TOWARDS A COMBINATORIAL REPRESENTATION THEORY FOR THE
RATIONAL CHEREDNIK ALGEBRA OF TYPE G(r,p,n).

STEPHEN GRIFFETH

ABSTRACT. The goal of this paper is to lay the foundations for a combinatorial study, via orthogonal
functions and intertwining operators, of category O for the rational Cherednik algebra of type
G(r,p,n). As a first application, we give a self-contained and elementary proof of the analog for the
groups G(r,p,n), with r > 1, of Gordon’s theorem (previously Haiman’s conjecture) on the diagonal
coinvariant ring. We impose no restriction on p; the result for p # r has been proved by Vale using a
technique analogous to Gordon’s. Because of the combinatorial application to Haiman’s conjecture,
the paper is logically self-contained except for standard facts about complex reflection groups. The
main results should be accessible to mathematicians working in algebraic combinatorics who are
unfamiliar with the impressive range of ideas used in Gordon’s proof of his theorem.

1. INTRODUCTION.

The purpose of this paper is twofold. First, we introduce intertwining operators for the rational
Cherednik algebra H of type G(r,p,n) and carry out enough calculation of the relations they satisfy
to be useful for a combinatorial study of the representation theory of H. This work forms the basis
for the sequels [16], [17], and [18], where we study the combinatorics of the ordinary coinvariant
ring and begin the combinatorial study of the lattice of submodules of each standard module for
the rational Cherednik algebra. Our goal is the construction of canonical bases for the standard
modules M (V') and their composition factors, including the irreducible quotients L(V').

Second, we use the intertwining operators to give a new and self-contained (modulo standard
facts about complex reflection groups) proof of the analog of Gordon’s theorem (see [14] and [28])
on the diagonal coinvariant ring for G(r,p,n). The proof here works only when r > 1 but does not
place any restriction on p; Vale [28] establishes the result for p # r. We use neither the KZ functor
and cyclotomic Hecke algebras (as in [14] and [28]) nor degeneration from the double affine Hecke
algebra (as in [5]) as there is no DAHA available for the groups G(r,p,n) with r > 2, although we
found the ideas of those papers inspirational. The existence of this paper also owes much to the
foundational papers [9] and [11].

One of our goals being self-containment, we begin in Section 2 with definitions and a sketch of
the proof of the Poincaré-Birkhoff-Witt theorem for rational Cherednik algebras. In Section 3 we
explain the formalism that connects the rational Cherednik algebra to quotients of the diagonal
coinvariant ring of the type conjectured by Haiman [19]. In Section 4 we specialize to the case
of the groups G(r,p,n) and review the construction given by Dunkl and Opdam in [9] of an
important commutative subalgebra of the rational Cherednik algebra H. We study the intertwining
operators and their basic properties in Section 5 and their action on a particular basis of the
polynomial representation in Section 6. We determine the submodule structure of the polynomial
representation of G(r,p,n) in the cases that we will use for the study of the diagonal coinvariant
ring in Section 7. The results of Section 7 are similar to, but more detailed than, those contained
in [6]. The extra detail is crucial for the material of Section 8, where we study the H-modules
fulfilling the requirements of Section 3 and relevant to the diagonal coinvariant ring.
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2. DEFINITIONS AND THE POINCARE-BIRKHOFF-WITT THEOREM

Let V be a finite dimensional vector space over a field &, and let W C GL(V') be a finite subgroup.
Let TV be the tensor algebra of V' and let kW be the group algebra of W over k, with basis t,,
for w € W and multiplication t,t, = ty,. The semi-direct product TV x W is TV @i kW with
multiplication

(2.1) (f@ty)(g®ty) = f(wg) @ty, for f,ge TV and w,v € W.

From now on we will drop the tensor signs when it will not cause confusion. Fix a collection of
skew-symmetric forms indexed by the elements of W:

(2.2) (v )w: VXV =k forweW.

The Drinfeld Hecke algebra H corresponding to this data is the quotient of the algebra TV ®j kW
by the relations

(2.3) Ty —yr = Z (x,y)wtw forz,yeV.
weWw

Now let b be a finite dimensional k-vector space. A reflection is an element s € GL(h) such that
codim(fix(s)) = 1. A reflection group is a finite subgroup W C GL(h) that is generated by the set
of reflections it contains. Assume now that W is a reflection group, let T" be the set of reflections it
contains, and put V = h* @ h. Write (z,y) = x(y) for x € h* and y € h. For each s € T fix g € h*
and o) € b with

(2.4) st =1z — (x,0))as for all z € h*,
and define skew symmetric bilinear forms (-, -)s on V' by the requirements
(2.5) (z,y)s =0 if 2,y € h or z,y € b* and (z,y)s = cslas,y){z,a)) if z € h* and y € b,

where ¢4 € k satisfy c,,4,-1 = ¢s for all s € T and w € W. It is straightforward to check that (-,-)s
does not depend on the choice of s and a satisfying (2.4). We extend the pairing (-, -) between
h and b* to a symplectic form on V by requiring that h and h* be isotropic.

The rational Cherednik algebra corresponding to a reflection group W is the quotient of the
semi-direct product TV x W by the relations

(2.6) yr —xy = Kk(x,y) — Y (5, y)sts forz,y €V,

seT
where k € k. It is thus a special case of the Drinfeld Hecke algebra. Note that by the definitions
of (-,+) and (-,-)s, we have

(2.7) yr—xy=0 ifz,y € horax,yebh’

and hence there are canonical maps S(h) — H and S(h*) — H.

Now assume that H is the Drinfeld Hecke algebra associated to a collection (-,-),, of skew sym-
metric forms as above. We say that the PBW theorem holds for H if for any basis z1,...,z, of V,
the collection {x; @, ... x5, ty|1 < i1 <idp < --- <y <n,w € W} is a basis for H. The following
theorem was stated in [8] and many proofs have now appeared (see, for example, [2], [11], [21]),
and [26]). Our proof has the virtue of working in arbitrary characteristic; more importantly, it is
conceptually extremely simple.



Theorem 2.1 (The Poincaré-Birkhoff-Witt theorem for Drinfeld Hecke algebras). The PBW the-
orem holds for H if and only if the following two conditions hold:
(a) (vx, VY)pwo-1 = (&, Y)w for all z,y € V and v,w € W, and
(b) (z,y)w(wz — 2) + (y, 2)w(wx — x) + (2, 2)(wy —y) =0 for all z,y,z € V and w € W.

Proof. First assume the PBW theorem holds for H. Let z,y € V and v € W. Equating coefficients
on both sides of
(2.8) D wrvy)ute = vz, 0y] =ty [£, 916, = D (@ Pwtpwe
weW weW
implies that (a) holds. Let x,y,z € V. By the Jacobi identity,

Z (Y, 2)wtw, T

weWw

+ +

0= [[xay] ?Z] + [[y’ Z] ,.1‘] + [[Z?x] ,Z/] = [Z <x¢y>wtwaz

weWw

> (z,x>wtw,y]

weWw

= 3 (@ )ulwz — 2) + (Y Du(we — 2) + (2, 2wy —9) tu

weW
Now equating coefficients of ¢,, on both sides implies that (b) holds.

Conversely, assume that (a) and (b) hold. The defining relations for H evidently imply that given
any basis x1,22,..., 2, of V, the set {z; x4, ... 24, t,|1 < iy <ig < -+ <ip <n,w € W} spans H.
We will show that these elements are also linearly independent by mimicking the standard proof of
the PBW theorem for universal enveloping algebras of Lie algebras: we construct the module that
ought to be the left regular representation of H. Let M be the vector space with basis consisting
of the words {z;, 2, ... 2i, tw|l < iy <ig < --- <y <n,w € W}. Define operators [, and I, on M
for x € V and v € W inductively as follows:

(2.9) lpty = xty, lyty = tow,
and for p > 1,
(2.10) Ly iy ity = 4 I Tiptu it < i,
i P l$i1 'l$i'$i2 c Tiy, ZU€W<$Z', $i1>ylv.1‘i2 e ZCith if 4 > 44,
and
(211) lv-$i1 Ce xiptw = lv$i1 -lv-wig Ce ZCZ‘ptw.

A straightforward but lengthy calculation shows that these operators satisfy the defining relations
for H. It follows that M is an H-module, with = acting by [, and t,, acting by l,,. Suppose that
there is a relation in H of the form

E ai1...ip,wxi1 e .Z'iptw = 0,

weW
1<i3 <-<ip<n

with a;, . i,w € k. Applying both sides of this relation to the element 1 = ¢; € M implies that all
the coefficients jy..ipw are zero, and the proof is complete. O

Corollary 2.2. Let H be the rational Cherednik algebra corresponding to the reflection group W.
Then the multiplication map S(h*) @k S(h) @k kW — H is an isomorphism.

Proof. The result follows from the previous theorem once we check that conditions (a) and (b) of
that theorem hold. Condition (a) is straightforward to verify. Condition (b) holds trivially for
w¢T. If se T and z € fixy(s) then the definitions (2.4) and (2.5) imply (z,z)s =0 for allz € V.
Therefore the radical of (-, -)s has codimension at most 2. If (-,-); # 0 then we may choose z,y € V'
with (z,y)s = 1, and for any z € V' we have

(2.12) z=(x,2)sy — (y,2)sx + f with f € fixy(s).



Applying s — 1 to both sides and rearranging terms shows that the identity (b) holds for x,y and
arbitrary z. In general, identity (b) holds trivially if every two of x,y, z are linearly dependent
modulo the radical of (-,-)s, so we are reduced to the case just treated. O

There is an important filtration of H defined by
(2.13) H=" = F-span{w;, - -~ ;,t,, | | < m, w € W, and z;; € b* @ h}.

By the PBW theorem for H, the associated graded algebra of H with respect to this filtration is
the semidirect product S(h* @ bh) x W.

Our next proposition is a fundamental computation. It expresses some commutators in H as
linear combinations of derivatives and divided differences of elements of S(h*) and S(h). For y € b,
we write 0, for the derivation of S(h*) determined by

(2.14) Oy(x) = (x,y) for xz €b*,
and we define a derivation 9, of S(h) analogously.

Proposition 2.3. Lety € h and f € S(h*). Then

(2.15) yf — fy=royf — ch<as,y>f —ts.
seT s
Similarly, for x € §* and g € S(h), we have
-1
— s
(2.16) 9T — g = KOyg — EZTCS<:L‘, a§>ts%.

Remark 2.4. Note the placement of ¢5 in the second formula. In practice, it is sometimes convenient
to rewrite it as

8 —_
(2.17) 9T — g = KOg — ;cs<x,ag> iaggts.
S

Proof. Observe if f =z € h*, the first formula to be proved is

xr — ST
yo —wy = K,y) = ) eslos, y)——ts,
seT s

and the right hand side may be rewritten as
K{z,y) — Z cs(as, y)(z, a;/>t87
seT

so that the formula to be proved is one of the defining relations for H. We proceed by induction on
the degree of f. Assume we have proved the result for b € S¢(h*) and all d < m. For f,g € SS™(h*),
and y € h, we have

[y, fa] =y, flg + fly, 9]

_ (mc?y(f) - ch(as,yﬁ%jf%) g+ f <,€ay(g) _ chms’wy ; Sgts>

seT seT

— li(@y(f)Q""fay(g)) — ch<a5’y> (f ; 3f59+fg;sg> ts

seT s s

= Hay(fg) - ch<a57y>fg_78(fg)ts-

(8%
seT s



by using the inductive hypothesis in the second equality, and the Leibniz rule for 9, and a skew
Leibniz rule for the divided differences in the fourth equality. This proves the first commutator
formula, and the proof of the second one is exactly analogous. O

Let V' be a kW-module and define a S(h) @ kW action on V' by
(2.18) fo=f(0w and ty,wv=wv for weW,feSh).
The standard module corresponding to V' is
H

The PBW theorem shows that H is a free S(h) ®; kW-module, so that the additive functor V' —
M(V) is exact and as a k-vector space

(2.20) M(V)~S(H*) @ V.
In particular when V' =1 is the trivial kW -module we obtain from Proposition 2.3
(2.21) M@1)~S(H*) with y.f=k0,f— ch(as,mf ; s/

seT §

for y € h and f € S(h*). These are the famous Dunkl operators. From our point of view, the
fact that they commute is a consequence of the PBW theorem, though it is possible to prove the
commutativity independently ([9], for instance) and then use it to establish the PBW theorem.

The definition (2.19) implies that the module M (V') has the following universal property: given
an H-module M and a W-stable subspace U C M such that V =2 U as W modules and y.U = 0
for all y € h there is a unique H-module homomorphism M (V) — M which restricts to the given
isomorphism V = U.

Define the element h € H by

(2.22) h = z": Ty + Z cs(1—ts),
i=1

seT
where x; is a basis of h* and y; is the dual basis of . Calculations using the defining relations for
H show that
(2.23) [h,z] = kx, [h,y]=—kKy, and [h,t,]=0
forx € b*, y € h, and w € W. Thus if Kk = 1 and V is an irreducible W-module the h action on
the Verma module M (V') is given by
(2.24) h.fv = (deg(f) +cv)fv for f € S(h*) homogeneous and v € V,

where cy is the scalar by which ) ;¢ (1 —t5) acts on V.

When x = 1 the formula (2.24) implies each standard module M (V') has a unique irreducible
quotient L(V'). This paper is primarily concerned with the module L(1) in those cases related
to diagonal coinvariants, but the techniques developed will be applied in the sequel [17] to obtain
detailed information on the submodule structure of M (V') for more general representations V.

3. DIAGONAL COINVARIANTS
We now describe a situation in which we can relate L(1) to the diagonal coinvariant ring

(3.1) R=S("@b)/I where I=S(h"ah)"VS(H* ah).

Recall the filtration (2.13) of H with h* @ b in degree 1 and CW in degree 0. By (2.6) and the
PBW theorem, the associated graded algebra of H with respect to this filtration is S(h* ® ) x W.
It is this fact that was used in [14] (and that we will use in Theorem 3.2) to make the connection
to diagonal coinvariants.



In this section, we assume that we are working with an irreducible complex reflection group W
of rank n. When A is a graded vector space, we write A; for the ith graded piece.

Lemma 3.1. Assume that there is an irreducible module V' of dimension n such that there is an
exact sequence M (V) — M(1) — L(1) — 0 with L(1) finite dimensional. Then the Koszul complex

0—SH)YRA"V — - = SH") @AV — S(h*) = L(1) — 0
is exact and the maps are maps of H-modules. The graded W -character of L(1) is

_det(1 — thwy)
 det(1 — twye)

Z tr(w, L(1);)t!

i>0

where the image of V in M (1) lies in degree k and wy and wy- denote w regarded as an endomor-
phism of V' and h*, respectively.

Proof. Since V is n-dimensional and L(1) is finite dimensional, the image of V' under the map
M(V) — M(1) is spanned by a regular sequence. Hence the Koszul complex is exact. As a vector
space M (A'V) = S(h*)®A'V, and using this identification the vector spaces in the Koszul complex
are H-modules. By assumption the first map is a map of H-modules; its kernel is therefore an H-
submodule. The kernel is generated as an S(h*)-submodule by A2V and it follows that the second
map in the Koszul complex is a map of H-modules. One proves in the same way, by induction on
i, that the ith map in the Koszul complex is a map of H-modules. That the graded W-character

of L(1) is as asserted is a routine calculation using the Koszul resolution. U

If V is an irreducible W-module of dimension [, its exponents are the integers e; < eg < --- < ¢
defined by the equation

T
SOUSO) ) VIE =30,
i>0 i=1

where J is the ideal generated by the positive degree elements of the invariant ring S(h*)"V and
(S(b*)/J); denotes the ith graded piece. Since W is a complex reflection group, the invariant ring
S(h*)W is generated by n algebraically independent polynomials fi, ..., f, with degrees d; < dy <
ce < dy,.

An irreducible representation V is free if (S(h*) @ A*V*)W is a free exterior algebra over S(h*)".
By [24] Theorem 3.1, V is free if e; + --- + ¢; is the (unique) exponent of A'V. By the proof of
[24] Theorem 3.3, the Galois conjugates of the reflection representation h are all free. In Lemma
8.1 we will exhibit some other examples of free representations of the group G(r,p,n) that will be
relevant to the diagonal coinvariant ring.

Theorem 3.2. With assumptions as in Lemma 3.1, assume moreover that V' is free and the image
of Vin M (1) lies in degree k for an integer k such that the multisets {k — e;}I"y and {d;}I", are
equal. Then there is a unique occurrence of A"V in L(1), lying in degree ey +---+e,. Letv € L(1)
span this occurrence of A"V, and filter L(1) by

L(1)S' = HS 0.

Then the map grHl — grL(1) restricts to a surjection R — grL(1), which has W -character given by
Lemma 3.1. Finally, the image in grL(1) of S(b*) is isomorphic to the ordinary coinvariant ring

S(5°)/.7.
Proof. In light of Lemma 3.1, the occurrences of A"V in L(1) are given by the formula

S ML) AMVIE =D (1) [S(6)j— ® ATV AMV] #,



and we compute the occurrences of A"V in S(h*) @ A*V by use of the W-equivariant isomorphism
AV @ AmV* = A"'V*. Thus

[S(h*); ® AV : A"V] = dime(S(h¥); @ A" VHW

On the other hand, the assumption that (S(h*) ® A*V*)W is a free exterior algebra over S(h*)W
implies that

1+ gt
di NVHV g = :
Z imc(S(h*); ® ) Zl_[l T

Thus
D) ATV =3 (=1) [S(57); @ ATV ATV TR = (1) dime(S(h7); @ ATV T
= Z(—l)n—idimc(s(h*) 2 Aiv*)Wthr(nfi)k

)k [ dime( ;@ AV ]
5" dime(s vl L
1— e e A
n nk I | e1+-+en I | _ se1++en
! Tow T '
=1

Upon filtering L(1) and taking the corresponding associated graded module as in the statement
of the theorem, it follows that there is a unique copy of A"V in grH. Since L(1) is an irreducible
H-module, the map

grll — grL(1)
f —  fo

is surjective. By the PBW-theorem, grH = S(h* ¢ h) @ CW, and the above map remains surjective
upon restriction to S(h* @ h). Since v is the unique occurrence of A"V in grL(1), we have S(h* @
[j)ﬂ/.v = 0 and it follows that grL(1) is a quotient of the diagonal coinvariant ring.

Finally, by Lemma 3.1 the top degree piece of L(1) lies in degree

(3.2)

nk=e+-+e,+di+-+dy=e+--+e, + N

and the the socle of the ordinary coinvariant ring S(h*)/J lies in degree N. Since L(1) is irreducible
the map

Sh*)®S(0h) — L(1)
f —  fw

is surjective. It follows that the socle of S(h*)/J is not in the kernel of the induced map, and hence
the coinvariant ring is the image of S(h*). O

(3.3)

If in addition to the hypotheses of Lemma 3.1 we assume that V* is free, then an analogous
calculation shows that

Wi T l—thte
. i
(3.4) ) dimeL(1)# = Hlﬁ
1=
where €],..., e, are the exponents of V*. This fact establishes a connection to the conjectural

t-analog of the W-Catalan number discovered by Bessis and Reiner ([4]): if, with the assumptions
of Lemma 3.1, W is a complex reflection group that can be generated by n reflections, k = h + 1
where h = d,, is the largest degree (i.e., Coxeter number), and V = h* then

ol thtd

(3.5) > dimeL(1)] 't =] <

i=1



It does not seem unreasonable to expect that for most of the exceptional complex reflection groups
W and appropriate values of the parameters in the definition of H, the module L(1) gives rise to
both a nice quotient of the diagonal coinvariant ring and a ¢-analog of the W-Catalan number.

4. THE RATIONAL CHEREDNIK ALGEBRA FOR G(7,p,n).

Let G(r,1,n) be the group of n x n monomial matrices whose entries are rth roots of 1. Let

(4.1) C:e%i/’" and ¢! =diag(1,...,¢,...,1), for 1<i<n.
Let
(4.2) 8i = Sii+1, where s;; = (ij), for 1<i<j<mn,

is the transposition interchanging i and j. There are r conjugacy classes of reflections in G(r, 1,n):
(a) The reflections of order two:

(4.3) Clsij¢7l, for 1<i<j<n, 0<I<r—1,
and (b) the remaining r — 1 classes, consisting of diagonal matrices
(4.4) ¢t for 1<i<n, 1<I1<r—1,

where Cf and C]’»“ are conjugate if and only if k = [.
Let
yi=(0,...,1,...,0)" and x;=(0,...,1,...,0)
have 1’s in the ith position and 0’s elsewhere, so that y1,...,y, is the standard basis of h = C"
and x1,...,x, is the dual basis in h*. If

(4.5) as =", o = (T =Qui, for s =,
and

(4.6) g = Tj — Cla:j, al =y — C*lyj, for s= gfsijgl.
then

st=x— <z, >a, and s (y) =y— < asy>a)l,
for s €T, x € h*, and y € hh. We relabel the parameters defining H by letting
(4.7) cp=cs, and ¢ = cci for 1<¢i<r—1.

Proposition 4.1. The rational Cherednik algebra for W = G(r, 1,n) with parameters K, cg, c1, ..., Cr—1
is the algebra generated by Clzy, ..., xy,], Cly1,...,yn], and t,, for w € W with relations

twty = twy, twr = (WX)ty, and tyuy = (wWY)ty,

forw,ve W, xeb*, andy €,

r—1
(4.8) Yitj = xjyYi + Co Z Ciltqsﬁg“
1=0
for1 <i#j<n, and
r—1 r—1
(4.9) yiw: = ayi+ k=Y all=¢ta —cod D tag o,
=1 J#t 1=0

for1<i<n.



Proof. This is just a matter of rewriting formula (2.6) using our G(r, 1, n)-specific notation. For
1<i<y <n,

YiTi = XY + K < Tj,Y; >

r—1
— Qo Z Z < Tk — Clxmayi >< Ly, Yk — C_lym > tC}iskka_l
1<k<m<n =0
n r—1
> a < gy ><ay, (= Qe > tet

k=1 1=1

r—1 r—1
=i+ 10— co Y (—C ety oo =0 =asyi+c0 ) Ty, e
=0 =0

The calculation for 1 < j <4 < n is similar. For i = j,

YiTi = Y + K < Ty, Yy >

r—1
§ § l -1
— Qo <xl€_<xm7yz><$wyk_< y17’L>tC]lC
1<k<m<n =0

—1
Skmgk

n r—1
D> D a< Ty >< i, (= Qur > tel
k=1 1=1
r—1 r—1 r—1
= ZTiYi + K — Co Z Z belsimert — €0 Z Z belspet — Z a(l - Cl)td'
1<i<m<n =0 1<k<i<n (=0 =1

O

Most of the equations that occur later on are simpler in terms of a certain reparametrization.
For j € Z define

(4.10) dj = ZCUcl.

(4.11) ¢ = %Zg—ljdj.
5=0
The defining relation (4.9) becomes
r—1 r—1
(4.12) yiw: = 2y + k=Y (dj —dja)e —co ) Y tay o,
j=0 j#i 1=0

where for 0 < j < r—1, the primitive idempotents for the cyclic reflection subgroup of W generated
by (; are

1 r—1 '
(4.13) €ij = = >l
=0

The complex reflection group G(r,p,n) is the subgroup of G(r,1,n) consisting of those matrices
so that the product of the non-zero entries is an r/pth root of 1. The reflections in G(r,p,n) are

(a) Cfsij@_l for1<i<j<nand0<I<r-—1,and

(b) Cfpforlgignand()glgr/p—l.



When n > 3, the rational Cherednik algebra for G(r, p, n) is the subalgebra of the rational Cherednik
algebra H for G(r,1,n) with parameters

¢; = 0 if p does not divide I,

generated by Clzy,...,z,], Cly1,...,yn), and CG(r,p,n). Although this is not strictly speaking
true for n = 2, our results on the diagonal coinvariant ring still go through in that case except
when p =1 = 2.

Although not strictly necessary for the results of this paper, it seems worthwhile to mention here
that when ¢; = 0 for | not divisible by p there is a cyclic group of automorphisms, generated by

(4.14) TeT, Yy, S s, te (T/ptgj,

forxebh* yeh, 1<i<n-—1,and 1 <j < mn, of the rational Cherednik algebra H for G(r,1,n)
so that the rational Cherednik algebra for G(r, p,n) is the fixed subalgebra. The version of Clifford
theory given in [25] therefore applies to deduce representation theoretic results for the G(r,p,n)
RCA from those for the G(r,1,n) RCA.

From now on, p dividing r will be fixed and we work with the rational Cherednik algebra H for
G(r,p,n). Note that with the parameters ¢; = 0 for [ not divisible by p, we have d; = dj if j =k
mod r/p.

Our first goal is identify a certain commutative subalgebra t of H. Later on we will use the
subalgebra t to diagonalize the standard module M (1) (as in [9]), a result which is generalized in
the paper [17]. For 1 <i < n define

r—1
(4.15) zi = yix; + oy for 1<i<n, where ¢; = Z Ztgﬁsijgl'
1<5<i 1=0
The following proposition is proved in [9)].
Proposition 4.2. The elements z1,. .., 2z, of H are pairwise commutative:
zizj = zjz;  for 1<4,7 <n.
Proof. We begin by computing

Witi, Y 5] = YixiyT; — yjT9its = Yi(@iy; — yi2:) x5 + 5 (Y — x59;) 2

r—1 r—1
_ . -1 ) ) =1 .
= Vi <CO > ¢ tcj.sijc;l) Y <CO > ¢ tqsijci‘l) Ti
1=0 =0
r—1 r—1 r—1
=0

=0 =0
Thus
r—1
(4.16) [yixi, YTy + ¢co Z tdsijcl] =0
=0
Let

r—1
V=gt b= Y D ta o

1<j<k<i 1=0

Then 1); is a conjugacy class sum and therefore a central element of the group algebra of G(r,1,1).
It follows that ; commutes with 1,...,%;. Therefore 91,9, ..., 1, are pairwise commutative
and hence ¢1, ..., ¢, are pairwise commutative.



Using the commutativity of the ¢;, the commutator formula (4.16), and the fact that y;x;
commutes with ¢; for ¢ < j, we assume ¢ < j and compute

(21, 25] = [yixs + codi, yjxj + codj] = [yiwi, yjx; + codyl
r—1 r—1
= | Yi%i, Y;T; +COZthSijCi_l “+ co Z ZtCl-SjkC-_l =0.
1=0 1<k#i<ji=0

O

As observed in [7], Proposition 1.1, the relations in the following lemma imply that the subalgebra
of H generated by G(r,p,n) and z1, ..., z, is isomorphic to the graded Hecke algebra for G(r,p,n)
defined in [26] Section 5 (the elements z1,. .., z, are algebraically independent over C by the PBW
theorem).

Proposition 4.3. Working in the rational Cherednik algebra H for G(r,1,n),

(4.17) zite, = tg;z for 1<id,5<mn,
r—1

(4.18) Zits, = ts,Zix1 — €O ZthCﬁrl1 for 1<i<mn,
1=0

and

(4.19) zits; =ls;z; for 1<i<n and j#ii+ 1.

Proof. First we observe that the elements ¢;, and ¢; commute for all 1 <4,j < n. This is clear if
1> 7; if i = j then

r—1 r—1
41 1 e
ity =t 20 Dttty = DU D tdngerr = 95
1<k<j =0 1<k<j =0

a similar computation handles the case i < j. Then (4.17) follows from

teyizi = Cyite, v = CC lyimite, = yiwite,, for 1<i,j <n.

For (4.18),
r—1 r—1
Zits; = | Yiri + o Z Z thSijC;l bs; = sy | Yir1is1 + o Z Z th+1Si+1,jC;rl1
1<j<i 1=0 1<j<i 1=0
r—1 r—1
= tSiZiJrl - tSiCO Z th+1Si+1,iC;+ll = tSiZiJrl — O Z tqgijrll .
=0 =0
Finally, we observe that if j # 4,7 + 1 then ¢;; commutes with ¢; and with y;x;, and hence with
Zi = YiTi + CoPi- U
Let
(420) t= C[Zl, e ,Zn,t<1<2—17 e 7tCn71C;1’t<1p7 e 7t<£]

By Proposition 4.2 and Lemma 4.3, the subalgebra t is a commutative subalgebra of H. Our goal
is to use t in much the same way as a Cartan subalgebra of a semisimple Lie algebra.



5. INTERTWINERS.

In this section we will prove many formulas using elements of G(r, 1,n) that are not in G(r, p, n);
since the rational Cherednik algebra for G(r,p,n) is a subalgebra of a specialization of that for
G(r,1,n), these formulas have consequences in the rational Cherednik algebra for G(r,p,n).

The following lemma is a generalization of (4.18) and (4.19). Let

r—1
(5.1) m:}ngg
=0

Lemma 5.1. Let f be a rational function of z1,...,2,. Then
(5.2) ts, [ = (sif)ts, — comﬂ, for 1<i<n-—1.
Zi = Zit1

Proof. Observe that if f is z;, 211, or z; for j # i,i 4+ 1, then the relation to be proved is (4.18)
and (4.19). Assume the relation (5.2) is true for rational functions f and g. Then it is evidently
true for f 4+ g and af for all a € C, and we compute

ts,fg = (tsif — (sif)ts) g+ (sif) (ts;9 — (sig)ts;) + (sifg)ts,
f—sif g —siyg
= <_CO7Ti “— ) g+ (sif) | —comi = | + (sifg)ts,
Zi — Zi+1 Zi — Zi+1
—sif
= (sifg)ts; — Coﬂiua
Zi = Zit1
so (5.2) is true for fg. Assuming it is true for the rational function f, we compute

Y
() = Wsif ) F(5) = tosid =1/ ((sifte = amd =25 )
Zi — Zi+1
B J—sif
=Comi———,
Zi = Ziy1
and dividing by f(s;f) proves that the relation holds for 1/f. Since it holds for z1, ..., zy,, it is true
for all rational functions in z1, ..., z,. O
The intertwining operators o; for 1 < i <n —1 are
c r—1
(5.3) o; =tg, + p— o m;, where mw; = ;tCﬁCljl’

and we define intertwining operators ® and ¥ by
(5.4) D =xpts, 15, 5.5 and YV =yits s s, ;-

The intertwiner ® was first defined in Section 4 of [22] where it is used for the symmetric group
case. The other intertwiners were defined for the first time in the author’s thesis [15], where some
of the results that follow were also recorded.

The intertwiner o; is well-defined when m; = 0 or z; — z;41 # 0. The intertwiners are important
because, as Lemma 5.3 shows, they permute the z;’s from (4.15). Our first task is to compute
the squares UZ~2 of the intertwiners and the products ®¥ and W®. Since these compositions all
lie in t this calculation is useful for deciding when the intertwiners applied to a t-eigenvector (or
generalized eigenvector) are non-zero.

2
o2 —1_ (AT
‘ 2 — Zi41

Lemma 5.2.
(a) For1<i<mn-—1,



r—1
U = 21 and OV = Zn — K+ Z(d] - jfl)ﬁlj.
7=0

Proof. Using Lemma 5.1,

CoTy CoT;
o? = <tsi + 71) <tsi + 71)
Zi — Zi41 Zi — Zi41

2
CoT; CoTTy CoTTy
=1+t - ts, + < >
Zi — 241 2 — Zi41 z

7

coTr QF — O coTr coT 2

07t 2;—24 Zi+1—24 0717 07t

— 1 + 7755- _ COT(-Z’ 7 1+1 i+1 i + tsi + <7>
Z,

Zit1 = % Zi = Zig1 Zi = Zig1 i~ it
L (L)Z
Zi — Ri+1
This proves (a), and (b) follows from the definition (5.4) and the relation (4.12). O
We define a symmetric group action on t by letting S,, simultaneously permute z1, 29, ..., 2, and

teyy ..o te,. We also define an automorphism ¢ of t by

(5.5) Ote) =te for L<i<n—1, ¢(te,) = (g

and
r—1

(56) ¢(ZZ) = Zi+1 for 1 < ) <n-— 1 and ¢(Zn) =z1+K— Z(djfl - djfg)ﬁlj
§=0

where as in (4.13) €;; are the primitive idempotents for the cyclic reflection subgroup generated by

G-

Lemma 5.3.
(a) For1<i<n—1and f €t,

Uif = (Szf)az
(b) For f € t,
fO=0(¢.f) and f¥=T(¢ " f)

Proof. The commutation relation (4.18) for z; and t,, gives

r—1
CoTy Z CoTi%q
20 = 24 (tsi + 7) = tsiZiJrl — Cp tdc_l + —
=0

Zi — Zit1 L% T Zi
o COTiZi+1 ' Comiz
=0i%+1 — ——_  — CoTy +—= O4%i+1-

2 — Zi+1 Zi — Zi+1

The proof that z;110; = 0;2; is exactly analogous, and the fact that o; and z; commute if j # ¢,¢41
is obvious.
Using the relation t¢,m; = mite,

CoTy CoTy

> =lsiten 2 o = Titeip-

te.op =1t | ts, +
G CZ<Sz Zi — Zit+1

Zi = Zi+1

The proof that i, ,0; = o;l¢, is the same, and the fact that o; and t¢; commute if j # i,7 + 1 is
obvious. This proves (a).



Using the commutation formula (4.12) for y,, and x,,

r—1
YnZn® = | Tpyn + K — Z(d] - djfl)enj - CO(bn Tptsy_y---lsy
=0
r—1
= Oyra1 + kP — Y (d;j — dj_1)erjt1 — codn®.
=0
Hence
r—1
2 ® = (ynwn + CO¢n)q) =P |21 +K— Z(dj—l - dj—?)elj
=0

Let 1 <4 < n. Since

r—1
yzxz@ = yi$ixnt5n_1...sl = (xnyz + Co Z C_lthSmCi_l> xitsn_1...s1
=0

r—1
= Py 1wip1 + Do Z t;
1=0

l ) =l
i+15i4+1,1G, 41
and

r—1 r—1
%i® = Z ZthSiijm"ts"‘l”'sl = Tnlsnsn Z th-&-lsi-ﬁ-l,]'-‘rlgi_-&-ll

1<j<i 1=0 1<j<i 1=0

r—1
=0 <¢i+1 - Z t§£+1si+1,1gi__‘.l1>
=0
it follows that

2i® = (yizi + coi) P
r—1

r—1
= PYitaTip1 + P th-&-lsi-‘-l,lgi_-&-ll e <¢i+l - th+1$i+l,l<i_+ll) ~ e
=0 =0

Finally,
te,® =t Tnts, 1.5y = Tnls,_..s1t¢iy = Pleiyys and
te,® =te, Tnts, 151 = Tnts, 1. 5,C e = B(C M),
for 1 <4 < n. This proves the formula involving ®. The formula for ¥ follows from that for ® by
using the relations in part (b) of Lemma 5.2. O
6. AN EIGENBASIS OF M (1)

Let Clzy,x2,...,2,] = M(1) be the polynomial representation of H. We will show that for
generic choices of the parameters x and ¢;, the ring Clzy,...,z,] has an t-eigenbasis indexed by
the set Z%, and we will describe how the intertwining operators act on this basis.

For pu € 7%, let v, be the maximal length permutation such that

(6.1) Uyt = pi—, where p_ is the non-decreasing (anti-partition) rearrangement of f.
We write p4 for the partition rearrangement of 4, and define a partial order on Z%, by

(6.2) A<p = A <gpy or Ap=py and vy < vy,



where we use the Bruhat order on S, and <4 denotes dominance order on Z%, given by

n—1

(6.3) A <4 v if M — AE ZZZO(ei — 62'_|_1).
i=1
If p; > piv1 then
(6.4) > s+ k(e; —e1) for 0 <k < py — phigq-

The next theorem is the analogue of [23] 2.6 in our setting. It shows that the z;’s are upper
triangular as operators on C[z1, ..., z,] with respect to the order on Z% defined in (6.2). Equivalent

results are proved [9] by reduction to the symmetric group case. The proof we give below is
generalized to the modules M (V) for all irreducible CW-modules V' in [17].

Theorem 6.1. (a) The actions of ti, te=ig,,,» and z on M(1) are given by

Gi
and, with d; as in (4.10),

zi.al = (k(pwi +1) = (do — d—p;—1) — r(v, (i) — L)eg) ' + Z e

v<p

P  —pu . L
t .ZCM — C p#zm/" tgflgiﬂ'xﬂ — CNZ Nz+lx:u’
K2

(b) Assuming that the parameters are generic, so F' = C(k,co,du, ..., d,/, 1), for each p € Z%
there exists a unique t-eigenvector f, € M(1) such that

fur = 2" + lower terms.
The t-eigenvalue of f,, is determined by the formulas in part (a).

Proof. The statements about the action of ¢» and t. .-1 follow from the commutation relation

GiCita
in the definition of the rational Cherednik algebra and the definition of the representation M (1).
Using the commutation formula in Proposition 2.3 for f € C[zy,...,z,| and y € b and the geometric

series formula to evaluate the divided differences, we obtain the following formula for the action of
y;x; on xH:

phte C]l- Sjkgj—lm/urei

YT = k(s + )2t —cg Y Z — g, i)

1
1§]<k§nl 0 Tj — Tk
r/p—1 phte Cl,pxlurei
> D aplmiy)
1<j<n =1 J
/p—1
x“+€1—(l5 G Lppte " (1 .
= R+ Do g S ST = 3 (1 — ) g
j#i 1=0 v T =1
r/p—1
= (ks + 1) — Z (1 — ¢TIl elebiy g g Z (zt + Clarta=a) 4oy cHmimmg) gsin)
=1 j#i
Wi > g
#1_1
+ ¢ Z Z - lkm;H—k €i—€j)
jF#i k=1

g > i



Using this equation and (6.4) to identify lower terms,

r—1
zi.at = Y;iTi + Co Z Z tgésijC;l = yi.$“+€i + ¢o Z ZthsijC;l'xu

1<j<i 0<I<r—1 1<j<i 1=0
r/p—1
—lp(pi+1)\ lpb; i—p1g) 535
= (ki +1) — Z (1 —¢ Pty by it Z CHmi—s) gsisn
=1 1<j<i
g S b
0<I<r—1
— ¢ Z z* — ¢ Z " + ¢ Z Cl(“i_“j)a:sif“ + lower terms
1<j<i i<j<n 1<j<i
g <phi g <pi 0<i<r-1
0<I<r—1 0<I<r—1
r/p—1
= (m(ui +1)— Z cp(l — ¢ PGt 1)yt _ cor (v (i) — 1))1‘“ + lower terms,
=1

where to obtain the last line we used the formula

vu(i) = 10 <@ [y <padl+ 17 >0 [ py < pad+ 1.

Now rewriting things in terms of the d;’s from (4.10) proves part (a) of the theorem.

For part (b), simply observe that the coefficient of x in the formula for the action of z; on z* is
wit1; it follows that the t-eigenspaces are all one-dimensional and hence a simultaneous eigenbasis
exists. g

Define the weight wt(u)of u € Z% to be the t-homomorphism mapping z; to
k(i +1) = (do — d—p;—1) — r(vu(é) — L)co
and (; to (M.

Lemma 6.2. The action of the intertwiners on the basis f,, is given by:

(6.5) Oifu= Ffsiu if i < pig1 or p; # piy1 mod
(6.6) oifu =0 if pi = piy1,
6 —rco)(d+re .
(67) i fp = OOy if i = pisr mod v and i > i,
where

6 = k(pi — prig1) — cor(wy ()~ + 1) —wy (u) =1 (2),

(68) (I)fu = fd)./w

(6.9) Cf =0 if p =0,

and

(6.10) Wfys = (gt — (do — dpy) — or(va(n) = 1) fyse i pin #0.

Proof. We will establish the formulas for ¢;; the formulas for ® and ¥ are proved in an analogous
fashion. If p; < pi41, then for all v < p one has s;.v < s;.u and it follows that the leading term of



o;.f, is x®#. Since o;.f,, is a t-eigenvector by Lemma 5.3, we have o;.f, = fs, . If p1; > piy1 then
by Lemma 5.2 one has

(zi — zig1 — comi)(zi — zig1 + comi)

O"L-f,u, g; fSl.;L (ZZ — Zi+1)2 fsz.u
_ J Tsin if pi # piv1 mod r,
wircogﬂf&.u if p; = pip1 mod r.

0

Corollary 6.3. Suppose k = 1. Then the t-eigenspaces of M (1) are all one-dimensional provided
co ¢ U?:1 %Z>0'

Proof. We assume there is a two dimensional t-eigenspace and prove ¢y € U?Zl %Z>0. Let p,v € Z%,

be distinct and assume wt(u) = wt(v); since wt(u) = w.wt(p) for all w € S, we may assume that
W= py is a partition. Write v =v,. Thus pu; — pi4+1 =v; — ;41 mod r for 1 <7 <n—1 and

(6.11) wi—vi=rn—i+1—uv(i))cy

for 1 <i < n. Let ¢ be minimal with v(i) # n — i+ 1. Then v(i) < n — ¢+ 1 and there is some
k > i with v(k) = n — i + 1. Therefore if ¢y < 0 then

(6.12) pi—vi=r(n—i+1—v(i))ep <0 and pr—vg=r(n—k+1—(n—i+1))cy >0,

whence u; < v; and pg > vg. But pug > v > v; > p; contradicts g = po, and it follows that cg > 0.
Now for 1 <7 <n —1 we have

i — Vi — (Hiy1 — Vig1)

(6.13) " =n—i+l-v@@)—(n—i—v(@+1)))co=1+v(i+1)—v())co
and the corollary follows unless v(i + 1) —v(i) = —1 for 1 <i¢ < n — 1. But in that case v = wy
and p = v, contradiction. g

In fact, the preceding corollary can be sharpened somewhat: provided either p = 1 or n does not
divide 7 the t-eigenspaces are one dimensional as long as ¢y ¢ U?;ll %Z>0. We will not need this

fact in this paper.

7. KOSZUL RESOLUTIONS OF SOME FINITE DIMENSIONAL H-MODULES

We assume for the rest of the paper that » > 1. For 1 < k <n and j € Z~q with j # 0 mod r
define (affine) hyperplanes

(7.1) Hjp = {(co,dr,. .. drp1) | do —d—j +rco(n —k) = j} CC
and for x € %Z>0,

(72) Hx - {(007d17-~- 7dr/p—1 ‘ Co = l‘} .

The hyperplane H;; was introduced (modulo different conventions for the parameters) in [6],
where it was called ;. Chmutova and Etingof have proved (Theorems 4.2 and 4.3 from [6]) that
there is a finite dimensional quotient of M (1) when the parameter lies on H;; for j # 0 mod r,
and that if p = 1 this quotient is irreducible for generic choices of the parameters. Also, Dunkl
and Opdam have proved (section 3.4 from [9]) that M (1) is reducible exactly if the parameter is
on some Hj for some positive j # 0 and 1 < k < n mod r or H, for some = € %Z>0 — 7 with
2 < j < n. The following theorem describes the structure of the module M (1) in the case in which
grL(1) is the quotient of the diagonal coinvariant ring predicted by Haiman. It has the advantage of
working for arbitrary divisors p or r: this is what makes our strengthening of Vale’s result possible.



Theorem 7.1. Suppose that k = 1, that k € Z~o with k # 0 mod r, that (co,d, ... 7dr/p—1) € Hy, 1,
and that the parameters do not lie on any other hyperplane H; ; or H, for 1 <1 <mn, j € Z~q, and
T e %Z>0. Then the unique proper submodule of M (1) is

CH{fx | A has at least one part of size at least k} .

Proof. By Corollary 6.3 the t-eigenspaces of M(1) are all one dimensional, and hence the Jack
polynomials f,, are all well-defined. Suppose M is a proper non-zero submodule of M(1). Then
M contains f, for some pu € Z%,. By our assumption on the parameters and Lemma 6.2, 0;.f, is
a non-zero multiple of f,, , whenever p; # p;t1, and it follows that M also contains fs, ,, for all
1 <i<n-—1 Hence M contains f, , where p_ is the non-decreasing rearrangement of u. By
Lemma 6.2, we have W.f, = 0 exactly if p,, = 0 or

(7.3) o = do — d—p,, +1r(vu(n) — 1)co.

This last equation holds exactly if u, = k and v,(n) = n, or equivalently, exactly if u, = k
is strictly larger than all other parts of u. It follows that if all the parts of u are of size less
than k£ then M contains fy = 1, contradicting the fact that M is a proper submodule. On the
other hand, if p has at least one part of size k, it follows from the preceding discussion that by
applying an appropriate sequence of intertwiners to f, we may obtain a non-zero multiple of f,,
where v = (k,0,...,0). Since f, generates C{f) | A has at least one part of size at least k} as an
H-module the result follows. O

In Theorem 7.5 of [17] we generalize Theorem 7.1 to the case of a Verma module M (V') with one-
dimensional t-eigenspaces, giving a combinatorial description of the submodule structure (which
can be much more intricate than the situation we study in this paper).

8. DIAGONAL COINVARIANTS FOR G(r,p,n)

We continue to assume r > 1. The Cozeter number of G(r,p,n) is

b= {r(n—l)—l—r/p ifp<r,

(1) rln—1) ifp=r.

This agrees with the usual definition of Coxeter number (the largest degree of a basic invariant)
when » > 1 and p = 1 or p = r. The following theorem constructs an analog for the groups
G(r,p,n) of the quotient of the diagonal coinvariant ring discovered by Gordon in [14]. For p < r
a very similar theorem is proved in [28]. Our techniques (which are conceptually very similar to
those of [5], but working directly in H) allow us to handle the case p = r in the same way as p < 7.

Lemma 8.1. Let m be a positive integer not divisible by r and let V' be the representation C{x{",--- ,x"}.
Then'V is free. If m = h+1 and ey, ..., e, are the exponents of V then the multisets {h+1—e;}I'_;
and {d;}_, are equal.

Proof. Let m and m’ be the integers determined by
(8.2) 0<m<r, 0<m'<r/p, m=mmodr, and m' =m mod r/p.

Observe that the representation A"V is e~ ™, where € and § are the one-dimensional G(r,1,n)-

representations determined by e(Cfsij(;l) =-1,¢() =1, 5(§fsijC;l) =1, and 6(¢}) = ¢'. This is

carried by the non-zero element (1 - - - x,)™ [Ti<icj<n(zi — 27) of the ordinary coinvariant ring.
For 1 <i,5 <nlet

_ (Z*l)?“ﬁ'm _ T*erm/ m/ 7‘_m_’_ﬂ%,
(83) fz,] = .’13] and put ’Uj = 1‘1 e x] v $n .



When p = 1 the functions f; ; for 1 < j < n span a copy of V, and when p > 1 vy,...,v, span a
copy of V. One computes

(8.4) det(fij)ijmr = (x1--2)™ ] (2 —27)
1<i<j<n
and if A is the matrix whose nth row is vi,v9,...,v, and whose ith row for 1 < i < n is

fins fis- -, fin then

1<i<j<n
It follows by Theorem 3.1 of [24] that V is free and the exponents of V' are
(8.6) ei(V)=m+ (@ —1r forl<i<nifp=1,

and
87 e(V)=m+(@G—-1)r forl<i<n-—1land e,(V)=(n-1)(—m)+nm ifp>1

The degrees of G(r,p,n) are r,2r,...,(n — )r,n(r/p) if p < r and r,2r,...,(n — 1)r,n if p = r.
When m = h + 1 it is straightforward to verify the last claim. O

Theorem 8.2. Suppose G(r,p,n) acts irreducibly on C"*. With h as in (8.1) and V = (C{a:}fﬂ, oy
there is a W-equivariant quotient L of the diagonal coinvariant ring R of G(r,p,n) such that for
each w € W,
n . det(1 — thTlwy)
> tr(w, (L@ A"V))t = Jei(T— fwy.)
where wy and wy- denote w regarded as an endomorphism of V and b*, respectively. The image of
S(b*) in L is isomorphic to the ordinary coinvariant ring.

Proof. The theorem will follow from Theorem 3.2, with L = grL(1) ® A"V™*, once we verify its
hypotheses. Let p; € Z%, have an h+1 in the ith position and 0’s elsewhere. Then one checks that
with ¢s = (h + 1)/h for all reflections s € G(r,p,n) the hypotheses as in Theorem 7.1 are satisfied
for k = h 4 1. Thus the radical of M (1) is generated by C{f,,,..., fu.}. Lemma 6.2 shows that
as W-modules

(88) C{fﬂ17'--7fun}gV:C{J:?Jrlu"' 7$Z+1 :
Thus the hypotheses of Lemma 3.1 hold, with k¥ = h 4+ 1. The preceding lemma shows that the
remaining hypotheses of Theorem 3.2 hold. g

For an arbitrary irreducible complex reflection group W we define the “Coxeter” number of W
to be
(8.9) po VAN

n

where n is the dimension of the reflection reprentation of W, N is the number of reflections in W
and N* is the number of reflecting hyperplanes for W. This definition agrees with (8.1) for the
groups G(r, p,n) whenever they are irreducible. By a straighforward modification of [3] Proposition
2.3, when ¢ = 1/h there is a one dimensional H-module with a BGG resolution.

Question Is it possible that for every complex reflection group W and every integer m coprime
to the “Coxeter” number h, when ¢ = (m/h) the H-module L(1) is m™ dimensional with BGG
resolution

(8.10) 0— M(A"V)— ... = M(A'V) - M(1) — L(1) — 0,

where V is an irreducible CW-module of dimension n? This question is related to Conjecture 4.3 of
Bessis and Reiner [4]: they conjecture that for an irreducible complex reflection group of dimension



n that can be generated by n reflections, there is a homogeneous system of parameters in each
degree +1 mod h that carries either the reflection representation or its dual. The existence of
such an h.s.o.p. implies an interpretation of the g-Fuss/Catalan numbers as Hilbert series. See [1]
for a survey of “Catalan phenomena” and non-crossing partitions. We expect that at parameters
¢s =1+ 1/h, if W can be generated by n reflections then L(1) gives rise to a nice quotient of the
diagonal coinvariant ring; the results of Section 5 of the paper [27] are sure to be relevant here.
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