeneous derivations of R(A, Py) of the form ¢ g are the following

(i) C=(1,1,1) and = (Bo, 0, —fo). Here we have deg(dc,g) = (3, 0) and
dc,6(Tor) = 260101, dc,p(Tor) = —BoTgy,  dc,p(To2) = dc,p(Tn) =

(i) C=(1,1,1) and 8 = (Bo, —fo, 0). Here we have deg(dc,3) = (3, 1) and
dc,p(Tor) = 36011y,  dcp(T) = =Ty, dc.p(To2) = dc,p(Ta1) =

The general primitive homogeneous derivation ¢ of R(A, Fy) has the form héc g
with h € ker(dc 5), and

deg(d) = deg(h) + deg(dc,p) ¢ w.

In the above case (i), the only possibilities for deg(h) are deg(h) = (k, k) or
deg(h) = (k, k) + (0, 2) and thus we have

§=Tkocs or §=THTi0cs

In the above case (ii), the only possibility for deg(h) is deg(h) = (k, k) and thus
we obtain

§=TEdc.4.
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5. DEMAZURE ROOTS

Here we present and prove the main result, Theorem 5.5. It describes the root
system of the automorphism group of a rational complete normal variety X coming
with an effective torus action 7' x X — X of complexity one in terms of the
defining matrix P of the Cox ring R(X) = R(A, P), see Construction 3.10 and
Theorem 3.12.

Definition 5.1. Let A, P be as in Construction 3.7. We say that R(A, P) is
minimally presented if r > 2 holds and for every 0 < ¢ < r we have l;1 +. . .+, > 2

The assumption that R(A, P) is minimally presented means that the resulting
variety is nontoric and there occur no linear monomials in the defining relations gy;
the latter can always be achieved by omitting redundant generators.

Definition 5.2. Let P be a matrix as in Construction 3.7. Denote by v;;, v, €
N = Z"*¢ the columns of P and by M the dual lattice of V.

(i) A wertical Demazure P-root is a tuple (u, ko) with a linear form v € M
and an index 1 < kg < m satisfying

(u, vij) =0 for all ¢, j,
(u, vg) =0 for all k # ko,
(u, vy = —1.
(ii) A horizontal Demazure P-root is a tuple (u, ig, i1, C'), where u € M is a

linear form, ip # i1 are indices with 0 < ip, i1 < 7, and C = (cq, ..., ¢)
is a sequence with 1 < ¢; < n; such that

lici =1 foralli 7& io, il,
(., >:{0, i # o, i1,

-1, =1,

lij, 1% 10,101, J#ci,

0, @=rio, i1, JFci
05 7::7:07 j:Cia

(u, vp) =20 for all k.

(u, vij) =

(iii) The Z*-part of a Demazure P-root k = (u, ko) or k = (u, ig, i1, C) is the
tuple «,, of the last s coordinates of the linear form v € M = Z" 5. We
call o, also a P-root.

Note that in the minimally presented case, the P-roots are by their defining
conditions always nonzero.

Example 5.3 (The Eg-singular cubic IV). As earlier, let r =2, ng =2, ny = ng =
1, m =0, s = 1 and consider the data

-1 -3 30
A[(l) j (1)} P=|-1 -3 0 2
-1 -2 11
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There are no vertical Demazure P-roots because of m = 0. There is a horizontal
Demazure P-root k = (u, ig, i1, C') given by

u=(-1,-2,3), do=1, ii=2 C=(1,1,1).
A direct computation shows that this is the only one. The Z*-part of « is the third
coordinate of the linear form w, i.e., it is uz =3 € Z = Z°.

Note that the Demazure P-roots are certain Demazure roots [7, Section 3.1] of
the fan with the rays through the columns of P as its maximal cones. In particular,
there are only finitely many Demazure P-roots. For computing them explicitly, the
following presentation is helpful.

Remark 5.4. The Demazure P-roots are the lattice points of certain polytopes
in Mg. For an explicit description, we encode the defining conditions as a lattice
vector ¢ € Z"™ and an affine subspace n C My:

(i) For any index 1 < ko < m define a lattice vector ¢ = (¢;j, (k) € Z™"™ and
an affine subspace n C Mg by
Cij :==0for all 4, j, (x:=0forall k# ko, (i :=—1,
n:={u' € Mgy; (v, vg,) = —1} C My.
Then the vertical Demazure P-roots k = (u, ko) are given by the lattice
points u of the polytope
B(ko) :={u' €n; P*u’ >} C My.

(ii) Given ig # i1 with 0 < ig, i3 <7 and C = (cg, ..., ¢,) with 1 < ¢; < ny
such that [;., = 1 holds for all i # g, i1, set

lij, 1% 10, 11, J # ci,
Gij =1 —1, i=1i1, j=c, (. =0for 1 <l <m.
0 else,
n:={u" € My; (u, vie,) = 0 for i # ig, i1, (v, vi,¢, ) = —1}.
Then the horizontal Demazure P-roots k = (u, 4o, i1, C) are given by the
lattice points u of the polytope
B(io, i1, C) = {u" € p; P*u' > (} € Mg.

In order to state and prove the main result, let us briefly recall the necessary
concepts from the theory of linear algebraic groups GG. One considers the adjoint
representation of the torus 7" on the Lie algebra Lie(G), i.e., the tangent represen-
tation at eg of the T-action on G given by conjugation (¢, g) — tgt~*. There is a
unique T-invariant splitting Lie(G) = Lie(T') @ n, where n is spanned by nilpotent
vectors, and one has a bijection

1-PASGr(G) — {T-eigenvectors of n}, A — \(0).

Here 1-PASG7(G) denotes the set of one parameter additive subgroups A: G, — G
normalized by T and A denotes the differential. A root of G with respect to T’
is an eigenvalue of the T-representation on n, that is, a character y € X(T') with
t-v = x(t)v for some T-eigenvector 0 # v € n.



THE AUTOMORPHISM GROUP OF A VARIETY WITH TORUS ACTION 449

Theorem 5.5. Let A, P be as in Construction 3.7 such that R(A, P) is minimally
presented and let X be a (nontoric) variety with a complexity one torus action
T x X — X arising from A, P according to Construction 3.10.

(i) The automorphism group Aut(X) is a linear algebraic group with maximal
torus T'.

(ii) Under the canonical identification X(T') = 7Z°, the roots of Aut(X) with
respect to T are precisely the P-roots.

The rest of the section is devoted to the proof. We will have to deal with the
Ky- and K-degrees of functions and derivations. It might be helpful to recall the
relations between the gradings from Remark 3.9. The following simple facts will be
frequently used.

Lemma 5.6. In the setting of Constructions 3.1 and 3.7, consider the polynomial
ring K[T;;, Si] with the Ko-grading and the coarser K -grading.

(i) For a monomial h = HT;-” [1S:F with exponent vector e = (eyj, ex), the
Ko- and K-degrees are given as
degg,(h) = Qo(e),  degg(h) = Q(e).

(ii) A monomial h € K[Tf;l, Sil] is of K-degree zero if and only if there is
an uw € M with

h = B ::HTP (u”HSP (u)g HTuv” Hs(u,vk)

(ili) Let o be a derivation on K[T;j, S| sending the generators Ty, Sy to mono-
mials. Then ¢ is K-homogeneous of K -degree zero if and only if

deg (T 16( ;) = deg (S, '5(Sk)) =0 holds for all i, j, k.
If 0 # 0 is Ko-homogeneous, then degy (0) = 0 holds if and only if one of
the Tigl(;(Tij) and S; '6(Sy) is nontrivial of K -degree zero.

As a first step towards the roots of the automorphism group Aut(X), we now
associate K(-homogeneous locally nilpotent derivations of R(A, P) to the Demazure
P-roots.

Construction 5.7. Let A and P be as in Construction 3.7. For ©v € M and the
lattice vector ( € Z™t™ of Remark 5.4 consider the monomials

HT w,45) H S}iu,vk>’ h( = HTZQ;'LJ Hsgk
k bJ k

We associate to any Demazure P-root & alocally nilpotent derivation d,; of R(A, P).
If k = (u, ko) is vertical, then we define a ¢,; of vertical type by

Skoh", k= ko,
0, k # k.
If K = (u, io, i1, C) is horizontal, then there is a unique vector § in the row space
of A with 8;, =0, B;; =1 and we define a J,, of horizonal type by
hu

b 1= 3z0c

0,(T35) :==0for all i, j, 0,(Sk) := {
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In all cases, the derivation §, is Kp-homogeneous; its Ky-degree is the Z*-part of k
and the K-degree is zero:

deg e, (30) = Qo(P*(w)),  degye(6,) = 0.

Proof. In the vertical case d,(S,) does not depend on Sk, and in the horizontal
case the factors before d¢ g in the definitions of d,, are contained in ker(d¢,g). Thus,
the derivations ¢, are locally nilpotent. Clearly, the ., are Kp-homogeneous. By
Lemma 5.6, the monomial h" is of Ko-degree Qo(P*(u)). In the vertical case,
this implies directly that 6, is of Ko-degree Qo(P*(u)). In the horizontal case,
we use Lemma 5.6 and the degree computation of Construction 4.3 to see that h¢
and d¢ g have the same Ky-degree. Thus 0, is of Ko-degree Qo(P*(u)). Since
P*(u) € ker(Q) holds, we obtain that all 6, are of K-degree Q(P*(u)) = 0. O

Proposition 5.8. Consider a minimally presented algebra R(A, P) with its fine
Ky-grading and the coarser K -grading and let § be a Ky-homogeneous locally nilpo-
tent derivation of K-degree zero on R(A, P).

(i) If & is of vertical type, then there is an index 1 < ko < m such that 6 is a
linear combination of derivations d,, with Demazure P-roots k¢ = (ug, ko).

(ii) If ¢ is of horizontal type, then are indices 0 < ig, i1 < r and a sequence
C = (co, ..., ¢) such that § is a linear combination of derivations Oy,
with Demazure P-roots k¢ = (uy, ig, i1, C).

Lemma 5.9. Let § be a nontrivial Kqg-homogeneous locally nilpotent derivation on
a minimally presented algebra R(A, P) and let v > 2. If § is of K-degree zero,
then § is primitive with respect to the Ky-grading.

Proof. We have to show that the Ky-degree w of § does not lie in the weight cone
of the Ky-grading. First observe that w # 0 holds: otherwise Corollary 3.6 yields
that § annihilates all generators T;; and Sy, a contradiction to § # 0. Now assume
that w lies in the weight cone of the Ky-grading. Then, for some d > 0, we find a
nonzero f € R(A, P)gw. The K-degree of f equals zero and thus f is constant, a
contradiction. O

Proof of Proposition 5.8. First assume that ¢ is vertical. Lemma 5.9 tells us that ¢
is primitive with respect to the Ky-grading. According to Theorem 4.4, there is an
index 1 < ko < m and an element h € R(A, P) represented by a polynomial only
depending on variables from ker(d) such that we have

§(Tij) = 0 for all i, j,  6(Sk) =0 for all k # ko,  6(Sk,) = h-

Clearly, hS;, ! is Ko-homogeneous of K-degree zero. Lemma 5.6 shows that the
monomials of hSk’O1 are of the form A" with w € M. The facts that the monomi-
als h* Sk, do not depend on Sk, and have nonnegative exponents yield the inequal-
ities of a vertical Demazure P-root for each (u, kg). Consequently, d is a linear
combination of deriviations arising from vertical Demazure P-roots.

We turn to the case that ¢ is horizontal. Again by Lemma 5.9, our § is primitive
with respect to the Ky-grading and by Theorem 4.4 it has the form hdc g for some
Ky-homogeneous h € ker(dc,g). By construction, d¢,g is induced by a homogeneous
derivation of K[T};, Sk having the same K- and K-degrees; we denote this lifted



THE AUTOMORPHISM GROUP OF A VARIETY WITH TORUS ACTION 451

derivation again by d¢c g. Similarly, h is represented by a polynomial in K[T};, Sk],
which we again denote by h.

We show that any monomial of h depends only on variables from ker(dc g).
Indeed, suppose that there occurs a monomial T;;h" with dc g(7;;) # 0 in h. Then,
using the fact that ¢ is of K-degree zero, we obtain

deg(T;;) = deg(6(Ti;)) = deg(Ti;) + deg(h') + deg(dc,5(Ti;))-

This implies deg(h') + deg(dc,5(Ti;)) = 0; a contradiction to the fact that the
weight cone of the K-grading contains no lines. This proves the claim. Thus, we
may assume that the polynomial h is a monomial.

The next step is to see that it is sufficient to take derivations ¢ g with a vector
in the row space having one zero coordinate. Consider a general g, which means one
with only nonvanishing coordinates. By construction, the row space of A contains
unique vectors 8% and B! with 80 = 5} = 0 and 8 = B° + 3'. With these vectors,
we have

hécp = h—"L"5c
0

By Construction 4.3, the Ko-degrees and thus the K-degrees of the left hand side
and of the summands coincide. Moreover, h is a monomial in generators from
ker(dc,3) and any such generator is annihilated by d¢ go and by d¢ g1 too.

Let e = (ejj;, er) denote the exponent vector of the monomial h. According to
Lemma 5.6, the condition that the (Kp-homogeneous) derivation ¢ has K-degree
zero is equivalent to the fact that the monomial

l.

—1 ezoc €ij aT ’

Tilcil héc’ﬂ(Tilcil) = 7/1(41 ZOCZ() H T ’ H‘S’ekﬁll aTZ
J#c i#i0,1 o
has the form h" for some linear form v € M. Taking into account that the exponents
e;; and ey, are nonnegative, we see that these conditions are equivalent to equalities
and inequalities in the definition of a horizontal Demazure P-root. O

We recall the correspondence between locally nilpotent derivations and one pa-
rameter additive subgroups. Consider any integral affine K-algebra R, where K is
an algebraically closed field of characteristic zero. Every locally nilpotent derivation
d: R — R gives rise to a rational representation g5: G, — Aut(R) of the additive
group G, of the field K via

0s(t)(f) = exp(td)(f) := ) =" (f).

This sets up a bijection between the locally nilpotent derivations of R and the ra-
tional representations of G, by automorphisms of R. The representation associated
to a locally nilpotent derivation §: R — R gives rise to a one parameter additive
subgroup (1-PASG) of the automorphism group of X := Spec R:

Xs: Gy — Aut(X), t+ Spec(os(t)).
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Now suppose that R is graded by some finitely generated abelian group K, and
consider the associated action of Hy := Spec K[Ky] on X = Spec R. We relate ho-
mogeneity of locally nilpotent derivation d to properties of the associated subgroup
Ug = )\5(@@) of Aut()?).

Lemma 5.10. In the above setting, let & be a locally nilpotent derivation on R.
The following statements are equivalent.

(i) The derivation 6 is Ko-homogeneous.

(ii) One has hUsh™ = Uy for all h € Hy.
Moreover, if one of these two statements holds, then the degree w := deg(d) € Ky
1s uniquely determined by the property

hos(t)h™" = os(x* (h)t) for all h € Hy.

Proof of Theorem 5.5. Assertion (i) is clear by Corollary 2.4 and the fact that X is
nontoric. We prove (ii). Consider R(A, P) with its fine K-grading and the coarser
K-grading. The quasitori Hy := Spec K[K;] and H := Spec K[K] act effectively on
X = Spec R(A, P). We view Hy and H as subgroups of Aut(X). For any locally
nilpotent deriviation § on R(A, P) and Us = \s(G,), Lemma 5.10 gives

6 is Kp-homogeneous <~ hUsh™ ' =Us for all h € Hy,
§ is K-homogeneous of degree 0 <= huh~ ! =u for all h € H, u € Us.

Recall that X arises as X = X J/H for an open Hp-invariant set XCcX. Moreover,
the action of T'= Hy/H on X is the induced one, i.e. it makes the quotient map
p: X — X equivariant. Set for short

G :=CAut(X, H)?, G :=Aut(X)°.

Denote by 1-PASGy,(G) and 1-PASG7(G) the one parameter additive sub-
groups normalized by Hy and T respectively. Moreover, let LND(R(A, P))o de-
note the set of K-homogeneous locally nilpotent derivations of K-degree zero and
LNDg, (R(A, P))o the subset of Ky-homogeneous ones. Then we arrive at a com-
mutative diagram

LNDg, (R(A, P))o S LND(R(A, P))o

:

1-PASGy,(G) € 1-PASG(G)

1-PASG7(G)  C  1-PASG(G).

Construction 5.7 associates an element d,, € LND g, (R(A, P))o to any Demazure
P-root k. Going downwards the left hand side of the above diagram, the latter
turns into an element A\, € 1-PASGr(G). Differentiation gives the T-eigenvector
A« (0) € Lie(G) having as its associated root the unique character y of T satisfying

()7 = Na(x(t)z) forallteT, z € K.
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Remark 3.9 and Lemma 5.10 show that under the identification X(T") = Z° the
character x is just the Z*-part of the Demazure P-root k. Proposition 5.8 tells
us that any element of LND g, (R(A, P))o is a linear combination of derivations dy
arising from Demagzure P-roots. Moreover, by Corollary 2.7, the push forward p.
maps 1-PASG g, (G) onto 1-PASGr(G). We conclude that Lie(G) is spanned as a
K-vector space by Lie(T) and A, (0), where x runs through the Demazure P-roots.
Assertion (ii) follows. 0

Corollary 5.11 (of proof). Let X be a nontoric normal complete rational variety
with a torus action T x X — X of complexity one arising as a good quotient
p: XX from R(A, P) according to Construction 3.10.
(i) Every Demazure P-root r induces an additive one parameter subgroup
As = PiAs, - Go — Aut(X).
(ii) The Demazure P-root k is vertical if and only if the general orbit of A\ is
contained in some T-orbit closure.
(iii) The Demazure P-root & is horizontal if and only if the general orbit of A,
18 not contained in any T-orbit closure.
(iv) The unit component Aut(X)° of the automorphism group is generated by
T and the images A\ (Gg).

Proof. Assertions (i) and (iv) are clear by the proof of Theorem 5.5. For (ii) and (iii)
recall that & is vertical (horizontal) if and only if 0, is of vertical (horizontal) type.
The latter is equivalent to saying that A\, (G,) acts trivially (non-trivially) on the
field of T-invariant rational functions. (]

Example 5.12 (The Eg-singular cubic V). Let A and P as in Example 5.3. From
there we infer that R(A, P) admits precisely one horizontal Demazure P-root. For
the automorphism group of the corresponding surface X this means that Aut(X)? is
the semidirect product of K* and G, twisted via the weight 3, see again Example 5.3.
In particular, the surface X is almost homogeneous. Moreover, in this case, one can
show directly that the group of graded automorphisms of R(A, P) is connected.
Thus, Theorem 2.1 yields that Aut(X) is the semidirect product of K* and G,. This
is in accordance with [23]; we would like to thank Antonio Laface for mentioning
this reference to us.

6. ALMOST HOMOGENEOUS SURFACES

A variety is almost homogeneous if its automorphism group acts with an open
orbit. We take a closer look to this case with a special emphasis on almost homoge-
neous rational K*-surfaces of Picard number one. The first statement characterizes
the almost homogeneous varieties coming with a torus action of complexity one in
arbitrary dimension.

Theorem 6.1. Let X be a nontoric normal complete rational variety with a torus
action T x X — X of complexity one and Coz ring R(X) = R(A, P). Then the
following statements are equivalent.

(i) The variety X is almost homogeneous.

(ii) There exists a horizontal Demazure P-root.
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Moreover, if one of these statements holds, and R(A, P) is minimally presented,
then the number r — 1 of relations of R(A, P) is bounded by

r—1< dim(X) 4+ rk(Cl(X)) —m — 2.

Proof. If (i) holds, then Aut(X) acts with an open orbit on X and by Corollary 5.11,
there must be a horizontal Demazure P-root x. Conversely, if (ii) holds, then there
is a horizontal Demazure P-root x and Corollary 5.11 says that for U = p.(6,(G,)),
the group T' x U acts with an open orbit on X.

For the supplement, recall first that R(A, P) is a complete intersection with r—1
necessary relations and thus we have

n+m—(r—1)=dim(R(A, P)) = dim(X) + rk(C1(X)).

Now observe that any relation g; involving only three variables prevents existence of
a horizontal Demazure P-root. Consequently, by suitably arranging the relations,
we have ng, n; > 1 and n; > 2 for all ¢ > 2. Thus, n > 2+ 2(r — 1) holds and the
assertion follows. O

We specialize to dimension two. Any normal complete rational K*-surface X is
determined by its Cox ring and thus is given up to isomorphism by the defining
data A and P of the ring R(X) = R(A, P); we also say that the K*-surface X
arises from A and P and refer to [11, Sec. 3.3] for more background. A first step
towards the almost homogeneous X is to determine possible horizontal Demazure
P-roots in the following setting.

Proposition 6.2. Consider integers log = 1, l11 = lo1 > 2 and do1, doo, di1, do1
such that the following matrix has pairwise different primitive columns generat-
ing Q3 as a convex cone:

-1 —lp2 lin O
P = —1 7102 0 121
d01 d02 dll d21

Moreover, assume that P is positive in the sense that det(Py1) > 0 holds, where Py
is the 3 X 3 matriz obtained from P by deleting the first column. Then the possible
horizontal Demazure P-roots are

dora+1 dorar+ 1

121 121

(i) k= (u, 1,2, (1, 1, 1)), where u = (dma +

integer « satisfying

, a) with an

lo2 <a<— l11 ,
lardiy + lindar + dorliilon

doz — loador
d210[+1 d21a+1 )
y T , &

o1 loq

121 |d210¢ + 1,

(ii) if loo=1: k= (u, 1, 2, (2, 1, 1)), where u = (dogaJr
with an integer o satisfying

l11 1
- <a —,
lordq1 + lindar + doaliiles do1 — do2

lor|dorov + 1,
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d 1 d 1
(i) k= (u, 2,1, (1, 1, 1)), where u = (_11;&7-1-, dorov + 11?7—’—, a) with an
11 11
integer o satisfying
102 l21
lildhnoa+1, ——<a<— )
il du do2 — lo2do1 l21d11 + l11d21 + dorl11l21
d 1 d 1
(iv) if loo=1: k= (u, 2,1, (2, 1, 1)), where u = (—Hfi, doga—l—nfi, a)
11 11
with an integer « satisfying
l 1
hildiia+1, 21 <a<

_l21d11 +liidar +doolinler dor — do2

Proof. In the situation of (i), evaluating the general linear form u = (u1, ug, us)
on the columns of P gives the following conditions for a Demazure P-root:

—up — u2 +uzdor =0,  uzloy +uzda = —1,
—u1lo2 — u2lo2 +usdoa = lo2,  uilin +usdy = 0.

Resolving the equations for uq, ue and plugging the result into the inequalities gives
the desired roots with « := us. The other cases are treated analogously. O

Corollary 6.3. The nontoric almost homogeneous normal complete rational K*-
surfaces X of Picard number one are precisely the ones arising from data

-1 —lp2 i1 O
A= |:? 7} (1):| s P=1-1 7102 0 121
d01 d02 d11 d21
as in Proposition 6.2 allowing an integer o according to one of the Conditions 6.2 (i)
to (iv). In particular, the Cox ring of X is given as

R(X) = K[To1, Toz, Th, Tor] / (Ton Toy? + THr + Ti2)

with the grading by Z* /im(P*). Moreover, the anticanonical divisor of X is ample,
i.e., X is a del Pezzo surface.

Proof. As any surface with finitely generated Cox ring, X is Q-factorial. Since X
has Picard number one, the divisor class group CI(X) is of rank one. Now take
a minimal presentation R(X) = R(A, P) of the Cox ring. Then, according to
Theorem 6.1, we have m = 0 and there is exactly one relation in R(A4, P). Thus P
is a 3 X 4 matrix. Moreover, Theorem 6.1 says that there is a horizontal Demazure
P-root. Consequently, one of the exponents lp; and lps must equal one, say lo;.
Fixing a suitable order for the last two variables we ensure l1; > l3;. Passing to
the K*-action ¢! -  instead of ¢ - x if necessary, we achieve that P is positive in
the sense of Proposition 6.2.

Let us see why X is a del Pezzo surface. Denote by P;; the matrix obtained from
P by deleting the column v;;. Then, in CI(X)° = Z, the factor group of C1(X) by
the torsion part, the weights w?j of T;; are given up to a factor o as

(w81, ’LU82, w(l)h wgl) = Oé(det(P()l), 7det(P02), det(Pu), 7det(P21)).

According to [1, Prop. I11.3.4.1], the class of the anticanonical divisor in C1(X)? is
given as the sum over all wioj minus the degree of the relation. The inequalities on
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the l;;, d;; implied by the existence of an integer o as in Proposition 6.2 (i) to (iv)
show that the anticanonical class is positive (note that a rules out). O

We turn to the case of precisely one singular point. In that case, the integer «
in clauses (i) to (iv) of Proposition 6.2 satisfies the divisibility conditions automat-
ically.

Construction 6.4 (K*-surfaces with one singularity). Consider a triple (g, {1, l2)
of integers satisfying the following conditions:
log > 1, 1>y > 2, lop < lllQ, ng(ll, lg) =1.

Let (d1, d2) be the (unique) pair of integers with dils + daly = —1 and 0 < da < lo
and consider the data

1 —ly I, 0
A:[(l) j (1)] P=1|-1 —lp 0 I
0 1 di do
Then the associated ring R(lo, l1, l2) := R(A, P) is graded by Z*/im(P*) = Z, and
is explicitly given by
R(lo, l1, Io) = K[Ty, Ta, Ts, Tul /(W T3° + T3* + T¢?),
deg(Tl) = 1112 — lo, deg(Tg) = 1, deg(T3) = 12, deg(T4) = ll.

Proposition 6.5. For the K*-surface X = X (lo, l1, l2) with Cox ring R(lo, l1, l2),
the following statements hold:

(i) X is nontoric and we have Cl(X) = Z,

(ii) X comes with precisely one singularity,

(ili) X s a del Pezzo surface if and only if lo <11 + 12 + 1 holds,

(iv) X is almost homogeneous if and only if ly < 1y holds.
Moreover, any normal complete rational nontoric K*-surface of Picard number one
with precisely one singularity is isomorphic to some X (lg, l1, l2).
Proof. First note that X = X (lp, I3, l2) is obtained as in Construction 3.10: the
group Hy = K* acts on K* by

t-z=(tht2=log tay 1225, thzy),
the total coordinate space X := V (TyTa® + Ti' + T42) is invariant under this action
and we have
X =X\{0}, X=X/K.

Thus, CI(X) = Z holds and, since the Cox ring R(X) = R(lo, l1, l2) is not a
polynomial ring, X is nontoric.

Using [1, Prop. I11.3.1.5], we show that the set of singular points of X consists
of the image xp € X of the point (1, 0, 0, 0) € X under the quotient map X — X.
If 11ls — Iy > 1 holds, then the local divisor class group

Cl(X, $0) = Z/(lllg — lo)Z

is nontrivial and thus xy € X singular. If [1l3 — [y = 1 holds, then we have [y > 1
and therefore (1, 0, 0, 0) € X and hence zy € X is singular. Since all other local
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divisor class groups of X are trivial and, moreover, all singular points of X lie in
the orbit K* - (1, 0, 0, 0), we conclude that zp € X is the only singular point.

According to [1, Prop. II1.3.4.1], the anticanonical class of X is Iy +l2 + 1 — lo.
This proves (iii). Finally, for (iv), we infer from Proposition 6.2 that the existence
of a horizontal Demazure P-root is equivalent to the existence of an integer a with
lo < a < Iy, which in turn is equivalent to Iy < [;.

We come to the supplement. The surface X arises from a ring R(A, P), where
we may assume that R(A, P) is minimally presented. The first task is to show that
n=4, m =0 and r = 2 holds. We have

n+m—(r—1)=dim(X)+ rk(Cl(X)) = 3.

Any relation g involving only three variables gives rise to a singularity in the source
and a singularity in the sink of the K*-action. We conclude that at most two of the
monomials occuring in the relations may depend only on one variable. Thus, the
above equation shows that n =4, m = 0 and r = 2 hold.

We may assume that the defining equation is of the form Té‘{l Té%Q + Tﬁl + Té{l.
Again, since one of the two elliptic fixed points must be smooth, we can conclude
that one of lo; equals one, say lp;. Now it is a direct consequence of the description
of the local divisor class groups given in [1, Prop. I11.3.1.5] that a K*-surface with
precisely one singularity arises from a matrix P as in the assertion. (I

Now we look at the log terminal ones of the X (Io, l1, l2); recall that a singularity
is log terminal if all its resolutions have discrepancies bigger than —1. Over C,
the log terminal surface singularities are precisely the quotient singularities by
subgroups of GLa(C), see for example [18, Sec. 4.6]. The Gorenstein index of
X is the minimal positive integer ¢+(X) such that 2(X) times the canonical divisor
Kx is Cartier.

Corollary 6.6. Assume that X = X (l1, la, l3) is log terminal. Then we have the
following three cases:

(i) the surface X is almost homogeneous,
(i) the singularity of X is of type Ex,
(iii) the singularity of X is of type FEs.
Moreover, for the almost homogenoeus surfaces X = X(ly, la, l3) of Gorenstein
index 1(X) = a, we have
(1) (lo, ll, lg) = (1, ll, 12) with the bounds ZQ < ll < %aQ + %
(i) (lo, l1, l2) = (2, 11, 2) with the bound 1y < 4a,
(iii) (lo, 11, 12) = (3, 3, 2), (2, 4, 3), (2, 5, 3), (3, 5, 2).

a,

Proof. The condition that X is log terminal means that the number [yl 15 is bounded
by lol1 +1gla+1112; this can be seen by explicitly performing the canonical resolution
of singularities of X (Ig, l1, l2), see [11, Sec. 3]. Thus, the allowed (lo, l1, l2) must
be platonic triples and we are left with

(15 lla 12)7 (25 lla 2)7 (35 35 2)5 (27 47 3)7 (25 55 3)7 (37 55 2)5 (45 37 2)7 (57 35 2)

The last two give the surfaces with singularities E7, Eg and in all other cases,
the resulting surface is almost homogeneous by Proposition 6.5. The Gorenstein
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condition says that aKx lies in the Picard group. According to [1, Cor. II1.3.1.6],
this is equivalent to the fact that l1lo — lp divides a - (I3 +l2 + 1 —lp). The bounds
then follow by direct estimations, see [14, Sec. 7.2] for details. O

Corollary 6.7. The following tables list the triples (lo, l1, l2) together with roots
of Aut(X) for the log terminal almost homogeneous complete rational K*-surfaces
X = X(lo, Iy, l2) with precisely one singularity up to Gorenstein index 1(X) = 5.

(X)) =1 (X)) =2 1u(X)=3
(1, 3,2): {1, 2, 3} (1,7,3): {1,3,4,7} (2,7,2): {2,3,5, 7}
(2, 3, 2): {2, 3} (1,13, 4): {1,4, 5,9, 13}
(3,3,2): {3} (1,8,5): {3, 5, 8}
(X) =4 (X) =5
(2, 5,2): {2, 3, 5} (2,11, 2): {2,3,5,7,9, 11}
(1,21,5): {1,5,6,11,16,21} (1,13, 7): {2, 6, 13}
(2, 4, 3): {3, 4}
(1, 17, 3): {2, 3, 5, 8, 11, 14, 17}
(1, 31, 6): {1,6, 7,13, 19, 25, 31}
(1,18, 7): {4, 7, 11, 18}

7. STRUCTURE OF THE SEMISIMPLE PART

We describe the root system of the semisimple part of the automorphism group of
a nontoric normal complete rational variety admitting a torus action of complexity
one. Let us first recall the necessary background on semisimple groups and their
root systems.

A connected linear algebraic group G is semisimple if it has only trivial closed
connected commutative normal subgroups. Any linear algebraic group G admits a
maximal connected semisimple subgroup G*° C G called a semisimple part. The
semisimple part is unique up to conjugation by elements from the unipotent radical.
If G is semisimple, then the set ®¢ C Xg(T') of roots with respect to a given
maximal torus T C G is a root system, i.e., for every a € & one has

e NRa = {ta}, s4(Pg) = Pg,

where s,: Xg(T) — Xg(T') denotes the reflection with fixed hyperplane a* with
respect to a given scalar product on Xg(7'). The possible root systems are elemen-
tarily classified; for us, the following types (always realized with the standard scalar
product) will be important:

Ap={ei—ej 1<ij<n+l, i#j} CR™Y,
By = {%e1, *ez, £(e1 + €2), +(e1 —ez)} TR

The root system of a connected semisimple linear group G determines G up to cover-
ings; for example, A,, belongs to the (simply connected) special linear group SL,, 41
and Bz to the (simply connected) symplectic group Sp,.
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We turn to varieties with a complexity one torus action. Consider data A, P as
in Construction 3.7 and the resulting ring R(A, P) with its fine Ky-grading and
the coarser K-grading. Recall that the fine grading group Ky splits as

Ko =KJ™ @ K}, where K{™" := (degg, (Sk)), K§° = (degg, (Ti)).

Note that K§* = Z™ is freely generated by degy (S1), ..., degg, (Sm). Moreover,
by Remark 3.9, the direct factor Z* of the column space Z"+¢ of P is identified via
Qo o P* with the kernel of the downgrading map Ky — K.

Definition 7.1. Let A, P be as in Construction 3.7 such that the associated ring
R(A, P) is minimally presented and write «, for the P-root, i.e., the Z*®-part,
associated to Demazure P-root k.

(i) We call a P-root «,, semisimple if —a,; = a, holds for some Demazure
P-root k'.
(ii) We call a semisimple P-root oy wvertical if oy, € K§®" and horizontal if
ay € K§°F holds.
(iii) We write @55, ®¥** and ®U* for the set of semisimple, vertical semisimple
and horizontal semisimple P-roots in R® respectively.

Theorem 7.2. Let A, P be as in Construction 3.7 such that R(A, P) is minimally
presented and let X be a (nontoric) variety with a complexity one torus action
T x X — X arising from A, P according to Construction 3.10. Then the following
statements hold.

(i) @yt ®Uer and @S5 are root systems, we have &35 = OV @ ST and 33
is the root system with respect to T of the semisimple part Aut(X)s.

(ii) Forp € K denote by m,, the number of variables S with degy (Sk) = p.
Then we have

Pyt e @ Am,—1, Z(mp —1) <dim(X) - 1.

peK peK

(iii) Suppose ®* £ @. Then r = 2 holds, and, after suitably renumbering the
variables one has
(a) Tor1To2 +TiiTie + Tng, Wo1 = W11 and Woz = W12,
(b) To1To2 + T121 + TQZQ, and W1 = Woe = W11
for the defining relation of R(A, P) and the degrees w;; = deg(Ty;) of
the variables.
(iv) In the above case (iiia), we obtain the following possibilities for the root
system <I)}1‘3°r :
o [flog + ...+ lan, = 3 holds, then one has

phor _ AL @ AL, Wor = Wo2 = Wi = Wha,
P = .
Ay, otherwise.
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e Ifno =2 and ly; = lao = 1 hold, then one has

As, Wo1 11 = Wip = W21 = Wa2,
21, Wo2 = W12 = Wa2, Wo1 F Wo2,
AL @ A, Wo1 = Wo2 = Wi = Wa1, Wo1 7 Wa1, Wo1 7 Waz,

Ay, otherwise.

02 =

| gl gl

As, Wo1

=W
= w1

hor __
O =

(v) In the above case (iiib), we obtain the following possibilities for the root
system OUT:
o Ifloy + ...+ lan, = 3 holds, then one has
R
e Ifno =1 and lo; = 2 hold, then one has

phor _ AL @A, Wor = Wo2 = Wi = Wo,
P = .
A, otherwise.

e Ifno =2 and lo; = los = 1 hold, then one has

phor _ By, Wy = Woo = W11 = Wa1 = Wa2,
P = .
Ay, otherwise.

The rest of the section is devoted to the proof of this theorem. Some of the
steps are needed later on and therefore formulated as Lemmas. We fix A, P as in
Construction 3.7 and assume that R(A, P) is minimally presented.

Lemma 7.3. Let § be a nonzero primitive Ko-homogeneous derivation on R(A, P),
decompose degp (6) = w'™ + w'" according to Ko = K" & K§° and write
WYt = N bpwy, with wy, = deg, (Sk) and by € Z.
(i) If & is of vertical type, then there is a ko with by, = —1 and by, > 0 for all
k # ko. Moreover, w' belongs to the weight monoid of R(A, P).
(ii) If & is of horizontal type, then by > 0 holds for all k. Moreover, —w"e*
does not belong to the weight monoid of R(A, P).

Proof. If 0 is nonzero of vertical type, then Theorem 4.4 (i) directly yields the
assertion. If § is nonzero of horizontal type, then it is of the form § = hdc g as in
Theorem 4.4 (ii). For the degree of §, we have

degy, (8) = w™™* +w"" = degye, (h)""* + deg, (h)"" + degy, (3c,5),

where degy, (¢,g) lies in K§° by Construction 4.3. Since degg, (h)¥*"* belongs to
the weight monoid S and, due to primitivity, degx, (6) lies outside the weight cone,
we must have w"°" # 0. Moreover, for a T;; with §(T;;) # 0 and w;; := degy, (T3;),
the degree computation of Construction 4.3 shows

0# degKo(h)hor +deg, (0c,p) + wij = degy, (8(T5))"".

Thus, wh°" -+ wj; is a nonzero element in S. If also —w"°T belongs to S, then we can
take 0 # f, g € R(A, P) homogeneous of degree w™" + w;; and —w"°" respectively.
The product fg is of degree w;;. By Corollary 3.6, this means fg = cTI;; with
c € K. A contradiction to the fact that 73; is Ko-prime. O
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By definition, the semisimple roots occur in pairs a4, a— with ay + a— = 0.
Given a pair k4, k_ of Demazure P-roots defining oy, a_, write 64, §_ for the
derivations arising from k4, k_ via Construction 5.7. We call the pairs k4, k_ and
04, 6 associated to a4, a—. Note that associated pairs k4, k_ or d4, d_ are in
general not uniquely determined by oy, a_.

Lemma 7.4. Let 04, 6_ be a pair of primitive Ko-homogeneous derivations asso-
ciated to a pair ay, a— of semisimple roots.

(i) The roots ay, a— are the Ko-degrees of the derivations 64, d—. In partic-
ular, we have

degre, (04) +degp, (0-) = ay +a_ =0.

(ii) If 64 is of wvertical type, then also d_ is of vertical type and a4, a— are
both vertical.

(i) If 04 is of horizontal type, then also 6 is of horizontal type and a4, c—
are both horizontal.

Proof. The first assertion is clear by Construction 5.7. Using the decomposition
Ko = K§* @ K§°F, we obtain

vert vert __ hor hor __
al+a =0, o™ +a =0.

If 44 is of horizontal type, then Lemma 7.3 (ii) shows that fozﬂ‘_or = ol does

not belong to the weight monoid. Thus Lemma 7.3 (i) says that _ must be of
horizontal type. Moreover, Lemma 7.3 (ii) shows that o** and o¥*'* vanish and
thus a4, a— are horizontal.

If 64 is of vertical type, then, by the preceeding consideration, also §_ must be
vertical. Moreover, Lemma 7.3 (i) tells us that o5 and a"°" both belong to the
weight monoid. As seen above they have opposite signs. Since the weight cone is

pointed, we obtain oz}jror = o"°" = 0, which means that a, a_ are vertical. O

For the subsequent study, we will perform certain elementary column and row
operations with the matrix P, which we will call admissible:
(I) swap two columns inside a block vy, , ..., vij,_,
IT) swap two whole column blocks vy, , ..., vij,, and virj,, ..., virj,
IT) add multiples of the upper r rows to one of the last s rows, '
V) any elementary row operation among the last s rows.
V) swap two columns inside the d’ block.

The operations of type (IIT) and (IV) do not change the ring R(A, P) whereas the
types (I), (IT), (V) correspond to certain renumberings of the variables of R(A, P)
keeping the (graded) isomorphy type.

For a Demazure P-root k = (u, ko) of vertical type, the index ko is uniquely
determined by the Z®-part of u. Thus, we may speak of the distinguished index of
a vertical P-root. Note that for any pair a® of vertical semisimple P-roots, the
distinguished indices satisfy kg # k .

(
(I
(I
(

Lemma 7.5. Let 1 < kar < ky < m be given and denote by f € Z"t™ the
vector with fkoi = F1 and all other entries zero. Then the following statements are
equivalent.
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(i) There exists a pair o of vertical semisimple roots with distinguished in-
dices ki
(ii) The vector f can be realized by admissible operations of type (III) and (IV)
as the (r 4+ 1)th row of P.
(iii) The variables Syt and Sy~ have the same K -degree.

Proof. Suppose that (i) holds. Let x* = (u*, kT) be a pair of Demazure P-
roots associated to a®. Then u := u* + u~ satisfies (u, v;;) > 0 for all i, j and
(u, vg) = 0 for all k. Since the columns of P generate Q"¢ as a cone, we obtain

u = 0. Consequently u~ = —u™ holds and we conclude
(ut, vy =0 for all 4, j, (u™, vy) =0 for all k # kat,
<u+7vk§>:715 <’U,+,’Uk0—>:1.

Now write u™ = (u], a®) with the Z-part a™ and let o be an (s — 1) x s matrix
complementing the (primitive) row a™ to a unimodular matrix. Consider the block
matrix

E. 0
uf ot
0 o

Applying this matrix from the left to P describes admissible operations of type (III)
and (IV) realizing the vector f as the (r + 1)th row of P. Thus, (i) implies (ii).
To see that (ii) implies (i), we may assume that f is already the (r + 1)th row
of P. Consider u* € Z"** having u;tﬂ = *+1 as the only nonzero coordinate. Then
the Z*-parts at of the vertical Demazure P-roots x* = (u™, k:oi) are as wanted.
Clearly, (ii) implies (iii). Conversely, the implication “(iii) = (ii)” is obtained by
similar arguments as “(i) = (ii)”. O
Lemma 7.6. Let E, denote the ¢ x (¢ + 1) block matriz [—1, E;], where 1 is a

column with all entries equal one and E; is the ¢ X g unit matriz. After admissible
operations of type (IIT), (IV) and (V), the [d, d'] block of P is of the form

0 Epm, 0 0
PP
ld, ] = 0 0 Ep, 0
a df ... dy o d
where p1, ..., pr € K are the elements such that the number m,,, of variables Sy, of

degree p; is at least two and df is a block of length my, with only the first column
possibly nonzero. Moreover, ®%™ is a root system and we have

ot = (P A, 1, Y (mp— 1) < dim(X) - 1.
pEK peEK
Proof. This is a direct application of Lemma 7.5. O
Lemma 7.7. If there exists a pair of semisimple roots ay € ®WT, then r = 2, and
after suitably renumbering lg, 11, la, the following two cases remain.

(i) We have ng =ny =2 and loy = lp2 = l11 = li2 = 1 and for any pair 61+ of
dertvations associated to - one has iér =i, = 2.
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(ii) We have ng =1, lpg = 2 and n1 = 2, l11 = lia = 1 and for any pair §+ of
dertvations associated to - one has ia' =i, = 2.

Proof. Lemma 7.4 says that d, d_ are of horizontal type, by Construction 5.7 they
are of the form 0+ = hidc+ g+ and the degree computation of Construction 4.3
gives

deg,(62) = (r=Dp— Y wy s +ws,
kit

where p is the common Ky-degree of the relations, w;; the Ko-degree of T};, the ioi—
th component of S vanishes and w. is the Ky-degree of hy. Now fix two distinct
it, i~ with i # 0T and lit+ot, = 1. Then degy, (0+) + degg, (0-) = 0 leads to
wi=wy +w_ + Z (u— wkc;) + Z (n— wkcg) = Wity T Wi -
k#id it | P

Note that all summands are elements of the weight monoid of R(A, P) and, except
possibly wy, all are nonzero. Moreover, Corollary 3.6 (ii) shows that the Kj-
homogeneous component R(A, P),, is generated by fTf~, where
ft:= Tﬁcpv = Ti*cli'
Now, choosing suitable presentations of the u, write the first presentation of w as the
Ky-degree of a monomial f in the variables T;; corresponding to the occuring w;;.
Then f = f*f~ holds. Since f* and f~ are Ko-prime, we conclude w+ = 0 and
r = 2. Renumbering i{f — 2, 1T = 1, the above equation simplifies to
W= = Wyt + H— Wi e, - = Wief T Wi- o
where 45 differs from ¢, and i~. We conclude further i =1l and > lo; = > l1; =2
and iy =ig. Since [, + = l.+ equals one, we arrive at the cases (i) and (ii). O
it

The above lemma shows that for a given pair a4 € <I>}11;,°r, all associated pairs of
Demazure P-roots (or derivations) share the same ig = i = iy . This allows us to
speak about the distinguished index ig of ay € <I>}11,°r.

Lemma 7.8. Suppose ng = ny = 2, lor = lo2 = l11 = l12 = 1. If there exists a pair
ay € @I}DOY with distinguished index ig = 2, then P can be brought by admissible
operations, without moving the no-block, into the form

-1 11 1 0 0
=1 =10 0 I, 0
P =17 09 01 o ol (7.8.1)

0 0 0 dy, di d.

where the lower line is a matriz of size (s —1) x (n+m). Conversely, if P is of the
above shape, then ay = (£1,0) € @I}DOY has distinguished index ig = 2. Moreover,
up to admissible operations of type (II1) and (IV), situation (7.8.1) is equivalent to

degK(T01) = degK(Tlg), degK(Tog) = degK(TH).
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Proof. Fix an associated pair ki = (u®, 2, z'li, C4) of Demazure P-roots. Renum-
bering the variables, we first achieve ij = 1 and C = (1, 1, 1). Adding suitable
multiples of the top two rows of P to the lower s rows, brings P into the form

-1 -1 1 1 0 O
P=]|-1 -1 0 0 lo 0
0 do2 0 dig do d

Now we explicitly go through the defining conditions of the Demazure P-root x4
with

ut = (uf, ug, ay), where u;t €z, if=1, Cy=(1,1,1).
This gives in particular, uj = —1 and ] = 1. Going through the conditions of a
Demazure P-root k_ = (u~, 2, iy, C_) leaves us with the two possibilities

u=(1, -1, —ay), i; =0, C_=(2,2,1),
u” =(0, -1, —ay), i =1, C_=(2,2,1).
In both cases, we obtain
(ag, doz) = (o, di2) =1,
(g, doj) = —lg; for j =1, ..., ng,
(ap, diy=0forj=1,..., m.

Now choose any invertible s X s matrix with a4 as its first row and apply it from
the left to P. Then the third row of P looks as follows

0 1 0 1 =l 0].

Adding suitable multiples of the third row to the last s — 1 rows and adding the
second to the third row brings P into the desired form. The remaining statements
are directly checked. See also [14, Section 7.3] for a detailed proof. O

Lemma 7.9. Consider a pair ay € ®%" with distinguished index io = 2. There
exists another pair & € ®UT with distinguished index ig = 2 if and only if we have

degy (To1) = deg g (To2) = degy (T11) = degy (Ti2).

Moreover, if the latter holds, then a4, a+ are the only pairs of semisimple roots
with distinguished index 2 and they form a root system isomorphic to A1 & A;.

Proof. We may assume that we are in the setting of Lemma 7.8. Then we just have
to go through the possible cases 77 and C_ and observe that the existence of a4
implies a special shape of P equivalent to the above degree condition. O

Lemma 7.10. Suppose ng =1, lop1 = 2 and no = 2, l11 = l1o = 1. Then there is

at most one pair ax € T with distinguished index ig = 2. If there is one, then P

can be brought by admissible operations, without moving the na-block, into the form

-2 1 1 0 O

=200 & o0
P=1"7 01 o ol (7.10.1)
di, 0 0 dy d
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where the lower line is a matriz of size (s —1) x (n+m). Conversely, if P is of the
above shape, then oy = (&1, 0) € O has distinguished index ig = 2. Moreover,
up to admissible operations of type (I11) and (IV), situation (7.10.1) is equivalent
to

deg g (To1) = degy (T11) = degy (Tha).

Proof. This is a similar computation as in the previous lemma. Clearly, we may
assume C; = (1, 1, 1) and by suitable row operations, we bring P into the form

-2 1 1 0 O
P=|-2 0 0 I O

Now enter the defining conditions of a Demazure P-root x4 with u™ = (u], uj, ay).
It turns out that C_ = (1,2, 2) or C_ = (1, 2, 1) must hold. We end up with
uf =0 and

(ag, dor) = 2uz —1,
1,

(g, diz) =
(ay, doj) = —uFly; for j =1, ..., ny,
(g, d)y=0forj=1,..., m.

As before, this enables us to bring P via suitable row operations into the desired
form. The remaining statements are directly seen, we refer again to [14, Section 7.3]
for the details. (]

Proof of Theorem 7.2. Lemma 7.6 shows that ®%" is a root system and has the
desired form. This proves (ii). Concerning ®4°% assertion (iii) as well as the
cases lag + ...+ lan, = 3 of assertions (iv) and (v) are proven by Lemmas 7.7, 7.8
and 7.9. The remaining cases of (iv) and (v) are deduced using the special shape
of P guaranteed by Lemma 7.7. So, ®}'* and ®%°" are root systems of the desired
shape. Lemma 7.4 and the decomposition of K into a vertical and a horizontal
part show that ®$ splits into the direct sum of ®¥'™ and ®her.

To conclude the proof, we have to verify that ®35 is in fact the root system
of the semisimple part of Aut(X). For this, it suffices to realize the root system
®35 as the root system of some semisimple subgroup G C Aut(X) (which then
necessarily is a semisimple part). Consider X := Spec R(A, P) and the action of
Hx := SpecK[K]. The group G C Aut(X) will be induced by a representation of a
suitable semisimple group on K" commuting with the action of Hx and leaving
X := Spec R(A, P) invariant.

We first care about ®§**. Consider the semisimple group GV*'* := X, SLy, .
It acts on K®*™: triviallly on K" and blockwise on K™ = @p K™». This action
commutes with the action of Hy and leaves X as well as X invariant. Thus the
GY“*-action descends to X . This realizes G¥*™* C Aut(X) as a subgroup with root
system @Y.
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Similarly, going through the cases, we realize ®°" as a root system of a semisim-
ple group G"°* C Aut(X). Recall that for the defining relation, we have the possi-
bilities

(a) TorToe + T1iTe + T4, (b) To1To2 + T + To.

Consider case (a). If we have the equations Wy; = w11 and Wpa = W2, then g € SLy
acts on the Ty, Ti1-space as (gt)_1 and on the Tyo, Tio-space as g. By trivial
extension, we obtain an action on K"*™ commuting with the H-action, leaving the
defining relation and thus X invariant. Thus, we have an induced effective action
of a semisimple group G"°* with root system A; on X.

If we have Wy = Wp2 = W11 = Wi2, then the canonical action of the group
SOy4 on the Ty, 111, Too, Tha-space extends trivially to K*T™, commutes with the
action of Hx and leaves X invariant. Again, this gives an induced effective action
of a semisimple group G on X, this time the root system is A; @ A;; recall that
SO4 has SLy x SLs as its universal covering.

Now let ng = 2 and lg; = lao = 1. Then we have n = 6. If all six K-degrees w;;
coincide, then take the action of SOg on K" and extend it trivially to K®*™. This
induces an action of a semisimple group G?* on X. The root system is that of the
universal covering Sy, i.e. we obtain As. If all w;; and all W;s coincide but we
have Wo; # Woz, then consider the action of SL3 given by (g*)~! on the T;;-space
and by ¢ on the Tjo-space. This leads to a GP°" with root system As.

Finally, consider case (b). If Wp1 = W2 = w11 holds, then the canonical action
of the group SO3 on the Tpy, Ty2, Th1-space defines a semisimple subgroup GP* of
Aut(X) with root system A;. If ng = 1 and Iy = 2 holds and we have wg; =
Wo2 = W11 = Wa1, then n = 4 holds and the canonical action of SO4 on K™ induces
a semisimple subgroup G"°* of Aut(X) with root system A; @ A;. If we have ny = 2
and lp; = l22 = 1 and all degrees w;; coincide, then the canonical action of SO5 on
K5 extends to K"*™ and induces a subgroup G"* of Aut(X) with root system Bs.

Alltogether, we realized the root systems %" and CIDI}DOr by semisimple subgroups
GV and G"°T of Aut(X). By construction, these groups commute and thus define
a semisimple subgroup G := GV*"'GP" of Aut(X) with the desired root system
0% = oYt @ Phor, O

Corollary 7.11 (of proof). In the situation of Theorem 7.2, any pair of semisimple
roots defines a subgroup of the automorphism group locally isomorphic to SLs.

8. APPLICATIONS

In this section we present applications of Theorem 7.2. A first one concerns
the automorphism group of arbitrary nontoric Mori dream surfaces (not necessarily
admitting a K*-action).

Proposition 8.1. Let X be a nontoric Mori dream surface. Then Aut(X)? is
solvable and the following cases can occur:

(i) X is a K*-surface,
(i) Aut(X)° is unipotent.
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Proof. Consider a maximal torus 7 C Aut(X)?. If T is trivial, then we are in
case (ii). In particular, Aut(X) is solvable then. If T" is one-dimensional, then we
are in case (i) and the task is to show that the semisimple part of Aut(X) is trivial,
i.e., Aut(X) has no semisimple roots. For this, we remark first that as a Mori dream
surface with a nontrivial K*-action, X is rational. Thus, we may assume that X
arises from A, P as in Construction 3.7 and that R(A, P) is minimally presented.
Note that we have s = 1.

The estimate of Theorem 7.2 (ii) forbids vertical semisimple P-roots. Let us see
why there are no horizontal semisimple P-roots. Otherwise, Lemmas 7.8 and 7.10
show that we must have m = 0 and, up to admissible operations, the matrix P is
one of the following:

-1 -1 1 1 0 -2 11 0
~1 -1 0 0 L|, |-2 0 0 L
-1 0 0 1 0 ~1 01 0

Since the columns of P are pairwise different primitive vectors, we obtain ny = 1
and lo; = 1; a contradiction to the assumption that the ring R(A, P) is minimally
presented. U

We take a brief look at g-dimensional varieties X coming with a nontrivial action
of SL,. They were classified (in the smooth case) by Mabuchi [16]. Let us see how
to obtain the rational nontoric part of his list with the aid of Theorem 7.2.

Example 8.2. Let X a nontoric ¢g-dimensional complete normal variety with a
nontrivial action of SL,. Since SL, has only finite normal subgroups, X comes
with a torus action 7' x X — X of complexity one. Proposition 8.1 tells us that X
is of dimension at least three. If SL, acts with an open orbit, then X has a finitely
generated divisor class group and, by existence of the T-action of complexity one,
must be rational. So, we may assume that we are in the setting of Theorem 7.2,
where we end up in the cases Ay, As of second item of (iv), which amounts to the
following two possibilities.

(i) We have ¢ = 3 and X is the flag variety SL3/Bs; in particular, C1(X) & Z2

and

R(X) = K[To1, Toz, Th1, Tha2, To1, Tao] / (To1Toz + Ti1Tia + To1Ts2)
hold, where the Z?-grading is given by
deg(To1) = deg(T11) = deg(T21) = (1, 0),
deg(To2) = deg(T12) = deg(Te2) = (0, 1).
(ii) We have ¢ = 4 and X is the smooth quadric V(ToTy + 1215 + T4T5) in Ps,
where SL4 acts as the universal covering of SOg.

Now assume that SL, acts with orbits of dimension at most ¢ — 1. Then this
action gives a root system A, C ®W*. If X were rational, then Theorem 7.2 (ii)
would require ¢ < dim(X), which is excluded by assumption. Thus, X must be
nonrational. In particular, the rational nontoric part of Mabuchi’s list is established,
even for a priori singular varieties.
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We turn to nontoric varieties with a torus action of complexity one which are
almost homogeneous under some reductive group. Recall that an action of a re-
ductive group G on X is spherical if some Borel subgroup of G acts with an open
orbit on X.

Proposition 8.3. Let X be a nontoric complete normal variety. Then the following
statements are equivalent.

(i) X allows a torus action of complexity one and an almost homogeneous
reductive group action.
(il) X is spherical with respect to an action of a reductive group of semisimple
rank one.
(iii) X s isomorphic to a variety as in Theorem 7.2 (iii).

Proof. The implication “(ii) = (i)” is obvious. For the implication “(iii)=(ii)”,
take a pair of semisimple horizontal P-roots .y and «_. Then the acting torus T
of X and the root subgroups U4 associated to a4 generate a reductive group G of
semisimple rank one in Aut(X) and X is spherical with respect to the action of G.

Assume that (i) holds. Then the open orbit of the acting reductive group G is
unirational. Thus, X is unirational. By the existence of a torus action of complexity
one, X contains an open subset of the form 7" x C' with some affine curve C. We
conclude that C' and hence X are rational. Consequently, X is a Mori dream space.
In particular, Corollary 2.4 yields that Aut(X) is linear algebraic. Moreover, we
may assume that we are in the setting of Theorem 7.2. The image of G® in Aut(X)
is contained in a maximal connected reductive subgroup G’ of Aut(X). Suitably
conjugating G’, we may assume that the acting torus T' of X is a maximal torus
of G’. Since G’ is generated by root subgroups, we infer from Corollary 5.11 that
there must be a horizontal Demazure P-root. Since every root of G’ is semisimple,
we end up in Case 7.2 (iii). O

Specializing to dimension three, we obtain a quite precise picture of the possible
matrices P in the above setting.

Proposition 8.4. Let X be a three-dimensional nontoric complete normal rational
variety. Suppose that X is almost homogeneous under an action of a reductive group
and there is an effective action of a two-dimensional torus on X. Then the Cox
ring of X is given as R(X) = R(A, P) with a matriz P according to the following
cases

(-1 -1 1 1 0 0
-1 =10 0 I O
P=1"1 9 0 1 0 of
L0 0 0 df, d5 d
(<2 1.1 0 0
.. =2 0 0 I O
@P=17 01 0 o0
s, 0 0 dg
In both cases, we have m < 2; that means that the d.,-part can be either empty,

equal to +1 or equal to (+1, F1).
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Proof. Clearly, we may assume that we are in the situation of Theorem 7.2. Since
X is nontoric but almost homogeneous, there must be a semisimple horizontal P-
root. Thus, Lemmas 7.8 and 7.10 show that after admissible operations, P is of the
desired shape. O

As a direct consequence, one retrieves results of Haddad [9] on the Cox rings of
three-dimensional varieties that are almost homogeneous under an SLs-action and
additionally come with an effective action of a two-dimensional torus T'; compare
also [2] for the affine case.

Corollary 8.5. Let X be a three-dimensional nontoric complete normal rational
variety. Suppose that X is almost homogeneous under an action of SLo and there
is an effective action of a two-dimensional torus T on X. Then X has at most two
T-invariant prime divisors with infinite T-isotropy, i.e., we have m < 2 and the
Coz ring of X is given as

R(X) = K[Ty;, Sk]/(TorToz + TiiTiz + To3' - -lenz).

2712

Proof. We are in the situation of Proposition 8.4. The assumption that SLs acts
with an open orbit implies that we are in case (i). O

Finally, we consider almost homogeneous varieties with reductive automorphism
group; see for example [19] for results on the toric case. Here, we list all almost
homogeneous threefolds of Picard number one with a reductive automorphism group
having a maximal torus of dimension two.

Proposition 8.6. Let X be a Q-factorial three-dimensional complete normal vari-
ety of Picard number one. Suppose that Aut(X) is reductive, has a maximal torus
of dimension two and acts with an open orbit on X. Then X is a rational Fano
variety and, up to isomorphy, arises from a matrix P from the following list:

—1 -1 1 1 0
. -1 -1 0 0 I
(i) 1 0 0 1 %1 y lo1 >1, dig > 2, *dldf_l <21 < —da1,
L 0 0 0 dig do
(=2 1.1 0 0]
. -2 0 0 1 l
(ii) 1 0 1 ?)1 32 , oty loo > 1, 2dag > —dorla2, —2d21 > doilor,
ldot 0 0 dar dao
[—2 1 1 0] log > 1, doo > dorlog + log, 2dos > —dpila9,
(iii) -2 0 0 1 oo —2do1 > dp1,
-1 0 1 0 01" or
[do1 0 0 dor dog log > 1, 2das > —dp1laz, 1 — 2da1 > do1,
(2 1 1 0 0
(. ) -2 0 0 1 1
"l-1 0 1 0 o)
10010
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-2 1 1 0 0
-2 0 0 1 0

(V) 1 0 1 ?)1 0 ) 1 < 121 < _2d21 < 2121-
1 0 0 dog 1

Conversely, each of the above listed matrices defines a Q-factorial rational almost
homogeneous Fano variety with reductive automorphism group having a two-dimen-
stonal mazximal torus.

Proof. See [14, Section 7.4] for the detailed version. According to Proposition 8.3,
we may assume that X arises from a matrix P. The fact that Aut(X) is reductive
means that every root must be semisimple and the fact that it acts with an open
orbit means that there exists at least one pair of horizontal semisimple roots. Now,
suppose we have m = 0. If there is only one pair of horizontal semisimple P-roots,
then reductivity of the automorphism group forbids further P-roots and we end up
with the first three cases. If there are more then one pair of semisimple roots, then
we end up in case four. Finally, if m > 0 holds, then m = 1 is the only possibility
and one is left with case (v). O
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