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An historical review

Malthus, in 1798, proposed a model to describe the evolution of a population in the
form of an ordinary differential equation

P′(t) =λP(t), t ≥ 0.

Later on, in 1838, Verhulst proposed a new model taking into account the carrying
capacity of the environment, which is now known as the logistic equation

P′(t) =λP(t)

(
1− P(t)

K

)
, t ≥ 0.

Franco Herrera (UTAL and ULHN) PhD thesis project March 7, 2025 4 / 25



Introduction Object of studies Goals and Methodology References

An historical review

Sharpe and Lotka, in 1911, and McKendrick, in 1926, proposed to use a formulation
through partial differential equations which allows to consider physiological
charactersitics.
As a further extension, in a similar fashion as Verhulst, Gurtin and MacCamy (1974)
included a nonlinear dependency in the birth and death rates for the population, in
order to get a stabilizing effect.
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The Gurtin-MacCamy’s model

We are interested in the study of the Gurtin-MacCamy’s population model with age and
spatial structure:(∂t +∂a)u(t,a,x) = Duxx(t,a,x)−µu(t,a,x), t > 0,a > 0,x ∈R,

u(t,0,x) = f

(∫+∞

0
β(a)u(t,a,x) da

)
t > 0,x ∈R,

(M.1)

equipped with initial distributions u0(a,x) = u(0,a,x) such that u(0, ·,x) ∈ L1+((0,+∞),R)
for each x ∈R.
Here, D and µ represent the diffusion coefficient and the mortality rate, respectively;
while β is the age-specific fertility rate and f is a birth function.

Franco Herrera (UTAL and ULHN) PhD thesis project March 7, 2025 7 / 25



Introduction Object of studies Goals and Methodology References

Main Assumption

Assumption A.1. f : R+ →R+ is a positive unimodal C3-function such that
f (0) = f (+∞) = 0 with negative Schwarz derivative (Sf )(x) < 0. We consider the
monostable and the bistable case (See Figure 1). Additionally, β ∈ L∞+ (0,+∞) is
normalized by ∫+∞

0
β(a)e−µa da = 1.

Recall that the Schwarz derivative is given by

(Sf )(x) = f ′′′(x)

f ′(x)
− 3

2

(
f ′′(x)

f ′(x)

)2

.
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Mono- and bistable cases

y = x

y = f (x)

κ1

y = x

y = f (x)

κ1 κ2

Figure 1: Monostable (left) and bistable (right) cases for f : R+ →R+
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The model without diffusion

First we consider the space-homogeneous solutions for the model (M.1); that is,
solutions for (∂t +∂a)u(t,a) =−µu(t,a), t > 0,a > 0,

u(t,0) = f

(∫+∞

0
β(a)u(t,a)da

)
, t > 0,

(M.2)

with initial distribution u(0, ·) = u0 ∈ L1+((0,+∞),R).
It was studied by Magal and Ma in (2024) for the particular case of the Nicholson’s
nonlinearity f (x) =αxe−x. The main tool they used is a Lyapunov functional.
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First goal

First goal: study the global attractivity of the unique steady-state solution by using an
approach based in the low-dimensional discrete dynamical system theory.
A first contribution in this direction was given by Herrera and Trofimchuk (2024), where
they found (among others) that the condition |f ′(κ1)| ≤ 1 jointly with Assumption A.1 is
enough to ensure that the unique steady-state of (M.2) is a global attractor for the
system.
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Hopf Bifurcation and periodic solutions

When |f ′(κ1)| > 1, Magal and Ma (2024) showed that for every α⋆ > e2 there exists a
kernel β(a) for which a Hopf bifurcation occurs at α∗ ∈ (e2,α⋆). This kind of problem
have been studied by Magal and Ruan (2009).
Second goal: Establish easily verifiable conditions over the kernel β(a) wich assures the
existence of nontrivial periodic solutions in time.
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A SIRS type model

We are concerned about the Kermack-McKendrick model with waning immunity, or
SIRS model. Such a model, with a linear incidence, was studied by Okuwa, Inaba and
Kuniya (2019,2021). Now, with a nonlinear incidence we obtain

∂tS(t) =−f
(
S(t),

∫+∞
0 β(a)i(t,a)da

)+θR(t), t > 0,

(∂t +∂a)i(t,a) =−γ(a)i(t,a), t > 0,a > 0,

∂tR(t) =∫+∞
0 γ(a)i(t,a)da−θR(t), t > 0,

i(t,0) = f
(
S(t),

∫+∞
0 β(a)i(t,a)da

)
, t > 0,

(M.3)

where f (S, I) is a nonlinear function.
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Rapid-loss of immunity and third goal

Under a fast dynamics assumption on the R compartment, taking as θ→+∞ the
previous system reduces to(∂t +∂a)i(t,a) =−γ(a)i(t,a), t > 0,a > 0,

i(t,0) = f
(
N0 −

∫+∞
0 i(t,a)da,

∫+∞
0 β(a)i(t,a)da

)
, t > 0,

(M.4)

where N0 = S0 +
∫+∞

0 i0(a)da.
Third goal: we propose to analyse the global stability of the positive equilibrium of
(M.4) for some specific shapes of the nonlinearity f .
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The Gurtin-MacCamy system with diffusion

Regarding the original system (M.1):(∂t +∂a)u(t,a,x) = Duxx(t,a,x)−µu(t,a,x), t > 0,a > 0,x ∈R,

u(t,0,x) = f

(∫+∞

0
β(a)u(t,a,x) da

)
t > 0,x ∈R,

the problem of existence of travelling waves was studied by So, Wu and Zou (2001)
though a simplified approach.
Nevertheless, the existence of travelling waves u(t,a,x) = U(x+ ct,a) is not completely
answered yet. The most important contribution in this topics was given by Ducrot and
Magal (2019) where the authors proved the existence of train waves.
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Fourth goal

Fourth goal: Prove the existence of travelling waves in the general Gurtin-MacCamy
system with diffusion (M.1) under the Assumption A.1.
To this end, we hope the techniques developed by Solar and Trofimchuk (2019,2022)
will be useful.
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