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Introduction

1. General Introduction

The study of diagram algebras has become a central theme in modern representation theory, with deep connections
to physics, combinatorics, topology, categorification, quantum groups, among others. Two particularly important
examples of such algebras are the Temperley-Lieb algebra and the Partition algebra, both of which can be described
using algebraic, combinatorial, and diagrammatic methods. These algebras arise naturally in a variety of contexts,
including statistical mechanics, Schur—Weyl duality, and the representation theory of the symmetric group. Their rich
algebraic structure and close connection to combinatorics place this thesis naturally within the area of combinatorial
representation theory.

Algebraic combinatorics provides concrete tools to describe and organize this information. Many important ex-
amples in this area involve bases with special properties that reflect the structure of the algebra. One of the most
useful tool in this context is the theory of cellular algebras, developed by Graham and Lehrer [37]. Roughly speaking,
a cellular algebra is one that admits a special kind of basis, called cellular basis, which helps to build the irreducible
representations of the algebra. This basis allows us to define bilinear forms on certain standard spaces (called cell
modules), and from these we can construct all the irreducible representations by taking suitable quotients.

Diagram algebras such as the Temperley—Lieb algebra TL, (§) are emblematic examples of cellular algebras. Orig-
inally introduced in the 1970s in the context of Potts models in statistical mechanics, the Temperley-Lieb algebra
has become central in areas such as quantum groups, low-dimensional topology, knots and categorification. It can be
described using diagrams, where each element is a way of connecting n points on the top with n points on the bottom
using non-intersecting arcs (see Figure . Its cellular structure, made explicit in the early 2000s, allows us to use these
diagrams to study its representations in a very explicit and visual way.

n

1 2 4 5 1 2 3 4 5
RAA
aWday N

FIGURE 1. Three elements in the diagrammatic basis of TL5(9).
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Another fundamental example of a diagram algebra is the partition algebra $i(n), introduced independently by
Paul Martin in the 1990’s, in the context of the Potts model in statistical mechanics [64], and by Vaughan Jones as the
centralizer algebra in a Schur—Weyl duality setting for the symmetric group acting on tensor powers of the permutation
representation [50]. Structurally, Py is a C[x]-algebra with a basis indexed by set partitions of {1,...,k}U{l’,...,k},
often visualized as diagrams with k upper and k lower vertices connected by arcs or blocks (see Figure. These diagrams
generalize those of TL,(6) by allowing multiple points to belong to the same block, capturing richer combinatorial
behavior.

Since then, P has emerged as a fundamental object in the combinatorial and diagrammatic representation theory,
connected not only to statistical physics, but also to a wide range of algebraic contexts. These include Deligne’s
category Rep(S;), the Kronecker problem, and the representation theory of symmetric and Schur algebras. Also, P
admits various interesting subalgebras, such as the Temperley—Lieb, Brauer, Motzkin, Rook, among other algebras. Its
cellular structure and diagrammatic basis make it a powerful tool for studying the centralizer algebras of symmetric
group actions.

Many of the known examples of cellular algebras also have a special set of commuting elements {L1, Lo, ..., Ly}
called Jucys-Murphy elements. These elements are useful because they help to detect when the algebra is semisimple
and allow us to construct a particular kind of basis for its representations. This is called a seminormal form. Roughly
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FIGURE 2. An element in the diagrammatic basis of Pgy(n).

speaking, a seminormal form is a basis where the Jucys—Murphy elements act diagonally and the other generators of
the algebra act in a controlled way through explicit formulas. This type of basis has long been known for the symmetric
group, where it is a powerful tool to understand its representations.

Idempotents also play an important role in representation theory. An idempotent e is an element such that e = e,
and it is called primitive if it cannot be written as a sum of two smaller non-zero orthogonal idempotents. Primitive
idempotents are important because they are used to construct the building blocks of representations. For example,
in the case of the symmetric group, one can construct each irreducible representation by applying the algebra to a
primitive idempotent. In the Temperley-Lieb algebra over the complex numbers (even over the rational numbers),
there is a special family of primitive idempotents called the Jones- Wenzl projectors JW,,. These are defined recursively
and have the property of being killed by diagrams that close off a strand (caps or cups). They are central objects in
the semisimple theory.

In recent years, new developments have extended these ideas to the setting of positive characteristic, using techniques
from Khovanov-Lauda-Rouquier (KLR) algebras. In particular, the so-called p-Jones-Wenzl projectors introduced
in [13], provide analogues of the classical projectors that work over fields of characteristic p. These projectors help us
understand the structure of the algebra when semisimplicity fails.

Seminormal forms are well understood in the context of the symmetric group and its Hecke algebra deformation,
where they yield explicit bases and play a central role in the construction of idempotents. In this work, we develop
a seminormal theory for the Temperley—Lieb algebra over the field of rational numbers. These results are presented
in detail in our article “Seminormal Forms for the Temperley—Lieb Algebra” [81], where we construct explicit
seminormal idempotents and analyze their relation to the classical Jones—Wenzl projectors in both semisimple and
modular settings. Our construction is combinatorial, and it uses the Jones-Wenzl idempotents as building blocks. With
this, we obtain seminormal idempotents Ei, which give rise to a concrete seminormal basis. Moreover, we extend our
study to the non-semisimple setting by considering the Temperley—Lieb algebra over a field of positive characteristic.
In this modular context, we construct class idempotents arising from the cellular structure, and we show how our
seminormal framework allows us to recover and reinterpret the p-Jones—Wenzl projectors.

This work also investigates a new family of subalgebras of the partition algebra, introduced in our paper “On
the Spherical Partition Algebra” [67], which we call the spherical partition algebra SPr. These algebras are
defined as idempotent truncations of the partition algebra Py, specifically SPy = exPrer, where ey is the symmetrizing
idempotent associated with the symmetric group Sy. The spherical partition algebras arise naturally as centralizer
algebras in a version of Schur—Weyl duality involving the symmetric group acting diagonally on tensor powers of
permutation modules.

We show that the spherical partition algebras SPy retain many structural features of the partition algebra, including
a cellular structure that enables a diagrammatic and combinatorial approach to their representation theory. This allows
for an explicit description of their modules in both semisimple and non-semisimple settings.

Moreover, we establish that SPj arises naturally in a Schur-Weyl duality involving the symmetric group and
tensor powers of the permutation representation. This duality provides a powerful framework for analyzing the module
category of SPi and reveals deep connections with classical constructions such as Specht modules and symmetric
powers. On the other hand, we prove that the spherical partition algebras are cellular and quasihereditary. The
cellular structure, defined via an explicit diagrammatic basis, enables a combinatorial and visual description of their
cell modules, providing new tools to study their representations in both semisimple and non-semisimple settings.



2. Overview and Main Results

In Chapter 1 we provide the foundational background in representation theory needed for the rest of the thesis.
It begins with the study of finite group representations over a field, including basic definitions, key examples and
fundamental theorems like Maschke’s Theorem and the Artin—Wedderburn Theorem. The equivalence between group
representations and modules over the group algebra is emphasized, and the concepts of irreducibility, semisimplicity,
and decomposition are developed both in the group and module settings.

The theory is then generalized to modules over associative algebras, introducing notions such as endomorphism
algebras and the Jacobson radical. This culminates in the Artin—-Wedderburn classification of semisimple algebras as
finite products of matrix algebras over division rings.

The final part of the chapter focuses on quasihereditary algebras and highest weight categories, following [20]. The
main tools discussed include standard and costandard modules, Ext-groups, and tilting modules. The Brauer—-Humphreys
reciprocity and the use of Schur functors and saturated subsets are also presented, setting the stage for the algebraic
and categorical methods used in later chapters.

In Chapter 2 we introduce the representation theory of the symmetric group, a central object in algebraic com-
binatorics. It begins with the basic combinatorial concepts needed to describe and classify its representations, such as
partitions and tableaux.

We then study how representations are constructed, focusing on the permutation and Specht modules, and present
important results like the Branching Rule and the decomposition of the permutation module. The chapter concludes
with Schur-Weyl duality, which links the symmetric and general linear groups through their joint action on tensor space.
Altogether, these topics provide the combinatorial and algebraic tools needed to understand more advanced structures
introduced in later chapters.

Beyond their intrinsic interest, symmetric group representations serve as a testing ground for many ideas in modern
representation theory. They offer concrete, combinatorial models that help illustrate general phenomena. The tools
and constructions presented here will reappear in more abstract settings, making this chapter a foundational step in
the broader study of algebraic structures.

In Chapter 3 we introduce the theory of cellular algebras as developed by Graham and Lehrer. A cellular algebra
A over a commutative ring R is defined via a distinguished basis indexed by a poset and satisfying specific multiplication
properties that allow the construction of cell modules. These modules carry a bilinear form whose radical determines
irreducible quotients.

A key structural feature is the existence of Jucys-Murphy (JM) elements, which are a family of commuting elements
acting triangularly on the cellular basis. When these elements satisfy a separation condition on the indexing set T'(A),
the algebra becomes split semisimple over the field of fractions K, and one can construct an explicit seminormal basis
diagonalizing the action of the JM-elements. This basis gives rise to orthogonal idempotents F; and associated primitive
idempotents fs, yielding direct-sum decompositions of the algebra into cell modules.

The chapter culminates in the construction of seminormal forms for the Hecke algebra, including a g-analogue of
Young’s seminormal form. In the modular setting, when the JM-elements no longer separate, one introduces residue
and linkage classes to describe the block structure and define a generalized seminormal basis g5t compatible with the
cellular structure. This provides an integral lift of the decomposition matrix and explains how seminormal theory
extends to modular representation theory via the reduction of idempotents and class functions.

In Chapter 4, we develop a new perspective on the seminormal forms for Temperley—Lieb algebra TL,, focusing
on both semisimple and non-semisimple cases. In the semisimple (or separated) case, one of our main achievements is
to explicitly construct the idempotents E; by means of a diagrammatic approach based on the classical Jones-Wenzl
projectors. Specifically, we realize these idempotents in terms of the projectors JWy for TLg, with k& < n (Theorem
and Corollary . A crucial component in this realization is Theorem In the non-seminismple setting

(or unseparated case) we use the previous constructions to define a family of class idempotents in TL%“’ ) given by
Ei= ) Es
s€e(t]
where the sum is over a p-class of standard tableaux, and p is a prime number. A key part of our analysis involves
Hu-Mathas’ isomorphism between ‘Rf(” ) and Z(p)S,, where Rf“’) is the KLR-algebra over Z(,). As a consequence,
there is an isomorphism between TL%,(" ) and 7{5(” '/ I,,, where T, is a graded ideal. Under this isomorphism, the KLR-
generator e(i) maps to a class idempotent associated with a one-column tableau t,,. This gives rise to a truncated algebra
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E[tn]TL,,Z(P)E[,n], which contains blocks intertwining elements U;, known as ‘diamonds’. In the unseparated case, our
main results focus on the action of the elements U; on the seminormal basis of TL,9, via Hu-Mathas’ isomorphism.
Theorem [3.4.1] establishes a formula that mirrors the classical action of the symmetric group on Young’s seminormal
form. A key consequence of this result, given in Corollary is the injection

Z
kLR : TLP — TL,2»

for any ns < n, where TL,ZQ“’) has its own JM-elements £; and associated seminormal idempotents. While these are a
priori unrelated to the idempotents E, from the separated case, we show in Theorems [3.5.1] and the corollaries that
follow, that they are eigenvectors for the same JM-elements and satisfy a simple multiplicative formula. Our main
theorem shows that the p-Jones—Wenzl projector pJW,, can be recursively constructed from these class idempotents.
Finally, we obtain the chain in equation [3.92

z z z
0cTLL” CTLIW Coo cTLY™,

and then, as a result, the equation |3.99| given by PJIW,, = ]—Ig‘:_o1 Eft ;-
2

In Chapter 5, we study a new family of diagrammatic algebras called the spherical partition algebras SPy,
introduced in our joint work with P. Martin and S. Ryom-Hansen. These algebras arise as idempotent truncations
SPr = exPrer of the classical partition algebras $r. One of our main results is the proof of a double centralizer
property for the action of the symmetric group &, on symmetric powers SXV,, (Theorem . This leads to the
following bimodule decomposition (Theorem

$Vaz (D SWeGKW),

/lelz’ark"]'1
sp

where S(1) is a Specht module for CS,, and G (1) is a simple SP (n)-module, for Parf;;l C Pary a concrete subset of
Pary. We also obtain an explicit dimension formula for G (1)

dmGe() = ) Koo

<n
vePark

where K, o(,) is a Kostka number and @ is a ‘multiplicity’ map defined on partitions. We prove that the specialized
algebras SP(t) are cellular for all + € C (Theorem , and quasihereditary when ¢ # 0 (Theorem . This
enables an explicit combinatorial description of the corresponding cell modules e;A(1) (Theorem . In particular,
we compute their dimensions via the formula

k

dimerAr(2) = Z Z Kaw(y - |Parg—l,
i=l vePar;
Y (v)ePar;

where W is a certain multiplicity function on partitions. Finally, the simple SP (#)-modules are ey L (1) for A € Afph a
concrete set. This, combined with results by P. Martin, leads to our main Theorem of this chapter (Theorem that
describes the decomposition numbers and dimensions of the simple modules for SPg(¢) in all the cases, except when
t # 0. Altogether, this provides a new combinatorial and diagrammatic framework for studying symmetric powers,
Schur—Weyl duality, and representation theory via the spherical partition algebra.



CHAPTER 1

Preliminaries

This chapter reviews fundamental concepts and results from representation theory that will be used throughout
the thesis. We begin with the basic theory of representations of finite groups over a field, focusing on modules over the
group algebra, irreducibility, semisimplicity, and the role of induction and restriction. We then generalize these ideas
to the setting of associative algebras, discussing modules, endomorphism algebras, and the classification of semisimple
algebras via the Artin-Wedderburn theorem.

In the final sections, we summarize some key aspects of the theory of quasihereditary algebras and highest weight
categories, following the exposition in Donkin’s appendix [20]. We introduce standard and costandard modules, tilting
modules, and the behavior of homological invariants such as Ext! in this context. These tools play a central role in the
later chapters of the thesis.

1. Representation theory of groups and some generalizations

1.1. Theoretical concepts for groups. In this section, we introduce basic terminology and notation related to
the representation of groups. Later, we will discuss the representations of the symmetric group in detail.

Let K be an algebraically closed field and G a finite group. Let V be an n-dimensional K-vector space. Then GL,, (V)
(or GL,(K)) is defined as the group of invertible n X n matrices with entries in K.

Definition 1.1.1. A representation of G is a pair (V, p), consisting of an n-dimensional vector space V and a group
homomorphism
p:G—> GL,(V). (1.1)

In that case, we say that V is a representation of G, and the dimension of V is the degree of the representation.
Throughout this work, we will usually omit p when it is clear from the context, and the dimension of every representation
will be finite. The term “representation” arises from the case where p is injective (also called faithful), in which case
there is an isomorphic copy of G as a subgroup of GL,(V).

Therefore, from Definition [1.1.1] we can conclude that p is a representation of G if it satisfies two conditions. First,
o(1g) = I,, where 1¢ is the identity of G and I, is the nxn identity matrix (with 1’s on the diagonal and 0’s elsewhere).
Second, for all g,h € G, we have p(gh) = p(g)p(h); note that the latter is matrix multiplication. Every group has a
representation of dimension one.

Definition 1.1.2. The trivial representation sends every g € G to the 1 X1 matriz [1]. It is easy to verify that this
is a representation.

We use the notation 1 for this representation.

Definition 1.1.3. The group algebra KG is defined as the set of all formal sums
Z g8, g €K, (1.2)
geG

with componentwise addition and multiplication defined by (ag)(Bh) = (aB)(gh), where @ and B are multiplied in K and
gh is the group product in G.

With this multiplication, KG becomes a ring, which is commutative if and only if G is abelian. Moreover, the group
G embeds into KG (identifying g with 1xg), and the field K also embeds into KG (identifying a with alg). Under these
identifications, we define an action of K on KG by

Bl Y agg|= ). (Bayg, (1.3)

geG geG



for B € K. In this way, KG is a vector space over K of dimension |G|, and K lies in the center of KG. Therefore, we say
that KG is a K-algebra (i.e., both a ring and a vector space).

Definition 1.1.4. V is a KG-module if there is an action of KG on V making it a module over KG.

It is not difficult to see that representations give rise to KG-modules if we define

(Z agg) =) aggy =) agp(e)(v) (14)
g g

g
for all g € G, scalars @, € K and v € V. Conversely, given a KG-module V, we can recover a representation via the same

rule. Thus, there is a natural correspondence between representations and KG-modules. For simplicity, we often say
“G-module” instead of “KG-module.”

Definition 1.1.5. The regular representation is obtained by taking V = KG, which is consider as a left module
over itself. This representation has dimension |G|. If G = {g1,82,...,8n}, the action of g € G on a basis element g;
gives another basis element g; = ggj. The matriz of the action of g has a 1 in position (i, j) and 0 elsewhere. This
representation is always faithful.

Definition 1.1.6. If X is a finite set and G acts on X on the left, the permutation representation is given by taking
V as the K-vector space with basis {vy | x € X}, and defining the action of G on V by

8 (Z a'xvx) = Z AxVgx- (1.5)

xeX xeX

Example 1.1.1. Let X ={1,2,...,n} and let S, be the symmetric group of degree n. Consider the K-vector space
V with basis {vi,va,...,vy}. For each o € S,, define

OVi = V(i) (1.6)
This is the permutation representation of the symmetric group. For n =3, for instance, we have:
0 0 1
(123) —» (1 0 O0f. (1.7)
01 0

Throughout this work, we will use the language of G-modules, or simply say “module” when the algebra is clear
from context.

Definition 1.1.7. Let V be a G-module and W C 'V a K-vector subspace. We say that W is a G-submodule of V if
it is G-invariant, that is,
gWCW foralgeg. (1.8)

The simplest G-submodules of V are V and 0, called trivial submodules. Any other is called a proper submodule.

Definition 1.1.8. Let V be a finite-dimensional vector space over a field K. The k-th symmetric power of V, denoted
Sk(V), is defined as the quotient of the tensor power V®* by the subspace generated by all elements of the form

Vi®: ®Vi —Vo(1) @ - ®Vg(k),
for all vy, ...,vk €V and all permutations o € Sy. Thus, SK(V) consists of totally symmetric tensors.

Definition 1.1.9. The k-th exterior power of V, denoted N¥(V), is defined as the quotient of V¥ by the subspace
generated by all elements of the form

VI®: - ®Vik+Vo(1) ® - ®Vg(k),
for all permutations o € S of odd sign. Equivalently, AK(V) consists of totally alternating tensors.

Remark 1.1.1. Let V and U be representations of G.

(1) The direct sum V @ U and the tensor product V Q@ U are also representations. The action is given by g(v,u) =
(gv,gu) and g(v @ u) = gv @ gu, respectively.

(2) The k-th tensor power VE¥ is a representation via the above action.

(3) The exterior power AX(V) and the symmetric power S*¥(V) are subrepresentations of VEK.

Definition 1.1.10. Let V be a G-module.

10



(1) V is irreducible (or simple) if its only submodules are V and 0.
(2) V is indecomposable if it cannot be written as V1 & Vo for any nonzero submodules Vi and Va. Otherwise, V is
called decomposable.

Similarly, V is said to be completely reducible if it is a direct sum of irreducible submodules.

Remark 1.1.2. Two direct consequences follow from the previous definitions:

(1) The trivial representation 1g is irreducible (being one-dimensional).
(2) If V is irreducible, then it is indecomposable (but the converse is not generally true).

Example 1.1.2. Let us now view the same permutation representation of S, on V = C" given in Example
using the standard basis {e1,...,e,}, where o - e; = ex(;). This representation is reducible. Define the 1-dimensional
subspace

W=C(er+ea+---+ey),
which is a proper S, -subrepresentation (hence irreducible). The orthogonal complement W, spanned by vectors Y, a;e;
such that Y, a; = 0, is an irreducible subrepresentation of V, known as the standard representation, and has dimension
n—1.

The following theorem provides a condition under which every indecomposable module is completely reducible.

Theorem 1.1.1 (Maschke’s Theorem). Let G be a finite group and K a field whose characteristic does not divide
|G|. If V is a finite-dimensional G-module and W is a submodule of V, then there exists a submodule U such that
V=WweU.

Corollary 1.1.1 (Generalization of Maschke’s Theorem). Let G be a finite group and K a field whose characteristic
does not divide |G|. Then every finite-dimensional G-module V decomposes as a direct sum of irreducible submodules:

V==W,eWe®- - --®W,. (1.9)

Thus, irreducible representations can be considered the building blocks. Let (V, p) be a representation of G such
that

V=WeWed---dW,, (1.10)

where each W; is irreducible. Let 8 be the basis formed by the union of the bases 81,...,8Br of the W;. Defining
pi = plw,, the matrix of p(g) in this basis has block-diagonal form:

pi(g O - 0
0  p28) -+ O
ple)=| . — : (1.11)
0 0 - pr(g)

Definition 1.1.11. A G-module homomorphism between G-modules V and U is a map f :V — U such that
(1) fQx+y)=af(x)+f(),
(2) f(gx) =gf(x),
forallx,yeV,1eK, and g € G.

We say that f is a G-module isomorphism if f is bijective, and we write V = U.
Theorem 1.1.2. Let V be a representation of G, and suppose that the characteristic of K does not divide |G|.
Then
V=V eViPe- . eV, (1.12)
where the V; are pairwise non-isomorphic irreducible G-modules. The decomposition of V is unique up to isomorphism,

as are the V; and their multiplicities.

Remark 1.1.3. Following the notation of Theorem[1.1.9, we often use the shorthand notation for decompositions
and multiplicities:

V=a1Vi®aVo® - ®a,V,. (1.13)

11



If dim V; = d;, then from the preceding theorem we have

dimV =a1dy +asds +-- -+ a,d,.

Using Maschke’s Theorem [T.1.1] we can write
CG = EB a;Vi, (1.14)
i

where the V; form a complete list of pairwise non-isomorphic irreducible G-submodules of CG, with multiplicity a;.
Using the machinery of character theory, the following theorem can be established.

Theorem 1.1.3. Let G be a finite group and CG its group algebra. Suppose it decomposes as in equation (|1.14)).
Then:

(1) a; = dlmV,
(2) X;(dimV;)* =|G|.
(3) The number of distinct V; is equal to the number of conjugacy classes of G.

As a consequence of this result, the irreducible characters of a finite group G form an orthonormal basis for the
space of class functions.

1.2. Induction and Restriction. We now turn to the study of induction and restriction from a categorical
perspective. Let R and S be two rings, and let ¢ : § — R be a ring homomorphism. If N is a left R-module, then N
becomes a left S-module via

sn = @(s)n, seS, neN. (1.15)

This S-module is denoted by Resé2 (N) and depends on ¢. On the other hand, for a given S-module M, consider R as a
right S-module via

rs:=re(s), forreR, ses. (1.16)
It is then possible to construct a left R-module by defining

Ind®(M) = R®s M. (1.17)

Thus, we obtain functors
Ress : R-Mod — S-Mod and Ind§ : S-Mod — R-Mod,

which are called the restriction functor and the induction functor, respectively.

Definition 1.2.1. Let C and D be two categories, and let F : C — D and G : D — C be functors. The functor F
is said to be the left adjoint of G if, for all objects X in C and Y in D, there are bijections

¢xy : Homgp(F(X),Y) = Home (X, G(Y)), (1.18)
which are natural in both X and Y. In other words, there is a natural isomorphism of bifunctors
¢ : Homp (F(-),-) — Home (=, G(-)), (1.19)
called the adjunction map.

Theorem 1.2.1 (Frobenius Reciprocity). Let ¢ : S — R be a ring homomorphism. Then the induction functor
Ind_I; is left adjoint to the restriction functor Res?. Moreover, we can describe an explicit adjunction map as follows.

Let M be an S-module and N an R-module. Then
om,n - Homg(Ind% (M), N) — Homg (M, Res¥(N)) (1.20)
is given by f + [m +— f(1 ®m)]. An explicit inverse ¢ps n is defined as
¢m.n : Homg(M, Res®(N)) — Hompg (IndS (M), N), (1.21)
given by g - [r @ m + rg(m)].
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1.3. Generalization to Modules and Algebras. The main goal of this section is to generalize some notions
from the representation theory of groups. Most of the content is based on [33]. Let R be a non-zero commutative unital
ring.

Definition 1.3.1. An R-module homomorphism between two R-modules M and N is a map f : M — N such that
(1) fx+y)=f(x)+f(y),
(2) f(rx) =rf(x),
for allx,y € M and r € R.

We say that f is an R-module isomorphism if f is bijective.

Although in the previous section we defined irreducible, indecomposable, and completely reducible G-modules,
these notions can be generalized to modules over an arbitrary ring R.

Definition 1.3.2. Let M be an R-module.

(1) M is said to be irreducible (or simple) if its only submodules are M and 0.
(2) M is said to be semisimple if every submodule of M is a direct summand; that is, for every submodule N C M,
there exists a complement P such that M = N & P.

The second statement in Definition [1.3.2] is equivalent to the following: M is semisimple if there exist irreducible
submodules N, No, ..., N, such that
M=N®Ny®---®N,,

i.e., M is completely reducible.

A basic and important example of a k-algebra is M, (K), the algebra of n x n matrices. The subalgebras of diagonal,
upper triangular, and lower triangular matrices are also k-subalgebras of M, (k).

Recall that an R-algebra homomorphism ¢ between two R-algebras A and B is an R-module homomorphism such
that ¢(a -4 b) = ¢(a) -p @(b) for all a,b € A. We say that ¢ is unital if it maps the unity of A to the unity of B. Many
of these concepts can be defined over a general ring R, but from now on, we restrict our attention to algebras over a
field k. Most of the results in this section are taken from [33]. Many proofs are omitted for brevity, and others are only
sketched. We now define:

Definition 1.3.3. Let A be a unital K-algebra. A representation of A is a pair (V, @), where V is a K-vector space
and ¢ : A — Endg(V) is a k-algebra homomorphism such that ¢(14) = Idy.

Remark 1.3.1. Let Vi and Vo be two representations of A. We say that they are equivalent if and only if the

corresponding A-modules V1 and Vo are isomorphic.

Group representations have historically formed the foundation of representation theory since the late 19th century.
The following result shows that group representations are essentially equivalent to representations of their corresponding
group algebras.

Proposition 1.3.1. Let G be a group and K a field.

(1) Every representation p : G — GL(V) over Kk extends to a representation p : KG — Endk(V) of the group

algebra, given by
Z agg Z agp(8)-
geG geG

(2) Conversely, given a representation ¢ : KG — Endk(V), its restriction to G, ¢|g : G — GL(V), defines a group
representation.

Definition 1.3.4. An A-module V is said to be irreducible if V # 0 and the only A-submodules of V are 0 and V
itself.

Lemma 1.3.1. Let A be a K-algebra and let V be a nonzero A-module. Then V is irreducible if and only if for every
nonzero v € V, we have Av =V.
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Proof: Suppose V is irreducible and let v € V be nonzero. Then Av is a submodule of V containing v = 14v, hence
Av # 0. Since V is irreducible, we must have Av = V. Conversely, suppose that for all v # 0, we have Av = V. Let
U C V be a nonzero submodule. Then it contains some nonzero u, then V = Au € U by hypothesis. Thus U =V and V
is irreducible. O

Lemma 1.3.2. Let A be a K-algebra, V an A-module, and U C V an A-submodule. Then the following are equivalent:

(1) The factor module VU is simple.
(2) U is a maximal submodule of V, i.e., if U C W CV for any submodule W, then W =U or W =V.

Proof: This follows directly from the submodule correspondence (see Theorem 2.28 in [33]). ]

Now suppose A is an algebra and I a proper two-sided ideal of A. Then the quotient B = A/I is a k-algebra. Any
B-module M can be viewed as an A-module via the action a - m = (a + I)m. This A-module is called the inflation of M
to A. This construction is useful for producing simple A-modules.

Remark 1.3.2. Inflation can be viewed as a particular case of restriction. Indeed, the quotient map ¢ : A — A/l is
a Ting homomorphism, and any A/I-module becomes an A-module by restricting scalars along ¢. In this sense, inflation
corresponds to the restriction functor applied to the surjection A — A/I.

Lemma 1.3.3. Let A be a K-algebra and let B = A/I for some proper ideal I € A. If S is a simple B-module, then
its inflation to A is a simple A-module.

Proof: The submodules of § as an A-module are precisely the inflations of its B-submodules. Since S is simple as a
B-module, it has no proper submodules. Hence, S is also simple as an A-module. O

We conclude this section with the general version of Schur’s Lemma.

Theorem 1.3.1 (Schur’s Lemma). Let A be a k-algebra. Suppose S and T are simple A-modules and let ¢ : S — T
be an A-module homomorphism. Then:

(1) Either ¢ =0, or ¢ is an isomorphism. In particular, for every simple A-module S, the endomorphism algebra
Enda(S) is a division algebra.
(2) If S =T, S is finite-dimensional, and K is algebraically closed, then ¢ = A Idg for some scalar A € k.

Proof: (1) Suppose ¢ # 0. Then ker(y) is a proper submodule of S. Since S is simple, ker(p) = 0, so ¢ is injective.
Likewise, im(¢) is a nonzero submodule of T, so im(¢) =T and ¢ is surjective. Hence, ¢ is an isomorphism.

(2) Since k is algebraically closed, the k-linear map ¢ on the finite-dimensional space S has an eigenvalue A € k, with
eigenvector v # 0 such that ¢(v) = Av. Then ¢ — A Idg is an A-module homomorphism whose kernel contains v, so it is
nonzero. Since § is simple, this implies ker(¢ — A Idg) = S, hence ¢ = A Ids. O

2. Semisimple Algebras

2.1. Semisimple Algebras. Recall that the terms irreducible and simple are used interchangeably.

Definition 2.1.1. Let A be a K-algebra. A nonzero A-module V is called semisimple if it is the direct sum of simple
submodules. That is, there exist simple submodules S; for i € I (an index set), such that

v:@si.

iel
Example 2.1.1. Let A = M, (K) and consider V= A as a left A-module. It can be shown that
V=CioCy®---0C,,
where C; is the space of matrices with nonzero entries only in the i-th column. Each C; is isomorphic to K" and is a
simple A-module. Thus, M, (K) is a semisimple A-module.
The following two results can be found in [33], Theorem 4.3 and Corollary 4.7.

Theorem 2.1.1. Let A be a k-algebra and V a nonzero A-module. The following statements are equivalent:

(1) For every A-submodule U C V, there exists an A-submodule C of V such that V=U & C.
(2) V is the direct sum of simple submodules (i.e., V is semisimple).
(3) V is the sum of simple submodules, that is, there exist simple A-submodules S;, i € I, such that V = Y;¢; S;.
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Corollary 2.1.1. Let A be a k-algebra.

(1) Let ¢ : S = V be an A-module homomorphism, where S is a simple A-module. Then either ¢ = 0, or Im(¢p) is
a simple A-module isomorphic to S.

(2) Let ¢ : V — W be an isomorphism of A-modules. Then V is semisimple if and only if W is semisimple.

(3) All nonzero submodules and factor modules of semisimple A-modules are again semisimple.

(4) Let (V;)ier be a family of nonzero A-modules. Then the direct sum P, ; V; is semisimple if and only if each
V; is semisimple.

iel

Definition 2.1.2. A K-algebra A is called semisimple if A is semisimple as an A-module.
Example 2.1.2. Every matriz algebra M, (K) is semisimple.

Remark 2.1.1. A semisimple algebra A is a direct sum of simple submodules, i.e., A = @, ; Si, where the index
set I is necessarily finite. Indeed, the identity element 14 can be written as a finite sum 14 = s;, +- -+, implying that
A=A~1A=AS,'1 69~~69As,-k,
so A is a finite direct sum of simple A-modules. Hence, A has finite length as an A-module, and each simple A-module

corresponds to a summand in this decomposition.

Theorem 2.1.2. Let A be a k-algebra. The following statements are equivalent:

(1) A is semisimple.
(2) Every nonzero A-module is semisimple.

Proof:  The implication (2) = (1) follows directly from Definition 2.1.2] For the reverse direction, assume A is
semisimple as an A-module. Let V # 0 be an arbitrary A-module. Since V is a vector space, let {v; | i € I} be a basis
of V. Define

@A ={(ai)ier | a; € A, finitely many a; # 0}.

iel
¢ @A -V, (ai)ier— Zaivi-
iel iel
This is a surjective A-module homomorphism. By the First Isomorphism Theorem,

(@ A) [ker(¢) = V.

iel

Consider the map

Since A is semisimple, @, .; A is semisimple by Corollary (4), and its quotient is semisimple by Corollary
(3). Therefore, V is semisimple. O

Corollary 2.1.2. Let A and B be k-algebras. Then:

(1) If ¢ : A — B is a surjective algebra homomorphism and A is semisimple, then B is semisimple.
(2) If A = B as k-algebras, then A is semisimple if and only if B is semisimple.
(3) Every factor algebra of a semisimple algebra is semisimple.

Proof: (1) follows directly from Corollary (3). For (2), apply (1) to both ¢ and ¢~1. For (3), apply (1) to the
canonical surjection A — A/I. O

Remark 2.1.2. Subalgebras of semisimple algebras are mot necessarily semisimple. For example, the algebra of
upper triangular matrices is not semisimple, while M, (K) is. More generally, every finite-dimensional K-algebra is
isomorphic to a subalgebra of M, (K), and hence of a semisimple algebra.

Let B=A/I, where I C A is a two-sided ideal. A B-module can be viewed as an A-module on which I acts trivially.

Conversely, any A-module V with IV =0 can be viewed as a B-module. The actions are related by

(a+Iv=av forae A, veV.

Theorem 2.1.3. Let A be a k-algebra, I ¢ A a two-sided ideal, and B = A/I. For any B-module V, the following
are equivalent:

(1) V is semisimple as a B-module.
(2) V is semisimple as an A-module with IV = 0.

15



Proof: Suppose (1) holds. Then V = 3 ;c; S; where each §; is a simple B-submodule. By [33] Lemma 2.37], each S;
can be viewed as a simple A-module with I§; = 0. Hence, V is semisimple as an A-module.

Conversely, assume (2). Then V = ¥, §; where each §; is a simple A-submodule with IS; = 0. Again using [33]
Lemma 2.37] and Lemma each §; is a simple B-module, and hence V is semisimple as a B-module. O

Corollary 2.1.3. Let Ay,..., A, be finitely many k-algebras. Then the direct product A; X - -- X A, is semisimple
if and only if each A; is semisimple.

Example 2.1.3. By the preceding corollary, any finite direct product
Moy (K) X - X My, (K)

is a semisimple algebra.

2.2. The Jacobson Radical. The Jacobson radical of an algebra provides an alternative description of semisim-
plicity.

Definition 2.2.1. Let A be a K-algebra. The Jacobson radical J(A) of A is defined as the intersection of all maximal
left ideals of A. Equivalently, J(A) is the intersection of all mazximal A-submodules of A.

An ideal I is called nilpotent if there exists an integer » > 1 such that I” = 0. The annihilator of an A-module M is
defined by
Annp(M) ={a € A | am =0 for every m € M}. (2.1)

Definition 2.2.2. Let A be a K-algebra and V an A-module. A composition series of V is a finite chain of A-
submodules
0=VocVicVycC---CV,=V

such that each factor module V;[Vi_1 is simple for all 1 <i < n. The length of the composition series is n.

The factors V;/V;_1 are called composition factors. It can be shown that if A is a finite dimensional k-algebra, then
every finite-dimensional A-module V, as well as every submodule U C V, admits a composition series.

Theorem 2.2.1. Let A be a k-algebra that has a composition series as an A-module (i.e., A has finite length as
an A-module). Then the Jacobson radical J(A) satisfies the following:

(1) J(A) is the intersection of finitely many maximal left ideals.
(2) We have

J(A)= (] Ama(s).
S simple

that is, J(A) consists of all a € A such that aS = 0 for every simple A-module S.
(3) J(A) is a two-sided ideal of A.
(4) J(A) is a nilpotent ideal; specifically, J(A)" = 0, where n is the length of a composition series of A as an

A-module.
(5) The factor algebra A/J(A) is semisimple.
6) Let I € A be a two-sided ideal such that I # A and the factor algebra A/I is semisimple. Then J(A) C I.
7) A is a semisimple algebra if and only if J(A) = 0.

We will prove only items (4), (6), and (7). Proofs of the remaining statements can be found in [33 Theorem 4.23].
Proof: (4) Consider a composition series of A as an A-module:
0=VygcVic---cV,.1CV,=A.
For each i € {1,2,...,n}, the factor V;/V;_; is a simple A-module. By part (2), J(A) annihilates each simple factor, so
J(A)V, CV;_q, foralli=1,...,n.
Thus,
J(AV; =0, J(A)?*Vy, CJ(A)?Vy =0,
and inductively we obtain J(A)"V, =0 for all r. In particular, J(A)"A = 0, which implies J(A)" = 0.
(6) Since A/I = S1®S2@---® S, for simple A/I-modules S;, and each S; can be viewed as a simple A-module, part
(2) implies J(A)S; = 0 for all i. Hence,
J(A)(A/D) =J(A)(S1@---@S,) =0,

16



which implies J(A) = J(A)A C I.
(7) If A is semisimple, then J(A) = 0 by part (5) with I = 0. Conversely, if J(A) = 0, then A/J(A) = A is semisimple.
m|

Remark 2.2.1. From the preceding theorem, one can show that J(A) is the largest nilpotent ideal of A.

2.3. The Artin—Wedderburn Theorem. The significance of the Artin—-Wedderburn Theorem lies in the fact
that it provides a complete classification of semisimple k-algebras.

Lemma 2.3.1. Let A be a K-algebra and suppose that, as an A-module, A decomposes as a direct sum of nonzero
submodules:

A=M oM@ ---®&M,.
Write the identity element of A as 14 =e1+ea+---+e, with e; € M;. Then:

(1) e? =e; and e;e; =0 fori# j.
(2) M; = Ae; and ¢; # 0.

Proof: For (1), note that
ei=ejlg=eje; +ejea+---+eje,.

ei—el-2=2e,-ej.

The left-hand side lies in M;, while the right-hand side lies in 5
and eje; =0 for i # j.

For (2), take m € M;. Then

Thus,

i M;. Since the sum is direct, we conclude 61'2 =e;

m=mly =mey+meg+---+me,.

As before, this implies m — me; € @j# M;, so m = me; € Ae;, and hence M; C Ae;. The reverse inclusion is clear since
e; € M; and M; is an A-module. Finally, e; # 0 because M; # 0. |

The elements e¢; € A with 61.2 = e; are called idempotents, and the properties in Lemmam (1) define an orthogonal
idempotent decomposition of the identity.

The following proposition is a special case of the Artin-Wedderburn Theorem [2.3.2] However, we will prove it
without using Theorem |2.3.2

Proposition 2.3.1. Let k be an algebraically closed field, and suppose A is a finite-dimensional commutative
k-algebra. Then A is semisimple if and only if A is isomorphic to a finite direct product of copies of k. That is,

A=kx---xk.

Proof: A direct product of copies of K is clearly semisimple. Conversely, assume A is a finite-dimensional commutative
semisimple k-algebra. Then, as an A-module, we have a decomposition

A=5105®---0S,
with S; = Ae; simple submodules and {e;} an orthogonal idempotent decomposition of 14 by Lemma [2.3.1

Since A is finite-dimensional, each simple A-module S; is finite-dimensional ([33], Corollary 3.20). Moreover, as A
is commutative and K is algebraically closed, each S; is one-dimensional ([33], Corollary 3.38), with basis e;.

Define the map ¢ : A — K" by
Y(a) = (a1,...,a,) where ae; = aje;.

This map is an algebra isomorphism. Details can be found in [33] Proposition 5.2]. O

For any k-algebra B, the opposite algebra B°P is defined to have the same underlying vector space as B, but
multiplication is given by b = b’ := b’b for b, b’ € B.

Lemma 2.3.2 ([33], Lemma 5.4). Let A be a K-algebra. Then A = Enda(A)°P as K-algebras.
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Let Uy, ...,U, be A-modules. Define the k-algebra A of » X r matrices with entries in Homa (U}, U;):
Y11 o Pir
A=4]: : ||%ij € Homa(U;, Us)
Or1  Prr

With matrix addition and composition as multiplication, A is a k-algebra. Let V :=U; @ ---® U,. Then A = Enda (V)
(33, Lemma 5.6]).

Theorem 2.3.1. Let A be a k-algebra and let V =S & --- @ S, where each §; is a simple A-module. Then there
exist positive integers r and ny,...,n,, and division algebras D1, ..., D, over K, such that

Ends (V) = M, (D1) X -+ X M, (D,).

Proof: By Schur’s lemma, Hom4(S;,S5;) = 0 when S; 2 S, and Enda(S;) is a division algebra over K when §; = §;.
Group the isomorphic summands so that

S1 & 2= Su, Spel = = Sungy  coon Stema1 =02,

yielding r distinct isomorphism classes with multiplicities ni,...,n,. Define D; := End4(Sy) for any representative Sy
in the i-th class. By Schur’s lemma the D;’s are division algebras. We obtain that the endomorphism algebra of V can
be written as a matrix algebra, with block matrices

My, (D1) -+~ 0
Enda(V) = A = (Hom(S}, $i))i,j = : = My, (D1) X -+ - X My, (Dy).
0 o+ My, (Dy)
i
Lemma 2.3.3 ([33], Lemma 5.8). (1) Let D be a division algebra over K. Then M, (D) is a semisimple K-

algebra for any n € N. Moreover,
M, (D)* = M, (D°?)
as K-algebras.
(2) Let D1,...,D, be division algebras over K. Then the direct product

Mnl(Dl) XX Mnr(Dr)
is a semisimple K-algebra.

It has been established that any algebra of the form M,, (D)X --xM,, (D,), with D; division algebras, is semisimple.
The Artin-Wedderburn theorem states that every semisimple algebra is of this form.

Theorem 2.3.2 (Artin-Wedderburn Theorem). Let K be a field and let A be a semisimple K-algebra. Then there
exist positive integers r and ny,...,n, and division algebras D1, ..., D, over K such that

A= Mnl(Dl) X XMnr(Dr)-

Conversely, every such product is a semisimple k-algebra.

Proof: The second statement is covered by Lemma [2.3.3] For the first, assume A is semisimple, so as an A-module,
A=S1® -85,
where each S; is a simple A-module. By Theorem [2.3.1]
Enda(A) = M, (Dy) X ---x My, (D,).
Then, by Lemmas and
A = Enda(A)® = My, (D1) X - X My, (D,),

where D; = pr' O

Remark 2.3.1. The Kk-algebra M,,(D) is simple if D is a division K-algebra and n > 1.

The decomposition in the above theorem is known as the Artin—Wedderburn decomposition of the semisimple
algebra A.
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Corollary 2.3.1. (1) Let Dq,...,D, be division algebras over Kk, and n1,...,n, positive integers. Then the
semisimple algebra My, (D1)X---XM,, (D,) has precisely r simple modules up to isomorphism, with dimensions
ny dimg D1, . .., n, dimg D, (which may be infinite).

(2) If k is algebraically closed and A is a finite-dimensional semisimple k-algebra, then

A= M, (K)yx---xM, (k),
for some ny,...,n, € N. In this case, A has r simple modules up to isomorphism, of dimensions n1,...,n,.

Remark 2.3.2. A K-algebra of the form
A= M, (K)yx---xM, (k)

is called a split semisimple algebra.

3. Quasihereditary Algebras

We now turn to the study of quasihereditary algebras. This section presents the main results from the Appendix
on this topic in [20], focusing on those most relevant to our work.

3.1. Highest Weight Categories. Let K be an algebraically closed field, k a subfield, and S a finite-dimensional
k-algebra. Assume that Endg(L) = k for every simple S-module L. Fix a complete set of pairwise non-isomorphic
simple S-modules {L(2) | 1 € A*}, where A is an indexing set and A*™ C A consists of those A such that L(1) # 0. We
follow the notation in [20] and do not replace A by Par,,.

Definition 3.1.1. A (left) S-module P is said to be projective if, for every surjective homomorphism of S-modules
f: M —» N and every S-module homomorphism g : P — N, there exists a homomorphism g : P — M such that fog =g.
That is, the following diagram commutes:

P

"; 7
é// 8
e

1%
M —»
7 N

Remark 3.1.1. A useful criterion for projectivity is that any direct summand of a free S-module is projective. That
is, if F is a free S-module and P C F is a submodule such that F = P& Q for some S-module Q, then P is projective. In
particular, if S is a unital ring and e € S is an idempotent, then the left S-module Se is projective, since it is a direct
summand of the reqular module S. Indeed, we have the decomposition S = Se & S(1 — e).

Remark 3.1.2. Another important characterization is that a module P is projective if and only if the functor
Homg (P, ) is exact. That is, P is projective if Homg (P, —) sends every short exact sequence of S-modules to a short
exact sequence of K-vector spaces.

Definition 3.1.2. A (left) S-module I is said to be injective if, for every injective homomorphism of S-modules
f M — N and every S-module homomorphism g : M — I, there exists a homomorphism g : N — I such that go f = g.
That is, the following diagram commutes:

M- N
R &
1
Remark 3.1.3. A module I is injective if and only if the functor Homg(—, 1) is exact.
Definition 3.1.3. A projective cover of L(Q) is a surjective homomorphism of S-modules
m:P(1) » L(A),

where P(A) is projective and ker(m) = rad(P(1)). That is, m is an essential surjective homomorphism, meaning that
P(Q) is the smallest projective module surjecting onto L(A).

Definition 3.1.4. An injective envelope of L(Q) is an injective homomorphism
t: L) — I(Q),

where () is injective and the image of v is an essential submodule of 1(1). That is, every nonzero submodule of 1(A)
intersects t(L(A)) nontrivially.
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Since S is finite-dimensional over a field, it is Artinian. In particular, the category of finite-dimensional S-modules
mod(S) is abelian, has enough projectives and enough injectives, so every simple module admits a projective cover and
an injective envelope (unique up to isomorphism). For each 1 € A", fix a projective cover P(1) and an injective envelope
1(2) of L(A).

For X € mod(S) and A € A*, write [X : L(1)] for the multiplicity of L(1) as a composition factor of X. That is, the
number [X : L(1)] denotes the number of times (counted with multiplicity) that the simple module L(1) appears as a
composition factor in a composition series of X.

Let # € A*. We say V € mod(S) belongs to n if all its composition factors lie in {L(2) | 1 € 7}. Among all such
submodules of V| there is a unique maximal one denoted O (V). Similarly, among all submodules U C V such that V/U
belongs to &, there is a unique minimal such U, denoted O™ (V).

Let ¢ : V — V’ be a morphism in mod(S). Then ¢(O (V)) € O,(V’) and ¢(0™(V)) € O™(V’"). Define:

Ox(¢) : 0z(V) = 0x(V'),  07(¢): 0" (V) - 0™ (V')
as the restrictions of ¢. The assignments O, and O” are functors mod(S) — mod(S), which are left exact and right

exact, respectively.

For x € S, consider right multiplication by x, i.e., ¢ : § — § given by ¢(s) = sx. Then functoriality implies
O™ (S)x € 07 (S), so O™ (S) is a (two-sided) ideal of S.

Lemma 3.1.1. ForV € mod(S) we have O™ (V) = 0™ (S) - V. In particular, O™ (S) -V =0 if V belongs to n.

Proof: 'The lemma holds for V = § and hence also for direct sums of copies of S. Write V = F/T, where F is a free

module and 7 a submodule. Then, by right exactness:

O"(F)+T O™(S)-F+T
T B T

If V belongs to &, then O™ (V) =0, so O™ (S) -V =0. O
Define S(xr) := S/0”(S) and note that O,(V) and V/O™(V) are naturally S(m)-modules. If 2 € &, then L(A) is

naturally an S(7)-module. One can prove:

O™ (V) = = 0™(S) - (F/T).

Lemma 3.1.2. {L(1) | 2 € n} is a complete set of pairwise non-isomorphic simple S(m)-modules. Moreover,
P(1)/O™(P(Q)) is a projective cover and O (I1(1)) is an injective envelope of L(A) as S(m)-modules, for all A € x.

3.2. The Schur Functor and Module Structures over eSe. Let ¢ € § be a non-zero idempotent, and let
S. := eSe denote the associated subalgebra. There is a functor f : mod(S) — mod(S.) defined by fV := eV, viewed as
an Se.-module. Given a morphism 6 : V — V’ in mod(S), we define f6 := 0|.y, the restriction to eV. We have a natural
isomorphism of K-vector spaces:
Homg(Se, V) = eV,

and since Se is a projective S-module, we obtain the following:

Lemma 3.2.1. The functor f : mod(S) — mod(S.) is ezxact.

Define A, := {1 € A* | eL(2) # 0}. Recall that the dual space of a left S-module V is V* := Homy(V, k), which is a
left module over S°7 in the usual way.

Proposition 3.2.1. Let g : mod(S°P) — mod(S.?) denote the Schur functor. Then:

(1) For V € mod(S), the natural map g(V*) — (fV)* is an isomorphism of Sg”-modules.
(2) A, is the set of 1 € A* such that P(2) is a direct summand of Se.
(3) For A € A, and V € mod(S), the natural map

Homg(P(4),V) — Homg, (fP(1), fV)

is an isomorphism.
(4) The set {fL(1) | 2 € A.} is a complete set of pairwise non-isomorphic irreducible S.-modules.
(5) For A € A,, the module fP(Q) is a projective cover of fL(Q).
(6) For A € A,, the module fI(4) is an injective envelope of fL(1).
(7) For X € mod(S) and A € A,, we have

[X: L] =[fX: fL(D].
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Proof: 'We sketch some of the main arguments; see [20] for full details.

Let U be a simple S-module and assume eu # 0 for some u € U and eu € eU. Then S.eu = e(SeU). As U is simple,
SeU = U by Lemma and so S.eu = eU. Therefore, fU = eU is simple as an S.-module.

Now, given a composition series of Se
0=VygcVyc.--CV, =Se,

we obtain a composition series for S,
0=fVocfVyc---C fV,=S.,
with fV;/fVi.1 = f(V;/V;-1) being either 0 or simple. As every simple left Se-module is a composition factor of the

left S-module § (called the regular S-module), then the simple S.-modules are precisely those of the form fU for some
simple S-module U.

If fL(2) # 0, then Homg(Se, L(1)) # 0, implying that P(1) is a direct summand of Se, because the morphism splits.
Assume e = ¢1 + - - - + ¢, is a decomposition into orthogonal primitive idempotents. Then
Se=Se; ®---® Sey,

and P(A) = Se; for some i. Using known isomorphisms of Hom spaces and projectivity of Se;, we conclude that fP(1)
is projective.

Further analysis shows that fP(1) is indecomposable, and fL(A1) appears as its head. That is,
FL(A) = fP(A)/rad(fP(1))

is the unique simple top quotient of fP(1). Thus, the fL(A) for distinct A € A, are pairwise non-isomorphic, and
A, is precisely the set of labels for which P(1) appears as a direct summand of Se. O

3.3. Standard and Costandard Modules. Fix a partial order < on A*. For 1 € A*, define
7(A) ={ueA"|u<a}.

Since projective covers of simple modules in a finite-dimensional algebra are indecomposable, each P(1) is indecompos-
able. Let M (A1) denote the unique maximal submodule of P(1). Define

K() = 0"V (M), A) = P)/K(D).
and similarly,
V() cI() by V(A)/L(A) := Oxy(I(A)/L(A)).
The modules A(1) and V(A) are called the standard and costandard modules, respectively.
Lemma 3.3.1. For all 1 € A*, we have:
Endgs(A(2)) =k, Ends(V(Q)) =k.

Definition 3.3.1. Let S be a finite-dimensional K-algebra and X,Y € mod(S). The group Exté(X, Y) is the set of
equivalence classes of short exact sequences:

05YSESX >0,

where two such sequences are equivalent if there exists an S-module isomorphism f : E — E’ making the diagram
commute:
0o - v S5 E 5 x - 0
l Lf [

0 - v 5 E 5 ox - o
Remark 3.3.1. The vanishing of Ext}g(X, Y) characterizes projective and injective modules:

. Ext}g (X,Y) =0 for all Y if and only if X is projective.
. EX‘L}g (X,Y) =0 for all X if and only if Y is injective.

In either case, every short exact sequence splits, so E 2 X @Y.
Proposition 3.3.1. Let 1 € A*. Then:
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k, if A=y,
0, otherwise.
(2) Let X € mod(S). If Ext}g(A(/l), X)#0or Ext}g(X, V(1)) # 0, then X has a composition factor L(u) with u £ A.
Definition 3.3.2. Let X € mod(S). A filtration of X is a sequence:
0=XoCX;C---CX, =X

(1) Homg(A(), V(w)) =

of submodules. A A-filtration (resp. V-filtration) is one in which each successive quotient X;/X;_1 is isomorphic to some
A(Q) (resp. V() or zero. We write X € F(A) or X € F(V) accordingly.

If X € £(A), then (X : A(1)) denotes the multiplicity of A(1) as a composition factor in any such filtration
(analogously for V).

Definition 3.3.3. The category mod(S) is called a highest weight category (with respect to the order <) if for all
A€ A*:
(1) 1()/V(A) € F(V),
(2) If (I(A)/V(A) : V() #0, then u > A.

3.4. Properties in Highest Weight Categories. From now on, assume that (mod(S), <) is a highest weight
category. The elements of A" are called dominant weights.

Definition 3.4.1. The Grothendieck group Grot(S) of the abelian category mod(S) is the free abelian group generated
by the isomorphism classes [X] of objects X € mod(S), subject to the relations

[X] = [X"] + [X”]

for every short exact sequence
0—-X -X—-X"-0

in mod(S).

This group is a free abelian group with basis {[L(1)] | 1 € A*}. Each standard module A(1) has a composition
series with top L(1) and all other composition factors of the form L(u) with u < 2. Therefore, we can write:

[AW] = [LW)] + ) aulL(p],

u<a
for some a, € Z> 0. Thus, the set {[A(1)]}A € A* forms a Z-basis for Groz(S), and similarly for {[V(2)]}iea-.
By exactness of Homg(P(1),—) and Homg(—, (1)), we have:
Lemma 3.4.1. Let 2 € A* and X € mod(S). Then:
dim Homg (P(A), X) = dim Homg (X, I(1)) = [X : L(1)].

Define integers (X : A(1)) and (X : V(1)) by:
[X]= > (X:AAW],  [X]= ) (X : V@)V

AeA* AeA*
These functions are additive on short exact sequences.

Proposition 3.4.1. Let X,Y € mod(S). Then:
(1) T X e F(A) and Y € F(V), then

Senr (Xt AW)(Y 1 V(v)), ifi=0,

dim Exti (X, Y) =
i Exts (X, ) {o, ifi> 0.
In particular, for A, u € A*:

k, ifi=0and A=y,

Eth(A(/l), V(,u)) = {0 otherwise.
(2) For A € A*:
(X : A1) = dimHoms(X,V(2), (¥ : V(1) = dim Homs(A(2),Y).
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(3) X € F(A) if and only if Extg(X, V(1)) =0 for all 1 € A*.
(4) X € F(V) if and only if Extg(A(2), X) = 0 for all 2 € A*.
(5) For A € A*, the projective module P(1) € F(A), and the injective module 1(2) € F(V). Moreover,

(P(A) : A(p)) = [V(p) : L(D)], (I(2) : V() = [A(p) : L(D)].
(6) Let
0-X -X->X">0

be a short exact sequence in mod(S). If X', X € F(V), then X” € (V). Similarly, if X, X" € F(A), then
X" e F(A).
(7) f X e F(A) (resp. F(V)), and Y is a direct summand of X, then ¥ € F(A) (resp. F(V)).

Definition 3.4.2. A subset @ C A* is called saturated if, for all 1 € m and u € A* with u < A, it follows that u € .
Let 7 be a saturated set of dominant weights. We can consider modules X € mod(S) that belong to 7, meaning all

their composition factors are isomorphic to L(1) for some A € n. The quotient algebra S(7) := §/O07(S) captures the
structure of such modules.

Proposition 3.4.2. Let M, N be finite-dimensional S-modules belonging to the saturated set 7. Then, for all i > 0,
Exty ., (M, N) = Ext{ (M, N).

This means that the Ext groups for modules belonging to a saturated subset can be computed either in the algebra
S or in the quotient algebra S(r).

As shown in [20] Proposition A3.4], the category mod(S(rr)) inherits the structure of a highest weight category:

Proposition 3.4.3. Let 7 C A* be a saturated set. Then mod(S(r)) is a highest weight category with respect to
the partial order inherited from A*, and with standard modules A(1) and costandard modules V(Q) for A € x.

3.5. Quasihereditary Algebras and Tilting Modules.

Definition 3.5.1. An ideal H C S is called a hereditary ideal if it satisfies:

(1) H is projective as a left S-module.
(2) Homgs(H,S/H) = 0.
(3) HNH =0, where N is the radical of S.

Definition 3.5.2. The algebra S is called quasihereditary if there exists a finite chain of ideals
0=H,cH, ,c---cHyCHy=S
such that each quotient H;/H;y1 is a hereditary ideal in the algebra S/Hiy1. Such a chain is called a hereditary chain.

The following proposition was shown in [20, Proposition A3.7].

Proposition 3.5.1. An algebra § is quasihereditary if and only if the category mod(S) is a highest weight category
(for a suitable order on simple modules).

Thus, we may use the two expressions interchangeably.

Definition 3.5.3. Let (S,A*) be a quasihereditary algebra. A finite-dimensional S-module T is called a tilting
module if it lies in both F(A) and F(V); that is, T admits both a standard and a costandard filtration.

Lemma 3.5.1. Let X € F(A). Then there exists a tilting module T with X C T. Moreover, if there exists 1 € A*
such that (X : A(1)) =1 and (X : A(w)) # 0 only if u < A, then we may choose T so that (T : A(2)) =1 and (T : A(n)) #0
only if u < A.

Theorem 3.5.1 (Classification of Tilting Modules).
(1) For each A € A", there exists a unique (up to isomorphism) indecomposable tilting module T(1) such that:
[T(A):L(A)]=1 and [T):L(w)]#0=>pu<A.

(2) Every tilting module is a direct sum of the modules T(1), for 2 € A*.
(3) Every indecomposable tilting module is absolutely indecomposable (i.e., remains indecomposable under any
field extension of k).
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Proposition 3.5.2. Let X € mod(S). Then X € ¥ (V) if and only if X admits a finite resolution by tilting modules.

In summary, in a highest weight category:

Projective modules admit standard filtrations.

Injective modules admit costandard filtrations.

Modules with costandard filtrations admit finite resolutions by tilting modules.
Tilting modules are precisely those with both types of filtrations.

A central structural result is the Brauer—-Humphreys reciprocity:

(P(A) : A(p) = [A(p) : L(D)],
for all A, u € A*. This expresses that the multiplicity of A(u) in a standard filtration of P(1) equals the multiplicity of
L(A) in a composition series of V(u).

This completes the summary of the theory of quasihereditary algebras and highest weight categories as presented
in [20].
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CHAPTER 2

The Symmetric Group

This chapter introduces the representation theory of the symmetric group, a central object in algebraic combi-
natorics. It begins with the basic combinatorial concepts needed to describe and classify its representations, such as
partitions and tableaux.

We then study how representations are constructed, focusing on the permutation and Specht modules, and present
important results like the Branching Rule and the decomposition of the permutation module. A key idea throughout is
the relation between symmetric group representations and symmetric functions, which leads to the definition of Schur
functions and their connection to characters.

The chapter concludes with Schur—Weyl duality, which links the symmetric and general linear groups through
their joint action on tensor space. Altogether, these topics provide the combinatorial and algebraic tools needed to
understand more advanced structures introduced in later chapters.

Beyond their intrinsic interest, symmetric group representations serve as a testing ground for many ideas in modern
representation theory. They offer concrete, combinatorial models that help illustrate general phenomena, and appear
naturally in diverse areas such as Schur algebras, category theory, and algebraic geometry. The tools and constructions
presented here will reappear in more abstract settings, making this chapter a foundational step in the broader study of
algebraic structures.

1. Basic notions on combinatorics

1.1. Partitions and tableaux. Let k be a positive integer. A partition A of k is a non-increasing sequence
A =(41,A2,...,4,) of non-negative integers such that A; + A2 +---+ 1, = k. We use the notation A + k for a partition
A of k and denote its size by |1| = k. The length of A is defined to be /(1) = p. A partition can be identified with its
Young diagram; for example,

A=(4,2,1) = | ] (1.1)

where A + 7 and /(1) = 3. We use matrix conventions to label the boxes, also called nodes, of A. Thus, (1, 1), (1,2), ...,
(1,4;1) are the nodes of the first row of 4, and so on. The diagram of a partition is the set [A] = (i,j) |1 <j<4A;, i >1C
N x N.

We denote by Pary the set of partitions of k, and by Par]fl the set of partitions of k with length less than or equal
to [. For example, the above partition is an element of Par§3. Using the convention Parg = 0, we define Par = U7 Pary
and Par<! = UY Parg!.

Some partitions can be written in a compact form. For instance, A = (6,6,6,4,4,3,2,2,1,1,1,1) can be written as
A =(63,42,3",22,1%), where the exponents indicate the multiplicities of the corresponding parts. In general, a partition
A= (A5, ..., A7) satisfies A1 > Ao > ... > 4.

More generally, define Comp,, as the set of compositions u of k, meaning that u = (u1, ua, ..., ) is a sequence

of non-negative integers (not necessarily decreasing) such that the sum is k. As with partitions, each composition is
represented by a diagram. For example,

w=(153) = . (1.2)

[ ]
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We let ord(u) € Pary denote the partition obtained by reordering the parts of u in decreasing order. For u € Compy,,
and v € Comp,, define their concatenation - v = (u1, o, ..., Up, V1, V2, ..., Vq) € Compy,,.

A bijection t : [1] — 1,2,...,k is called a A-tableau; in other words, it is a filling of the nodes of A with the numbers
1,2,...,k. For example, a A-tableau t with shape A as in example is:

t= 5]3]

(1.3)

’G:»—l[\:;

and we define Shape(t) = A4 if the shape of t is 4. Let Tab(1) denote the set of tableaux of shape A.

We are interested in two special kinds of tableaux: standard tableaux and semistandard tableaux. A tableau t is
standard if the entries increase along both rows and columns. The set of standard tableaux of shape A is denoted by
Std(A), and its cardinality is given by

]!
Hue[/l] h(u) '

where h(u) is the hook length of the node u € [1]. For example, for A as in we have Std(1) = 15ra557 = 35.
We use the convention Std(0) = 0 and | Std(0)| = 1. We also write f* for | Std(1)]|.

|Std(A)] = (1.4)

More generally, a tableau t is row standard if the entries increase left to right along each row. The following are
examples of a row standard and a standard tableau of shape A = (5, 3, 2):

2]5]8]9]10] 1]3]6]9]10] (15)
4|7 417
The row-reading tableau, denoted t4, is the standard tableau in which the numbers 1,2, ..., k appear in order along
the rows and then down the columns. For example,
o 1]2]3]4]5] (L6)
6|7
9110

where A is the same as in the previous example. There is also the column-reading tableau, denoted t,, which fills entries
column by column:

1]al7 9|10\_

t) = (1.7)

Let A € Pary and u = (uy, 2, ..., H1g) € Comp,. A semistandard A-tableau of type p is a filling of [1] with the
number 1 occurring p; times, 2 occurring uo times, and so on, such that the entries weakly increase across rows and
strictly increase down columns. For example, if 4 = (4, 3,2) and u = (3, 3, 3), the two semistandard tableaux of type u
are:

1]2] l11]3] (1.8)

3

The set of semistandard tableaux of shape A and type u is denoted SStd(A4, u), and its cardinality | SStd(4, u)| is
called the Kostka number, denoted K, ,. For instance, in the example above we have K, , = 2, as seen in (1.8
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1.2. The poset of partitions. There is a partial order on the set Pary. If 1 = (11,42,...,4,) and u =
(f1, M2, . .., pug) are partitions of k, we say that A dominates u, and write A > u, if

Ai+do+ -+ >+ o+ (1.9)

dominance order for partitions. Intuitively, A is greater than u in the dominance order if the Young diagram of 1 is
short and wide, while that of y is long and narrow.

for all i > 1. If i > p (respectively, i > ¢), then we take A; (respectively, u;) to be zero. This order is called the

The dominance order for partitions can be extended to a partial order on the set of standard tableaux of shape A, for
A+ k. This order is called the dominance order for standard tableauz, and is defined as follows: for t, s € Std(2), we say
that t is greater than or equal to s, and write t&, s (or simply t>s), if for all m < k we have Shape(t | m)>Shape(s | m)
in the dominance order for partitions, where t | m is defined as the tableau obtained from t by deleting all the nodes
with numbers strictly greater than m. For example, one can verify that for

1]3 4‘ and t= 1]2 4‘ (1.10)
215 315

the inequality t >; s holds. This is easy to verify by writing out t | m and s | m for m € 1,2, 3,4, 5.

S =

w
=~

1[3] 1[3]4] 1
slm 2 2 205

—
\}

12 1124 4
(m 2 | [ | [

Note that t1 >, t for all t € Std(1), so this is the unique maximal tableau for ,, whereas t; is the unique minimal
element.

Let S; be the symmetric group of bijections on {1,2,...,k}. For o € S, and i € {1,2,...,k} we write o (i)
for the image of i under 0. We use standard cycle notation for elements of S, that is, o = (i1,io,...,ix) is the
element defined by o (i1) = i2,0(i2) = i3,...,0(i;) =i1. For elements o7, 09 € Sk, the product o109 € S is given by
(0102) (i) = o1(02(i))-

For A + k, there is a natural left-Sy action of the symmetric group on the set Tab(1). For example, the permutation
o =(1,2)(4,5), in cycle notation, acts on t of by permuting the numbers on the nodes, then

ot=| 2] 1]5] (1.11)
34

Further, note that Tab(1) = S; as a Sg-set. For t € Tab(1) let d(t) be the unique element of S; such that
t = d(t)t!. There exists compatibility between >, and the Bruhat order for the symmetric group Sg: t>; s if and only
if d(t) > d(s) in the Bruhat order. Recall that w < 7 in the Bruhat order if w is a subword of 7 in terms of generators.
This result is known as Ehresmann’s Theorem (see [70]).

Suppose that 2 € Comp,,. For s, t € Tab(d) we write s ~ t if s can be obtained from t by permuting the numbers
within the rows of t. This defines an equivalence relation on Tab(d). The equivalence classes under ~ are called

A-tabloids, and the tabloid represented by t is denoted {t}. For example, if t =|*|2 ‘, then
3

t2ff21jl_ L2 (1.12)

3 3 3

We let {Tab(1)} denote the set of A-tabloids. One can note that the Sg-action on Tab(A) induces a well-defined
Si-action on {Tab(4)}, that is, o{t} = {ot} for all o € S;. If A = (44,A2,...,4,) F k, then the number of tableaux in
any equivalence class is A!, where

{t} =

A= A100 ,0. (1.13)
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Thus, the number of A-tabloids is k!/A!. This will allow us to define the permutation module M (1) in the next
section, a fundamental object in the study of the representation theory of the symmetric group.

2. Representations of the symmetric group

2.1. Fundamental concepts. In this section, we introduce some fundamental concepts about the symmetric
group Sy and its representations. In most of the theory developed throughout this work, we use cycle notation for
permutations o € S;. Much of the content in this section has been adapted from [89].

Recall that for a fixed g € G, the conjugacy class Cg is defined as the set of elements of G that are conjugate to g.
Two permutations belong to the same conjugacy class if and only if they have the same cycle type. Therefore, there is
a correspondence between partitions of £ and conjugacy classes of Sg.

Definition 2.1.1. Given a partition A = (11,42, ...,4,) of k, the corresponding Young subgroup of Sy is
GCa=C(12..0) X Su41.042, 0 Ay +dn) X O{hmdpt1.k-2p+2,....k) (2.1)
We usually write the Young subgroup as S, = &,, X S, X --- X &,,. For example, for the partition 4 = (3,2, 1),
the corresponding Young subgroup is

S, = 6{1,2,3} X 6{4,5} X 6{6} = B3 X Gy X G4 (22)

Suppose that A is a partition of k as in Definition [2.1.1

Definition 2.1.2. The permutation module corresponding to A and denoted M(A) is defined as

M) = Spanc{{t1}, {t2},.. .. {t:}}. (2.3)
where {t1}, {t2}, ..., {t,} is a complete list of A-tabloids. The dimension of M(A) is k!/A!, and M(Q) is a Si-module.

Remark 2.1.1. Notice that the dimension of the permutation module does not change if we reorder the numbers in
A=(A1,49,...,4p). Thus, we can define, more generally, M(u) for u a composition of k. If u is such that ord(u) = A,
then M(u) = M(AQ).

Consider the Young subgroup &, for 1 as in Then the following holds:
Indg(1g,) = C[&/Gy]. (2.4)

If we call V(1) = Indgj(ﬂgd), then one can verify that V(1) and M (A1) are isomorphic as Sg-modules. Thus, M (1) is
cyclic.

In the preceding chapter, we saw some examples of representations of a finite group G. Now we begin the study
of the representation theory of the symmetric group by listing some of its representations, using the theory developed
earlier and connecting it with the combinatorial concepts introduced in this chapter.

(1) The trivial representation for Sy, denoted g, , is the one which sends o € Sy to the 1 x 1 identity matrix.
Consider the partition 4 = (k) of k, then

M(k)=Spanc{ 1 2 - &k } (2.5)

with the trivial action of Sj. Notice that M (1) is a one-dimensional Si-module, recovering the trivial
representation, which is an irreducible representation of Sy.

(2) The regular representation for Sy is given by taking V = C&, as in Definition Consider the partition
A = (1%), where each equivalence class t contains only one tableau, and can be identified with a permutation
in one-line notation. Since the Si-action is preserved,

M(1%) = C&y, (2.6)

thus recovering the regular representation.

(3) The permutation representation of & is given by taking V = C* with standard basis {ej,es,...,ex} and
the action oe; = es(;) for all o € S;. Consider the partition 4 = (k —1,1) of k. Each equivalence class t is
uniquely determined by the number in the second row, hence, with this choice of A, we recover the permutation
representation:

M(k —1,1) = Spanc{ei, e, ..., ex} = Ck. (2.7)
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(4) The sign representation of Sy is defined via & : o + sgn(o) for all o € S;. This is a one-dimensional
representation because the image of £ lies in GL1(C) = C*. We can also realize the sign representation by
taking the one-dimensional vector space

V=C

Z Sgn(rf)al , (2.8)

oeCy

which is a Sg-module.

A natural question at this point is: which partition corresponds to the permutation module of the sign representation
or the standard representation studied in For such constructions, we use the same partitions given in examples 2
and 3 above, but with a very different internal structure. The permutation module M (1) is not always irreducible as a
Sr-module; however, for each partition A of k, there exists an irreducible Sg-module called the Specht module, denoted
S(A2).

2.2. Specht modules. Let t be a tableau with rows Ry, R, ..., R, and columns Cq, Cy, . .., Cy4, the row-stabilizer
of t is defined to be

Ry = 6R1 X 6R2 Xoee GRP’ (29)
and the column-stabilizer of t is defined to be
Ct=6c1 X6C2X"'6Cq~ (2.10)
For example, consider the following tableau
| 6]4]1]5] (2.11)
3

The row-stabilizer and the column-stabilizer are, respectively, Ry = Sy 45,6} X S(2,3) and Cy = Sya6y X G343 X
6{1} X 6{5}.

Define
Kt = Z sgn(o)o, (2.12)
oeCy
and note that ¢ factors as kt = k¢, k¢, - - - kc,,- For the tableau t, the associated polytableau ey is defined to be
et = Kt{t}. (2.13)

For example, for t as in [2.11] we have

6 415 2415 6315

2 3 6 3 2 4
Definition 2.2.1. For any partition A the corresponding Specht module, denoted S(A), is the Sg-submodule of M ()

spanned by the polytabloids ey, where A is the shape of t .

(2.14)

~ L2315
e = 6 4

Since the group algebra CSy acts on M (1), and this action sends polytabloids to linear combinations of polytabloids,
the subspace
S(A) :=spanc{et |t € Std(1)}
is invariant under the Sg-action. Indeed, for any o € G, we have o - et = 3, ases, where the coefficients a, € C, and
the sum runs over standard tableaux s of shape 4. Hence, S(1) is a Sg-submodule.

The Specht modules S(1) for A + k, constitute a complete list of irreducible Sg-modules over C or any field of
characteristic zero, indeed the following theorem plays a main role in the representation theory of the symmetric group.

Theorem 2.2.1. A basis of §(Q) is the set {e; | t is a standard A-tableau }.

Remark 2.2.1. Recall that f* is the cardinality of the set of standard A-tableaux denoted Std(d). As an immediate
consequence of the preceding theorem and the Theorem[1.1.5 we have the following two equalities;

(1) dim S(A) = f*, and
(2) 3(F)? = kL.

Ark
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Example 2.2.1. Let A = (k) be a partition of k, then the only standard A-tableau is t = L2l Tk Thus S(A) is a
one dimensional Sy-module spanned by the only polytableau on its basis, which is

er= 1 2 - k, (2.15)

and from S(k) arises the trivial representation. This is the only possibility since S(k) is a submodule of M(k), where
Sy acts trivially.

Example 2.2.2. Consider A = (1¥), there is only one standard A-tableau:

(2.16)

then ky = 3, sgn(o)o and et is the signed sum of all the k! permutations regarded as tabloids. It is not difficult to
oeCy
prove that every element m in Sy acts on ey by the sign, that is

mey = sgn(m)ey. (2.17)
Then we have S(1X) = Spanc{ei}, which recovers the sign representation.
Example 2.2.3. Suppose that 1 = (k —1,1), then one can write

{t} = ;71 =k, (2.18)

where the tabloid is indexed by the number in the second row. Thus ey = k —1i and the basis of S(k —1,1) is2-1,3 —
1,...,k—1. As a result, we can prove that

S(k—1,1) = Spanc{aie1 + aseq + -+ arey | @y +as + -+ ap = 0}, (2.19)

the dimension of S(k —1,1) is k — 1 and hence S(k — 1,1) is the defining representation.
We now aim at counting the number of irreducible representations of S;. Thus we return to the conjugacy classes
of &g, which are in bijection with the partitions of k. Hence, for example, there are 3 conjugacy classes on S3 given
by the partitions (3), (2,1) and (13). These three partitions define the three irreducible representations of Gs3, as we

have seen in the preceding examples, S(3) is the trivial representation, S(2,1) is the defining representation and §(13)
is the sign representation. The dimensions are 1, 2 and 1 respectively and 1% + 22 + 12 = 3!.

2.3. Representations and idempotents. Returning to the list of representations studied before, one can note
that the sign representation defined in Example [4] can be defined by taking the element

Z sgn(o)o,in CGy. (2.20)

oeCy

If we define
fe= % ( Z sgn((f)o), (2.21)

oeCy

fx is an idempotent in CSg, that is, fk2 = fx. In the same way we can define the idempotent

e = % ( D 0'), (2.22)

oeCy

in CSg. Indeed it will be the starting piece of the construction of the Spherical Partition algebra that we will discuss
through the chapter 5.
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Idempotents and representations are very closely related. For A a partition of k, consider the row reading tableau
as in and define Ry and Cj, the row-stabilizer and the column-stabilizer of 1, respectively. The Young symmetrizer

is defined to be
ya= ( > sgn(cr)cr) ( > cr), (2.23)

oeCy OER)

thus y, is a preidempotent, that is y/% = a,y, for some a, in the ground field (now it is C but it may be Q). Using y,,
we define the idempotent e, = % ya. The relevance of e, relies on the Sg-isomorphism between CSre, and S(4). See
[35] Theorem 4.3.

There is a family of idempotents that carries particular significance in representation theory. Let A be a unital
C-algebra, which is a domain as a ring.

Definition 2.3.1. An idempotent p € A is said to be primitive in A if it cannot be written as the sum of other two

non-zero idempotents p1, p2 € A such that p1ps = pap1 =0.

Notice that the idempotent e, is a primitive idempotent. Suppose that e, is not a primitive idempotent, then S(Q)
would be decomposable, contradicting the isomorphism with CSye, mentioned before. Next we state some facts about
primitive idempotents and representation theory based on [41].

Proposition 2.3.1. Let A a C-algebra. If p € A is an idempotent and pAp = Cp = C (as algebras) then p is

primitive in A.

Proof: Suppose that p is not primitive, hence there exits pi, ps € A, non-zero idempotents with p = p; + p2 and
p1p2 = p2p1 = 0. For p; there exists a scalar @ € C such that

ppip = ap, (2.24)

by assumption. Notice that ap; = app1 = ppipp1 = p1 and it forces @ to be equal to 1, otherwise p; would be
zero which is not true by our supposition. From equation (2.24) one gets ppip = p which implies that p; = p, a
contradiction. O

The following map
¢ : (pAp)°® — Enda(Ap) (2.25)
pbp = ¢pip,
where ¢, (ap) = (ap)(pbp) for ap € A is a ring isomorphism.
Proposition 2.3.2. If p is a primitive idempotent in A and Ap is semisimple as a A-module then Ap must be a
simple A-module.
Proof: Suppose that Ap is not simple, then there exist A-modules V; and V5, such that
Ap =V, ® V. (2.26)

Let ¢1 and @2 in Enda(Ap) defined to be the invariant projections in V; and Vs respectively. By @1 and @9 are
given by the right multiplication by p; and ps respectively, where py = pp1p and ps = ppop and p1,p2 € A. As a
consequence, note that if ap = vy + vy for v; € V; and vy € V5 then vi = ap; and vy = aps. Hence we obtain that
Vi =Ap1, Vo =Apae, Ap = Ap1 ® Apo and p = p1 + pa.

We obtain p? = ¢1(p1) = ¢2(p) = p1, where the first two equalities comes from direct computations and the last
equality holds by the definition of ¢; as a projection. In the same way we have pips = ¢2(p1) = ¢2(e1(p)) = 0.
Similarly p% = po and pop1 =0 and it follows that p is not primitive which is a contradiction. O

The converse of the preceding proposition is given by the next result and Proposition [2.3.1
Proposition 2.3.3. Let p be an idempotent in A and Ap a simple A-module, then
pAp = Ends(Ap)°® = Cp. (2.27)
Proof: The isomorphism on the left-hand side arises from Note that a map in Ends(Ap)°P is of the form ¢,

for some b € A by then Ends(Ap)°P = C(pbp). By Schur’s Lemma we have Ends(Ap)°P = Cldy),. It forces
b to be 1. Then we get C(pbp) = Cp and the isomorphism on the right-hand side follows. O
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In the setting of a finite-dimensional semisimple C-algebra A, the Artin-Wedderburn theorem [2.3.2] implies that A
is isomorphic to a finite direct sum of matrix algebras over C:

A= @Mdi(C). (2.28)
=1

Each summand My, (C) is a simple algebra and has, up to isomorphism, a unique simple left module given by the action
on column vectors C% .

Now, let {e1,e2,...,e,} C A be a complete set of orthogonal primitive idempotents such that e; corresponds to the
identity matrix in the i-th summand. Then, each left ideal Ae; is a simple left A-module.

By Propositions to we know that if e; is a primitive idempotent, then Ae; is a simple A-module, and
any simple left A-module is isomorphic to one of the Ae;. Moreover, the Ae; are pairwise non-isomorphic.

Therefore, the set {Aeq,...,Ae,} forms a complete list of representatives of isomorphism classes of simple left
A-modules. The regular module A decomposes as a direct sum of these simple modules with multiplicities, and we have
the isomorphism:

.
A= @EndC(Ae,-), (2.29)
i=1
where each summand satisfies
Endc(Ae;) = Mg, (C), with d; = dimc(Ae;). (2.30)

3. The Branching Rule and the decomposition of the permutation module

3.1. The branching rule. Continuing the study of the representation theory of the symmetric group, we aim to
analyze the restricted and induced representations of the Specht modules when we go from Sy to S_1, or from S
to Gg+1. There exists a combinatorial rule to go from one representation to another, it is called the Branching Rule.
Before stating the theorem, we need to introduce some technical definitions.

Suppose that A is a partition of k and consider its Young diagram. An inner corner of A is a node (i, j) € [1] whose
removal leaves the Young diagram of a partition. A partition obtained by such removal is denoted A~. An outer corner
of A is a node (i, j) ¢ [1] whose addition yields a Young diagram of a partition. A partition obtained by such addition
is denoted A*.

Example 3.1.1. Consider the partition A = (4,4, 3,2), then the nodes which are inner corners are the ones marked
with a black circle

A= (3.1)

On the other hand, the nodes which are outer corners are the ones marked with a star

*

Thus, the possible shapes for A~ are the partitions (4, 3, 3,2), (4,4, 2,2) and (4, 4, 3,1). Simultaneously, the possible
shapes for A* are (5,4,3,2), (4,4,4,2), (4,4,3,3) and (4,4,3,2,1).

The proof of the following Theorem can be found in [89], Theorem 2.8.3.
Theorem 3.1.1. (Branching Rule). For A a partition of k, the following holds:
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(1) Resg* (S() = @su—).

(2) IndZ(S(A)) = é{?S(ﬂ*).

Example 3.1.2. Suppose that A = (4,4, 3,2) is a partition of 13. From the preceding example, we have
Resgiz (5(4,4,3,2)) =5(4,3,3,2) @ S(4,4,2,2) & S(4,4,3,1), (3.3)

and
Indgii(S(él, 4,3,2)) = 5(5,4,3,2) ® 5(4,4,4,2) ® 5(4,4,3,3) ® 5(4,4,3,2,1). (3.4)

The branching rule naturally gives rise to the construction of a Bratteli diagram associated to the tower of symmetric
groups
60C61C62C"'C6kc---.
Definition 3.1.1. A Bratteli diagram is a graded graph B = | |;»o Bk, where each vertez in level k corresponds to

an isomorphism class of irreducible representations of Sr. That is, we identify By with the set of partitions Pary of
k. There is an edge from pu € Parg_y to A € Parg if and only if S(1) appears as a direct summand of Indg’:ilS(,u),

or equivalently, if S(u) appears in Resg’kfilS(/l). By the Branching Rule (Theorem , this occurs precisely when
u=A", i.e., uis obtained by removing a single node from the Young diagram of A.

Paths in the Bratteli diagram from the trivial representation C of Sy to a given vertex A € Pary are in bijection
with standard Young tableaux of shape A. Indeed, each path corresponds to a sequence of partitions

D=2 50 5 ... 51002

such that 1) € Par; and 19 is obtained from 1¢~Y by adding a box. Filling the node added at each step with
the number i yields a standard tableau. Therefore, the number of such paths equals the dimension of the irreducible
representation S(2).

Example 3.1.3. The following diagram illustrates the Bratteli diagram for the symmetric group, showing how the
irreducible representations (indexed by partitions) branch as we move from Sy to S3. Each vertex corresponds to a
partition of k, and an edge from A to u indicates that S(u) appears in the restriction of S(2) to Sy_1.

0

|

/D
e
T

3.2. The decomposition of the permutation module. As we discussed in the preceding chapter, the study
of the homomorphism algebra is crucial in representation theory. Certainly, it is used to find a decomposition of the
permutation module as the sum of Specht modules. Over the ground field C, the following holds

Proposition 3.2.1. Let V and U representations of the group G with V irreducible. Then the dimension of
Hom(V,U) is the multiplicity of V in U.
The following results can be found in [89] Proposition 2.4.5 and Theorem 2.11.2. Let 2 and u be partitions of k.
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Proposition 3.2.2. Suppose that Hom(S(1), M(u)) is non-zero and f € Hom(S(1), M(u)). Then A > y, and if
A =pu, then f = ald for a a scalar in C.

Theorem 3.2.1. (Young’s Rule) The permutation module has the following decomposition
M(p) = €D KauS(A). (35)
P

where the K,,’s are the Kostka numbers defined in the paragraph below equation [T.8]

Example 3.2.1. Let u=(2,1,1) a partition of 4. The possibilities for A are
/ll = (29 ]-s ]-)9 /12 = (2’ 2)’ /13 = (3, 1) /14 = (4) (36)
That is, the partitions of 4 greater or equal to u. For A1, Ao and A4 the only semistandard tableaux of type u are

fa] rfr] [afr]2]s] (3.7
2 213
3
respectively. Whereas for Az there are two possibilities
SEEIREEE] (33)
3 2
Consequently, Ky, u = Ka, u = Ka, =1 and Ky, = 2. Thus, the decomposition of the permutation module is
M(2,1,1) = 5(2,1,1) ® 5(2,2) 25(3,1) & S(4). (3.9)

Remark 3.2.1. Some notable cases can be observed.

(1) If A< u, then K, is zero. There is no semistandard tableauzx with shape A of type u. This holds with the

Proposition [3.2.3

(2) For any u, K, , = 1. There is only one way to construct a semistandard tableau of shape p and type u; place
the 1’s in the first row, the 2’s in the second row, and so on. Thus, the multiplicity of the diagonal on the

equation [3:3 is 1.
(3) For any p, K(xy,, = 1. Thus, the multiplicity of S(k) in M(u) is 1.

(4) For any A, Ky (15 = 1, that is, the cardinality of the set of standard tableaux of shape A. Thus,
M(1%) = @f"S(/l). (3.10)
A

However, M(1%) is the regular representation and f* = dim S(1). Then CS) = P £1S(2) and this is an
P

application of the theorem|1.1.5

4. An Introduction to Schur Functions and the Littlewood—Richardson Rule

4.1. The ring of symmetric functions. In this section we introduce some of the basic terminology on symmetric

functions. Let x = {x1,x2,...} be an infinite set of variables. If 3, A; = n, then the monomial x}llx’l2 oyt

; ” is said to be
1 J2 Jp

of degree n. A symmetric polynomial f in x satisfies

o-f(x)=f(Xo@) Xo(@2),--.) = f(X), foraloe&,, (4.1)

where o (i) = i for all i > n. In this setting, f is a polynomial in the formal power series ring C[[x], where f is
homogeneous of degree n if every monomial in f is of degree n. Let A, be the space of homogeneous symmetric
polynomials of degree n. It is not difficult to see that A, is a C-vector space.

Example 4.1.1. Two examples of symmetric polynomials in two and three variables, respectively.

(1) f(x1,x2) =X? + 2x1X2 +x§ m As.
(2) f(x1,x2,x3) = x1X2 + X2 + Xox3 + X2 + X1X3 + X2 in As.
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For A = (A1,42,...,4,) a partition, the monomial symmetric function is defined to be

A1 A 1
m/l:m/l(x) :ijllxj; ..-xj:’ (42)

that is, the sum over all distinct monomials with exponent given by A. If A is a partition of n, then m, is homogeneous
of degree n. For example, m (2 1)(x1,x2) = x%xz +x1x§. The set {m, | A + n} is a basis of A, and then, the dimension of
A, is p(n), the number of partitions of n.

Definition 4.1.1. The ring of symmetric functions is defined as

A=EP A (4.3)

n>0

Notice that A has a graded structure. There exist other important families of symmetric polynomials in A. Some
of them are the elementary symmetric functions e,, the power sum symmetric functions p, and the homogeneous
symmetric functions h,. These three examples are bases of A,, where the index set is the set of partitions of n.

There exists another important family of symmetric polynomials; the Schur functions. Indeed, the Schur functions
are also a basis for the space A,, but they are also important for its connection with representation theory. There are
several ways to define the Schur functions, however, we will use the combinatorial approach.

Let u = (u1,u2,..., M) any composition, then define
xH = xhah? X (4.4)

Let A be a partition, then choose a semistandard A-tableau T. For example, for A = (3, 2)

T= 11114 (4.5)

214

One can notice that the composition pu = (2,1,0,2) is the type of t. The weight associated to T is defined to be
x! = xt = x2x0x3. (4.6)
Definition 4.1.2. Given a partition A, the associated Schur function is
sa(x) = Z x!, (4.7
TeSStd(A,u)

where u is any composition of || such that filling A with the numbers given by the weight u, produces a semistandard
tableau T.

Example 4.1.2. Let 1 = (2,1), we aim to determine s (x1,x2,x3). The semistandard tableaux with shape A and
type a composition of 3 are:

11\11\12\13\12\13\22\23\ (48)
2 3 2 3 3 2 3 3

Hence,
sa(x1,x0,x3) = xfxg + X%Xg, + xlxg +x1x§ + 2X1Xx9Xx3 + X§X3 +x2x§. (4.9)

Remark 4.1.1. Notice that if A = (n), then su)(x) = h,(x). It occurs because a one-rowed tableau is a weakly
decreasing sequence, that is, a partition. Additionally, if A = (1), hence sy (%) = e,(x), because the numbers on the
entries can occur only once. Finally, the coefficient of x1xa -+ X, in 51 is f2, as can be seen in the example .

Theorem 4.1.1. The following triangularity property holds

s1= ) Kaumy, (4.10)
eyl

where u is a partition.

Therefore the set {s, | A + n} is a basis for A,,.
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4.2. The Littlewood-Richardson Rule. The product of any pair of Schur functions is given by
SuSy = Z cl’i’vs,l, (4.11)
2

where u and v are arbitrary partitions. The coeflicients cf“, are called the Littlewood-Richardson coefficients and they
are non-negative integers with a combinatorial interpretation. Note that the coefficients in [4.11] can be studied from
a representation theory point of view, since they are the multiplicities of the irreducible characters of the symmetric
group appearing in

XuXv = D b X, (4.12)
1
or equivalently, the multiplicities of Specht modules in
IndZ e (S ® () = (P e, S(). (4.13)
Pl

where |u| + || = n. See [89] Section 4.9 for further details.

In order to show the combinatorial interpretation of the Littlewood-Richardson coefficients, we need the following
definitions.

Definition 4.2.1. A skew shape, denoted A/u, is a pair (A, u) of partitions such that the Young diagram of A
contains the Young diagram of u. For A = (A1,4s,...,4p) and u = (1, 4o, ..., {r), A contains p means that u; < A; for
alli. The skew diagram for a skew shape A/u is the Young diagram of the difference of the Young diagrams of A and u.

Example 4.2.1. Suppose that 1 = (5,3,2) and u = (2,1), then the skew diagram of A/u is

[ ] (1.14)

|

Definition 4.2.2. A skew tableau of shape A/u is a skew diagram of shape A/u, filled with numbers in the nodes.
A skew tableau may be standard, semistandard, or of other types.

Example 4.2.2. The skew tableaur t and s are standard and semistandard respectively, with shape A/u for A and

U as in the preceding example
t= 35675= 334, (4.15)
4

214 2
[1]7 [1]3
and the type of t and s is (17) and (1,1, 3,2), respectively.

Definition 4.2.3. A Littlewood-Richardson tableau t is a semistandard skew tableau of shape A/u such that v is
the type of t, for v a partition, and any skew tableau obtained from t by removing some of its leftmost columns is
semistandard and has type a partition.

Example 4.2.3. The tableau s from the preceding example is not a Littlewood-Richardson tableax because the type
of s is a composition.

Example 4.2.4. Let 1 =(4,3,2), u=(2,1), then consider

1]1
212
\13

t= (4.16)

of type the partition v = (3,2,1). We can delete its left most columns and obtain the following sequence

vpu] fufe] [ (4.17)

212 2
3

The preceding tableaux are of type (2,2,1), (2,1) and (1), which are partitions. As a result, t is a Littlewood-Richardson
tableauz.
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Now we can state the combinatorial interpretation of the Littlewood-Richardson coefficients.

Definition 4.2.4. The coefficient cﬁ,v is the number of Littlewood-Richardson tableauz of shape A/u and type v.

Example 4.2.5. Consider A+ 4, = (1) and v = (13). The only way to obtain Littlewood-Richardson tableauz of
shape A/u of type v is if A/u is composed by vertical strips. Notice that for A = (4), A = (3,1) and A2 = (2,2) is not
possible to find a tableau with such attribute. However, for 1 = (2,1,1) we can find only one Littlewood-Richardson
tableau;

(4.18)

and similar for A = (1*). Thus, cg)l(i;) = 68;)(13) = 1. Recall the formula in|4.15, we have

mdg' o (S @5(1%)=S(2.1.1) & s1?). (4.19)

One can note that the dimension of the right-hand side is 3+ 1 = 4, which agrees with the dimension of \>(V), for V a
C-vector space of dimension 4. Then

3 ~ G4 3
N V) =mdg o (S1)@sa?). (4.20)
Remark 4.2.1. Indeed, one can prove the following. Let V be a C-vector space of dimension n, then
k
N\ (V) = S0m+1,1571) @ S(m, 1%). (4.21)

It follows from the decomposition in equation where A is a partition of n, u = (1) and v = (1), and the combinatorial
interpretation of the Littlewood-Richardson coefficients.

5. Schur-Weyl Duality

5.1. Schur-Weyl Duality. The classic case of the Schur-Weyl duality was proved by Schur in [90]. In the classic
case the ground field is C, but the Schur-Weyl duality holds for an arbitrary infinite field, even a field of positive
characteristic. Most of this section was taken from the first part of [23], where the author wrote out the details to
prove the Schur-Weyl duality in positive characteristic using only known facts from representation theory. Let V be a
n-dimensional C-vector space with basis {v1,vo,...,v,}. Consider GL,(V) the general linear group, we write GL,(C)
if there is no confusion. The group GL,(C) acts on V via the matrix multiplication Av, where A € GL,,(C) and v € V.

Now consider the kth tensor power of V, defined as

k
—_—

VoK =V @V ®-- ®V with basis i, ®vi, ® - ®v;, |1 <iy,...,ix <n}.

The action of GL,(C) on V can be extended to V& via
AWi, ®Vvi, ® - Q) = Avi, ® Avy, ® - ® Av;,, (5.1)
for all A € GL,(C) and v;, ® v;, ® - - - ®v;, € V®*. This is called the diagonal action of GL,(C) on V®*. This action
commutes with the action of the symmetric group S, which acts from the right by permuting tensor coordinates, i.e.,
(Vi, ®Viy ®® Vi )T = Vi) ®Vigy @ @ Vi - (5.2)
Thus, we have an action of GL,(C) x S on V®. Let CGL,(C) and CS; the group algebra of GL,(C) and S,

respectively. These two algebras have representations

Y : CGL,(C) — Endc(V®¥), E:CG; — Endc(V®F) (5.3)

given by the action defined before. Let Endcg, (V®K) denote the set of linear maps from V&* to V®* which commute
with the Sg-action. In the same way, define Endcgr,, (c)(V®¥) as the set of linear maps from V®* to V® which commute
with every matrix on GL,(C). The following inclusions

Y(CGL,(C)) C Endce, (V®¥), E(CEGy) C Endcer, (c)(VEF) (5.4)
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are induced by the fact that the two actions commute. The existence of these inclusions means that the representations
in the equation [5.3] induce the morphisms

Y : CGL,(C) — Endce, (V®¥), E:C&y — Endccr,(c) (V). (5.5)

Theorem 5.1.1. (Schur-Weyl duality) The inclusions in equation are in fact equalities. Equivalently, the
induced maps in [5.9] are surjective.

If the statement of the Schur-Weyl duality holds we say that the actions of GL,,(C) and &y centralize each other.
It can be shown that V& can be decomposed into irreducible GL, (C) x Si-modules as follows

vek = B F) ® 5(0), (5.6)

Ark

where for each A, F(A) is an irreducible GL, (C)-module and S(A) is a Specht module. The F(1)’s are a family of
non isomorphic irreducible G L, (C)-modules where some of which may be zero.
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CHAPTER 3

Cellular algebras

In this chapter, we introduce the theory of cellular algebras developed by Graham and Lehrer [37]. This framework
provides a powerful approach to studying the representation theory of an algebra A through the use of a distinguished
basis: the cellular basis. Roughly speaking, an algebra is called cellular if it admits such a basis, which satisfies specific
properties that facilitate the construction its representations.

The multiplication rules in the cellular basis allow one to define a bilinear form on the so-called cell modules of A.
The irreducible A-modules are then obtained as quotients of these cell modules by the radical of the bilinear form; such
quotients are either zero or absolutely irreducible.

This chapter is organized into three sections. The first introduces the general notions of cellular algebras and the
theory of Jucys—Murphy elements, closely following the presentation in [70]. We also present the separation condition, a
key notion introduced by Mathas in [71], which gives rise to a natural dichotomy in the study of cellular algebras. This
dichotomy guides much of our subsequent work, particularly in Chapter 4. The second and third sections, focusing on
the separated and unseparated cases respectively, follow the framework developed in [71]. In some instances, we omit
detailed proofs and instead provide sketches that highlight the main ideas.

1. Cellular algebras and Jucys-Murphy elements

1.1. Cellular algebras. We start with the definition of a cellular algebra from [37].

Definition 1.1.1. Suppose that A is an associative R-algebra over the domain R. Suppose moreover that (A, <) is
a poset such that for each A € A there is a finite set T(A) and elements C;lt € A such that

C={CL|2eA ands,teT (1)} (1.1)
is a R-basis for A. Then the pair (C,A) is called a cellular basis for A if

(i) The R-linear map = : A — A determined by (C;lt)* = Cé for all A € A and s,t € T(A) is an algebra anti-
automorphism of A.
(ii) For any A € A, t € T(1) and a € A there exist elements rqaey € R such that for all s € T(2)

aC= ) rasuCut mod A (1.2)
ueT ()

where A>1 is the free R-submodule of A, given by {Cup |t € Ayt > A and u,0 € T(u)}.

If A has a cellular basis we say that it is a cellular algebra with cell datum (A, T, C).

Remark 1.1.1. Some facts can be observed from the preceding definition:

(1) Note that in part (ii) the coefficient rqasy does not depend on t.
(2) A cellular algebra can have more than one cellular basis. Furthermore, the size of the poset A can differ
between one basis or another.
(3) A is a free R-algebra of finite rank |T(A)|, where T(A) = || T(A) and A>* is a two-sided ideal of A.
AEA

We assume that T(1) is a poset with ordering >, for each 2 € A. In the same way, T(A) is a poset with ordering
t> s if either t,s € T(1) and t>, 5, ort € T(1), s € T(u) and A > p.

Example 1.1.1. Let A = R[x] where x is an indeterminate over R, and take A to be the non-negative integers with
their natural ordering. For each n € A let T(n) = {n} and set C};, =x". Then {x" | n € N} is a cellular basis of A. Here
A" is the set of polynomials of degree greater than n and A>" /A" = R is irreducible for all n if R is a field.

Example 1.1.2. Let A = Myux,(R) and take A = {n} and T(n) = {1,2,...,n}. Then the set of elementary matrices
{Eij |1 <i,j < n} gives a cellular basis of A.
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Suppose that A is a cellular algebra with cell datum (A, T,C). With each s € T(1) we associate a symbol C& and
next define A(1) as the free R-module with basis {CZ|s € T(1)}. Then A(d) becomes a left A-module, called the cell
module, via

aC;lz Z rasucl/} (13)
ueT ()

where 74gy is as in (1.2]). We shall call {CZ|s € T(2)} the cellular basis for A(2). The cell module A() is isomorphic to
{CL+ A | s € T(A)} via C{ > CA + AL

There is a bilinear form (, ) : A(1) X A(1) — R such that (CZ, Ct’l)7 for s,t € T(4), is given by
(cd,cheyd, = chel mod A, (1.4)

where u and v are any elements of T(1). The bilinear form (, ) is both symmetric and associative in the sense that
{ax,b) = {a,bx™), for all a,b € A(1) and x € A.

For 2 € A we define radA() = {x € A(1) | {x,y) =0 for all y € A(2)}. For the associativity of the bilinear form, it
follows that radA(Q) is an A-submodule of A(1). Also define,

L(A) = AQA) /radA(Q). (1.5)
Recall that the Jacobson radical of a module is the intersection of all its maximal submodules.

Proposition 1.1.1. Suppose that R is a field and let A any element of A such that L(2) # 0.

(1) The left A-module L(2) is absolutely irreducible. That is, L(2) is irreducible in any scalar extension of R.
(2) The Jacobson radical of A(1) is equal to radA(Q).

Proof: Let x € A(1) such that x ¢ radA(4), then (x,y) # 0 for some y € A(1). We can assume that (x,y) = 1, because
R is a field. We know that y = Y, rsCg, for rs € R. Thus, for t € T(2), define

seT ()
yi= ) rCheA. (1.6)
seT ()
Consider the following multiplication,
Xyt = Z rexCy = Z rs(x, CHC = (0, )¢ = ¢, (1.7)
seT () seT ()

where the second equality occurs for the definition of (, ). Thus, x generates A(d) and the same is true for any
x ¢ radA(1). Therefore, L(2) is irreducible and by Lemma radA(A) is the unique proper maximal submodule of
A(Q), then it is the Jacobson radical. Using the same argument we can prove that L(A) is irreducible in any extension
field of R, so L(A) is absolutely irreducible. O

The following proposition was proven by Graham and Leherer.

Theorem 1.1.1. (Graham-Lehrer) Let Ag = {it € A | L(p) # 0}. Then {L(12) | 2 € Ag} is a complete set of pairwise
non-isomorphic irreducible A-modules over a field R.

Proposition 1.1.2. Suppose that R is a field. Then the following are equivalent.

(1) A is split semisimple.
(2) A(Q) = L(Q) for all 2 € A.
(3) radA(a) =0.

1.2. Jucys-Murphy elements. The Jucys-Murphy elements play an important role. Their key properties were
developed in Murphy’s papers in the eighties, see [72], [73], [T4]. These properties were formalized by Mathas as
follows.

Definition 1.2.1. (Jucys-Murphy elements) A family of Jucys-Murphy elements for A, denoted JM-elements, is a
set {L1,La,..., Ly} of commuting elements of A together with a set of scalars, {ct(i) € R|t € T(A) and 1 <i < M},
such that

(1) Lr =L;, for alli € {1,2,...,M}.
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(2) For all A € A and s,t € T(Q), the following triangularity property is satisfied
C;ltLi = ct(i)C;lt + Z rpCl mod A1 (1.8)
o>t

for some ry, € R, which depends on i.

We call c¢(i) the content of t at i.

The Jucys-Murphy elements depend on the choice of cellular basis.
Remark 1.2.1. There is a right analogue of the formula (L.8)),
LiCL = cs()CH + Z rl G mod A, (1.9)
ucs

’
for some rl, € R.

We defined a cellular algebra over a domain R, however, as we observed many of the results that we study require
to work in a field. Then, let K the field of fractions of R. Note that in all the results where we assume that R is a field,
we can replace R with K, which is the minimal field over which the theory developed in this chapter works.

Let Lk be the commutative subalgebra of A spanned by {Li, Lo,...,Lp}. For each t € T(A) there exists a
one-dimensional representation K; on which L; acts by multiplication by ci(i), for 1 <i < M.

Proposition 1.2.1. Let A be a cellular k-algebra with a family of JM-elements and fix 1 € A, and s € T(2).
Suppose that whenever t € T(A) and s <t then ¢i(i) # ¢s(i), for some i with 1 <i < M. Then L(2) # 0.

Proof: By definition of JM-elements, for any u € A the Lyx-module composition factors of A(u) are precisely the
modules {Ks | s € T(u)}. If u,v € T(A) then K, = K, as Lx-modules if and only if ¢, (i) = ¢y(i), for 1 <i < M. Note
that K; is not an Lx-module composition factor for any cell module A(u) whenever A > u. Consequently, K is not an
Ly-module composition factor of L(u) whenever A > u. However, by [37], Proposition 3.6, L(y) is a composition factor
of A(Q) only if A > u. Therefore, Ct’l ¢ radA(1) and then, L(1) # 0 as claimed. O

As we mentioned in the introduction, we study the theory of cellular algebras following the dichotomy seen in [71],
that is, there are two cases depending if the following condition holds.

Definition 1.2.2. (Separation condition) Suppose that A is a cellular R-algebra with JM-elements {L1, La, ..., La}.
The Jucys-Murphy elements separate T(A) (over R) if whenever s,t € T(A) and s>t then c5(i) # ct(i), for some i with
1<i<M.

The separation condition says that the contents distinguish between the elements of T(A). Besides, the separation
condition forces to A (over K) to be semisimple.

Corollary 1.2.1. Suppose that the cellular k-algebra A has a family of JM-elements which separates T(A). Then
A is split semisimple.

Proof:  From proposition we know that A(1) = L(A) for all 2 € A if and only if A is split semisimple. The
separation condition implies that if t € T(1) then Ki does not occur as an Lg-module composition factor of L(u) for
any p > A. By [37] (Proposition 3.6), L(u) is a composition factor of A(1) only if 2 > u, so the cell module A(1) = L(1)
is irreducible. Hence, A is semisimple.

The converse of the preceding corollary is also true. First, the irreducible A-modules L(A) are absolutely irreducible
by proposition Thus, a cellular algebra is semisimple if and only if it is split semisimple, then non-split algebra
do not arise in our setting. Suppose that A is split semisimple. The Wedderburn basis of matrix units in the simple
components of A is a cellular basis of A. We claim that A admits a family of JM-elements.

To see it return to the example and consider the case A = M,,(K), with cellular basis the elementary matrices.
Let L; = E;; for 1 <i <n. Then {Ly, Lo, ...,L,} is a family of Jucys-Murphy elements for A which separates T(A).

Remark 1.2.2. The number M of JM-elements is not an invariant of the algebra A.
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1.3. The Murphy Standard Basis. We finish this section with a key example of cellular algebra: the Hecke

algebra. First recall that the symmetric group &, is a Coxeter group with set of generators S = {s1,s2,...,5,-1} of
simple transpositions s; := (i,i + 1). Then, &, is generated by S with the following relations

s?=1, if1<i<n (1.10)

$iSiv18; = Sir15iSit1, ifli—jl=1 (1.11)

SiSj = 58;Si, ifli—jl>1 (1.12)

where the last two relations are known as braid relations. Let w € S,,, hence w = s;,s;, - - - 53, for si; €8 and, if
k is minimal, we say that the length of w is equal to k and write /(w) = k. The element s;,s;, - - - s, is called reduced
expression for w.

Let R a commutative domain with 1 and let ¢ € R an arbitrary element.

Definition 1.3.1. The Hecke algebra H = Hr 4(S,) is defined as the associative unital R-algebra with generators
T,,Ts,...,T,—1 and relations

(T; - ) (T; +1) = 0, ifl<i<n (1.13)
TiTiTi = Tra i T, ifli-jl=1 (1.14)
T,T; = T;T;. if li—jl>1 (1.15)

First, note that if ¢ = 1, the first relation (known as quadratic relation) turn into Tl.2 =1, then ‘H = RS,,. Conse-
quently, H is called a deformation of RS,, and the representations of S,, arise naturally in the study of the representation
theory of H.

Let w € G, and s, 54, - -+ 55, be a reduced expression for w. Define T\, = T;,T;, - - - Tj,, we identify T; = Ty; and Tig
is the unity of R. It can be shown that T, is well-defined, that is, it does not depend on the choice of the reduced
expression for w. Therefore H is free as R-module with basis {T,, | w € S,,}. Observe that from the quadratic relation
one gets T, ' = ¢~ (T; — g + 1), the inverse of T;. Thus 7,,' =7; " T_'T, 1.

T
Let A = (11,49,...,4,) be a partition of n and s,t € Std(1). Recall the definition of Young subgroup given in [2.1.1

and define
my= Y Ty (1.16)

Now recall the definition of d(t) € &, for t a tableau, given in the paragraph below (1.11). Let the R-linear
anti-isomorphism * : H — H, defined by T, = T,,-1 for all w € S,,. Define

Mst = Td(g)mﬂT;(t). (1.17)
Theorem 1.3.1. (The Murphy standard basis). The Hecke algebra H is free as R module with basis
M ={ms | s,t € Std(1),A+ n}. (1.18)
Moreover, the following hold.

(1) The R-linear map given by mst > mys, for all mg € M, is an anti-isomorphism of H.
(2) Suppose that h € H and t € Std(1). Then there exist coefficients r, € R such that for all s € Std(1)

msth = Z romsy mod HA, (1.19)
veStd (1)

where H* is the R-module with basis nmy, for u,v € Std(u) for some partition u of n with u > A.

Consequently, (M, A) is a cellular basis of H for A the poset of partitions ordered by dominance.

Example 1.3.1. Suppose that n =5. We will construct an element on the cellular basis of Hg 4(Ss). Fizx 1= (3,2)

a partition of 5, and choose s,t € Std(A). Let s =|*|?|* | and t = 1]2]> ‘, then d(s) = so and d(t) = s4s0. Also, we
3|5 314

have S, = 6{1’2’3} X 6{4,5}, then
my = (1+T1 +To+ 11T + 15T, +T2T1T2)(1+T3). (120)
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Therefore,
Mmet = T2(1 + T1 + T2 + T1T2 + T2T1 + TQTlTQ)(]. + T3)T2T4. (121)

Remark 1.3.1. Observe that, when q = 1, the Murphy standard basis of H gives a cellular basis for the algebra
RG,.
The Hecke algebra H is equipped with a family of Jucys-Murphy elements, which are defined as follows.
Definition 1.3.2. Set L :=0. Fori > 2
Li=q 'Ti-1iy+ q *Tii—iy + -+ q" "' T, (1.22)

This defines a family of IM-elements for H.

For instance, if n =4 then L1 =0, Ly = q‘lT(LQ), L3 = q‘lT(2,3) +61‘2T(1,3)7 and Ly = q‘lT(3,4) +q‘2T(2,4) +q‘3T(1,4).

Remark 1.3.2. Note that from the definition we obtain a family of IM-elements for RS, given by Ly := 0,
and

L=, +2,))+---+ (i —1,i), (1.23)
fori=2,3,...,n.

Proposition 1.3.1. Let i and k integers with 1 <i<nand 1 <k <n.

(1) TiLis1 =(q=1)Lix1 + 1+ L;T; and T;L; = LipnT; — 1= (g — 1) Lyy1.
(2) T; and Ly commute if i # k — 1, k.
(3) L; and L commute.
(4) Tl commutes with LiLi+1 and LiLi+1.
Proof: First, note that L; can be written as
Li=q ' Tii+q 2T osTioi 4 +q T\ Ty - Ti_y - ToTh. (1.24)
Then T;L;T; = qL;+1 — T; and we use this formula to obtain (1). To prove (2), first note that if i > k T; and Ly commute
because T; and T; commute for 1 < j < k. Now we need to prove the result for i < k — 1.
Leti=k -2 and k > 3, then
LiTio2 = (q 'Tio1 + q 2 TioTir + -+ ¢ *T T+ Tymy - ToT1) Ti—a. (1.25)

Take an arbitrary element in the preceding sum and use the braid relations to get:

o TkaTr-3Tk—2Tk-1Th-2Tk—3Tk-a - - Tk—2 = -+ - T—aTk—3Tk—2Tk-1Tk—2Tk-3Tk—2T -1 - - - (1.26)
= TeaTr-3Tk-2Tk-1Tk-3Tk—2T-3Tk-4 - - - (1.27)
= Tr-aTk-3Tk—2Ti—3Tk-1Tk-2Tk-3Tk—4 " - - (1.28)
=+ Th-aTp—2Tk—3Tk—2Tk-1Tk—2Tk—3Tk-a " - (1.29)
=Tk-2 - Tk—aTk-3Tk-2Tk-1Tk-2Tk—3T-1" - -, (1.30)
therefore LiTi_o = Tr—2L; and, particularly, L3T; = T;L3. Finally, we need to show that 7; and L; commute when

1<i<k-3and k >4. We proceed by induction on k, since the base case follows from the equality L3T; = Ty Ls.
Therefore, if 1 <i < k — 3 then

TiLk = g7 Ti(Tim1 + Teer LieaTim1) = ¢ (Tima Ty + Teea TiLi-a Teer) = LTy, (1.31)
since T; and Ty_1 commute and T;Ly_1 = Lg-1T; by induction.

In order to finish the proof, we need to show (3) and (4), but the statement (3) is a direct consequence of (2),
whereas the claim (4) can be obtained by a direct calculation using (1). This completes the proof. m]
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2. The separated case
2.1. Construction of the Seminormal Basis. Fori=1,2,..., M the set of possible contents that the elements
of T(A) can take at i is defined to be C(i) = {ct(i) |t € T(A)}.
Definition 2.1.1. Suppose that s,t € T(Q), for some A € A and define

[_[ [_] Ct(l)_c (2.1)

i=1 ceC(i)
c#ct (i)

Thus, Fy € A. Define fo = FsCAF € A.

The set {fst | 5,1 € T(1), for some A € A} is called the seminormal basis of A. Now we need to extend the order >
of T(A) to || T(2) xT(A). It is said that (s,t) > (u,v) if s> u, t> o and (s,t) # (u,v).
AN

Lemma 2.1.1. Let A be a cellular algebra with a family of JM-elements that satisfies the separation condition over
T(A).
(1) For s,t € T(Q) there exist scalars by € K such that
fa=Ch+ > byuCly mod A (2.2)
u,veT (), ueA
(u,0)>(s,t)
(2) The set {fst | s,t € T(A) for some A € A} is a basis of A.
(3) Fors,t € T(2), (fe)" = fis-
Proof: Using the definition of Jucys-Murphy elements from for any ¢ € C(i) with ¢ # ct(i) we have

L;—c¢
A L — A4 A
CSt—ct(i) — = Ca+ E byCt, mod A1, (2.3)

and the same applies if we act on CZ from the left. Then we obtain the equality given in (1). From (1), the transition
matrix from the basis {CZ} to the ba81s {fst} is unitriangular (using a suitable order). Then one gets (2). For (3), we
have from the definitions that (C P = C’ls and L} = L;, thus (fst)" = F*C’LF* = FtCtst = fis- O

Proposition 2.1.1. Let s,t € T(A) for some 1 € A. Let u € T(A) and fix i € {1,2,...,M}. Then,

(1) fetLi = ct(i) fet,
(2) fstFu = 5tufsua

where 6y, is Kronecker delta. There are analogues for the right hand side for part (1) and (2).

o>t

Proof: Let N = |T(A)| and u,v € T(u). For this proof we will only show the main ideas. First, it is necessary to
prove the following claim: Cfi,F;¥ =0, for all u € T(u). Further details of the proof of this claim can be found in [71]
(Proposition 3.4).

Define f, = FNCAFN. Now fix j € {1,2,..., M}, as the Jucys-Murphy commutes we obtain

st™ t
4Ly = FNCAL;FN = FN (c1(j)Ch +x)FY, (2.4)

where x is a linear combination of Cf, for >t and u,v € T(u). Using the claim, xFN 0 and then f},L; = ct(j)f,
Every factor of F; fix f,, thus f}, fstFt Moreover, if u # t we can find j such that ct(j) # ¢y (]) by the separatlon
condition, so f7 Fy = 0. We have bhOWH that

Fufs’tFl) = 6us6tnf5/t’ (2~5)
for any u,v € T(A). Using the same argument as in and inverting the equation we can write C ;lt = fo +, where y
is a linear combination of f, for (u,») > (5, t) Therefore,

fst = =F; (fst +y)F; = sts,tFt = fslt (2.6)
That is, fst = f;- Thus
SstLi = fs'tLi = Ct(i)fg,’t = fet» (2~7)
so, part (1) of the proposition follows. Finally,
JstFy = fsltFu = 5tufs,t = Otu fst, (2'8)
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proving (2). m]
The proof of the following Theorem can be found in [71] (Theorem 3.7).

Theorem 2.1.1. Suppose that the family of JM-elements separate T(A) over R. Let s,t € T(2) and u,v € T(u),
for some A, u € A. Then, there exist scalars {y; € k |t € T(A)} such that

Yifoo, fAd=pandt=n,

. (2.9)
0, otherwise.

fstfun = {

In particular, y; depends only on t € T(A) and {fst | 5,1 € T(A) for some A € A} is a cellular basis of A.

Corollary 2.1.1. Suppose that A is a cellular algebra with a family of JM-elements which separates T(A). Then
vt 0 for all t € T(A).

Proof: By contradiction suppose that y; = 0, for some t € T(2) and A € A. Then, fifup = 0 = fun fit, for all u,v € T(u)
and u € A. As a consequence, Kfi is a one-dimensional nilpotent ideal of A, thus A is not semisimple. This contradicts
Corollary Thus, y; # 0 for all t € T(A). O

2.2. Seminormal Basis and Cell Modules. Next, we use the seminormal basis to study the cell modules. The
corollaries below are results derived from the preceding theorem.

Corollary 2.2.1. Suppose that 1 € A and fix s,t € T(1). Then,
A(Q) = f4A = Span {fs | D € T(A)}. (2.10)

Proof: From the definition, we know that f,, = FyC,F, for u,0 € T(1). Then the cell modules corresponding to the
cellular bases {CL,} and {fiup} of A are isomorphic. Let A(1)" be the cell module for the seminormal basis, then it is
spanned by {fs + A |u € T(A)}).

Now suppose that u,v € T(u) for some u € A. Then by Theorem R.1.1] fit fus = StuYtfeo and, by Corollary vt # 0.
Thus, {fs» | © € T(2)} is a basis of fyA. By Theorem [2.1.1] f;A is isomorphic to A(2)’ via fep > feo+A”? for v € T(A).

Therefore, A(1) = A(1)’ = fi4 A, as required.

O

Using the preceding corollary one obtain an explicit decomposition of A into a direct sum of cell modules. This
result can be also understood as a consequence of Corollary

Corollary 2.2.2. Suppose that A is a cellular algebra with a family of JM-elements which separates T(A). Then
A(2) = L(A) for all 2 € A, and
A= P ATl (2.11)
AeA
Fix s € T(A) and set fi = fs, then A(Q) has basis {f; | t € T(1)}. For some scalars b, € K, we have f; = Ct/l+ > byCL,
o>t

by Lemma (1). For A € A, the Gram determinant of the bilinear form (, ) on the cell module A(Q) is defined to
be

G(A) = det ((CL,CM)ster(n)-
There is not a specific ordering on the rows and columns of the Gram matrix, however G (1) is well-defined only up to
multiplication by +1.
Theorem 2.2.1. Let A be a cellular k-algebra with a family of JM-elements which hold with the separation
condition on T(A). Let A € A and suppose that s,t € T(1). Then

. if s=1,

) (2.12)
0, otherwise.

(fos i) =(CL fi) = {

Consequently, G(1) = T[] ;.
AT (1)

Proof: We already know that {fs} is a cellular basis of A and, by Corollary we may take {f; | t € T(1)} to
be a basis of A(1). Again, fst fuy = Otu¥tfsp, S0 using this and the definition of inner product on A(1d) we obtain that
(fs» ft) = Ostyt- Using Proposition (2) and the associativity of the inner product to get

(C /) = (CLL fiFo) = (CF f) = s 1) (2.13)
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The theorem follows. As the transition matrix between both bases is unitriangular, we have

G(A) = det (CL,CY) = det (for fi) = [ ] m (2.14)
AeT(A)
O

Remark 2.2.1. Observe that if we extend the bilinear form (, ) to A, then {fst} is an orthogonal basis of A.

Two consequences can be noticed from the preceding theorem. Recall that R is a domain and K its fraction field.

Corollary 2.2.3. Let 1 € A. Then, [] vt €R.
AeT(A)

Proof: The inner product (C, Ct’l) € R for all s,t € T(A) by definition. Then G(1) € R and the result follows from the
Theorem 2.2.11 O

Corollary 2.2.4. Suppose that 1 € A. Then the cell module A(Q) is irreducible, i.e., A(1) = L(A4).

Proof: The result follows from the Theorem [2.2.1] Corollary and the fact that G(1) # 0. O

2.3. Primitive Idempotents. Now we turn to the study of the primitive idempotents of A.

Theorem 2.3.1. Let A be a cellular k-algebra with a family of JM-elements which separates T(A). Then,

(1) If t e T(12) and A € A then F; = %ftt and F; is a primitive idempotent in A.

(2) If A€ Athen Fy = Y, Fiis a primitive central idempotent in A.
teT (1)

(3) {Ft |t eT(A)} and {F, | 2 € A} are complete sets of pairwise orthogonal idempotents in A; in particular

la=Y Fa= Y F. (2.15)

AeN teT(A)

Proof:  Notice that % fit is well-defined by Corollary that is, y+ # 0. In addition, % fit is an idempotent by

Theorem From Corollary A(Q) is irreducible and by Corollary A(A) = fyxA = FtA. then Fi is a
primitive idempotent by Proposition [2.3.3| and the two preceding results.
Now, in order to complete the proof of (1), we need to prove that Fy = % fit- First, write Fi as linear combination of

Fy = Z Z Fab fap |- (2'16)

veA \a,beT (v)
Now, notice that for u,v € T(u) for some u € A we have

Ovtfuv = funFt = Z Z 7ab fuv fab = Z FobYo fub- (2-17)

veA a,beT(v) beT (u)

elements on the seminormal basis,

Comparing both sides of the equation one gets

0 otherwise.

L, ) = t = bs
o = {yt if v (2.18)

Then F; = % fit because the choice of v was arbitrary. Thus (1) follows, and the parts (2) and (3) follow from (1) and
the multiplication formula in Theorem [2.1.1 O

Corollary 2.3.1. Let A be a cellular k-algebra with a family of JM-elements which separates T(A). Then,
L= Z et (i) Fy (2.19)

teT(A)

and [].ec()(Li — ¢) is the minimum polynomial for L; acting on A.

Proof: Using the part (3) of the preceding Theorem we obtain
Li=L; Z Fi = Z LiFi = Z et (i) Fy. (2.20)

teT(A) teT(A) teT(A)
For the second part, note that [.cc(;)(Li —¢)ft = 0 for all t € T(A) by Proposition If we omit L; — d for some
d € C(i) then we can find a s in T'(u) for some u such that cs(i) = d. Therefore [] .. (Li —c)fs # 0. O
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Corollary 2.3.2. Let A be a cellular k-algebra with a family of JM-elements which separates T(A). Then
{L1, Lo, ..., Ly} generates a maximal commutative subalgebra of A.

Proof:  Recall that Lx is the commutative subalgebra of A generated by the Jucys-Murphy elements. From the
preceding Corollary, we obtain that Ly is spanned by the primitive idempotents {F; | t € T(A)}. The primitive
idempotents of an algebra span a maximal commutative subalgebra, then the result follows. O

2.4. Seminormal forms for the Hecke algebra. A classical example of seminormal forms arises in the repre-
sentation theory of the symmetric group &,, which is called Young’s Seminormal form. Over a field of characteristic
zero, each irreducible representation S(4) admits a seminormal basis indexed by standard Young tableaux of shape A.
That is, a basis which diagonalizes the action of the Jucys-Murphy elements L; = };;(j,i), and the transpositions
s; = (i,i + 1) act via explicit upper-triangular formulas.

For example, if 1 = (2, 1), the Specht module S(2, 1) has a basis {v{} where t runs over standard tableaux of shape
(2,1). On this basis, we have:

Lovi = ct(2) vt, Lav, = ct(3) vy,

where c¢(7) is the content of the node containing i in the tableau t. The elements s; act by simple rational functions of
the contents. Seminormal forms are important because they provide explicit matrices for the irreducible representations
of S,,, and because the action of the generators can be described entirely in terms of the combinatorics of tableaux.

Now we generalize this idea to the Hecke algebra, where a g-analogue of the seminormal form plays a central role.
Let R be a commutative domain with unity. Recall the definition of the Hecke algebra H given in In Theorem
we observed that H is a cellular R-algebra with a family of Jucys-Murphy elements given by

Li=0, Li=q "Ti-1,0)+q T+ +q" T

Let m be an integer and define the quantum integer [m], = 1+qg+--- + g™ 'if m >0, and [-m]y = —q7 " [m]y
otherwise. Note that when ¢ # 1, we have [m], = %, whereas if ¢ = 1, [m]; = m. Let e be the smallest positive
integer such that [e], = 0 and set e = oo if no such integer exists. That is, either ¢ = 1 and e is the characteristic of R,

or g # 1 and ¢ is a primitive e-th root of unity.

Let A be a partition of n and [4] its Young diagram. If x = (i, j) is a node in [1], an e-residue of x in the integer
res(x) = j—i mod e. In the same way, if k is an integer in a node of a A-tableau t and 1 < k < n then resi(k) = res(x),
where x is the unique node in [A] where k appears.

w

Example 2.4.1. Suppose thate=3, 1= (4,2) and t =|* 416] Then the e-residues in [1] are|°]1]? o]
215 2|0

So, for example, [rest(3)]4 = [1]4 and [resi(4)]4 = [2]4-

Now assume that R is a field and e > n, then we can construct the seminormal idempotent given in In this
setting, we obtain for t a A-tableau:

F = ﬁ l—[ Ly — [ress(k)]q (2.21)

k=1 seStd(Q) [rest(K)lg = [ressilq”
[ress(k)]q#[resi(k)]q

and let f; = myFy, where my = mya mod H* as in the Murphy’s Standard basis. Indeed, a set as {m | t € Std(1)},
is the basis as an R-module of the Specht module S*(1) of H, which coincides with the cell module A% (2).

The following Theorem is a g-analogue of the Young’s Seminormal form for H, that is, a generalization of the
Young’s Seminormal form for group algebra of the symmetric group. This result corresponds to Theorem 3.36 in [70].
Theorem 2.4.1. (Dipper-James) Suppose that R is a field and that e > n. Let A be a partition of n.

(i) {fi | t € Std(A)} is an orthogonal basis of $¥(A).
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(ii) Let s be a standard A-tableau, t = s(i,i + 1), and let p = ress(i) — rest(i). Then

qfs, if i and i + 1 are in the same row of s,
—fs if i and i + 1 are in the same column of s,
1
ST = _Wfs + fi if t € Std(1) and s» 1, (2.22)
q
P +1 -1
¢ e e alp=la ok Cia0a) and te s,
[p]q [913

3. The unseparated case

Let R be a discrete valuation ring with maximal ideal 7, and A a cellular R-algebra with a family of JM-elements
which separates T(A) over R. Recall that A is not forced to be split semisimple over R, but if K is the fraction field of
R, then A is split semisimple over K, by Corollary
Let k = R/n be the residue field of R. Denote Ay = A ®g k and let {C;lt} be the cellular basis of A over R, k and k, by
abuse of notation. Note that in general the JM-elements do not separate T(A) over k. In order to be clear about the
ground field involved, we will use the corresponding subscript on A. For r € R, let ¥ = r + 7 be its image in k = R/x.
More generally, if a = ertC;It € AR then we set a = Zr_ﬂC;lt € Ar. Assume that ¢ — ¢’ is invertible in R whenever

c#¢, fore,c’ e C=UM C).

3.1. Residue classes and linkage classes. Let i € {1,2,...,M} and t € T(1), define the residue of i at t to be
ri(i) = c¢(i). The action of the JM-elements on Ay is given by

C;ltLi = rt(i)C;lt + Z rpCa, mod ?{;’l, (3.1)

o>t

where r, € k. Similarly, we can define a formula for the left action of L;.
Definition 3.1.1. (Residue classes and linkage classes)

(1) Suppose that s,t € T(A). Then s and t belong to the same residue class, and we write s = t, if rs(i) = r(i),
forallie{1,2,...,M}.

(2) Suppose that A, u € A. Then A and p are residually linked, and we write A ~ u, if there exist elements
Ado=A,41,...,4, = u and elements s;,t; € T(A;) such that s;_1 = t;, for j=1,2,...,r.

Both = and ~ are equivalence relations on T(A) and A respectively. If s € T(A), let Ts € T(A)/~ be its residue
class. For the residue class T, define T(1) = TNT(AQ), for A € A. The residue classes T(A)/~ parameterize the irreducible
Li-modules.

Let T be a residue class, define

Fr=> F. (3.2)

teT
Note that Ft is an element of Ay, as defined above.
Lemma 3.1.1. Suppose that T is a residue equivalence class in T(A). Then Fr is an idempotent in Ag.

Proof: Note that Fr is a linear combination of orthogonal idempotents in Ak, by theorem We need to prove
that Fr € Ag, although this is non-trivial. The main idea is to fix an element t € T(u), where u € A, and define

M Li—c
F! = = 3.3
N e 33
c#ri (i)
We assumed that c¢(i) — ¢ is invertible in R whenever r¢(i) # ¢. Thus F] € Ag. The goal is to prove that Fr =
(Fr —Ft’)N -(1 —Ft’)N +1 for certain N, then Fr € Ag. The details of this proof can be found in [71] (Lemma 4.2). O

As a consequence of the preceding Lemma, Fr € Ag and then we can reduce Fr module 7 to obtain an element in
Ay. Let Gt = Fy € Ay be the reduction of Fr modulo . Then Gt is an idempotent in Ay.

Definition 3.1.2. Let T be a residue class of T(A).
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(1) Suppose that s,t € T(2). Define gst = GTSC;ItGTt € Ag.
(2) Suppose ti;at I' € A/~ is a residue linkage class in A. Let &7{£ be the subspace of Ay spanned by {gst | 5,1 € T(A)
and A € T'}.

One can note that (G1)* = Gt and that (gs)" = gts for all 5,1t € T(1) and 1 € A. As a consequence of Theorem
if S and T are residue classes in T(A), then GsG1 = 6s7GT.
Proposition 3.1.1. Let s,t € T(4), for some A € A, and fix i withi € {1,2,...M}. Let T € T(A)/~. Then in Ay,
(1) Ligst = rs(i)gst-
(2) Grgst = 01,785t
and similar for the right hand side.
3.2. Generalization of the seminormal basis. We now generalize the seminormal basis constructed on the
previous section to the algebra Ay.

Theorem 3.2.1. Suppose that Ag has a family of JM-elements which separates T(A) over R.

(1) {gst | 5, € T(2) and A € A} is a cellular basis of Ay.
(2) Let I be the residue linkage class of A. Then ﬂ£ is a cellular algebra with cellular basis {gst | 5,1t € T(1) and

AeTl}.
(3) The residue linkage classes decompose Ay into a direct sum of cellular subalgebras; that is
A= P Al (34)
TeA/~

Proof: Let I' be the residue linkage class in A and let 1 € I'. We use the same argument as in Lemma (1), that
is, if 5,1 € T(A) then gg = C;lt +y, where y is a linear combination of more dominant terms. Therefore, {gs:} is a basis
of ﬂk.

It is possible to prove, by direct computation, that for 4,u € A, s,t € T(1) and u,» € T(u) we have: if 1 ~ yu, then
Zst&uv € ﬂ{; otherwise gsigup = 0. Details can be found in [71] (Theorem 4.5). All the statements in the theorem now
follow. O

Corollary 3.2.1. Suppose that Ag has a family of JM-elements which separates T(A) over R and that 4, u € A.
Then A(1) and A(u) are in the same block of A only if A ~ u.

Let I' € A/~ be a residue linkage class. Then ), F; € Ag by Lemma [3.1.1) and Theorem [2.3.1] (2). Define
Ael

Gr = X aer Fa € Ak, we have the following result.

Corollary 3.2.2. Suppose that Ag has a family of JM-elements which separates T (A) over R.

(1) Let T be a residue linkage class. Then Gr is a central idempotent in Ay and the identity elements of the
subalgebra ﬂ{. Moreover,

AL = GrAGr = End 7, (A;Gr). (3.5)
(2) {Gr | T € A/~} and {GT | T € T(A)/~} are complete sets of pairwise orthogonal idempotents of Ag. In
particular,
lae= Y Gr= > Gt (3.6)
CeA/~ TeT(A)/~
Proof: This Corollary is immediate from Theorem and Theorem [2.3.1 |

Let R(i)) ={c | c € C()}. If T is a residue class in T(A) then we set rr(i) = ri(i), fort e Tand i € {1,2,...,M}.
The first claim of the following Corollary follows directly from Corollary (2) Proposition

Corollary 3.2.3. Suppose that Ak has a family of JM-elements which separates T(A) over R. Then,
L,‘ = Z VT(i)GT. (37)

TeT(A)/~

and [],eg(;)(Li —r) is the minimum polynomial for L; acting on Ay.

Given A € A fix s € T(A1) and define gt = gst + 3{;’1.
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Proposition 3.2.1. Suppose that Agr has a family of JM-elements which separates T(A) over R. Then the set
{gt |t € T(1)} forms a basis of A(1). Moreover, if t,u € T(2) then

<Ct/l7 gu>a Zf t =~ ua

0, if ta#u. (38)

(&t> gu) = {

Proof: By Theorem and the argument of Lemma (1), we obtain that {g¢ | t € T(2)} is a basis of A(1). If
t,u € T(A) then by the associativity of the inner product we get

<gt9 gu) = <Ct/lGTt, gu> = <C/l9 gu>GTt- (39)
Now (2) follows from the right hand side of the Proposition part (2). m]
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CHAPTER 4

Seminormal forms for the Temperley-Lieb algebra

In this chapter, we study the Temperley-Lieb algebra and develop the construction of seminormal forms adapted
to its cellular structure. This work is based on the article [81], coauthored with Steen Ryom-Hansen and published in
the Journal of Algebra. Our goal is to generalize the classical notion of seminormal forms for the symmetric group, to
the Temperley-Lieb algebra.

We first describe the semisimple case or the separated case, where the action of the Jucys-Murphy elements is
diagonalizable and the cellular basis admits a seminormal form. In this setting, the primitive idempotents of the
algebra are the Jones-Wenzl projectors, we then use it to provide a combinatorial construction of the seminormal
idempotents.

We then turn to the non-semisimple or unseparated case, where this description breaks down. In this context, we
introduce class idempotents for the Temperley-Lieb algebra, that sum over residue classes of tableaux and give rise to
a generalized seminormal basis. This construction reveals a close connection with the theory of KLR algebras and,
especially, with the modular analogues of the Jones-Wenzl idempotents, known as p-Jones-Wenzl projectors.

1. The Temperley-Lieb algebra

1.1. Generators and relations. The Temperley-Lieb algebra was introduced in the seventies from motivations
in statistical mechanics. Since then it has been generalized in several interesting ways and has been shown to be related
to many areas of mathematics as well, including knot theory, categorification theory and Soergel bimodules, see for
example [8], [26], [38], [68], [60], [61], [64], [82], [93]. In this work we shall use the variation of the Temperley-Lieb
algebra that has loop parameter equal to 2. It is defined as follows.

Definition 1.1.1. The Temperley-Lieb algebra TL,, is the associative unitary Z-algebra on generators Uy, Us, . ..,U,_1
subject to the relations

u? = 2u;, ifl<i<n (1.1)
u;u;u; = u, ’Lf |i —jl =1 (1.2)
u;u; = uju;, Zf |l —jl >1 (13)

Forn=0 orn=1 we define TL, := Z.

For k a commutative ring we shall also consider the specialized version TL';, of TL,,, defined as
TLX :=TL, @z k (1.4)

Here we are mostly interested in the cases where K is the rational field Q, the finite field with p elements F, or the

localization Z(,,) of Z at the prime p. The corresponding Temperley-Lieb algebras are TL?,, TLZ” and TL%,“’ ),

A well-known and important feature of TL, is the fact that it is a diagram algebra. Concretely, TL, is isomorphic
to the diagrammatically defined algebra TLﬁmg with basis given by non-crossing planar matchings of n northern points
of a (n invisible) rectangle with n southern points of the rectangle. Here are three examples for n = 5.

1 2 3 4 5 1 2 3 4 5

1 2 3 4 5
W V V / (1.5)
WAAY M 1, e

We refer to such matchings as Temperley-Lieb diagrams. For two Temperley-Lieb diagrams D; and D» the product
D1Ds5 in TL‘f,lag is given by concatenation with D, on top of Dy. For example, choosing D, and Dy as the first two
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diagrams in ([1.5)) we have that

N \J ~
D1D2 = y = %\ = D3 (16)
M

where D3 is the third diagram of (1.5]). This concatenation product may give rise to diagrams with internal loops. Each
internal loop is removed from the diagram, and the resulting diagram is multiplied by the scalar 2 € Z. For example,
if D1 and D3 are as above, we have that

D1D3 = U-UO 22% = 2D3 (17)

The isomorphism between TL, and TL‘ffag is given by

1 2 n 1 2 i
N
where 1 is the unit-element of TL,. From now on we shall identify TL, with TLC,lliag via this isomorphism. There is

a similar isomorphism for the specialized Temperley-Lieb algebra TL'; and here we shall also identify TL'; with the
corresponding diagrammatic algebra, defined over k.

1 - , U —

(1.8)

1.2. Jones-Wenzl proyectors. Throughout this chapter we shall be interested in the Jones- Wenzl idempotent
JW,, of TL?” see [51] and [99]. It is the unique nonzero idempotent of TL?, satisfying

u;JW,, =JW,u; = 0 for all i (1.9)
We use the following standard diagrammatic notation for JW,
1 n
IR I 0
JW, = | JW,, | € TL (1.10)
]

For example we have that

' Y
-3 f\fgf\ Hf\”/f\ (1.12)
In general, as one already observes in (1.11)) and (1.12]), when expanding JW,, in terms of the diagram basis for TLS,

a
the coefficient of 1 is 1, whereas the other coefficients in general are rational numbers 7 with non-trivial denominator.

JW, -

These denominators b prohibit the specialization of JW,, to fields k whose characteristic p divides b.

On the other hand, we always have JW) = JW, where * is the antiautomorphism of TLS given by reflection through
a horizontal axis, and similarly JW,, is symmetric with respect to reflection through a vertical axis. These properties

can be observed in (1.11)) and (1.12).

For general n there is no known closed formula for calculating the coefficients of JW,, in terms of the diagram basis

for TL%; all known formulas are recursive. We shall need the following recursive formula that goes back to Jones and
Wenzl, see [51] and [99].
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| JV\; | = | W, | | - o (1.13)

S (1.14)
| oo

which can be repeated to arrive at

ntl
n—m+1

— (1.15)

I|| |/| - [ 1111 (1.16)

1.3. Cellularity of Temperley-Lieb. We next recall the basic elements of the representation theory of TL,,
using the language of cellular algebras introduced in chapter The notion of cellular algebras was introduced by
Graham and Lehrer in [37] and in fact TL, was one of their motivating examples.

Throughout this chapter, when referring to ‘representations’ and ‘actions’ we shall in general mean ‘right represen-
tations’ and ‘right actions’.

TL, is an example of a cellular algebra. To see this one lets A be the set of two-column integer partitions Par,fz,
endowed with the usual dominance order. Only throughout this chapter, Paurfl2 denotes the set of partitions of n whose
Young diagram has at most two columns. In the rest of this work, Par:? denotes the partitions of 7 of length at most
two.

Thus, for A = (22,147%), 4y = (2™2,1™7™2) € Par:? one has A < u if and only if Io < my. For A € Par3? one
lets T(1) be the set of standard A-tableaux Std(1). To explain C, one first constructs for A € Pars? and t € Std() a
Temperley-Lieb half-diagram Ct’l for TL, as follows. Going through the numbers {1,2 ...,n} in increasing order, one
raises for any i occurring in the first column of t a vertical line from the i’th lower position of the rectangle and for any
i occurring in the second column of t, one joins the i’th lower position with the top end of the first vacant line to the
left, always avoiding line crossings. Here is an example for 1 = (2%,13) € Pary;.

IS

S| o

A _
w*’q—/7%R\“zw‘ (L

_
EECEERE



For a pair of standard A-tableaux (s,t), one then defines C;It as the diagram obtained from C¢ and Ct’l by reflecting C2
horizontally and concatenating below with C{l. Here is an example.

2
) =YV U 1.18
A A o

Using the multiplication rules explained in (1.6]) and (1.7, one now checks that TL,, indeed is a cellular algebra over Z,
with the ingredients just introduced, and similarly TL;, is a cellular algebra over k.

(s,t) :=

|O‘l wl—
|>-l> wl—
[

In the case of the cell modules of TL,,, we identify for sy3,t € Std(d) the A(Q) basis element C;lot with the half-
diagram Ct’l. Under this identification, for a Temperley-Lieb diagram D we have that Ct’lD is the concatenation with

Ct’1 on top of D, where internal loops are removed by multiplying by 2, and where half-diagrams that do not belong to
{Ct’1 |t € Std(2)} are set equal to zero.

1.4. Jucys-Murphy elements. JM-elements were first constructed for the group algebra of the symmetric group,
and from these one obtains JM-elements for TL,,, as we shall shortly see.

Recall the definition of Jucys-Murphy elements for the Hecke algebra given in As we mentioned in the remark
below we can obtain a family of JM elements {Ly, Lo, ..., L,} € ZS,, (or KS,,) be defined by

Li:=0, and L; :=(1,)) +(2,i)+...+(i—1,i) fori=2,3,...,n (1.19)
Define moreover for t € Std(4) the function ¢4 : {1,2,...,n} — Z (or K) by
ct(i) :=c—rfor t[r,c] =i (1.20)

where t[r, c] is the number that appears in the r’th row of t, counted from top to bottom, and in the ¢’th column of t,
counted from the left to right.

As we observed in the subsection S, is a Coxeter group on the simple transpositions s; = (i,i +1). We need
the following well-known fundamental Lemma, which is easily verified.

Lemma 1.4.1. There is a surjection ® : ZS,, — TL,,, given by s; — U; — 1. The kernel of ® is the ideal in Z&S,
generated by s15981 + S152 + $281 + 51 + 52+ 1. A similar statement holds over K.

Let L; := ®(L;). We represent L; diagrammatically as follows

1 7 n

‘ ‘ (121)

We now have the following key result.

Theorem 1.4.1. {Lq,Ls,...,L,} is a family of JM-elements for TL, with respect to the content functions cy,

defined in (1.20).

Proof:  {Ly,Lo,...,L,} is known to be a family of JM-elements for the cellular structure on Z&,, given by the
specialization ¢ = 1 of Murphy’s standard basis for the Hecke algebra, see [70], [74] and Remark On the other
hand, ® : Z&,, — TL, maps the standard basis cellular structure on ZS,, to the diagram basis cellular structure on
TL,, and therefore {Ly, Lo, ...,L,} is a family of JM-elements for TL,, as claimed. For more details one should consult
[80]. i

Remark 1.4.1. Jucys-Murphy elements for the Temperley-Lieb algebra have been considered before in [29] and in
[42]. The Jucys-Murphy elements in [29] are different from ours. The Jucys-Murphy elements in [42] are also different
from ours since they are ‘multiplicative’ and do not specialize to the g = 1 setting of the present work.
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2. The separated case

In this section we consider the rational Temperley-Lieb algebra TL?,. The ground ring for TL?l is Q which implies
that for two-column partitions A and u and for standard tableaux s € Std(4) and t € Std(u) we have that

cs(i) =ct(i) fori=1,2,....n=s=t (2.1)

In other words, the separation condition defined in is fulfilled and so TL?! is semisimple. Recall that, by the theory
viewed in chapter [3|section [2) the separation condition also implies that the simultaneous action of the L;’s on TL(;), via
right multiplication is diagonalizable with eigenvalues given by the c{(i)’s, and similarly for the left action. Moreover,
under the separation condition we have the following expression for the idempotent projector E (denoted Fi in chapter
for the common eigenvector for all the L;’s with eigenvalues c (i)

_ Li—c Q
Ee=]] ﬂnq(i)_c eTLY (2.2)

ceC i=1,...,

where C is the set of contents for standard tableaux of two-column partitions of n, that is

C:={ct(i)|i=1,2,...,n and t € Std(Par3?)} where Std(Par:?) := U Std(1) (2.3)

<2
A€Pary,

As we observed in Theorem [2.3.1 with t running over Std(Par3?) the Ey’s form a complete set of orthogonal primitive
idempotents for TL?,, that is we have

1= > Eu LE=EL=c(E. EE =04Es (2.4)
teStd(Pars?)

where 6t is the Kronecker delta.

The formulas in and are consequences of the general theory for JM-elements developed in [71] and studied
in chapter 3 For Q&,, the analogues of and were first found by Murphy in [75]. We find it worthwhile to
mention that the corresponding properties do not hold for the Young symmetrizer idempotents for QS,,, since these
are not orthogonal.

The expression for E; given in (2.2 contains many redundant factors and is in general intractable, in the symmetric
group case as well as in the Temperley-Lieb case.

2.1. Orthogonal idempotents for the rational Temperley-Lieb algebra. The purpose of this part is to
give a new expression for E; in the Temperley-Lieb case, using Jones-Wenzl idempotents. In view of this, one may now
consider seminormal forms and Jones-Wenzl idempotents as two aspects of the same theory.

Let t € Std(2) be a two-column standard tableau. Then t can be written in the form

17

D,
_]\/[2
t= P (2.5)
—\M,
1D —

where each D; and M; is a non-empty block of consecutive natural numbers, except that My is allowed to be empty,
satisfying that the numbers of D; are less than the numbers of M; and that the numbers of M; are less than the numbers
of Diyy for all i. Let d; := |D;| and m; = |M;| be the cardinalities of D; and M;, respectively. Then di +ds +...+d; >
my1+mo + ...+ m; for all i. Moreover, each sequence of blocks D1, My, Do, ..., My satisfying all these conditions gives
rise to a two-column standard tableau and in this way we obtain a bijective correspondence between such sequences of
blocks and two-column standard tableaux.
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Fori=1,2,...,k define n; via
ni:=dyand n;=(dy+do+...+d;))—(my+mo+...+m;_q) fori > 1 (2.6)

We now associate with t an element f; € A?(Q) in the following recursive way. Suppose first that My # 0. If k = 1 we
set

and if k£ = 2 we set

)

e

We repeat this recursively, that is in the i’th step we first concatenate on top with JW,, and then bend down the m;
top and rightmost lines to the bottom. If M; = 0 the construction is the same as for My # 0, except that in the last
step the bending down of the m; top and rightmost lines is omitted.

For example,

1 | | | |
2 [ JW ]
3
4113
5 |14
ift .= [T we have that fi = | IW; | (2.9)
10
11
[12] IW, q
1]
7] 12345 910 1112 1314 15 16 17

In general, if i appears in the first column of t then i is connected in f; to the southern border of a Jones-Wenzl element,
and if i appears in the second column of t then i is connected in f; to the northern border of a Jones-Wenzl element.
We have indicated this in ([2.9)), using colors.

In general, for t as in (2.5) we shall sometimes represent f; in the following schematic way

(2.10)

where n is a shorthand for JW,, and where m; indicates the number of lines being bent down, which may be zero for
ny.

For t a two-column standard tableau we set

k
ni+1
yo=]] — (2.11)

i i—m;+1
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We define fit as the concatenation of f" with f with £ on top of f; and finally we define E] € TL?, as Ef := % fit, or
diagrammatically

| ik |
My
E} := e U (2.12)
"t
my,
| i |
. LU

The elements E{ have already appeared in the literature, see [17], [39] and [64], with our diagrammatic approach
essentially being the one of [17]. The purpose of this section is to show that E; = E{. This is a new result.

The following Theorem has already appeared in [17], see also [39] and [64], but we still include it for completeness.

Theorem 2.1.1. {E{|t € Std(Par3?)} is a set of orthogonal idempotents for TL?,.

Proof: We first observe that (1.15)) implies ft% = ytfut and so Ef is indeed an idempotent. Similarly, we observe that
1€, = vtIWyy—m, from which it follows that f; # 0, and hence also E{ # 0.

We next assume that t # t and must show that E{E{ = 0 which can be done by showing that f ff = 0. Letting
(Dili=1,2,...,k} and {M;|i=1,2,...,k} be the blocks for t, as in (2.5)), and defining 7; and m; as in (2.6)), we must
show that the following diagram is zero

| my

I i, I
.

Mo

(2.13)

| g

If ny = ny and m; = m; then is equal to m

ny—mp+ 1
obtained from t and t by removing the blocks My, D1 and M;, D1 and so we may assume that n; # ny or my # my. If
ny < np then at least one line from JW,,, is bent down to JW,;, and so it follows from that the resulting diagram
is zero: to illustrate this we take n; = 3 and n| = 4 where the relevant part of ftlff1 is

times ftl fﬂ* where t; and fl are the standard tableaux

(2.14)
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If ny > n; one applies * to (2.13) and is then reduced to the previous case n; < ny. If ny = 1y and m; > my then a
line from JW,, is bent down to JW,,; and so the resulting diagram is also zero in this case. Let us illustrate this using
ny =ny =4 and m; = 3,m; =2 and ny = 3 where the relevant part of (2.13) is as follows

= 3 TWe =i JW; | =0 (2.15)

Finally, if ny = ny and m; < m; we once again first apply * and are then reduced to the previous case. This proves that
{Eflte Std(Par:?)} is a set of orthogonal idempotents.

Corollary 2.1.1. Let A be a two-column partition. Then {f; |t € Std(2)} is a Q-basis for A().

Proof: We have that fiE] = ds f; and so it follows from Theorem that {f; |t € Std(1)} is a Q-linearly independent
subset of A?(2). Since dim AR(Q) = |Std(1)| it is also a basis for AR(1). O

2.2. Seminormal forms for the rational Temperley-Lieb algebra. We now set out to prove E{ = Et. Our
proof will be an induction over the dominance order on standard tableaux and for this the following Theorem is a key
ingredient.

Theorem 2.2.1. Suppose that t € Std(1) where A € Par,fQ. Suppose first that for a simple transposition s; € S,
we have that ts; € Std(4) and that t < ts;. Then, setting t; :=1,t, :=ts; and r := ¢4, (i) — ct, (i), the following formulas
hold

r+1 r2-1
(1) Jrali = T.ftd + r—Qﬁu

r—1
(2) f:[uui = Tﬁu +f‘td
Suppose next that ts; ¢ Std(1). Then

(3) fiu;=0 ifi,i+1 are in the same column of t
(4) fiu; =2f; if i,i+ 1 are in the same row of t

Proof: We first show (1). We have blocks D; and M; for t, as in (2.5). By the assumptions, i lies in the first column
of t, as the biggest number of a block D;, whereas i + 1 lies in the second column of t, as the smallest number of the
block M;, as indicated in the example below.

/ I n3 |
Dli me — 1
[ \_/z+1
t= B > . fi= ™ (2.16)
2; Jieg)
| i 1+1
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In (2.16), we have indicated the corresponding f; and have singled out the lines for f; that are connected to i and i +1.

We now get, using (1.14))

I I — |

mo — 1 my — 1

it =

Jigy

(2.17)

ny

M

i i

On the other hand, bending down the last top line of the recursive formula (1.13)) for JW,, we have
| ny — 1 |

N~ e (219
| ng — 1 ﬂ

and inserting this in the right hand side of ([2.17) we obtain

no+1
i o=, (2.19)
2
no + 1 ns—1
= S + s 2 Jta
n9g n

2

One finally checks that ny = ¢y, (i) — ¢y, (i) = r and so (1) follows from (2.19)), at least for t as in (2.16). For general t
the proof of (1) is carried out the same way. From this (2) follows by applying U; to both sides of (1).

Finally, (3) and (4) are direct consequences of the definitions, with (38) corresponding to u; annihilating a Jones-
Wenzl element, and (4) to u; acting on a cap. m]

Theorem is an analogue of Young’s seminormal form known from the representation theory of QS,,. To make
this explicit we set

S; == CD(s,-) =u; -1 (220)
Then we have the following Corollary to Theorem [2.2.1

Corollary 2.2.1. (Young’s seminormal form YSF for TL?,). Let t, s;,t,,tqs and r be as in Theorem Then we
have

1 r?-1
(1) ftdsi = ;ftd + r—2ftu

1
(2) frsi= _;ﬂu + fra
Suppose next that ts; ¢ Std(1). Then

(3) fisi=—fy ifi,i+1 are in the same column of t
(4) Asi=fi if i,i + 1 are in the same row of t

Proof: This follows immediately from Theorem [2.2.1 O
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Remark 2.2.1. Note that the main ingredient for proving Theorem [2.2.1] and hence also Corollary was the
recursive formula ([1.13]) for JW,,. In fact, (1.13)) may be viewed as a special case of Theorem m Indeed, setting

A =(2,1"2) and letting t = t's,_; we have
| n—2 |

fi = (2.21)
L,—,—H’I:Q W

Moreover ts,_; <t and so (2) of Theorem is the formula fiu,_; = Z—:%ft + fis,_,, that is

n—2
o I| vee || |
s e o e 22)
m — /] o T T 1

After bending up the last line, this becomes (1.13)) for n — 1. In view of this one may consider (|1.13)) and YSF, that is
Corollary as two sides of the same coin.

We next aim at proving that fi’s is an eigenvector for L; with eigenvalue c¢¢(i). The argument for this will be an
induction on Std(d) over <. We may either carry out this induction from top to bottom, using t* as inductive basis,
or from bottom to top, using t, as inductive basis. In either case it turns out that the inductive step, using Theorem
is relatively straightforward and similar to the inductive step for the QS,,-case, whereas the inductive basis is the
most complicated part of the proof. The t -case is slightly simpler than the t'-case and so we choose to carry out the
induction from bottom to top. In other words, to prove the inductive basis we should take t =t; where A = Parle and
must show that f; L; = ct, (i) f;, for all i =1,2,...,n. This is the content(!) of the next Lemma.

Lemma 2.2.1. Let the situation be as just described, that is t = t; where A = (22,1h72) ¢ Par,f2 and 1y and Iy
are the lengths of the two columns of A. Then we have that fil; = (1 =i)f; fori=1,...,11 and fiL; = (2-i+1)f; for
i=li+1,...,n, that is

Jili = ct(i) fy (2.23)

Proof: We have

(2.24)

On the other hand, from the definition of the JM-elements in (1.19) we have the following formula, valid for i =
1,2,...,n-1

Liyy =siLisi +s; = (U; = 1)L;(u; = 1) +u; - 1 (2.25)
Since fiu; =0 fori=1,2,...,11 — 1 we get from this that
fili=(1—i)fifori=12....0 (2.26)

which shows (2.23)) for these value of i.

Now, if we assume that (2.23)) also holds for i = [;+1, we would deduce from (2.25]) that (2.23) holds fori = [1+2,...,n
as well, since fiu; =0 fori=1;+1,...,n—1, and so (2.23)) would have been proved for all i.
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We are therefore reduced to showing (2.23) for i = /; + 1, which is equivalent to showing that fiL;+1 = f;. But in
the diagrammatic expression for fiL; 41, that is

(2.27)

| Ly 1 | +e-

the multiplication with L;, 1 only involves the leftmost /; +1 bottom lines of f; and so we may assume that /5 = 1 when
proving fiL; 41 = fi. We therefore proceed to prove by induction on /; that fiL; 1 = f; where 1 = (2, 181y,

_ ﬂ (229)

or equivalently that u;Lo = Uy (U; — 1) which is immediate from the definitions.

For this the basis case [; =1 is the claim that

We then treat the inductive step from /3 to /7 + 1. In view of (2.25]), we first calculate an expression for f;(u;, —1).
We find

| [ - | | [ - |
filu, —1) = | IW, @ - | IWy, | (2.29)
IR

| ] - | || - |
= il - TW,, llﬂ - [ ow, | (2.30)

= LT TIwW, | +Zi§1 — IW,, | (2.31)
R = IWi I| I

| | b |

| JWi, |

T
S T | | +5° (2.32)
N - IWi, I|

where we used the (2.18)) variation of (1.13)) for (2.31). We next apply L;, to (2.32)) in order to arrive at an expression
for fi(uy — 1)L;,. Using (2.26]) we see that L;, acts on the first term of (2.32)) by multiplication with 1 —/; and, by

inductive hypothesis, it acts on the second term of (2.32)) by multiplication with 1. Combining, we get that

[ w ]

| [ - ,
filu, - DL, = lhllrl TW,, | | +5% ﬂ (2.33)
JW,
[ I
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We now get

e |
L | e
filu, =D)Ly (u, -1 = E&[ JW, @ +’%1 m (2.34)
| | | LW, ]
N NI g

|1 - | :
= L | TW,, || - (2.35)
T T —— ﬂ
Finally, adding and we get, using

ftLll+1 = l W, I = ﬁ (236)

This proves the induction step and then also the Lemma.

Lemma 2.2.2. We have the following commutation relations between Li and u;.

(]) If k #i,i +1 then u;Ly = L u;
(2) We have (u; — 1)L; = Ljy1(u; —1) =1
(3) We have (Ui - 1)Li+1 = Li(ui - 1) +1

Proof: This follows immediately from Ly = ®(L;), the definition of L; in (1.19) and the properties given in for
the specialized case g = 1.

We can now show the Theorem that was mentioned above.
Theorem 2.2.2. Let t € Std(1) where 4 € Par,fz. Then for alli =1,2,...,n we have
Sftli = ¢ (i) fi (2.37)

Proof: As already mentioned, we show the formula by upwards induction on Std(1). The basis case t = t, is
given by Lemma so let us assume that t # t; and that holds for all s such that s <t. We must then check it
for t. Since t # t, there is an i appearing in the second column of t, but with i + 1 appearing in the first column of t, in
a lower position, and so ts; < t. Setting f4 = fis,, fu = ft and r := ¢, (i) — c4 (i) where ¢, (k) = ct(k) and cq(k) := ciy, (k),
we have from a) of Theorem that

r+1 r2-1
fati = ——fa+—5—fu (2.38)

By induction hypothesis we have that f;L; = c4(k)fy for all k. Suppose first that & # i,i + 1. Then we get from
Lemma that u;Ly = Lgu;. Acting upon fy, this equation becomes via ([2.38))
r+1 r2 -1 r2-1
ca(k) fa + —5— fuli = 2

r r2

r+1
. ca(k)fa+

ca(k) fu (2.39)
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from which we deduce that f, Ly = cq(k)f,. But in this case ¢, (k) = c4(k) and so f,Lx = ¢, (k) f,, as claimed.

Suppose now that k =i. We have from Lemma, that (u; —1)L; = Lj+1(u; — 1) — 1. Acting upon f, this becomes
Sfa(u; = DL; = fy(Lyy1(u; — 1) — 1). Using (2.38)), the left hand side of this is

1 . r2-1
LHS = ;Cd(l)fd + 2 fuLi (2.40)
whereas the right hand side is
1 r?—1 —r+cq(i+1 r?2—1
RHS ==c4(i+ 1) fu + —5—ca(i+ 1) fu = fa = a( )fd+ 5s—cali+1)fu
r 0 - r r r (2.41)
cqli re — )
=== fa+ —5—cali+ D

where we used c4(i+1) = ¢, (i) and r = ¢, (i) — c4(i) for the last equality. Comparing (2.40|) and (2.41)) we conclude that
fuLi = cq(i+1)fq = ¢y (i) fg, proving the Theorem in this case as well.

Finally, the case k =i+ 1 is proved the same way. The Theorem is proved. O

Corollary 2.2.2. For A a two-column partition and t € Std(4) we have that E{ = Et. In particular, the {E{} form

a complete set of primitive idempotents for TL%.

Proof: Tt follows from Theorem and the formula E{ := %ftt that E{Lx = LyE{ = ct(k)E] for all k. But this property
characterizes the idempotent Et and so E{ = Et, as claimed. O

Remark 2.2.2. In the Okounkov-Vershik theory for the representation theory of QS,, one derives Young’s semi-
normal form via the Gelfand-Zetlin subalgebra of QS,,, see [77]. It should be possible to establish an analogue of
this theory for TL?,, using our Lg’s. It should also be possible to show that E{ = Pt where Py is a product of central
idempotents as in [77]. This would give an alternative way of proving Corollary

3. The unseparated case

3.1. Idempotents for Temperley-Lieb over a finite field. We shall from now on focus on the Temperley-Lieb
algebra TL':,” defined over the finite field F,,, where p > 2. We are interested in idempotents in TL';”.

If p > n the condition ({2.1]) still holds and so TL'Z” is a semisimple algebra and in fact all the results from the
previous section remain valid. Let us therefore assume that p < n. Under that assumption (2.1)) does not hold, and so
we are in the unseparated case in the terminology of [71] studied in chapter (3| section [3l Moreover, the coefficients of

JW,, and of E; cannot be reduced from Q to F,, and hence these idempotents do not exist in TL,”. In fact, if p < n

there are in general no nonzero idempotents in TL':[’ satisfying ([1.9).

On the other hand, we can still apply the general theory of JM-elements to construct idempotents for TL':,” . Let
us briefly explain this.

For t € Std(1) where A € Par;? we define the p-class [t] of t via
[t] = {s € Std(Par=?) | ¢s(i) = c¢t(i) mod p for all i =1,2,...,n} (3.1)

We now set
Ei = ) Es, (3.2)
se(t]
as in equation . By definition Ey) € TL?,, but it follows from the general theory developed in [71] that Ep in fact
belongs to TL%E”’) where Z ) := {% € Q| p does not divide b}. See Lemma |3.1.1]in chapter We have that Z(,) is a

local ring with maximal ideal 7 := pZ(,,) and Z(,,)/m = F,. and hence E[;; can be reduced to an element of TL':,'”7 that
we shall also denote Efy.

The Ey)’s clearly are idempotents in TL':," , called class idempotents, but they are not primitive idempotents in
general, as we shall shortly see.
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Let M;,;, := AP (1™) be the trivial TL';" -module, in other words M;,;, is the one-dimensional TL‘;”—module on which
Ug acts as zero for all k. Let P, be the projective cover for M;,;,. By general principles there exists a primitive

idempotent PE;,;, € TL':,” such that PE,rivTL':l” = P:riy. Recently, it was observed in [94] that the idempotent PE,,;,
coincides with the p-Jones- Wenzl idempotent PYW,, that was introduced by Burull, Libedinsky and Sentinelli, see [13].
We need this fact in the following, and shall therefore recall the definition of PJW,,.

For n € N we define non-negative integers a; satisfying 0 < a; < p,ax # 0 and

n+l=ap*+ar1pt+ .. +aip+ag (3.3)
In other words, (ag,ag-1,...,a1,aq) are the coefficients of n + 1 when written in base p. We then define 7,, C N via
L ={axp* xar1p* "+, . xaiptag} -1 (3.4)

where for A C N we define A —1:={a —1|a € A}. One checks that each m € 1, is given uniquely by the corresponding
sequence of signs for the nonzero a;’s. Using this, for m € 7, we now define a tableau t,, € Std(Par;?) in terms of a
block decomposition for standard tableaux as in (2.5)), using blocks D1, M1, Do, M, ..., Dy, M of consecutive numbers,
as follows.

Suppose first that i; > 0 is maximal such that (ax,ax-1,...,ax—i,) all appear in m with non-negative sign. Then
D, is defined by the condition that it be of cardinality |Dy| = axp* +... + ak,ilpk_il — 1. Suppose next that is > i
is maximal such that (ax—i,-1,dk-i,-2,--.,ak-i,) all appear in m with non-positive sign. Then we define M; by the
condition that it be of cardinality |M;| = ak_,-l_lpk_"l_1 +...+ ak_,-zpk_lé. We then continue the same way, defining
Doy, M, . .. except that the —1 term should only appear for D;.

The p-Jones-Wenzl idempotent PJW,, is now defined as follows
PIW, = ) E. (3.5)

mel,

Note that, unlike the definition in (3.5, the original definition of ZJW,, in [13] was formulated recursively. The
definition in is the left-right mirror of Definition 2.22 in [97], although we have here formulated it in terms of
standard tableaux. Note also that the original definition of PJW,,, and the definition in [97], was carried out for the
Temperley-Lieb algebra with loop parameter —2, as opposed to loop parameter 2 as in the present work. To switch
between the two settings one should apply the isomorphism u; +— —Uu;.

Let us give a couple of examples. If n =3 and p =3 we have I3 = {3+ 1} — 1 ={3,1}. The tableaux corresponding
to the elements of 73 are as follows

and so we get

JW,

W =E; +E = [ _Jw; | +2 (3.7)

JW,

To verify that 2JW3 belongs to TL';B7 one uses ([L.11]) and (1.12)) to expand JWo and JW3 and finds

ol

x | (3.8)

which indeed belongs to TLEB.

In the tableaux in (3.6) we have indicated with color red, for each i = 1,2, 3, the residue c¢(i) mod p of the content
ct(i). Using this we get that the 3-class of t3 is [t3] = {t3,t1}. We now use Corollary and get that
Et,) = TWs (3.9)

Thus in this case the class idempotent Ejt,] is in fact primitive.
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To give an example where the class idempotent is not primitive we choose p = 3 and n = 12. We then have
n+1=9+3+1landsoZ,={9+3+1}-1={12,10,6,4} and so we have that 3JW;, = E;u + E;w +E;6 + E{4

The corresponding standard tableaux, with 3-residues indicated with color red as before, are as follows

[1] 1]12) HE HE

2] 2] .2 |10 .2 |10

L3 L3 311 L3 |11

| | = pd |12

5 .5 5 L5
tio = ﬁ tio = ﬁ tg = ﬁ ty = ﬁ (3.10)

b | b7 | b7 | ol

B 8 L8 B

9 9 12

(L0] (10]

11 11

12

Note that ti2,t10,t16 and t4 all belong to the same 3-class, as can be seen by comparing the residues modulo 3. But
the class [t12] contains two more tableaux, namely

o1 |6 o1 |6
b2 | b2 |07
BB 31,8
4 4 12
s=[5] t=15 (3.11)
9] 9]
[10] [10]
T B
¥ Exd
obtained by interchanging {6,7,8} and {9,10,11} in tg and t4. From this we get that
Et,] = TWiz + E, +E; (3.12)

which shows that E{ +Ef € TL';” . By expanding in terms of the diagram basis for TL‘:,” , one gets By + Ef # 0 in TL';”

and clearly 3JWj5 and E, + E}{ are orthogonal. Hence Eft,, is not a primitive idempotent in TL';”.

The purpose of the rest of the chapter is to show that a variation of the principle for constructing idempotents given

in (3.2)), this time using KLR-theory, can be applied recursively to derive the p-Jones-Wenzl idempotents for TL';” , that
is the primitive idempotents.

Let us start out by proving the following Lemma, which is a generalization of (3.12)).

Lemma 3.1.1. Let Ey,) € TL':,” be the class idempotent for the p-class [t,], given by the one-column tableau

. Then Ey,,) = PIW,, + E for some idempotent E in TL':,P, orthogonal to PYW,,.

Proof: We must show that t,, € [t,] for all m € 1, asin . Let D1, My, ..., Dy, My be the sequence of blocks defining
t,, as in the paragraph preceding . Then clearly cy, (i) = c,, (i) mod p for i € Dy, since in fact ct, (i) = cy,, (i)
for these i. Suppose now that M; # 0 and that mj ,,;, is the first number in M;. Then by the cardinality of D,
we have that cy, (m1,min) = ct,,(M1min) = 1 mod p and then cy, (m) = ct,,(m) mod p for all m € M;. This patterns
repeats itself. If Do # 0 we let da min be the first number of Dy. Then by the cardinality of Dy U M; we have that
ct,, (do,min) = ct,,(d2,min) =1 mod p and then ¢y, (d) = ¢4,,(d) mod p for all d € Dy, and so on recursively. This proves
the Lemma. ]

For the rest of the chapter we fix integers ny, no, r using integer division as follows
n=(p-1)+ny,ny =png+r where 0 <r <p (3.13)
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Recall that n > p and so ns is non-negative.

The next Lemma gives us a kind of recursive description of the class [t,].

Lemma 3.1.2. Ifr =0 there is a bijection

fi ¢ [ta] — Std(Par;?) (3.14)

Otherwise, if r > 0, there is a bijection
fo i [ta] = Std(Par;?) x {1,2} (3.15)
Proof:  Suppose first that » = 0 and let t € [t,]. We must define f;(t) and must show that it is a bijection. Since
t € [t,], the numbers (1,2,...,p — 1), whose content residues in t are (0,p —1,...,2), all appear in the first column
of t. We now consider consecutive blocks of consecutive numbers By, By, ..., By, in t, all of length p, starting with the

block By :=(p,p+1,...,2p —1). For each B;, the content residues are (1,0,p—1,p—2,...,3,2). The numbers of each
B; may appear in either column of t, but they all appear in the same column of t, since t € [t,,]. Using this observation,

we can define fj(t) as the two-column standard tableau of ns that has i in the first column iff the numbers of B; are in
the first column of t.

Here are two examples of fi(t), using p = 3, in which we have indicated the blocks By, B2, B3 and B4 with colors.

9

) 1 0 1

22 )10 22 )

13 211 13 2

) 113 / 1

fio e R R 1 e (3.16)

L5 | L5 | 2

el 2 Ik
| i

[, 11

One readily checks that fi, defined this way, is a bijection, proving (3.14)).

In order to show (3.15)), we choose t € [t,] and proceed as before, defining blocks Bi, Ba, ..., By, of consecutive
numbers of length p. But since r > 0 there will this time be an ‘extra’ block B,,+; of length r. The numbers of
Bj,+1 may appear in either column of t, but they all appear in the same column. Let t; := t|<,—,. We now define

fa(t) = (fi(t1), 1) if the numbers of B, 41 are all in the first column of t, and otherwise we define fo(t) := (fi(t1),2).
Here are two examples, using p =3 and r = 2.

b1 |
22 | b1 |
13 b L2 |,
b4 | 3 b
1 / 1
fo L5 | s - 1], fo: b4 | — > ,2 (317)
19 b - L5 |, -
m o],
11 L1015
15 11 )|'r
bl 6

Note that if ny = 0, corresponding to n+1 = p +r, one has fo(t1) =0 € Std(Par§2).
Once again, one checks that f3 is a bijection, which proves (3.15)), and hence the Lemma.
[m]

Returning to the examples (3.10) and (3.11)), where n = 12 and p = 3, we have that [t12] = {t12,t10, 16, t4, 5,1} and
writing f = fo we get

f(t2) =

13 ,1) L fty) = ( pL 13 ,2) (3.18)
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whereas

—

f(s) = ( o ,1), f4) = ( - 12 ,2) (3.19)

1

Note now that [t3] = 1 , which are the two tableaux that appear in (3.18)), but that 2| does not belong

to [t3]. Our second goal is to explain, in general, that this is the reason why the tableaux s and t should not be taken
into account when giving the primitive idempotent.

3.2. The KLR algebra. There are multiple ways to define KLR algebras, depending on the context in which they
are considered. A definition that aligns closely with the focus of our work can be found in [61]. However, unlike their
approach, we do not consider multipartitions, multitableaux, etc. Instead, we focus on a simplified setting where the
multicharge plays no role and is always taken to be zero. That is, the level is always 1.

Let k be a field of characteristic p, where p is either a prime number or zero, and suppose that e > 1 is a positive
integer. Let I, := Z/eZ. The elements of i = (i1,...,i,) of I} are called residue sequences modulo e, or simply residue
sequences.

Indeed, the elements of I, can be arranged in a cyclic quiver, where, for i,j € I., we write i — j if i and j are
adjacent in the quiver, that is if j =i+ 1. An illustrative diagram can be found in the next section, where we focus on
the integral case, which is our main interest now.

The following definition is quite similar to the main theorem of [12], but we omit the relations involving i 2 j
because our interest lies in the case where e is an odd prime number.

Definition 3.2.1. The cyclotomic KLR algebra of type Xe_l, or simply the KRL algebra, is the K-algebra R,
generated by the elements

{e@iell}U{yr|l <k <n}U{y/|1<I<n} (3.20)
with identity 1g, = Yiem e(i), subject to the relations
e(i)e(j) = dije(i) yie(i) = e(i)y; (3.21)
Yre(d) = e(i- sk ViYm = Ym)l (3.22)
Viyrere(d) = ri + 6ig iy, Ve (D) Yisre(d) = (Yrye + iy iy, )e () (3.23)
Vi = yivk ifl £k, k+1 (3.24)
Yihm = Ymi if Ik —m] > 1 (3.25)
e(i)=0 ifip #0 (3.26)
yie(i) =0 (3.27)
—e(i) ifire2 =ix = ire1
(Wrtrsrtr = Yinrdia)e(dD =e(d)  if ik = ik < ixs1 (3.28)
0 otherwise
Vk = Yis)e(d)  if ik — g1
W2e(i) = (Yk+1 — yi)e(i) Z'f l‘k <_.lk+1 (3.29)
0 if ik = ixe1
e(i) otherwise
where i- sk = (i1, 02, .., ik, ikels - -5in) = Sk := (1,02, .o ike1s 0ks - - -5 n)-

There exists a diagrammatic representation associated with the elements of the KLR algebra, which we will examine
in more detail in the next section.
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3.3. The integral KLR algebra. Brundan-Kleshchev and independently Rouquier found a new presentation for
the group algebra F,&,, proving that it is isomorphic to the KLR-algebra R, (in fact they worked in the greater
generality of cyclotomic Hecke algebras). If n > p it follows from their work that F, S, is endowed with a non-trivial
Z-grading, since R, is endowed with a non-trivial Z-grading in that case. The isomorphism F, S, = R, is important
to us since it induces, via Lemma an isomorphism TL';” = R, /I, where I, is a graded ideal in R, and hence in
particular TL',:{’ inherits a Z-grading from F, &, see [82] for more details on this.

Hu and Mathas gave in [47] a new simpler proof of the Brundan-Kleshchev and Rouquier isomorphism using

. . . cpp . . Zz Zip) - .
seminormal forms, and via this they were able to lift it to an isomorphism Z ))&, = R;,”, where R, is an integral
version of R, (once again the result was proved in the greater generality of cyclotomic Hecke algebras). We shall need

this isomorphism and its proof so let us recall the precise definition of R. " from [47].

We first arrange the elements of F, = {0,1,2,..., p — 1} in a cyclic quiver as follows

/L (3.30)

p— 1"'\‘_> P
0

1

and for i, j € F, we write i — j if i and j are adjacent in the quiver in the way that the arrows indicate. We shall refer
to the elements i = (i1,is,...,i,) of FI',’ as residue sequences.

Definition 3.3.1. The integral KLR-algebra Rf(”) is the Z(p-algebra generated by the elements

{e@lieFu{ywll <k <ntu{y|l<l<n} (3.31)
with identity 1 = Zing e(i), subject to the relations
e()e(j) = dije(i) yie(i) = e(i)y; (3.32)
Yre(i) = e(i- so)¥r YIYm = Ym)i (3.33)
Uiyrr1e(d) = Vak + Sig iy, Ve (D) Virre(d) = (Yryk + Oig.ip,, )e(d) (3.34)
Wiy = Yk ifl # k,k+1 (3.35)
Yilm = Vm¥k ’Lf |k - m| >1 (336)
e(i)=0 ifip 20 (3.37)
yie(i) =0 (3.38)
—e(i) ifire2 =ix = ire1
(Wrtrsrtr = Yinidie)e(D =e(d)  if ikeo = ik < ik (3.39)
0 otherwise
(yk - )’k+1)e(i) ifix = i1 #0
Yk +p —yrr)e()) ifixk =ik =0
B . 0 % .

lﬁie(i) _ (Vk+1 — yr)e(d) ) @f F l.k — l.k+1 (3.40)

(Vks1 +p —yi)e(d)  if 0 =ik — ikn

0 Zf I = g1
e(i) otherwise
where i-sp = (i1, 02, .. ik, ikats - oo sin) - Sk = ({1502, oo oy kel iks - o5 in)-

It is easy to check that R,Zl“’) ®z, Fp = Rn where R, is the original cyclotomic KLR-algebra.

We have already alluded to the following Theorem, that was proved by Hu and Mathas in [47].

Theorem 3.3.1. There is an isomorphism of Z,)-algebras F : Rf(”) =Zp) G

68



We next recall the diagrammatics for 7%5(" ', as given in [47]. It is an extension of the diagrammatics for R,. A
KLR-diagram D for R, consists of n strands connecting n northern points with n southern points of a (n invisible)
rectangle. Crossings are allowed in D, but only crossings involving two strands. Isotopic diagrams are considered to
be equal. The strands of D are decorated with elements of F,, and the segments of a strand are decorated with a
nonnegative number of dots. The product D1Ds of KLR-diagrams D; and D, is realized by vertical concatenation
with D on top of Dy where D1D> is set to zero if the bottom residue sequence for D, does not coincide with the top
residue sequence for Dy. Here is an example of a KLR~diagram, using n =6 and p = 3.

1 0 1 1 2 2

(3.41)
2 1 0 2 1 1
The diagrams for ‘Rf(” ) is given by
e(i) — ‘ ‘ yie(i) — : ‘ ‘
i1 19 In—1 in i1 in—1 in
(3.42)
re(i) e e
i1 o i tht1  Gn—1 in

Via this, one can convert the relations (3.32)) — (3.40]) into a set of diagrammatic relations for RZ” . For example, the
relation [3.38 becomes
] ] -
in

i1 g
Whereas the left equation on [3.34]is viewed as
oo
X ‘ ‘ X ‘ tk ik+1 (344)
7: Zk+l Z X Zk+1 i1 i2 In—1 in

If ig40 = i < ir41 the relation i 1n 3 9| can be viewed locally as

ST

i Ges1 e Gk Gks1 G Tk Tkl O

There is a degree function for R, given for example in [12], [62] and [84]. The degree is given by deg(e(i)) = 0,
deg(yre(i)) = 2 and

_2 if ik = ik+1’
deg(yre(i)) =41 if ix = ige1,ix < iks1s (3.46)
0 otherwise.

For instance, it is easy to see that if iy = iz41 then the degree of Y yr+1e(i) on the left-hand side of is 0 as
well as the degree of the first term on the right-hand side of the same equation. Therefore (Yryr+1 — yitbr)e(i) is an
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homogeneous element of degree 0 which is agree with the degree of e(i). Otherwise, 6;, i,, =0 and turn into

eee
U k4l n U Tht1 In

(3.47)

The degree of both sides is 3 if iy — ix41 Or iy < ir41, and it is 2 if there is no relation between iy and igq.

This degree function does not induce a Z-grading on Rf(” ), since the relations in (3.40])) are not homogeneous. For
example if 0 = iy « ix41, locally we have

_ - +p (3.48)

U k1 W kel Gk gyl U Tkt1

Notice that, under the conditions given for iy and irs1

_ N (3.49)

ik k1 Gk Tkl ko Tkt
is an homogeneous element of degree 2. Contrarily, the degree of pe(i) on the right-hand side of is 0.
We now have the following Theorem which is an extension of Theorem 3.2 and Remark 3.7 of [82] to the integral
case.
Theorem 3.3.2. Let n > 3. If p > 3 then the homomorphism ® from Lemma induces an isomorphism
between TL%“’) and the quotient of Rf(”) given by the relation
e(i)=0 ifi; =0 mod p, i =1 mod p and i3 =2 mod p (3.50)

(p)

If p = 3 then @ induces an isomorphism between TL?,(P ) and the quotient of Rf given by the relation

yze(i) =0 ifi; =0 mod p, is =1 mod p and i3 =2 mod p (3.51)

Proof:  The proof from [82] carries over. It uses properties of Murphy’s standard basis that also hold in the present
case. These properties lead to a description of ker ¢ as the ideal in R,ZL“’}, given by (3.50) and (3.51]). O

We need the basic ingredients in Hu-Mathas’ proof of in the special case Z(,)&, that we are considering.

Recall from that {x;lt | (5,1) € Std(1)*2,1 € Par,,} be the specialization g = 1 of Murphy’s standard basis for
the Hecke algebra of type A, see [70] and [74]. As already mentioned in the proof of Theorem it is a cellular
basis for Z(,)S, on poset (Par,, <), and the elements {L1, Lo, ..., L,} defined in form a family of JM-elements
for Z(,)©, with respect to the content function defined in . For QG,,, these JM-elements are separating, and so
for t € Std(1) we have an idempotent E; € QS,,, using the formula in . For s,t € Std(Par,) we define

fst = EsxstEt € Q6 (3.52)
Then the elements {fst | (s,t) € Std(2)2, 2 € Par,} form a Q-basis for QS,,.

For A € Par:? and s,t € Std(1) we define similarly elements fit in TL?“ denoted the same way, via
fot = EsCAE € TLY (3.53)
that form a Q-basis for TL?l. For @ : QG, — TL% the homomorphism from Lemma we have that dJ(x;lt) =

C;lt + higher terms, where the higher terms are a linear combination of Cg,t, with 1 > s and t; > t, see Theorem 9 of
[48]. Using this, and that ®(L;) = L; and therefore ®(E;) = E; for t € Std(Par3?) we get that

O(fit) = fst  for s,t € Std(Par:?) (3.54)
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For p a prime and t € Std(Par,) we define the p-class [t] € Std(Par,), as in (3.1). There is a well-defined function
from p-classes to residue sequences, given by [t] — it := (c4(1), ct(2),. .., ct(n)).

In the proof of the isomorphism in Theorem Hu and Mathas construct left and right actions of e(i), y; and
Wi on Z,) Sy, by defining their actions on {fst}. Let us explain the formulas that they used for this.

The formulas for e(i) are the simplest. They are given by

if it =1

if it # i

fu  ific=i

3.55
0 ifi® #1 ( )

e(i) fut = { fute(i) = {O“

The formulas for y; correspond to taking the nilpotent part of the JM-element L;, just as in the proof of the original
isomorphism Theorem. For i € Z let i € Z be given via integer division such that 0 <i < p -1 and i =i mod p and
consider i as an element of Z(,). Then

vifit = (es() = D) fu Sty = (ex(D) = D) et (3.56)
The formulas for ¥ are a bit more complicated, but also the most important for us.

For s € Std(1) where A € Par, and k =1,2,...,n—1 we set t := ss; and r = rg(k) := c5(k) — ct(k). We then define
a =ag(k) € Q via

1 ifteStd(1) andt<s
2
-1
as(k) =11 S~ ifteStd(D) and tos (3.57)
0 otherwise

In the terminology of [47], as(k) is a choice of a seminormal coefficient system. It is the ‘canonical choice’ of a
seminormal coefficient system, since it corresponds to the ‘non-diagonal part’ of YSF, see Corollary 2.2.1]

In order to define the action of i it is enough to define the left action of ye(i) and the right action of e(i)yr.
Suppose that i* = (i1,i2,...,ik, ig+1,---,in). We first define B = Bs(k) € Q and B = B5(k) € Q via

(07 a

— if ik = ik+1 mod P — if ik = ik+1 mod P
1-r _ 1+r
Bs(k) :=ar ifip =ige1 +1 mod p Bs(k) == —ar ifig =igy1 — 1 mod p (3.58)
ar otherwise i otherwise
1-r 1+r

Let a € Std(1). We then have

1 s s
.Bfta - 6ik,ik+1 ;fsq ifi*=1
0 ifi® #1

Ure(i) fsa (3.59)

= 1 s s
Bfat = Oip g ;fas ifis=1i
0 ifi® #1

Jase(Dg (3.60)

The formulas in — (3.60) are a key ingredient in Hu and Mathas’ proof of Theorem see Lemma 4.23
in [47]. Note that the formulas (3.55) — in fact over-determine F(e(i)), F(y;) and F(¥g), since already the left
action on the basis {fst} is enough to determine F(e(i)), F(y;) and F(y¥g). In other words, the left action determines
the right action and vice versa.

We now return to the homomorphism @ : Z(,,)S,, — TLZ® from Lemma We have the following compatibility
Theorem.

Theorem 3.3.3. The actions of ®(e(i)), ®(y;) and ®(yr) are given by the formulas in (3.55) — (3.59)), with the
only difference that fs is now the element of TL?, defined in (3.54)).

Proof: This is an immediate consequence of (3.54) and the definitions in (3.55) — (3.59)). m]
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3.4. Young Seminormal Form for eTL’Z”e. We write for simplicity e := E,| € TL%L(”), that is e := ®(e(i))

(p)

. . . . .. . . z .
where i = (0,-1,-2,...,—n + 1) is the decreasing residue sequence. This is an idempotent in TL,”’ and so we obtain

an idempotent truncated subalgebra eTL>® e of TL>*'. This subalgebra plays an important role for what follows. To a
certain extent, this runs parallel to several recent papers, for example [57] and [60], where similar idempotent truncated
algebras have been studied. By general principles, eTLf,(p ‘e is a subalgebra of TL%,(" ). but with unit-element e.

Under the isomorphism from Theorem the elements eTLi“’)e are linear combinations of KLR~diagrams that
have top and bottom residue sequences both equal toi= (0,-1,-2,...,-n+1).

Recall from (3.1.2) that we have fixed natural numbers ny, ng and r such that n = (p — 1) + ny and ny = pna +r.
As in Lemma we furthermore have blocks By, Bs. ..., B,, of length p of consecutive natural numbers. The largest
number of B; is I := (i + 1)p — 1 and we define §; € S, as

Si = S7(s7-18141) = (ST=p41S1-p+3 -+ ST4p-3S1+p-1) - - (S7-18141) 81 (3.61)

S; is a reduced expression for the element of S, that interchanges the blocks B; and B;;1, respecting the orders of the

elements of each block. We then define U; as the element of e(i)R,ZL(")e(i) that is obtained from S; by converting each
sj to ¥, and finally multiplying on the left and on the right by e. Similar elements have been considered before in
[53], [67] and [60], but only for the original KLR~algebra R,, defined over a field. In [57] and [60], the U;’s are called
diamonds. For example, for n = 14 and p = 3 we have

0210210210210 2 0210210210210 2

U1= U2= (362)
0210210210210 2 0210210210210 2

Our goal is to describe the left and right actions on the Q-basis {fs} for TL?l. For this we have the following
surprising Theorem, which may be viewed as a generalization of Theorem and then also of Corollary that
is YSF, to the non-semisimple setting. As we shall see, its proof relies on (3.55) and (3.59)), and so ultimately on Hu

and Mathas’ proof of the isomorphism Theorem It is valid for eTLi(” 'e and eTL'Z”e.

Theorem 3.4.1. Suppose that s,a € [t,] N Std(Pars2), and that i = 1,2,...,n5 — 1. Let t := s - S; and suppose

n
that t is a standard tableau. If s >t set s, := s, otherwise set s, :=1. Let s4 =, - S;. In the notation of Lemma [3.1.2

define f as fi if r = 0, otherwise as the first component of f,. Define ¢ := cg(s,)(i) = cf(s,) (i +1) and X € Q via

((e+Dp=1)((e+Dp-2)-(ep+1)

(Qp—l)(pp—2)---((9—1)p+1)

X = (3.63)

with p — 1 factors in decreasing order in numerator as well as denominator. Then the left action of U; is given by

Q2

-1
XQ2 fsua

-1
o Sswa + X fsya

+1
(1) Ui fssa = QQ Ssaa +

(2) Uifsua = 9

Suppose next that t is not standard. Then U; acts via

(3) Uifsa =0 if i,i+1 are in the same column of f(s)
(4) U;fsa =2fsq if i,i +1 are in the same row of f(s)

Proof: Let us first prove (2). The proof is a book-keeping of the coefficients that arise from the applications via (3.59)
of the y;’s that appear in U;. By the assumptions, in s, the block of numbers B; is positioned above the block of
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numbers B;;; as indicated below.

1[+1—p
ol+2—p sy
: : B Sr—1 SI+1
: * ~— S1-2 Sr Sr+2
3 I—1 .’ :
. I .
Su = . Si= Sr41p eec Sp1 st Srp2 *ee SI-lyp (3.64)
1 I+1 . : .
— g 1+2 : ¢ * °
Biy S1-2 Sr S1+2
it .
. Sr-1 S1+1
3l +p—1 o
o I+p

For simplicity we write fs, = fs,a and fs, = fs,a. We first claim that U; maps f;, to a linear combination of f;,
and f;,, disregarding the coeflicients for the time being.

To show this claim we proceed as follows. When applying ¥ to f;,, corresponding to the top row in the diamond
for §; in , the residue difference modulo p is 1, as can be read off from the red numbers in , and so by
the result is a scalar multiple of f;, .s,, that is one term. Next when applying ¥ +1 and ¥j—; to fs,.s,, corresponding to
the second row in the diamond for §; in (3.64), the residue difference is 2 and so by the result is a multiple of
Ssu-(srsi-1s1:1)» that is one term once again. This pattern repeats itself until we reach the middle row of the diamond
where the residue differences are all p, and so by these ;’s produce two terms each, corresponding to the two
terms in . The tableau of the first term is given by the action by s; whereas the tableau of the second is given
by the omission of s;. On the other hand, the ;’s in the lower part of the diamond once again only produce one term
each. This pattern of residue differences can be read off from the KLR-diamonds as well, see .

We conclude from this that U; maps f;, to a linear combination of f;,., where o is a subexpression of S; obtained
from §; by deleting certain of the s;’s from the middle row of S; and where s, - o is standard. If o is the subexpression
obtained by deleting all the s;’s of the middle row, the resulting term is f;,. = fs, and if no s; is deleted the resulting
term is f;,.o = fs,, of course.

We must however also consider the mized cases where some of the s;’s from the middle row of S; are deleted, but
not all. In these cases we may use Coxeter relations to move a generator s; # s; to the top of S; and so we deduce that
s, - 0 is not standard. In Figure [I] we give an example, using p = 5, and the indicated tableau s,,.

Bf!

1110

211

3112 By )

7113 S14 S14 $10 S14

=112 S13 S15 S13 S15 513 $15

G 512 S14 516 512 514 516 512 S14 516
7 S11 513 S15 S17 S10 S13 S15 S17 513 $15 S17

Su = ? 510 S14 516 518 — S11 514 516 518 — S11 S14 516 518

T S11 $13 S15 S17 S10 S13 S15 S17 S10 513 S15 S17
1—5 512 S14 516 512 514 516 512 S14 516
E $13 S15 S13 S15 513 515
[17]
13|
[19]

FIGURE 1. Example using p = 5.

It follows from this observation that the part of the action of ¥, on f;, that gives rise to fs,.. must involve the
third case of (3.57)), for at least one of the ;’s, since the other cases produce standard tableaux. But then the result
is zero, proving that the mixed cases do not contribute to the action of U; and so the claim is proved.

Let us now calculate the coefficient of f;, under the action of U; on f;,. The contribution to this coeflicient for
each y; of the middle row of the diamond is given by always choosing the first term of (3.59)). This implies that the
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r 5
Sp P—-—p+1 P—p+1
S1-1 SI+1 P—-p+2 |—-(P—-p+2)/(P—p+1)
512 S1 SI+2 P—p+3 |-(P—p+3)/(P—p+2)
SI42-p Si-1 Sr41 S1-24p P—1 —(P-1)/(P—2)
Sr+1—p e Sr9 Sy Sp42 **e SI—14p P —1/(P—1)
SI4+2—p Sr—1 Sr+1 SI—2+4p P+1 P+1
81-2 S1 8142 P+p—3 | -(P+p-3)/(P+p—4)
Sr-1 5141 P+p—2 —(P+p—-2)/(P+p—3)
81 P+p—1| —(P+p-1)/(P+p—2)

FIGURE 2. Values of r and B for each row of the diamond.

coefficient of f;, always comes from ‘going down’ and so @ =1 for all occurrences of (3.57)) involved in the coefficient
of fs,. The value of B, according to (3.58]), therefore only depends on r and the relevant residue differences, that are
constant along the rows of the diamond.

The table in Figure [2| gives the values of r and S for each row of the diamond, where we write P := pp, for simplicity.
The colors in the table correspond to the three cases in the definition of 8 in , with red corresponding to the first
case, blue to the second case and black to the third case. To get the coefficient of f;, we must now multiply all the g’s
of the table in Figure [2, with multiplicities given by the cardinalities of the rows of the diamond.

We first claim that the sign of this product is +. To show this we observe that the number of black or red B’s in
the table in (3.58)) is p? minus the number of blue g’s, that is p? — p = p(p — 1) which is even, proving the claim.

The product of the B’s is therefore

(P-p+1)(P-p+2?2(P-p+3)* (-1t 1 (P+1)P"' (P+p-3)°(P+p-2)2(P+p—-1)
1 (P—p+1)2(P-p+2)3 (P-2)pL(P-1)r 1 U (P+p-43 (P+p-32(P+p-2)

(P=p ) (P=p*2? (P=p¥3)°  (P=t7 " 1 P+ (Pap-3)F (P+p-2)F (P+p-1) _
1 P-p+DE(P-p+2)} (P-22T(P-1)f 1 (P+p=12)° (P+p=3)" (P+p—=2)

(P+1) (P+2) (P+p-2)(P+p-1)
(P-p+1)(P-p+2) ~(P-2) (P-1

(3.65)

Remembering that P = gop, we conclude from this that the coefficient of f;, is X as claimed.

In order to determine the coefficient of f;, we use the same method as for the coefficient of f;,, with the difference
that this time « is ‘going down’ only until reaching the middle row of diamond in which it ‘stands still’ and after this
point, corresponding to the lower part of the diamond, « is ‘going up’ again. Thus the table for fs, coincides with
the table in Figure 2] in the upper half of the diamond, but differs from it in the middle row and below. Using the
definitions of r, @ and B, we then get the following table, where we use the same color scheme as in Figure [2| and once
again P := gp.
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r p
1 P—-p+1 P—p+1
SIet o P—p+2 |-(P—p+2)/P—p+])
Ve s P-p+3 |- (P-p+3)/(P-p+2)
Sr42-p Sr-1 Sr+1 S1—-2+p })': 1 —(P-1D/(P—2) (3.66)
SI+1—p e Sr—2 St Sr42  *°*° SI—1+p P —1/P
SI+2-p S1-1 SI+1 SI-2+4p —(P-1) —P(P-2)/(P—1)
s s s CP— (-3 - (P—(p-2)/(P—(p—3)
S-S —(P—(p-2) | -(P—(p—-1)/(P—(p—2))
> ~(P—(p-))|[-P-p/P-(p-1)

We must calculate the product of the B’s that appear in . There is only one 8 appearing with a positive sign
in , namely the one in the first row, and so the sign of the product of all the B’s is (—1)‘”2’1 =1, since p is an odd
prime. It is now easy to calculate the product of the B’s: indeed multiplying the 8 of the first row with the 8 of the
last row, the B’s of the second row with the B’s of the second last row, and so on, we find that the product of the 8’s is

p- - -1
p_op-p_o (3.67)

P op 0

which proves (2)

The proof of (1) is proved with the same methods as the proof of (2) and is left to the reader.

The proof of (3) is easy since, by the assumption for (3), all the numbers of B; and B;,; appear in the same column
of s. In particular, I and I + 1 appear in the same column of s and so indeed U; f;q, = 0 since already ¢ fsq = 0.

The proof of (4) is slightly more complicated. Under the assumption of (4), we have that s and s - S; are as follows

, I+1 1 [+1—p
0 I1+2 BH—] O]+27p
3 l+p—1 3 I—1
S = I+1-pl |, I+p S'SiZ ) I+1 9 I (368)
~ loIl+2-p o I+2
Bz . . .
3 I1-—1 3l +p—1
2 I o IT+p

with s - §; non-standard. Using this, and arguing as in the paragraphs following (3.64)), we get that U, fsqa = Afsq for
some A. With the same notation as before we then get the following table for calculating A.
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T B
S1 —2p+1 | =(2p—2)2p/(2p—1)
Sr-1 S1+1 —2p 2 -(2p—3)/(2p—2)
Sr_9 St Srio —2p+3 —(2p—4)/(2p—3)
SI+2-—p Sr—1 Sr+1 SI—2+4p —p—1 7p/(p + 1) (369)
SI+1-p et S1-2 St Sr+2  **° SI—1+p —P 1/[)
S14+2-p Sr-1 S1+1 SI—2+4p p+1 p+1
Sr-2 Sy S14+2 20 —3 —(2p—3)/(2p—4)
S1-1 S 2p—2 | —(2p—2)/(2p—3)
51 2p—1 | —=(2p—1)/(2p—2)

The product of the B’s of the table can be calculated by pairing the top S with the bottom 8, and so on, and gives
A= (-1)P~12 = 2, proving (4). (In fact, this calculation may be viewed as the calculation for the coefficient of f;, 4 in
a) in the special case o = 1). The proof of the Theorem is finished. O

We have the following variant of Theorem describing the right action of U; on {fs}. Note that the formulas
for the right action are the same as the formulas for the left action, except that X should be replaced by X
Theorem 3.4.2. Let the notation be the same as in Theorem [3.4.1] Then the right action of U; is given by

+1 X(0? -1
(1) fasti = QQ fasd+ (QQ2 )fasu

-1 1
(2) Jas, Ui = QTfasu + }fasd

Suppose that t is not standard. Then U; acts via

(3) fasUi=0 if i,i + 1 are in the same column of f(s)
(4) fasU; =2fys if i,i+1 are in the same row of f(s)

Statements similar to the one of the following Corollary, but for the original KLR-algebra R,, defined over a field,
are already present in literature, see for example [53], [60] and [57], although the proofs in these references are different
from ours, since they rely on KLR-diagrammatics.

Corollary 3.4.1. Let na be chosen as in (3.13)) and suppose that ny > 1. Then there is a (non-unital) injection of
Temperley-Lieb algebras given by

kir TSP ST upe o(Uy) fori=1,2,... 00— 1 (3.70)
Proof: We must show that the left action of the U;’s verify the Temperley-Lieb relations (1.1, (1.2)) and (1.3). The

quadratic relation (1.1} follows immediately from Theorem [3.4.1] since the 2 X 2-matrix My, expressing the left action
of U; in terms of {faut,, fat, } has the form

+1
e

My, = f€1 o-1 (3.71)
X? 0

which satisfies Mai =2My,.

In order to show relation (|1.2), we choose s,t € [t,,] N Std(Parflz) and show that the left action of U;U;+1U; on fg
is equal to the left action of U; on fs. Let us focus on U;U;11U;. We then consider the positions of i,i + 1 and i + 2 in
f(s) where f is as in Theorem Ifi,i+1 and i + 2 are in different rows of f(s), we have the following possibilities
$1,99,...,5¢ for f(s).
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i+1 i i
i+ 2 i+2 i+ 1 4 i+ 1 i+ 2

(3.72)

i+ 1 7 i
i i+ 1 i+ 2 i +2 i+ 2 i+ 1

One now checks for all j =1,2,...,6 that indeed U;U;41U; f5;+ = U; fs,+. For example, using ¢ := cs, (i) — ¢s, (i) one gets,
using Theorem [3.4.1| repeatedly

2
UiUia Ui fs,t = Ui ( fslt o2 f52t) Xo? U Uis1 foot
2 2
o- -1 0 (e-1"-1 Q +1
= Xo? U; ( lfszt + X1(0—1)2 Jost| = f52t (3.73)
+1(0-1 2.1 +1
= QXQ (Q_fSQt + stlt) = QXQ2 ngt + o fslt

which equals U; fs,+. For the other s;’s, the verification of U;U;4; Ul-fsjt = Ul-fsjt. is done the same way.

If two of the numbers i,i + 1 and i + 2 are in the same row of f(t) we have the following possibilities

N EE! i |i+2
i+ 2 i+ 1

(3.74)

and in each case one checks that U;U;,1U; and U; act the same way. The verification of U;U;_1U; = U; is done the same
way, and finally the verification of relation (1.3) is trivial.

In order to show injectivity of tx; g one first checks that throughout the above arguments, one may always replace
left actions by right actions. (This also follows from the theory in [47]).

Let now {Cst|s,t € Std(/l) e Parﬂ} be the basis for TLn(z’ ', as introduced in the paragraph before (1.18)). From

the formulas in Theorem we have that u,» € Std(u) with u € Par,ff and Cgt fyp # 0 implies u > t, and similarly,
from the formulas in Theorem we have that f,,Cst # 0 implies v s. Moreover, we also have that Cyay f,, = i fito
where ul # 0 and that f,,Cya = ul fyr where g # 0 and where u, v are of shape A.

Suppose now that 0 # C = 3.1 A5Cst € kerigrr. Choose (sp,1g) such that A5, # 0 and such that (sg,1g) is
minimal with respect to this property. Then, using C fs,t, = 0 we get 0 = fis,C footo = /lsotoc,ulsmutroftnto, where ¢ # 0,
which implies A4, = 0. This is however a contradiction, and so the injectivity of txrr has been proved. O

Remark 3.4.1. For ny = 0 or ng = 1 the proof of Corollary does not make sense. In these cases we define
LKLR by

kg TSP S TP 105 By (3.75)
This definition corresponds to the basis case in the induction proof of Theorem for all values of ns.
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Remark 3.4.2. In general txrr (TLi;” ) ¢ eTL%,(” ‘e, but this inclusion is not an equality, since for example ey;e €
eTLf,(”)e \ (kLR (TL%,(Q”)). Over F, it is likely that (x1r (TLE,’;) is the degree zero part of eTL';”e.

Remark 3.4.3. Let TL%!;”) (27) be the Temperley-Lieb algebra defined over Z,y with loop parameter 2” and let

once again ny be chosen as in (3.13]). Then there is another injection t¢qp : TL%;") (27) — TL%“’) given by replacing each
line after the first p — 1 lines by p parallel lines. For example for n = 14 and p = 3 we have

/7NN /7NN

In view of Fermat’s little Theorem, it induces an injection t¢qp : TLZ’; — TL',:{’ . Note that t.4p is much simpler to define

than (g r since it does not require KLR-theory.

Let S; € &, be as in (3.61). Then one gets an expression for .45 (U;) by replacing each s; in S; by the generator u;
of TL%,(”). For example for tc4p(U1) and teqp(Uz2) as in (3.76) one gets

teab(U1) = UsUgUgUsUsU7UsUgUS, teab (U2) = UgUzUgUgUgU1oU7UgUg (3.77)

This is parallel to our definition of U; in the paragraph following where we use ¥;’s instead of u;’s. Via these
expressions and Theorem one may now attempt to describe the action of tcqp (U;) on fs, 4, in the hope of finding
formulas similar to the ones of Theorem but already for small values of n and p the result is an intractable linear
combination of fy’s for s4 < u <'s, where s; and s, are as in Theorem The reason for this is that YSF, that is
Theorem m gives rise to two fy terms for each U; in t¢qp(U;), whereas Hu and Mathas’ formulas and
only give rise to one fy;; term for each ¥; in U;, except for the ¢;’s in the middle of the diamond. This simpler description
of the action of the i;’s, in comparison with the action of the u;’s, is a key ingredient in the proofs of Theorem
and and it is a main reason why we need KLR-theory for Corollary and therefore also, as we shall see, for
the main results of this section.

Over F, it would be interesting to investigate whether the mentioned linear combination of f’s reduces to the two
terms f;,+ and fs + since that would imply that tcqp and txpr coincide. In particular, tcqp(U;) would be homogeneous
of degree 0, although the individual U;-factors of txrr(U;) are not homogeneous. We thank one of the referees for
bringing t.qp» to our attention.

3.5. Connection between the p-Jones-Wenzl idempotents and KLR-theory. Suppose that no > 1. Let

original family of JM-elements in (1.19) and where ® : Z(,,)S,,, — TL%,(;’ ' is the surjection from Lemma Using
the general theory in [71], we then obtain idempotents E; € TLC,Q12 for t e Par,i2 that are common eigenvectors for the
£;’s, via the construction in (2.12)) and Corollary On the other hand, the inclusion txrg : TLi;”’ — TL%,”’) from

Corollary induces an inclusion L% LR TL%2 C TLY and so we may view the Et’s as idempotents in TL?l via L%LR.

{£1,2,,...,4,,} be the family of JM-elements in TLi(z”) given by &; := ®(L;) where {L,La,...,Lp,} C ZiiiGn2 is the

Our next goal is to show, quite surprisingly, that these new idempotents {E; |t € Std(Par,ff)}, viewed as elements

in TL?,, are closely related to the first idempotents {E¢ |t € Std(Parfz)} in TL?,. We start with the following Lemma,
which should be compared with Lemma [2.2.T]

Lemma 3.5.1. Let 1 € Std(Par:?) and suppose that t = t) € [t,] N Std(Pars?) and that a € [t,] N Std(1). Set
s:=f(1y) € Parﬁf where f is as in Theorem . Let fiq and for be as in (3.53)). Then for fori=1,2,...,ns we have
that

Lifia=cs(Dfta  and  fiali = cs(i) fta (3.78)
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Proof: Let us show the formula for the left action of £;. Letting /; and I be the column lengths of s we have that

1 | +1
2 |Lh+2

5= (3.79)
o |+

Iy

Once again, we use the recursive formula £;.7 = (U; — 1)£;(U; — 1) + U; — 1. Together with (3) of Theorem it
reduces the proof to the case I =1 and i = /1 + 1 where we must show that

Dvll+1fta = fta (3-80)

We do so by induction over /3. The basis of the induction, corresponding to [; = 1, is the affirmation that £5f;, =
Jta &= (U1 = 1) fia = fta which is true by (4) of Theorem

To show the inductive step I —1 = [; we write for simplicity [ := [y, t; :=t and t, :=1-5; and get via (1) and (2)
of Theorem [B3.4.1] that

21+1ﬁa=((uz—l)ﬂl(uz—lnuz—l)ﬁda=zz(uz D3t St ) ¢ (e + St )
1 2 -1 12 -
= U= (5 fun + i) (1 + gt ) = Ui sa + S e + s (3.81)

1-1

= Tul(ftda - Wftua) + ftda = ftda = fta

The proof of the formula for the right action is done the same way.

]

The previous Lemma is the basis step for the inductive proof of the following Theorem which should be compared
with Theorem [2.2.21

Theorem 3.5.1. Suppose that t,a € [t,] N Std(Par3?). Set s := f(t) € Par where f is as in Theorem
Then for i =1,2,...,ny we have that

Lifta =cs(Dfia and  fotl; = cs(0) fat (3'82)

Proof:  As already indicated, the proof is by upwards induction over the dominance order in Std(1), with Lemma
corresponding to the induction basis. The induction step is carried out the same way as the induction step in
the proof of Theorem with Theorem replacing Theorem The extra factors X or 1/X in the equations
corresponding to - ) do not affect the conclusion. O

We have a series of Corollaries to Theorem [3.5.1]

Corollary 3.5.1. Let t and s be as in Theorem and let E; € TL?, be the idempotent from Corollary
Then we have
LB =EL; = cs()E; fori=1,2,...,n9 (3.83)

Proof:  This follows directly from Theorem together with the construction of Ey in (2.12)) and Corollary
o

Corollary 3.5.2. Suppose that t € [t,] N Std(ParQ) and that s € Par where n, is as in Lemma Let
L%LR : TL?l2 c TL?, be the inclusion given by Corollary Then we have

Bt if f(t) =5
Q _ Q _JHt
tirr(Bs) "Bt =Bt - ey o (Es) = {0 if F() s (3.84)
In particular
(e (Es) = > Et (3.85)
te[t, ]1NStd(Pars?)
f(t)=s
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Proof: To show ([3.84)), we first suppose that f(t) =s. Using (2.2]) and Corollary we then get

Suntel-e=|[1 1 5 |e=|I] T1 2=t faee @50

ceC i=1,..., na ceC i=1,..., na
c#cg (i) c#cg (i)

as claimed. Suppose next that f(t) # s. Then there is i € {1,2,...,n2} such that cp)(i) # c5(i), since the separability
condition ([2.1)) is fulfilled, and so L%LR (Es) has (£;—c () (i) as a factor. But by Corollary we have (£;—c ) (i) Et =
0 which implies L%LR(E )JEt = 0. The formula for the right action in ([3.84) is proved the same way.

Finally7 is a consequence of ([3.84 - since the Ei’s are a complete set of orthogonal idempotents, see Corollary

9] and LKLR(E )Ey =0 for u € Std(Par=2) \ [t,]. O
Let
n+l=ap+ar1p" 4. +aip+ao (3.87)
be the expansion of n+ 1 in base p from (3.3). As in (3.13)) we have n =ny + (p — 1) and ny = pny +r and so
r=ag and no+1=ap* ' +ar1p* 2+, +ay (3.88)

For our final Corollary we allow ns to be any natural number or 0. Let 7, be the set defined in ([3.4)).

Corollary 3.5.3. Choose ¢ € {1} fori=1,2,...,k—1 and let m = (akpk_1 + 6k,1ak,1pk_2 +...+€ay1)—1be
the corresponding element in 7,,. Let Lz IR - TL?,2 - TL?, be as above. Then
Q E _ Et(akkarék,lak,lpk_l+...+51a1p+a0)71 + Et(ak[lki’ék,lak,l[)k_1+...+€1(11[)*ao)71 lf do # 0 3 89
tgrr(Etn) = ifag=0 (3.89)
(appk+er_yag_1p*~L+. . +eraip)-1

Proof: 1f ng > 1 we get (3.89)) from (3.85]) and the definition of f, see Theorem and Lemma If ng =0 or
ne =1 we get (3.89) directly from (3.75)). O

We now finish this chapter by showing how PJW,, fits into the picture. Recall that n=p. Repeatlng the process
0

in we find that n,ny,ne and r belong to sequences of non-negative integers n' nl,n2 and r' where n :=n°,n; =
n?, no = n2 and r = r and where
n =n§+(p— 1), n’1 =pni2+ri, n'*l =n§ fori=0,1,..., k-1 (3.90)

In fact we have
r'=a; andny+1= arp" v ap pF Tl v ain (3.91)
from which we see that n’2 is strictly positive, except possibly né‘l which may be zero.

Using Corollary [3.4.1] we then get a chain of injections
TL Z(p) C TL (p) c..-C TL (p) c TL Z(p) (3.92)

k 1

By (3.91)) we have nf~! = aj — 1 and so we have from a (non—unital) injection
0 : TLi(k"_’ LS TLE® (3.93)

With this we are in position to prove our final Theorem. It establishes the promised connection between the p-Jones-
Wenzl idempotents and KLR-theory for the Temperley-Lieb algebra, via the seminormal form approach to KLR-theory.

Theorem 3.5.2. In the above setting we have
p‘]WI’l = Lk(Et(uk_l)) (394)

Proof: We proceed by induction on k. If k =1 we have n+1 =a;p +ag and so is the statement
PIW, = u (B, ) (3.95)
But by Corollary and the definitions both sides of are equal to Ef,7, and so the basis of the induction is
established.
Let us now assume that holds for k — 1. Since ny =ny + 1 = (arp* ' +ar_1p* 2 +...+a;) — 1 we then have
PIWh, = te-1(Ey,, ) (3.96)
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or equivalently

Z Et(akpk’1+fk71akflpk’2+...+51a1)—1 = Lk_l(Et(ak’l)) (397)
E,'E{il}
Applying LE Lr to both sides of (3.97) we arrive via Corollary at
Z Et(akpk+ek71akflpk’1+.,.+50a0)—1 = Lk(Et(ak’l)) (3'98)
€e{xl}

that is P2JIW,, = Lk(Et(ak—l))7 as claimed. The Theorem is proved.

[m}
Viewing Ef; ;| as an element of TLA® via (13.92), we can formulate Theorem [3.5.2f as the statement
n2 n
k-1
PJW,, = Ept . 3.99
[ [y (3.99)

i
. e N
since Eft ,1Eft .1 = E[t ,_,1- In other words, E; is a summand of ZJW, if and only if fOM) =(fo...0ofH)}) € [tng—l]
2 "2 "2

for all i. For example, for n = 12 and p = 3 we get using (3.18) and (3.19) that E; is a summand of PJW;4 exactly for
t € {t12,t10,16,t4} in the notation of ([3.10). This is the precise meaning of our statement following (3.19).

One could consider this as an incarnation of the fractal structure of the representation theory of TL':," or its Ringel

dual SLy(F,), studied for example [31], [32], [86], [97].
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CHAPTER 5

On the Spherical partition algebra S?;

In this chapter, we introduce and study the spherical partition algebra SP, an idempotent truncation of the classical
partition algebra Py defined via the embedding of the trivial G;-module. This chapter is based on the article [67],
coauthored with Paul Martin and Steen Ryom-Hansen.

We begin by defining SP. as the algebra e;Prex, where ey is the symmetrizing idempotent in CS;. We construct
a basis for SP; indexed by bipartite partitions and show that the rank of this algebra is given by the number of such
partitions. We then study the specialized algebra SPy () for t € C, showing that it is quasihereditary for r # 0 and
determining the decomposition numbers and simple modules in all cases except ¢ = 0.

A central result of this chapter is the establishment of a Schur-Weyl type duality between SP(n) and S,, via
their commuting actions on the symmetric power SK(V,,). This leads to a double centralizer property analogous to the
classical case, and to a parametrization and dimension formula for the irreducible SP (n)-modules that appear in this
setting. Finally, we describe the Loewy structure of the indecomposable projective and tilting modules for SPy (¢).

1. The Partition algebra

1.1. Generators, relations and Jucys-Murphy elements for ;. The partition algebra $; was introduced by
Paul Martin via considerations in statistical mechanics, see [64]. Let SetParg be the set of set partitions on {1,2..., k},
that is the set of equivalence relations d on {1,2..., k}. For even subscript 2k we shall usually think of SetParo; as set
partitions on {1,2...,k} U{1’,2"...,k’}. If d € SetPary we write d = {d1,d>,...,d,} where the d;’s are the classes, or
blocks, of d. If furthermore d € SetPargy, we represent d diagrammatically using two parallel horizontal lines of points
labeling the top points {1,2,...,k} and the bottom points {1’,2’,...,k’}, from left to right. We draw lines between
these points in such a way that the connected components, in the graph-theoretical sense, of the corresponding graph
are exactly the blocks of d, for example

1 2 3 4 5 6 7 8 9
.

{{1},{2,3,7,8,9,6",7,8},{4,5,6,1",2'},{3",4,5'},{9'}} — (1.1)

*——0 e .
1 2 3 4 5 ¢ 7 8§ 9

Note that, just as for elements of BiPar, this diagrammatic representation of d € SetParyy is not unique.

For d = {di,ds,...,d,} € SetPary, we say that a block d; is propagating if d; N {1,2,...,k} # 0 and d; N
{1,2/,...,k’} # 0. If d;n{1,2,...,k} # O we say that d; N {1,2,...,k} is an intersection top block for d and if
d;n{1,2,...,k’} # 0 we say that d; N {1’,2,...,k’} is an intersection bottom block for d.

We define P as the C[x]-algebra that, as a C[x]-module, is free on SetParog, and that has multiplication defined
as follows. For elements d,d; € SetPargy, let d oy di be the concatenation of d and d; with d on top of dy. There
may be one or several ‘internal’ connected components of d oy dq, that is components that do not intersect any of the
top or bottom points of d o7 di. Let d oy di be the diagram obtained from d oy di; by removing these N, say, internal
components. There may still one or several ‘internal points’ of d oo dy, that is points that are neither top or bottom
points of d o5 dq, and we let d o3 dy be the diagram obtained from d o5 d; by eliminating these points. We may now view
d o3 d as the diagram of a set partition and the product in Py of d and d; is defined as dd; = x¥d o3 dy. The product
of two general elements of Py is defined by the linear extension of the multiplicative operation we have defined.

For example, if
1 2 3 4 5 6 7 1 2 3 4 5 6 7

_ — LN e
i= SEL ST - a0 (1.2)
1/ 2/ 3/ 4/ 5/ 6/ 7/ 1/ 2/ 3/ 4/ 5/ 6/ 7/
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we have that
1 2 3 4 5 6 7

9
1 2 3 4 5 6 7
G
- - 4K 1
° >—e .
. il V23 45T
1/ 2/ 3/ 4/ 5/ 6/ 7/
t can be checked that this rule gives rise to a well-defined associative multiplication on P4, in other words, dd; does
not depend on the choices of diagrammatic representations for d and d;. We call the number of propagating blocks of
d the propagating number, and denote it by p,(d). The propagating number satisfies

pn(dldQ) < min(pn(dl)vpn(dQ))~ (14)

For any ¢ € C we define the specialized partition algebra $(f) = Px ®c[x] C where C is made into an C[x]-algebra
via x > t.

Recall that S is a Coxeter group on generators S = {s1, 2, ..., Sk—1} Where s; is the simple transposition s; = (i, i+1).
Let C[x] Sk be the group algebra for Sy over C[x]. Then there is a natural algebra inclusion ¢ : C[x] Sy — P given
by

i

5; > i i X I § (1.5)

1 2 4

In a similar manner as the algebra group of the symmetric group S can be considered a subalgebra of P, there
are other important subalgebras in the list. Examples of subalgebras of Py are the Brauer algebra, the Rook algebra
and the Temperley-Lieb algebra already studied in chapter |4} etc.

The Partition algebra has generators and relations. We follow the notation given in [25].

Theorem 1.1.1. The Partition algebra P (r) is generated by 3k — 2 elements which are, for 1 <i < k-1 and

] »- I ~121-1
1111

These generators hold with the following relations in the monoid associated to P (¢), that is, ignoring the ‘internal’
connected components appearing. See [25] Theorem 36. For 1 <i <k —1and 1 < j <k we have

qi

o O .

Il
*—e
—e
—e

51'2 =1 foralli, (1.7
sisj=s;s; if |i—j| > 1, (1.8
spsjsp = sjsisp if |i—jl=1, (1.9
pl-2 =p; for alli, 1.10
pipj=pjpi foralli,j, 1.11
sipj=pjsi ifj#Eii+1, 1.12

(

(

(

sipi = pi+1s;  for all i, (
piPi+1Si = pipi+1 for all i, (

q? =gq; foralli, (1.15
qiqj =qjq; foralli,j, (
siqj =qjsi i [i—j[>1, (

sisjqi = qjsis;  if li—j| =1, (
qisi = siq;i = q; for alli, (
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qipj=pjqi ij#ii+]1, (1.20)

qipjqi =qi i j=ii+1, (1.21)

pjqipj=p; ifj=ii+l. (1.22)

We now adopt a change of notation in order to follow the work of Enyang in [30]. Replace p; by es;-1 and g; by

eq; in We define the Jucys-Murphy elements for P (¢) as in [18] where Creedon corrected a few typos from [30].

Notice that under this terminology Px(t) is generated by s1, s2,...,5k-1,€1,€2,...,e2r—1 Where eq, e3, e5, etc. are the
previous p;’s and es, e4, e, etc. are the previous g;’s.

Definition 1.1.1. The JM-elements for Pr(t) are defined as follows: Let L1 =0, Ly = ey, 02 =1, and 03 = s1.
Then, fori=1,2,..., define

Loiya = s;Lo;s; — siLa;ea; — ea;Lo;s; + ea;Lojesiy1€0; + 0241, (1.23)
where, fori=2,3,..., we have
O2i41 =S;—15;02;_15;85;-1 + S;€2;_2Lo; osies;_o8; + ez _oLa; o5;e9; o — s;eg;_oLoj 25;_1€3;€2;_1€2;_2
—egj_2€3i-1€2;5i-1L2; 2e2; 25;.
Also, fori=1,2,..., define
Loji1 = siLoi_15; — Lojea; — eaiLo; + (t — Loj_1)ea; + 079, (1.24)
where, fori=2,3,..., we have
09 =8;-18;072;-25;S;1 + €2;_o2Lo; os;ea;_o8; + s;ea;_oLo; _25;€2; 9 — e2;_oLoj_25;_1€3;€2;_1€2;_2
— siegi_2€32;-1€2;5;—1L2;_2e3; 25;.

Example 1.1.1. In terms of the diagrammatic basis we have

CEINE () (e () SR S S A O 8 §
e=ll -T2 X T ]

Creedon collected in [I8] a variety of relations from [28] and [30]. A complete proof of the following Proposition
can be found through the work of Enyang in [28]. However, Creedon gave indications in Lemma 2.2.3 of [18] about
where to find each one in [28].

Proposition 1.1.1. Whenever the indices make sense, we have the following relations:

(1) (Sigma Relations)

(a) of =0y

(b) o7 =1

(C 02i02i+102i = 02i{+102{02i+1 = Si
(d

)
)
) oy commutes with P;_o(¢)
) 02j€2j = €2i02; = €3

)

02i+1€2j = €2{02i+1 = €2

) Li=L

) LiLj = LjLi
) X0y Li is central in Py (¢)
) L; commutes with P;_1(r)

a) egip102i€2i41 = (t — Loj_1)e2is1
b) e;(L; + Liy1) = (Li + Li1)e; = te;

) ooiesi—1e2; = Lojes;, and eg;egi109; = eziLy;
(d) oair1e2is1e2i = Lojes;, and egjesiy109ir1 = eaiLy;

Example 1.1.2. For the right equality in relation (3) b) notice that

e A B S DR B R B

85



whereas

N R S S EL ol S F RS S R S B

Then we obtain (L3 + L4)ez = tes.

To finish this part, consider 7; and 75 elements in SetPars,, we say that 1 < my if 79 is coarser than my. That
is, i and j are in the same block of m; implies that i and j are in the same block of 5. With this ordering SetParsy;
is a partially ordered set. Let d, the diagram associated to an element m € SetParog, then as we have seen, the set
{d, | m € SetParoy} is a basis for Py called the diagram basis. For each k € Z( there is a second basis {x, | 7 € SetParo;}
of Py, called the orbit basis, defined by the following coarsening relation given in [6].

dy = Z Xn,, for any d, in Py. (1.25)

m

Under any linear extension of the partial ordered < the transition matrix between the diagram basis and the orbit basis
is triangular with 1’s on the diagonal.

1.2. Representation Theory for $;. Now we begin the study of the representation theory of Px(n) where n € N.
Following the ideas of [41], consider 1g, the trivial representation of S,. On the other hand, let V an n-dimensional
C-vector space with basis {vi,vso,...,v,} viewed as the permutation representation of &, as in Example Then
by the Branching rule [3.1.1| we obtain

Indgz_l(Reng_l(ﬂ@n)) ~V. (126)

More generally, for a &,-module M,

IndZ" (ResZ" (M))=M@aV. (1.27)

See [41] equation (3.17) for further details. By iterating (1.27)) it follows that
S S, ~
(Inden_l(Resgn_l(ﬂgn)))k = Y&k, (1.28)
and
Resg" (Indg" (ResZ (1s,))* = ve* (1.29)
as S,-modules and &,,_1-modules, respectively.
Let A = (11, 19,...,4;) a partition, define 15! = (As,...,4;) to be the partition A with the first row deleted. The

Brattelli diagram for Py (n) is the graph A(n) which encodes the decomposition of V®* for k € Zso. Therefore A(n) is
given by setting

vertices on level k 1 Ax(n) ={A+n |k —|1"| € Zso},
1
vertices on the level k + 3 ﬂk%(n) ={Arn—-1]k—|2"e€Zs0o},

an edge A —> u, if u € ﬂ,ﬁ% (n) is obtained from A € A (n) by removing a box,
an edge u — A, if 1 € Ay1(n) is obtained from p € Ay (n) by adding a box.

For example, the first few levels of A(5) are given by
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b=0sl: IO

\
k:l:D:D:E]B:D:]
/\

\l\

k=2. LLI] Llll—l []

/ \A/:u
TN \\@j

k:g;mthj ﬁﬁ@ﬂ

The following theorem can be found in [41] (Theorem 3.22).
Theorem 1.2.1. The dimension of the irreducible Py (n)-modules, denoted by 7)]? (n), are given by the formula
dim(P,;l (n)) = (number of paths from (n) € Ay(n) to u € A1 (n) in the graph A(n)). (1.34)

1.3. Schur-Weyl duality. Now, we aim to study Schur-Weyl duality applied to the Partition algebra; therefore,
let us recall the definitions in Section Let V,, a n-dimensional vector space and fix a basis {vq,va,...,v,} of V.
We consider V,, as a left C&,-module via the left action ov; = v,(;) for o € S,. Take the kth tensor product of V,,
that is V = Vo,
Consider again the diagonal action of GL,,(C) described in equation . Note that S, can be viewed as the subgroup
of permutation matrices of GL,(C). Therefore,

O-(Vi, ®Viy ® - ® Vi) =Va(iy) ®@Vo(in) @ @ Vo(in)s (1.35)

for all o € S,,. This action permutes elements within the basis of V,,.

Now consider
Ends, (VE*) = {f € End(V®*) | fov =0cfv, for all ¢ € S, and v € V¥*}, (1.36)

that is, the elements f € End(V®X) such that f commutes with the action of &,, or equivalently, the maps
f € End(V®*) such that f = o~!fo for all o € &,. Let i = (i1,iz,...,ix) and i’ = (i, i5,...,1}) sequences on
{1,2,...,n}. We write {(i,i")}, for the set of all possible pairs of sequences (i,i") on {1,2,...,n}. There is a natural
action of &, on the elements of {(i,i’)},, given by

Take f € End(V®¥), thus f is a matrix (ﬁ) = (fl,1 Al ”‘) of size n* x n*, and the condition f € Endg, (VZ)

ll 12 ..... lk
amount to
l‘1,l‘2,..‘,ik _ O’(il),(f(iz) ,,,,, O'(Ik)
() = (ool n) ) (1.38)
for all (i,i") € {(i,i’)}» and o € S,,. Note that under this condition each orbit of S, represent a basis element of
Endg, (VE¥).
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Example 1.3.1. Letn=2 and k =2. A matriz in f € Endgz(Vzm) has the form
11 p12 21 22
i Ju Ji
1 p12 p21 g9
=M % S B (1.39)
21 Jai Jar Ja1

fll 12 21 22
22 22 22 22

where each entry of f corresponds to a pair of sequences (i1, i2,i1,i5) on {1,2}. Moreover, f is a 22><22 matrix determined
by the orbit of each pair of sequences under the action of Gy on the set {(i,i’)}2. That is f3 = f12, f52 = fl, etc. A
typical matriz in Endg, (VE?) is
ap az ds daug
as dg dr das
f= as ar as as|’ (1.40)
as dsz dz ai

where a; € C for all i.

We can use the preceding example to determine the basis of Endg, (VEK), which is given by the matrices defined
Sk

by the following rule for their entries. Fix a pair of sequences (] J ") on {(i,i’)}n, the entry fl1 ’2’.”' ¥ of f is given by

sl

(1.41)

i J1,  if there exists a o € &, such that i = oj and i’ = 0,
- 0, otherwise.

That is, as we mention before, each matrix is determined by the S,-orbits on the set {(i,i’)},. Return to the
preceding example, the basis of Endg, (V;Z’Q) is given by the matrices

, etc. (1.42)

S o O
o O oo
o O oo
- O O
o O oo
S oo
_ o O o
o O oo

A basis element of Endg (VEK) can be represented by a diagram. For example, the second matrix in the preceding
example satisfies f11 22 =1 and 0’s elsewhere, thus we draw two parallel horizontal lines of k = 2 points, labeling
the top vertices by i1 = 1, i, = 1 and the bottom vertices by i} = 1, i, = 2. The blocks are determined by labeling of the
vertices, that is, points with the same number are in the same block of the diagram and, in consequence, the labeling
given by f2 or f2}, produce the same diagram.

Example 1.3.2. The diagram associated to the second matriz of (1.42)) is

e s 34
L:L ' (1.43)
1 1 2 2

On the other hand, consider a set partition m, a set partition of {i,ia,...,ix,1],i5,..., i;c}, , where the i;’s and the
i}’s are numbers in {1,2,...,n}. For the sequences i and i’ in {1,2,...,n}, we define
izt _ 1, if all values assigned to positions in the same block of 7 are equal, (1.44)
REC- TS 0, otherwise
That is, for each block B C {i1,...,i,i,...,i;}, all the corresponding values i; and i;. that appear in the same
block must be equal. For example, let 7 be a set partition on the set {i1,i,...,is,i],i5,...,ig} given by
T= {{lls i29 14, l’25 lé}? {l3}’ {157 iﬁs l79 lé? l:ls 1,69 1/7}, {1,1}9 {18’ l’g}}- (1'45)
That is, in terms of diagrams
11 12 2.3 14 i5 ig iy 18
— 1.46
K (140
R T TR A VA VRN TR A
then (ﬂ)ll’Lz" 6l2l56L l16l l26l l4613l46l3t66 4 ’5t3tr5t3155L3175t818
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The goal now is to extend the action of CSy from classical Schur-Weyl duality to an action of Pi(n) as can be
observed in the following schema.

GL,(V) Pr(n)

/ " \

Let vii ®viy ® -+ ® vir € V®k, where the i;’s are in the set {1,2,...,n}. Consider the set partition in SetParay
associated to n. That is 7 = {{1,2,4,2',5},{3},{5,6,7,3,4",6",7'},{1'}, {8, 8}}, with a slight abuse of notation. Using
equation [T:44] define the formula

(Vi ®viy @+ ® vii)dﬂ = Z (m )l1 A20ees ”‘(v,l Vi, ® - ® V), (1.47)

1<iy,i2,...,ik<n

and extend it linearly to all Px(n). It was shown in [50] and [64] that this defines a right P (n)-action on V& and,
indeed, this action commutes with the action of &, so V& is a (CS,, Px(n))-bimodule.

Example 1.3.3. For n=4 and k =5 consider the action of {{1,3,1’,2"},{2},{4,5,3'},{4’,5"}} on VfS. We have

1 2 3 4 5
(V1®V1®V2®V4®V4)E/./H:V1®

1 2 3 4 ¥

4
ZV,‘) RV QVa ®Va. (148)
i=1

Observe that the action may be zero, for example

1 2 3 4 5
(Vi®V3®Vo®Vy ®Vy) I::/ /H =0. (1.49)

17 2 3 4 5

The action is zero because the values assigned to positions 1 and 3, which are in the same block of &, are different,
violating the equality condition imposed by the definition. In summary, we obtained the first part of the following
Theorem.

Theorem 1.3.1. Let n € Z.o. Then there is a surjective algebra homomorphism Y : Py (n) — Endg, (V) given by
the right Py (n)-action on V®*. That is Y(d)(v) = vd where d € Py (n) and v € VEX. In particular, Y is an isomorphism
if n > 2k.

Proof: Let f € Endg, (V®¥), then f satisfies o fo~! for all o € &,. That is, f is defined to be a matrix (fll,“,zl‘)

Lolhseas L,’(
which holds with (1.38)). As we mentioned before, each &,-orbit represents an element on the basis of Endgn(Vf’k)
since each matrix entry of f is constant on the orbits of S,,.

These orbits decompose {1,2,...,k} U{1’,2,...,k’} into subsets and it corresponds to set partitions 7 € SetParsyy.
Therefore for all # € SetPary, we have in terms of the orbit basis
1, if all values assigned to positions in the same block of 7 are equal,

) (1.50)
0, otherwise.

(YCen)ite {

Note that Y(x,) is a matrix with 1’s in the matrix position corresponding to 7 and 0’s elsewhere. It follows that f is a
linear combination of Y(x,) for some elements m € SetPargx. As {x, | m € SetParg} is a basis for Py (n) we have that
Y is a surjective map.

One can observe that the matrix entry (Y(x,,))l1 2l = ) for all the indices if 7 has more than n blocks, as each

,...,lk
block is associated to a number on the set {1, 2 .,n} and different blocks have different numbers. It follows that
xz € Ker(Y). If n € SetPary, has n blocks or less then we can choose a different index in {1,2,...,n} for each block

i1, 12

of m and then we get entries (Y(x,,)) = 1 in the corresponding position, and it follows that xz & Ker(Y). We

conclude that for n > 2k the kernel of Y is tr1v1al then the map is an isomorphism.

Using the left S,-action on V¥ we can define the following surjective algebra homomorphism
CS, — Endp, () (VEX), via E(o)(v) = ov, for o € G,,v € V¥, (1.51)
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as follows from the surjectivity of Y and Burnside’s density theorem, see for example [56] or Theorem 5.4 in [41], and
Maschke’s Theorem for CG,,.

Theorem 1.3.2. (Double Centralizer Theorem) Let E be a finite-dimensional vector space over K, an algebraically
closed field. Let A C End(E) be a subalgebra of the endomorphism algebra of E such that A is semisimple. Define
B =Ends(E). Then

(1) Endg(E) = A.
(2) B is semisimple.
(3) E = P(V; ® W;) as a representation of A ® B where V; is an irreducible A-module and W; is an irreducible

i=1
B-module.

In other words, A and B are mutual centralizers in End(E).

Proof: Due to the semisimplicity of A there is a family of non-isomorphic irreducible A-modules V1, Vs, ..., V, which
decompose A. That is, there are k-algebra homomorphisms

Pi A— E}’ld(Vi), (152)
for each i € {1,2,...,r}. Note that, as the sum is finite we have

End(A) = Hom(A, A) = Hom (@ vi. PV

i=1 j=1

=P Hom(V;,V;) = ) End(Vi). (1.53)
i=1 i=1

Then, the map ®p; : A —» @ End(V;) is surjective. The kernel of @p; is defined to be
i=1

ker(®p;)={a€A|la-V;=0foralli}, (1.54)

that is the elements a € A which acts as zero on each irreducible A-module V;. We can observe that, following the

Theorem part (2)
J(A) = ker(&p;)

.

and for the semisimplicity of A we conclude that J(A) = 0. By the first isomorphism theorem we get A = @ End(V;).
i=1

Recall that the dimension of Hom(V;, E) is also defined to be the multiplicity of the A-module V; on E. Therefore we

can decompose E as follows

E = @(\G@HomA(Vi,E)). (1.55)
i=1

Let W; = Homa(V;, E), by definition we have B = Enda(E) = Homa(E, E). We use de preceding decomposition of E to
get

.
B = Hom, (@w®wi,E

i=1

,
=~ @HomA(Vi ® W;,E)
i=1

.
= @HomA(Wi ® Vi E)

i=1

=~ @HomA(Wi,HomA(Vi,E))

i=1

= P Enda(wy),
i=1

where the fourth equivalence occurs because the Tensor-functor and the Hom-functor are adjoints in the sense of Def-
inition m Now let f and f’ in W;. As each V; is irreducible we can choose v € V;, v # 0, such that V; = Av by
Lemma@ Therefore f and f’ correspond to v and v’ respectively. Note that Af(v) C E is an invariant subspace,
then there is an invariant subspace W of E such that E = Af(v) @ W.

Define the map ¢ : E — E by sending af(v) +w — af’(v)+w for alla € A, v € V; and w € W, then we have ¢ o f = f’.
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As ¢ is an A-homomorphism we obtain ¢ € Enda(E) = B and W; is an B-module.

Now return to the decomposition of E. As B-modules one can write
r
E = (B(W: ® Homs (W, E)), (1.56)
i=1

and comparing with we obtain by force that V; = Homg(W;, E). Note that W; is an irreducible B-module. If W/
where an proper submodule of W;, then Hompg(W;, E) would have a proper submodule which contradicts the irreducibil-
r

ity of V;. As B =P Enda(W;), then B is semisimple.
i=1
Therefore
r r
E=Pwiev)=Pviow, (1.57)
i=1 i=1

that is a decomposition of E as A ® B-bimodule. Using the preceding equation

Gra(Vi ®Wi)»E)

i=1

EndB(E) = Homp

= @HomB(Vi,HomB(Wi,E))
i1

= @ End(V;) = A.
i=1

Therefore the Theorem follows. O

With the preceding notation we can state.

Proposition 1.3.1. The algebra homomorphism E : CS,, — Endgok(n)(fo’k) defined before is an algebra isomor-
phism if n > 2k.

Proof: First, notice that A = CS,, can be viewed as a subalgebra of End(V®¥) since the map from CS, to End (V)
given by the action of &, on V®X is an embedding. Let B = Endcg, (VZX), then if n > 2k we obtain B = Px(n) by
Theorem Therefore, E is an isomorphism when n > 2k, by Theorem Furthermore, we find that Py (n) is
semisimple when n > 2k. O

Recall the definition of Schur-Weyl duality given in Using Theorem and Proposition we have the
following.

Theorem 1.3.3. Let n > 2k. The C-algebras CS, and P (n) are in Schur-Weyl duality for V. That is, the

actions of CS,, and Py (n) centralize each other (i.e. Y and E are surjections) and V2% can be decomposed into irreducible
CS,, X Pr(n)-modules as follows

vk = @ S(2) @ PL(n), (1.58)
/lEﬂk(n)

where 7’]? (n) are irreducible Py (n)-modules.

If n < 2k the preceding Theorem changes subtly. Let Z, = Ends, (V®¥) and Z,’(ln an irreducible Zi ,-module.
Therefore, the decomposition of (|1.58]) turns into

vek= B swez, (1.59)
AeA(n)

where ﬂﬁn) C Pary, is the index set of the irreducible Z ,-modules Z,’}n.
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2. The Spherical partition algebra Sy

As previously observed, there are many important subalgebras of ;. Our main goal in to introduce a new subal-
gebra to the list.

1
LetekZLk(E Z ol

oeCy

Then ey is an idempotent of Pr. We use it to introduce the protagonist of the present

chapter.

Definition 2.0.1. The spherical partition algebra SPy. is defined as the idempotent truncation of Py with idempotent
ey, that is
SPi = exPrer. (2.1)

Similarly, for t € C we define the specialized spherical partition algebra SPr(t) as SPy(t) = exPr(t)ey.

Note that SPy is a subalgebra of Py, but not a unital subalgebra, since the one-element for SPy is ey, and similarly

for SP(1).

2.1. Bipartite partitions. For k € N, we let BiPar; be the set of bipartite partitions of k. That is, BiPary is
the set of multisets b = {[x1, y1], [x2, y2],. .., [xa, Ya]} Of pairs [x;, y;] such that x; and y; are nonnegative integers, not
both zero, satisfying

a

Zx,':iyizk. (22)

i=1
Let bpy be the cardinality of BiParg. Then bp; = 2, since BiPar; consists of the multisets

{[1,11}, {1, 0], [0, 1]} (2.3)

Similarly, bps =9, since BiPary consists of the multisets

{[2,2]}, {[1,0], [1, 2]}, {[2,1], [0, 1]}, {[1, 1], [1, 1]}, {[2, 0], [0, 2]}, {[2,0], [0, 1], [0,1]} (2.4)
{[1,01], [1,0], [0,2]}, {[1,1], [1,01, [0, 1]}, {[1,0], [1,0], [0, 1], [0, 1]} '
We use the convention that bpg = 1. The sequence
(bpo,bp1,bpa,bps,bpy, bps,...)=(1,2,9,31,109,339,...) (2.5)

is A002774 in the OEIS.

Bipartite partitions in BiPary are also known as vector partitions of [k, k]. Their history goes back to the work of
Macmahon, and their combinatorics have been studied for example in [3], [36] and [62].

For b = {[x1,y1], [x2,¥2], ..., [Xa, Ya]} € BiPar; we represent each part [x;, y;] of b via two parallel horizontal lines
of points, the top row containing x; points and the bottom row containing y; points, that are joined via a propagating
line from the leftmost top point to the leftmost bottom point, for example

[5,3] = E‘_‘_' . (2.6)

We represent b itself diagrammatically by concatenating the diagrams of the parts [x;, y;] from left to right, for example
for b ={[3,1],1[2,2],[3,2],[0,4], [2,1]} we have

== aul &

Note that since elements of BiPary are multisets, this diagrammatic representation of b € BiPary is not unique, since
any permutation of the parts of b € BiPary does not change b. For example we have

runme- A2 -1 (2.8)

In order to remediate this nonuniqueness, we introduce for b € BiPar; the normal form N(b), using the appropri-
ate lexicographic order. To be precise, suppose that b = {[x1,y1], [x2,y2],...,[*a>Val}. Then we define N(b) =
([xg(l),y(,(l)], [Xo@) Yol s [xa(a),yg(u)]) where o € &, is chosen such that if i > j then either x,(;) < xs(;) or
(X0 (i) =Xo(j) and Yo (i) < Yo(j)). For example, we have

N({[1.2].,[2,1], [4,1]. [0, 2], [0, 1], [1, 2], [1,1], [3,2]}) =
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([4,11, 13,21, [2,1],[1, 2], [1,2], [1, 1], [0, 2], [0, 1]). (2.9)

Using the normal form N(b), elements of BiPar; may be viewed as sequences of pairs [x;, y;] rather than multisets of
such pairs. For N(b) applied to b as in (2.7) we have

1 2 3 4 5 6 7 8 9 10

N(b) — | (’ (2.10)
[ e o o T
172 3 4 5 ¢ 7 & 9 10

In [36], Garsia and Gessel gave another characterization of BiPary, that we shall need. Let A = (11, Ag,...,4;) € Pary
and o = (01,0%,...,07) € S; be a symmetric group element written in permutation notation, by which we mean that
o; €4{1,2,...,1} and that o maps i to o; for all i. Then A is said to be o-compatible if 1; = A;41 implies 07 < 041

Suppose now that b = {[x1, y1], [x2,¥2],..., [X4,Va]} € BiPary and consider a diagrammatic representation for
b as in . Define A7°P as the partition obtained from the nonzero x;’s via reordering, and define similarly 1797.
Next reorder the top points and bottom points of the diagram in such a way that there are no crossings between
the propagating lines leaving parts of the same length in A’°P, and similarly for 2%/, and let GG (b) be the resulting
diagram. Define A°P-P"° to be the partition extracted from A’°P by eliminating the parts with no propagating lines,
and define similarly A297-P"°. Then A7°P-P"® and Ab°"-P"® are partitions of the same length, say [, and so we may define
o = (01,09,...,07) € & by the condition that /lllwt’pm is connected to A’;’l’”””’, whereas /lgm’pm is connected to
/lfff’pm, and so on. With this notation, Theorem 2.1 of [36] states that 1°°""P"® is g-compatible whereas A17°P-P° is
o~ !-compatible, and that BiPary is characterised by these properties. In other words, the diagram GG (b) is another
normal form for b € BiPary. For example, for b as in , we have

1 2 3 4
GG (b) %ﬁ (2.11)

and so A/°P-PTOP = (3,3,2,2), Abor-Pror = (2,2,1,1) and o = (1,3,2,4).

We define the propagating part of GG(b) to be the diagram obtained from GG (b) by removing all components
that are completely contained in the top line or in the bottom line of points. For example, for GG () as in (2.11)), the
propagating part is

1 2 3 4
L= (212
1 2 3 4 :

2.2. Rank of the Spherical Partition Algebra. As a C[x]-module SP; is automatically free, since C[x] is a
PID and SPy is a submodule of the free C[x]-module P, and hence torsion-free. Our next task is to determine the
rank of SPy.

For this, we first observe that any diagrammatic representation of b € BiPary may be viewed as an element of
SetPargy. For example, for b as in (2.7), and hence N(b) as in (2.10), we have

1 2 3 45 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
b:I_‘Z_JZJ_’_‘ : N(b):I:_‘JC—J_. ",_/'_H (2.13)
-0 >——————9 -

V23 4 56 78 910 V23 45 6 7 8 91

We next recall some results and conventions from [102]. For d € SetParg; there is a canonical diagrammatic repre-
sentation N(d) for d in which the propagating blocks all appear with only one propagating line, which connects the
leftmost points of the corresponding top and bottom blocks. For example, for d as in (1.1]), we have

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
[ ] [ ]
d= _.;q 7 . N(d) = (2.14)
[ o o [ ) *>——e [ )
1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/ 9/ 1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/ 9/

where we indicate with red and blue the two propagating blocks of N(d). For [ =0,1,2,...,k we now let C; be the set

d=(di,ds,...,dp) is a set partition on {1,2,...,k} for p >/ } (2.15)

Cl - {(d’S)‘ Sg {d15d27""dp} and |S| =l
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Then, by [102], there is a bijection f

k
f:SetPary, = | [Cix & xC. (2.16)
=0
For example, for d as in ([2.14)), we have

f(d) = f(N(d)) = ((d1, d2, d3), (d2, d3)) X (1,2) X ((d}, d2, d}, d}), (d}, d)) (2.17)

where, reading from left to right, d; = {1}, d> = {2, 3,7,8,9}, corresponding to the first two intersection top blocks of
d, etc.

We define SetParl2 « S SetParay as the set partitions whose diagrammatic representations have exactly I propagating
blocks and get that f induces a bijection SetParék = x5 x (.

There are natural commuting left and right Sg-actions on SetParék and so we also get left and right Sg-actions on
C; X S X Cy, via f. These Sg-actions on C; X S; X C; are, on the other hand, not immediately ‘visible’ and so our first
goal is to give another description of C; X &; X C; from which they can be read off. This will be useful for describing a
basis for SPy = exPrek.

Let s,51,t,t1 be row standard tableaux whose shapes are compositions of k, such that s and t are of length r
whereas 1 and t; are of length r;, where r and r; are both greater than or equal to /. We then write (s,s1) ~; (t,11) if
(s,51) = (pt, p1t1) where p and p; are row permutations of t and t;, by which we mean that p and p; permute the rows
of t and t; together with the numbers appearing in them. We further require that p and p; permute the first [ rows
of t and t; simultaneously, whereas they may permute the rows strictly below the [ row of t and t; independently. In
other words, p € &, and p; € &, and pl{1,2,..1y = p1l{1,2,...1y Where plg1 2.1y and p1]{1,2,... 1y denote the restrictions
of p and p; to {1,2,...,1}. Here is an example with [ = 3. We indicate with red the separation of the top / rows from
the remaining lower rows of the tableaux.

4 57 1|20 4|6

1]2 o ile6 3 [11 s|o

3 |11 B E SIEE 57 (2.18)
6|7 3 5 1] 2 f10]11]
8| 1] 2 o]} 67| el

5 8

It is easy to check that ~; is an equivalence relation on pairs of row standard tableaux of length greater than [, and
we define (s,1)-, as the equivalence class represented by (s,t). Let i = min; (i) be the function that gives the minimal
(first) number of the i*" row of the row standard tableau t. Then any class (s,t)-, has a distinguished representative
(5T, tmer) for which mingmer is increasing on the restriction to {1,...,} and mingner and minginer are both increasing
on the restriction to {{+1,7/+2,...}. For example, in the second pair is the distinguished representative for its
class.

Now minginer need not be increasing on the restriction to {1,...,[}, but there exists a row permutation p such that
min,-1yiner is increasing on the restriction to {1,...,/}. We may view p as an element of &;. For example, in (2.18)
we have p = (1, 3,2) in permutation notation. But p only depends on (s,t) through its class (s,t).,, and so we define

P(s,t)-, = P-

We next observe that any element d of SotParlzk gives rise to a class (s,t).,, by associating the intersection top
blocks of d with the rows of s and the intersection bottom blocks of d with the rows of t, in such a way that intersection
top and bottom blocks that are intersections of propagating blocks for d are associated with the first [ rows of s and t,

and with rows of the same row number if and only if they are intersections of the same propagating block. For example,
for d as in (2.14]) the corresponding class is

o137 8|0| 617 8|

456 1] 2 919
1 3|4 5| (2:19)
- o]

~o e
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One notes that the association just defined is a bijection between SetParle and the set of classes (s,t).,. Note also

that the Sg-actions on SetParIQk, under this bijection, correspond to the natural Sg-actions on s and t, as explained in
(1.11)), although the action on t should be chosen as a right action.

There is however also an obvious bijection between the set of classes (s,1).; and C; X S; X C;. It maps (s,1)-; to
(ds, Ss) X p(st), X (di, St) where ds is the set partition whose blocks are the rows of s, with S5 being the blocks of the
first [ rows of s, and similarly for d; and S;. Combining this with the bijection of the previous paragraph we have
achieved our goal of describing the Sg-actions on C; X S; X C;.

We now use it to prove the following Theorem.

Theorem 2.2.1. The map F : BiPary — SPy given by b — e;N(b)ey is injective. Moreover, the image of F, that
is imF = {exN(b)e | b € BiPar}, is a C[x]-basis for SPy and so rkcjx] SPk = bpr.

Proof: We first show simultaneously that F is injective and that imF is a linearly independent set. Let b € BiPar; and
consider N(b) as an element of SetPars;. Let (s,1)., be the class associated with N(b) under the bijection explained
in the paragraph before (2.19)) and let (5", ti"°") be its distinguished representative, as defined above. Here is an
example

5|67 1]2
S ER G 34
_ _ 14|15 5|le]7
(" A" =19 [16 [17 8o (2.20)
1]2]sf4] 1011 12]13
11 f12]13 14]15 1617
18 ’ 18

Two properties can be observed in ([2.20) and hold for general (5", i"¢").

I. We have p(s 1), =1 and so tiner is the row reading tableau, in which the numbers {1,2,..., k} appear in order
from left to right down the rows. Or, equivalently, minjiner is an increasing function.

II. Let A be the shape of 57", Then mingner is also increasing, but only upon restriction to subsets I of the row
indices for A, for which {A;|i € I} is constant.

Using these properties we may now argue as follows. Let 0,07 € S and suppose that o N(b)o; is of the form
Nb, for some b, € BiPary. Then, passing to the pair (s""°",t"¢") and using the properties, one sees that the only way
to obtain an element in normal form by acting o on " and o on " is that these two simultaneous actions only
interchange numbers appearing in the same row. With this, we deduce that b = b;. In other words, N(b) is the only
element from BiPar; in normal form that appears in the expansion of e¢;N(b)e,. But this implies that F is injective
and that imF is a linearly independent set, as claimed.

In order to prove that imF is a spanning set, it is enough to show that erxder belongs to imF for any d € SetParyy.
Let therefore (s,1)., be the class for d under the bijection constructed before . We first choose row permutations
p and p; satisfying the conditions described in the paragraph before , such that (ps, p1t) has the shape of an
element corresponding to N(b) under the bijection, for some b € BiParg. To be precise, by this means that, when
restricted to the top [ rows, the shape of ps is a partition, and so are the shapes of ps and p;t, when restricted to the
rows strictly below the /" th row, whereas pit is only a partition on the restriction to the the equally sized rows of os.
Note that (s,t)-; = (ps, p1t)~;- But we may at this stage choose o, 0 € Gy such that (ops, o1p1t) is the distinguished
representative of N(b), for some b € BiPar as described below 7 which shows the claim. O

3. Schur-Weyl duality for SP;(n)

3.1. The CS,-decomposition of the symmetric power of a vector space. In this section we study the
specialized spherical partition algebra SP(n), where n € N. Our main result is a double centralizer property involving
SPi(n) and S,, both acting on the symmetric power S¥V,, where V,, is a C-vector space of dimension n. It is an
analogue of Schur-Weyl duality, see [90], [T01].

Fix a basis {vi,va,...,v,} for V,,. As we observed in m Vf’k is a left CS,,-module via the diagonal action. There
is however also a natural CS-module structure on V¥, given by place permutation. To distinguish it from the previous
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C&,-module structure on V&*, we choose it to be a right module structure:
(v,-l Vi, ®---® Vik)O' =Viya) ® Vi (a) ®---® Vigw for o € Gi. (31)
In general, the two actions commute and so V¥ is a (CS,,, CS;)-bimodule.
We next define the k*" symmetric power of V,, via
SV, = (VE e, (3.2)

where e, € CSy is the idempotent defined just above Definition It follows from the (CS,, C&y)-structure on V2
that SV, is a left CS,-module.

For simplicity, we write

ViyViy Vi = (Vi ®viy @ - @ vy )ek (3.3)
and also
ay as ap
e N ———
?11\}?22-~~v?p” =|vi,® @V, BV, ® - ®V;, ® BV, ® BV, )ek (3.4)
Then we have that
{vZ’le’z ---vl.p”ll <ip<ig<...<ip<n, Zm,- =k} (3.5)
1

is a basis for ¥V, and so dim S¥V,, = (k“,ifl).

Our first aim is to give a decomposition of the CS,-module $*V, in terms of permutation modules. Surprisingly,
this appears to be new, and even the related C&,-decomposition of V®* was determined only recently in [7], see also
[9] and [66].

Suppose that v = (v{*,v52,.. ., v;") € Par,f", that is @y +as+...+a, < n. Then, setting ®(v) = ord(ai, as,...,ap,d)
where d =n— (a1 +az +...+ap,), we obtain a function
@ : Par;" — Par,. (3.6)
The following Theorem gives the promised decomposition of the CS,-module S¥V,,.
Theorem 3.1.1. (1) There is an isomorphism of C&,-modules
skv, = @ M(®(v)) (3.7)
vePary"

where M (®(v)) is the permutation module.
(2) The following multiplicity formula holds

[V Sl = > Kiow) (3.8)
veParlf"

where K o(y) is the Kostka number.
Proof: 1In view of Theorem |3.2.1] (2) of the Theorem follows immediately from (1) of the Theorem, so let us show (1).

Choose v = vy ...y an element of the basis for S¥V,,, given in (3.5), and let M be the C&,-module generated

il ig 1

P
by v. Note that the i;’s are distinct and so there is o € &,, such that

o(v) =V vi? where ny 2 ny > ... > np. (3.9)
Define now v = (nq,na,...,n,) and write v = (v{*,v§?,...,v§*) with vi > vo > ... > v;. Then one quickly checks that
o (v) generates the CS,-permutation module M(a) where @ = ord(ay,as,...,as,d) ford=n—(ay+as+...+ay), that
is M = M(a) for @ = ®(v) and v = (ny,no,...,ng). This proves the Theorem. O

Let us illustrate the argument of the proof of the Theorem using k =17, n = 15 and
v = v1v1 (vav2)vavs (va)vsvsvs (veve)vr(vo)vigviovio € ' Vis (3.10)
where we use parentheses to group equal indices. Using the notation of the proof of the Theorem, this gives
o (v) = vivivi(vavava)vavs(vava)vsvs(veve)vr(vs)ve (3.11)
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and so v = (3,3,2,2,2,2,1,1,1) = (32,2413 and d = 15— (2+4 + 3) = 6, and hence & = ord(2,4,3,6) = (6,4,3,2).
According to the Theorem we should therefore have CSy5v = M(a).

On the other hand, the subgroup of S;5 stabilizing o (v) is the Young subgroup

S1,2 X G34.56 X G789 X S10,11,12,13,14,15 (3.12)

corresponding to the multiplicities (2,4, 3) of v and to d. Moreover, CSy50(v) is spanned by the elements
Vi, Viy Vi, (Vig Vig Vi )i Vi (Vi Vi )Vig Vis (Vig Vig) Vi (Vig ) Vig (3.13)

for distinct i; € {1,2,...,15}. But the elements in (3.13) are invariant under permutations of i1 and i, permutations
of i3,iy4,15,i¢ and permutations of i7,ig,ig and hence there are (2 41% 6) of them, as expected.

Remark 3.1.1. Note that the proof of Theorem does not use any special properties of C and so the Theorem
is valid for any ground field. Note also that, in view of the observation the omission of ord from the definition of

@ in (3.6) does not change the validity of Theorem

To the best of our knowledge, the formula for the multiplicity [S¥V, : S(1)] in Theorem is new, but in the
theory of symmetric functions there is another approach to the evaluation of [S¥V,, : S(1)], going back to the work of
Aitken. We make use of this alternate approach below.

Following the notation used in [63] and studied in sectionof the second chapter, we let Ag be the ring of symmetric
functions in infinitely many variables x1, x2, ..., defined over Q. Any basis for Ag is indexed by Par and one prominent
basis is {511 € Par} the basis of Schur functions. Let R* be the Q-vector space with basis given by the irreducible
characters for Gy and set R = Dy, R* with the convention that R® = Q. Let char : R — Aq be the characteristic map.
It satisfies char(y?) = s, where y? is the character of ().

Letting ¢* be the character of the G,-module S¥V,,, we now have that

0

Zchar(d/’;)tk = Z sa(1,1,1%,. . )sa. (3.14)

k=0 AePar,

This is the formula showed by Aitken in [4], see also [96] and exercise 7.73 in [92]. For our purposes, the usefulness of
it derives from the following expression for s,(1,7,2,...), see for example Corollary 7.21.3 of [92].

Lt )= (3.15)
N LT, ) /. .
! MMuealh(w)]
Here [h(u)] = 1 — " where h(u) is the hook length of u € A, and b(1) = Zfz(f)(i —1)A;. For example
[ |
b =7. (3.16)

X
In the notation of symmetric function theory the expression in (3.14]) is the plethystic transformation hn(ﬁ) of the
complete symmetric function k, where X = x; +x2 + ..., see for example Proposition 3.3.1 of the survey paper [43].

X
Since h,, = s, it is also equal to sn(ﬁ). Recall that plethystic transformation plays an important role in the theory

of integrality and positivity of Macdonald polynomials. Indeed, these integrality and positivity properties only hold for
the plethystically transformed Macdonald polynomials, not for the original Macdonald polynomials.

Combining the two formulas ([3.14) and ([3.15)), one gets an expression for the multiplicity [S*V, : S(1)] by taking
the coefficient of ¥ in the power series expansion of (3.15). This is less concrete than our closed formula in Theorem
3.1.1] but, as we shall now see, it allows us to determine exactly when [SKV, : S(1)] # 0.

Lemma 3.1.1. In the above setting we have that [SKV, : S(A)] # 0 if and only if k > b(Q).

Proof: If k < b(Q), it follows immediately from (3.14) and (3.15) that [S¥V, : S(1)] = 0. Conversely, if k > b(A) it
follows from (3.14) and (3.15) that [S¥V,, : S(1)] # 0 since any partition A € Par, has at least one node u of hook length

pre

1 which gives a contribution sy = tPW (1 +1+12+...) to (3.15) that cannot be cancelled out. m]
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In view of the Lemma we now define

Par{”, = {1 € Par, | b(d) < k}. (3.17)
For k big enough, we have Parf}’:’h = Par,. The next Lemma makes this statement precise.

-1
Lemma 3.1.2. We have Parf})"h = Par,, if and only if H(HT) <k.

Proof: For A € Par,, we interpret b(A) as the sum of all the entries of the semistandard A-tableau t on {0,1,2,...,n—1},
obtained by inserting 0 in all the nodes of the first row of A, 1 in all the nodes of the second row of A, and so on. For
example, for A as in (3.16)) we have that

o

ofo 0]o]
t=[1]1]1 (3.18)
2|2

In view of this interpretation, it is clear that for A running over Par,, the maximal value of b(2) is obtained for the one

n(n—-1)

column partition A = (1"). But for this 2 we have b(1) = , which proves the desired result. O

3.2. Schur-Weyl duality statement. We now turn to our Schur-Weyl duality statement. It was shown in [50]
and [64] that V¥ is a right module for Py (n), with action commuting with the left C&,-action on V¥ and so V¥ is a
(CS,,, Pr(n))-bimodule. Recall the formulas studied in Theorem that give this Py (n)-action, that is the induced
algebra homomorphism

Y : Pr(n) » Endce, (VE5), Y(p)(v) = vp, where p € Pi(n),v € V¥ (3.19)

which is surjective and is an isomorphism if n > 2k. The P (n)-action on V¥ induces an SPy(n) = ex Py (n)e-action
on SKV, = (V®)ey, and hence an algebra homomorphism

Yspn : SPi(n) — Endcg, (S*V,), Ypn(exper)(v) = vexper where exper € SPr(n),v € sky,,. (3.20)
On the other hand, recall that there is also an algebra homomorphism given in Proposition defined by
E:CG, » Endp, (n)(VZ5), E(x) = xv, where x € &,,,v € VK (3.21)

which is surjective and it induces a homomorphism
Espn : CE, — Endspk(n)(SkVn), 2(x) = xv, where x € G,,,v € §¥V,,. (3.22)

The algebra surjections in (3.19)) and (3.21)) express the statement that the commutating actions of Py (n) and CS,
on V2 centralise each other, and therefore are in Schur- Weyl duality (see Theorem [1.3.3) on V&K,

Note that in the statistical mechanical model underpinning the partition algebra P (n), that is the Potts model,
the Py (n)-module VO is the n-state Potts representation, see [64, §8.2]. In this setting, the commuting action of &, is
the Potts symmetry.

In view of (3.19) and (3.21)), one may now hope that SPy(n) and C&, are in Schur-Weyl duality on S¥V,,, via the
maps Ypn and Egpp given in (3.20) and (3.22)). Our next result is that this indeed is the case.

Theorem 3.2.1. (1) The algebra homomorphism Yy, is surjective for all k,n and it is an isomorphism if
n > 2k.
(2) The algebra homomorphism E;, is surjective for all k, n.

Proof:  Let us first show that Y, is surjective. Suppose that f € Endcg, (S*¥V,,). We need to prove that there exists a
d € SPi(n) such that Y,,(d) = f, which is equivalent to Y,n(exper) = f for some p € Pr(n). In terms of how these
elements act, that is f(ver) = vex(expex) for an arbitrary v € S¥V,,.

Since ey is an idempotent in Py (n) we have that S¥V, = V® e, is a CS,-summand of VEX, that is V¢ = SkV, @ M
where M is the C&,-module M = V& (1 — ;). Hence f can be extended to an endomorphism f,,, € Endcg, (V2"), via
Sfext = (f,0) along this decomposition. But then, by , there is p € Pi(n) such that forr = Y(p), that isvp = fox:(v)
for some v € §¥V,,. From which we deduce that f = Y(expey). This shows surjectivity of Ysph-
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We next assume n > 2k and calculate dim Endcg, (S¥V,,). Using the basis in , an element f of Endc(SKV,,)

can be described as a (“17) x (*#7!) matrix A = (a;l1 ‘]22"_'_’ka for increasing sequences i; < iy < ... < iy < n and
J1 < j2 £ ... < jx <n. The condition that f is CS,-linear corresponds to requiring additionally that
isigenir | _ [ jord(o(ir),o(iz)...,o (i)

(ajl,j2,~-~,jk) = (aord(a_(jl),a_(jz) ____ O'(jk))) for all o € G, (3.23)
where ord is the function that reorders the elements of a sequence to produce a weakly increasing sequence. For weakly
increasing sequences (r1,72,...,7k) and (s1,s82,...5¢) over {1,2,...,n} we define the matrix A;l7;27 70 = (aljlllle;‘k)
via

. . (i1,i2,...,ix) = ord(o(s1),0(s2),...,0(sg)) and
1 if there exists o € G, such that: ;777" | Y
all dzealk = " (.]1?.]27""]]() :OVd(O'(I"l),O'(VQ),...,O'(Vk)) (324)

J15J25e00» Jk .
0 otherwise.

Then, by (3.23), the distinct matrices Agl2> 7 form a basis for Endceg, (S¥V,,). We arrange pairs of weakly increasing

sequences (s1,52,...,5¢) and (r1,ro,...,rx) over {1,2,...,n} in the form (;:jsi) and then get an S,-action on

them via o (rl’r2 : "rk) = (ord(o-(rl),a-(rg) v .a-(rk))) Then each matrix Ag 2% only depends on the &,-orbit of
§1,52...5k ord(o(s1),0(s2)...0(sE)) 155255k

(g:;;’; and these orbits are in bijection with bipartite partitions in BiPar; by letting equal numbers belong to

the same part. For example, for k = 16,n = 5 we have that

111122334445555
(112223333335555)'_’ . _fj_ . — (3.25)

Moreover, by the assumption n > 2k, each b € BiPary arises this way from such an &,-orbit, and hence dim Endcg, (S*Vv,))
bpi. Combining this with Theorem we get that dim SPy(n) = dim Endcg, (S%V,,) and so Y ph is an isomorphism
if n > 2k. This proves (1) of the Theorem, and (2) follows from Burnside’s density theorem, once again, and Maschke’s
Theorem for CS,,. O

Define now Zfﬁl as the image of Y, that is as the centralizer algebra Zfl’;;l = Endcg, (S¥V,,). By joining the
results of this section we get the following Theorem.

Theorem 3.2.2. (1) The irreducible Zk’" -modules are indexed by Parf;)"h, see (3.17)).
(2) For A € Parkp" let Gr(2) be the 1rredue1ble Z —module given in a). Then there is an isomorphism of
(CS,, 8P (n))-bimodules
Sky, = @ S(1) ® Gr(2) (3.26)

AePark:n
sph

where G () is viewed as an SP(n)-module via inflation along SP (n) — pr’z
(3) For 2 e Parb Py

(4) Zf;;l is a semisimple algebra and dim Zsp o

we have dim G (1) = Vepar_n Kiowv)-

Z/lepark " (dim G (2))2.

Remark 3.2.1. The Theorem should be contrasted with Theorem 3.22 in [41], describing the decomposition of
V®k as a (CS,, Pr(n))-bimodule. In that ‘classical” setting the role played by our Par 5 is replaced by Parpur defined
as

Par pur_{/l (/11,/12,...,/11)EParn|/12+/13+...+/11Sk}. (327)

Note however that the proofs from the classical situation do not carry over to our setting.

Let us illustrate 4 of Theorem using n =6 and k = 3. In that case n > 2k and so by Theorem
and Theorem we have dlm = dimSP3 = 31. On the other hand, from (3.17) we get Parffh =

{(6), (5,1), (4,2), (3, 3) (4 1,1)} and since Par = Parz = {(3),(2,1),(13)} we have via the definition of ® in (3.6)
that {®(v)|v € Par 5} = {(5,1),(4,1,1), (3, 3)} The table in Figure |1| gives the Kostka numbers K ¢(,) and hence
dim G3(Q) for A € Parsp , via ¢) of the Theorem.

Summing the squares of the numbers of the last row of the table we get 32 + 42 + 22 + 12 + 12 = 31, as expected.
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A HEEEEN HEE [ ] [ 1]
[Std(A)] | ||
o) 1 5 9 5 10
[ 1] 1 1 0 0 0
[ ]
| 1 2 1 0 1
1 1 1 1 0
dim G3(A) 3 4 2 1 1

FiGURE 1. Example using n =6,k = 3.

Similarly, we can use the table to illustrate (2) of Theorem at least at dimension level. Indeed, summing the
products of the numbers of the first and the last row we get 1 X3 +5Xx4+9x2+5x1+10x 1 =56 = dim §3Vs.

Remark 3.2.2. As already mentioned in the introduction, A. Wilson has shown that S®j coincides with the
multiset partition algebra M®P(x) that was introduced in [76]. The definition of M®Pr(x) is quite different from
the definition of 8Pk, but in Lemma 5.12 of [76] the authors prove that M®Py(x) arises from P, via idempotent
truncation with respect to a certain idempotent e}, defined in terms of the orbit basis for Px. Wilson shows that the
two idempotents e; and ey in fact coincide.

Example 3.2.1. Suppose that n > 2k. Then by Remark the partitions (n — k, k) and (n — k, 1¥) both belong
to Par®" . Moreover, by Lemma we also have that (n — k, k) belongs to Parf;?"h but (n — k, 1¥) does not.

par:

Remark 3.2.3. In analogy with SP, it would seem natural also to introduce an antispherical partition algebra
ASPy via ASPr = fnPxfn, where f, = 1x (% 2rety, sign(O')O') and where sign(o) is the usual sign of o € Si. On the
other hand, for any transposition o € S we have that o f,, = f,o0 = —f,, and so ASPy is a small algebra, since in fact
rke(x] ASPi =2 for k > 2.

Even so, if n > 2k, one could still develop analogues for ASP; of our results for SP, by replacing S¥V, with

the exterior power module A¥V, = (V&) fu- Then ASPy is in Schur-Weyl duality with CS,, on AV, and we have
CS,,-module isomorphisms

AV, = Ind " (S(n—k) ® S(15)) = S(n—k,1¥) & S(n — k +1,1%°1) (3.28)

n—k XSk
where the last isomorphism follows from the Littlewood-Richardson rule. The two Specht modules appear with multi-
plicity one in (3.28)), and so we deduce that ASP; has two simple modules, each of dimension one. This is in accordance
with rkc(x) ASP = 2.

We shall not consider ASP . further in this work.

4. Cellularity of SP(r)

4.1. Cellularity of P (f). We now state first the cell datum for P (), using a small variation of the constructions
given in [24] and [I02]. For A we use

k
A* =] JPar. (4.1)
=0
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For the order relation < on A¥ we use the usual dominance order on each Par;, and extend it to all of A¥ via A < p if
A € Par; and u € Par; where [ > [. Suppose that A € Par; € AK. Then for T(1) we use Tx(1) = Std(1) X C; where G is as
in . Thus, the elements of Ty (A1) are of the form ¢ = (s, ¢, S) where s € Std(1) for A € Par;, and ¢ is a set partition
on {1,2,...,k} with S being a subset of the blocks of ¢, such that |S]| = .

Finally, in order to give the cellular basis itself, we need to recall the Murphy standard basis, see Theorem [1.3.1
for CS;. For A € Par;, we denote by t! the row reading tableau that was already used in the proof of Theorem [2.2.1
In t4, the numbers {1,2,3,...,[} are filled in increasingly along the rows of A and down the columns, for example for
A =(5,3,2) we have

w

1]2 45|
tt=1[o[7]s (4.2)
9 |10

Let &, < &; be the Young subgroup for A, that is the row stabilizer of !, and define x,; € C&; via x; = Yiwes, W
For s € Tab(A), let d(s) € &; be defined by the condition that d(s)t! = s, and for s,t € Tab() let x5 = d(s)x0d (1)~ .
Then it was proved in [70] and [73] that the set {xs|s,t € Std(2),4 € Par;} is a cellular basis for CS;: Murphy’s
standard basis. (In fact, in [70] and [73] the authors work in the more general setting of Hecke algebras of type A;_1).

Let Il‘>’l = span{xg|s,t € Std(w),u > A} € CS; be the cell ideal in CS; corresponding to A and let x5 =
xgt2 mod I71 € CG;/_1"*. When t* appears as a subscript, we sometimes write A instead of t1, for example xg3 = x4
and x) = x;a. Then the Specht module S(2) for CS; is the submodule of CG;/Z}‘”’ generated by x,. It is the cell module
associated with Murphy’s standard basis and {x;|s € Std(2)} is a cellular basis for S(A).

Returning to P (¢) we finally obtain its cellular basis. For ¢ = (s,¢,S) and d = (1,d,T) in Ty (1) we define C¢y € Pi (1)
via
Co=2((c,9) ®xst ® (d, 7)) (4.3)
where g is the isomorphism induced by f~! for f as in (2.16). Then {Ce | ¢, d € Tx (1) for A € A¥} is the cellular basis
for P (t). A typical basis element C, has the diagrammatic form

1 2 3 4 5 6 7 8 9 10 11
. *—o—e

V23 45 ¢ 78 91011

For A € A¥, we now give a description of the cell module A (1) for Py (t). For A € Par; € A* we let b, € T(1) be
the element defined via dy = (t*,d,T) where T = {{1},{2},...,{I}} and d = {{1},{2},....{I},{I+1,1+2,...,k}}. For
c=(s,c,85) € T(1) we set

Cc=Cw, mod P;(t) (4.5)
where SD,':/I(I) =span{Ce | ¢,d € T(u), u> A} and have then Ay (1) = span{C.|¢ € Tx(1)}. Then, by definition, Ay (1) is
the submodule of Py (1) /Plf’l(t) generated by {C.|c € Tr(1)}. We represent a typical basis element C, for Ag(2) as a
half diagram as follows

1 2 3 4 5 6 7 8 9 10 11

[ ] .—.—y—.
.= (16)
thus leaving out d, from the diagram. The action of a € Pir(t) on C; € Ax(Q), that is aC. € Ar(Q), is given by

concatenation with a on top of C, followed by the elimination of internal blocks as in P (¢), and of terms involving
{Cy | d & T (1)} that are set equal to 0.

By construction we have
dim Ay (1) = |Ti (V)] = [Std(D)]ICi] (4.7)
where Cj is as in . This formula can be explicitly expressed in terms of Stirling numbers of the second kind, as
explained in [24].
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Example 4.1.1. For the partitions (k) and (1¥) in A*¥ we get via that dim Ag (k) = dim Ax(1¥) = 1 and so
in particular Az (k) and Ax(1%) are simple P (¢)-modules. Suppose that n > 2k such that P (n) is semisimple by [65].
Then explicit expressions for the primitive idempotents in P (n) associated with Ag (k) and A (1¥) were determined in
[6] and [14]. In the notation of [14], these idempotents are the elements Quasiz and Alty of P (n).

4.2. Cellular basis and cell modules of SP;(t). In this section we initiate the study of the representation
theory of SP(t), for arbitrary ¢ € C.

It was shown in [65] that P (7) is semisimple if and only if 7 ¢ {0,1,2,...,2k — 2}. This gives us immediately the
following Theorem.

Theorem 4.2.1. Suppose that 7 ¢ {0,1,2,...,2k —2}. Then SP(¢) is a semisimple algebra.

Proof: Let Jr and SJ; be the Jacobson radicals for Py (¢) and SPg(z), respectively. Then, by definition, a € Ji if
and only if aL = 0 for all irreducible Py (#)-modules, and similarly for S .

Since t ¢ {0,1,2,...,2k — 2} we have that P (z) is semisimple, which by definition means that J; = 0. On the
other hand, it is known that the irreducible SPy (¢)-modules are the nonzero ey L’s for L running over irreducible Py (7)-
modules, see (iv) of Theorem (4) of A1 of the appendix to [20]. Suppose now that exaex € ST . Then eraex(exL) =0
and hence erae; L = 0 for all irreducible Py (¢)-modules L. But this means that exaer € Ji and so eraey = 0, as claimed.
O

In general, even when P (¢) is not semisimple, it is always a cellular algebra in the sense of [37], as was shown in
[24] and [102], and so SP(t) becomes a cellular algebra as well, since it is an idempotent truncation of Py (). With
the preparations made in subsection we are in position to formulate and prove the cellularity of SPy (¢).

Theorem 4.2.2. The spherical partition algebra SP(f) is cellular on the poset AX. The cell modules for SP (1)
are {exAr(1) |1 € A¥}.

Proof: Defining ¢ = (s,d,S) € T(1) where 1 = (k), s =t and d = S = {{1},{2},..., {k}}, we have ¢; = %C“. From
this it follows that e; = e, and so we may apply Proposition 4.3 of [54]. This proves the Lemma. O

Note that Proposition 4.3 of [54] does not give rise to a basis for exAg (1) and in fact our next goal is to construct
such a basis.

For this we need several new notational ingredients. Suppose first that v = (v{*,v52,..., VZP) € Par;. We then

define the function

¥ : Par; — Par, ¥(v) = ord(a1,as,...,ap) (4.8)
which may be considered as a variation of the function ® defined in (3.6). Define also p; = |Par;|; this is just the
classical partition function.

Suppose that s is a semistandard A-tableau of type u. Following section 7 in [73], we now set

X5 = Z X2 € S(A). (4.9)
wes,
wileStd ()
1]1]2]
For example, for s = [ [ we have
3
Xs =X +Xx +x +x . (4.10)
1]2]s] 1]2]4] 1]2]s] 1]2]4]
415 315 416 316
6 6 5 5

Moreover, for any 7 € Comp; we define d, € SetPar; as the set partition whose blocks are the rows of t*. For
example, if T = (3,2,1,3) we get d. = {{1,2, 3}, {4, 5},{6},{7,8,9}}.

Suppose now that A € Par; € A* and that v € Par; with W(v) € Par; for [ <i < k. Suppose furthermore that s is a
semistandard A-tableau of type ¥(v) and that y € Parg_;. Using this information we define an element x, 5, € exAr(4)
as follows

Xy = exg((dy.u, dy) ®xs®D,) (4.11)
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where b, is as below ([4.4) and g is the isomorphism induced by f~! for f as in (2.16)). For example, for k = 17, [ = 6,
v=1(32%2%1%), u=(2%1) and A and s as in (.10, we have

5 7891011121314151617

Xysp = €17 T_Hr"f/-/./._./_—./ ) (4.12)

With this notation we can now state and prove the following Theorem.
Theorem 4.2.3. (1) Let A € Par; € AK. Then the set
By ={xy5,u|v €Par; for I <i <k such that ¥(v) € Par;, s € SStd(4, ¥(v)), u € Parg_;} (4.13)
is a cellular basis for exAg(A).

(2) Suppose that A € Par; € A*¥. Then we have the following dimension formula

K
dimekAk(/l)=Z Z Ky w(v)Pk—i (4.14)

i=l vePar;
Y(v)ePar;

where Ky y(,) is the Kostka number.

Proof: The right hand side of (4.14)) is just the cardinality of 8, from (1) and so we only have to show (1).

For this we first recall the set C; defined in (2.15). For (¢, S) € C; we define
M(c,S) =erg ((c,S) ®CS;®@Dd,). (4.15)

We consider M(c,S) as a right C&;-module, with action coming from the right &;-multiplication in the factor C&;
of M(c,S). For the special element exg((c,S) ® 1 ® dy) € M(c,S) we let (s,t)., be the equivalence class of pairs
corresponding to g((c¢,S) ® 1 ® ;) under the bijection described in the paragraphs from to . The Sp-left
action on these classes is faithful and transitive and so in the expansion of exg((c,S)®1®Db,) there is a class represented
by a distinguished pair (s, t(ll’k_l)) satisfying that the numbers {1,2, ..., k} below the red line of s; are all bigger than
the numbers above the red line. Moreover, the numbers above the red line of s; are filled in along rows, starting with
the longest row, followed by the second longest row and so on, and similarly for the numbers below the red line. In the
case of rows of equal lengths, the numbers are filled in along these rows starting with top one and finishing with the
bottom one. Below we give an example of (s,t(ll’k‘l))Nl and its distinguished representative (s, t('-c=0).

[10] [1] 5] 1]

2 |11 2 12 2]

|7 B 3[4 B

1 1 | 6 [ | (4.16)
3]5 | 567 s]oTw]i1] 7|8 | 5 6] 7 s]o]wo]u1]

6 11

slo] : 9 [10]

4

On the other hand, under the bijection described in the paragraphs from to , the &;-action on M(c, S)
is given by row permutations of the top [ rows of the first component of the classes (s, t)-;, Using this and the description
of the distinguished representative for (s, t(ll’k_l))~l just obtained, we conclude that M (c, S) is isomorphic to the right
C&;-permutation module given by ¥(v), that is M (W (v)) = xy(,)y(,)CS; where v = ord(shape(s1|;
restriction of $; to the first [ rows.

..........

We now recall the fact, shown in [73], that the set {xs|s € SStd(1,¥(v))} is a basis for xg()w()S(1). Finally
taking into account u = ord(shape($1;41,...)), where 1)z, . is the restriction of $; to the rows below the red line, we
arrive at the basis given in (4.13)), which shows that B, indeed is a basis for exAg(1).

Finally, since we already know that the exAg(A1)’s are the cell modules for the cellular algebra SP (), we get that
B, is even a cellular basis for exAg (). This concludes our proof. O
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By cellularity of SP(#) we have dim SPy () = 3 jepx (dim exAg(1))?, which via Theorem and Theorem
becomes the following identity involving bpy

k 2
bpk = Z (Z Z K/l,\y(y)pki) . (4.17)

AePar;CAk Vi=l vePar;
Y(v)ePar;

It may be surprising that the identity (4.17) can in fact be proved with combinatorial tools, as we shall now briefly
explain.

Fix v € Par;, p € Par; such that ¥(v),¥(u) € Par; for some [ € {0,1,...,k} and consider their contribution to

(4.17), that is

Z Kaww Kawv)- (4.18)
AePar;

The sum in (4.18)) has a combinatorial interpretation, which is a consequence of the RSK algorithm.

Indeed, let Mp(u),w() be the set of non-negative integer valued matrices with row sum ¥(u) and column sum ¥(v).
For example, if = (23,1%) and v = (3%,22,1) we have ¥(u) = (3,2) and ¥(v) = (2,2,1) and then My, w(,) consists of
the matrices

1 1 1 0 2 1 2 01 1 2 0 2 1 0
[1 1 0]’ [2 0 0]’ [0 2 o}’ [1 0 1]’ [o 1 1]' (4.19)
With this notation we have the following formula for (4.18]), see for example Corollary 7.13.2 in [92].
Z Kawi Kawoy = INwuywon l- (4.20)
AePar;

Now each matrix in My () w() corresponds to the propagating part of an element of BiPary, in the normal form GG (b)
given by Garsia and Gessel, as in , with the entries of the matrix giving the number of propagating lines that
connect equally sized parts. For example, for ;£ and v as above, the five matrices in My(,),w(y) given by correspond
to the diagrams

L=t LR

in the specified order. Using this, and taking into the account the possibilities for the non-propagating part, we obtain
our combinatorial proof of the identity (4.17).

(4.21)

4.3. Simple modules and standard modules. We next draw a couple of consequences of Theorem We
first define Afph c A via

Af = {A= (1. 2., ) € A¥[B(A) < k} (4.22)

where
i

b(A) = Z iA;. (4.23)
i=1
This definition should be contrasted with the definition of Parf}’)"h in (3.17). We get

Corollary 4.3.1. With the above notation we have e;Ag(1) # 0 if and only if A € Afph.

Proof: IfAe Afph we consider v = (I, (I = 1)%-1,...,1%). Then |v| < k and ¥(v) = A and so Kyw(v) = Kaqa # 0 which
implies exAx(4) # 0, by Theorem [£.2.3]

Suppose now that exAg(d) # 0. Then, by Theorem we have Kyy(,) # 0 for some partition v with [v| < k,

which implies 1= ¥(v). Let v = (v{*,v3?,...,v") where v; > vy > --- > v; and suppose that ord(ai,as,....a;) =
(b1, ba,...,b;), in other words W(v) = (b1, ba, ...,b;). Then from |v| < k we get
viai +veas+...+via; <k = vibj+voby_ 1 +...+viby <k = I1bj+(l-1)bj_1+...+1by < k. (4.24)

Let now t be the semistandard A-tableau of type ¥(v) that exists because Kyy(,y # 0. In t the number 1 appears by
times, the number 2 appears by times etc, and so the sum of the numbers appearing in t is 1by + 2bs + ... + [b; which
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is less than &k by . Let now s be the semistandard A-tableau that is obtained from t by replacing each number in
t by the row index of its node. The numbers in the i/*® row of t cannot be strictly less than i, and so also the sum of
the numbers in s is smaller than k. On the other hand, s is the unique semistandard A-tableau of type A that has 1 in
the nodes of the first row, 2 in the nodes of the second row, etc, and therefore the sum of numbers in s is b(1). This
proves the Corollary. o

Example 4.3.1. For the partitions (k) and (1¥) considered in Example we get via (4.22)) that (k) € Afph but
(1%) ¢ Afph if k > 2, or equivalently exQuasi; # 0 but exAlty = 0. This result can also be obtained directly from the

expressions for Quasi; and Altg found in [6] and [14].

It follows from the Corollary that A]s‘ , 18 a natural parametrizing index set for the representation theory of SP(1).
Let A be a cellular algebra with cell datum (A, 7T, C) as in Definition and let {A(12) |1 € A} be the associated set
of cell modules. Each A(AQ) is endowed with a k-valued bilinear form (-, -); which is important for the representation
theory of A. To explain (-, -), one first chooses arbitrarily ty € T(2). For basis elements Cs, Cy € A(1) one considers the
expansion of Cy,1Cst, in the cellular basis for A and then defines

<CS, Ct>/1 = Coeffqoto (CtotCSto) (4.25)

where coeffc, , (CtytCst,) is the coefficient of Cyyt, in the above expansion.

Suppose now that k is a field. We define rad(2) = {v € A(Q)|{(v,w), = 0 for all w € A(1)}. Then rad(l) is a
submodule of A(1) and moreover, by the general theory of cellular algebras developed in [37], the quotient module
L(A) = A(Q)/rad(A) is either zero or irreducible, and the set of nonzero L(A)’s forms a complete set of isomorphism
classes for the irreducible A-modules.

We get the following Theorem.

Theorem 4.3.1. Suppose that ¢t ¢ {0,1,2,...,2k —2}. Then SPy(r) is semisimple and {exAx(1) |1 € Als‘ph} is a
complete set of representatives for the isomorphism classes of irreducible SP (#)-modules.

Proof: We know from Theorem that SP(¢) is semisimple. It then follows from Theorem 3.8 of [37] that the
nonzero cell modules, that is {exAr(2) |1 € Afph}, are irreducible and pairwise inequivalent. O

In the following we shall use the language of quasi-hereditary algebras, see for example the appendix to [20] and
Section above. In our setting, the following Theorem is useful for us.

Theorem 4.3.2. A is quasi-hereditary if and only if {-,-), # 0 for all 2 € A.

For r # 0 it is known that Pk () is a quasi-hereditary algebra, see [21] or [55]. In Theorem we showed that
SP(¢) is semisimple and determined its irreducible modules if ¢t ¢ {0, 1,2, ...,2k —2}. Combining Theorem with
Theorem we now obtain the quasi-heredity of SP(f) in the remaining cases, except when ¢ = 0.

Corollary 4.3.2. Suppose that t € {1,2,...,2k —2}. Then SP,(t) is quasi-hereditary on the poset Afph with

standard modules {exA(1) |1 € Afph}.

Proof: Let A= (A1,42,...,4,) € A/s‘ph with || = . We then construct a special cellular basis element x, g, for Ag(2)
as in . For v we use v = (pr, (p — 1)1, ..., 1) which satisfies |v| < k and ¥(v) = A. For s we use the unique
semistandard A-tableau of type W(v), which has 1 in the nodes of the first row, 2 in the nodes of the second row, and
so on. Note that x5 = x3;. Finally, for y we use the one-row partition u = (k — i) where |v| = i. For these choices we
set Cy, = Xy 5., and, in view of and Theorem we must calculate the coefficient of Cy ¢, in the expansion of
Ctot, Ctot, in terms of the cellular basis for SP(t). For example, for k =9, 1 = (2,2), v = (22,12) and u = (3) we have
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diagrammatically

€o
/—\
1 2 3456 7 89
[ e oy

Ciot, = T , Ctoto Ctoto =
[ e o

1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/ 9/

€9

€9

/—\
1 2 3 4 5 6 7 8 9
OO

(4.26)

1 92 3 4 5 6 7 8 ¢
\_/

and must calculate the coefficient of Cy 1, in the expansion of Cyt,Ct,t,. For this we first observe that x?u = (I—[fil AiNxaa.

We next consider the contribution to the coeflicient of Cy 1, given by o € Sx from the expansion of the middle ey
of Ci,t,Ctyt, in terms of the group element basis of CS;. We divide the elements o € & in three types, according
to their contribution to the coefficient of Cit, in Ci,t,Ct,t,.- A key point for what follows is the observation that this

division is exhaustive.

1. We say that o is of type 1 if it has the form o = 009 where o is a permutation of the numbers within blocks
of dy., and 0% is a permutation of the blocks of d, induced by an element from &,. In the example ,
this means that o1 € G190 X S34 X G789 < Gg and that o9 € ((1, 3)(2,4), (5,6)) < Sy. Each element of type
1 has a contribution of (I—[f’:1 /li!)ﬁ to the coefficient of Ci i, in the product Ci,i,Ci,t,- Below we give two
examples of elements of type 1, the first of the form o = oy and the second of the form o = o%.

TN
\/
{ X X I:X
T\
[ e o
1 23 4 5 6 7 8 ¢
v

€9

—_

12

—
[<[*

=

-
&

(4.27)

%] [=] =
~[~[=]

-
[]

—
o

=
—

2. We say that o is of type 2 if it has contribution (]_[f.il /li!)% to the coeflicient of Cyyt,, in other words, the
factor t appearing in the contribution coming from type 1 elements is no longer present. Type 2 elements arise
the same way as type 1 elements, except that the blocks coming from d,, are merged into the other blocks.
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Below we give an example of an element of type 2.

(4.28)

1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/ 9/ *
\ -

€9

3. Finally, we say that o is of type 3 if it gives rise to a diagram with no contribution to Ci, in the expansion
of Ci,t,Ctot,, in other words, the diagram in question has strictly fewer than / propagating blocks. Here is an
example.

€9

1 2 3 4 5 6 7 8 9
*—o—0e

(4.29)

1 9o 3 4 5 ¢ 7 8 9°
S— _____—

Let Ay, A2 and A3 be the cardinalites of type 1, type 2 and type 3 elements, respectively. The numbers A;, As and Ag
can be calculated using combinatorial methods, but we do not need their exact values and shall therefore not do so.
On the other hand, one easily checks that if 2 # 0 then A; > 0 whereas Ay > 0if 1 = 0.

Finally, to conclude the proof of the Corollary we now note that the coefficient of C,t, in Cyt,Ct,t, is (Hf:1 A1) % (Aqr+
As) and this is nonzero by the hypothesis on . O

5. The implications of SP;(n) being quasihereditary

5.1. The decomposition numbers for SP;(n) when SP(n) is non-semisimple. In this section we shall use
the results of the previous sections to determine the decomposition numbers for SPy (n) when SPy (n) is quasi-hereditary
and non-semisimple, that is when n € {1,2,...,2k — 2}.

Our arguments depend crucially on [65] in which the decomposition numbers for Py (n) are determined. The results
in [65] are formulated in terms of the notion of n-pairs of partitions, which we need to explain. For this, let A € Pary
and let u € A be the (i, /)" node of 1. For Q € Z we then define the Q-content of u as c/?(u) = Q+j—1i and let the
Q-content diagram of A be the diagram obtained from the Young diagram of A by writing c? (u) in each node u € A.
For example, for A = (5, 3, 3,2, 2) the 2-content diagram is as follows

2|3]4a]5]s |

1213

oli]2 (5.1)
1o

D)
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Definition 5.1.1. Let (4, u) be a pair of partitions of different orders. We then say that (A, u) is an n-pair if
A C u and the Young diagram for u is obtained from the Young diagram for A by adding nodes in exactly one row.
Furthermore, the rightmost of these nodes should be of |A|-content n.

Below we give two examples of n-pairs, in the first we choose n = 4 and in the second n = 15.

[ ] || [|2fsfia]isfefir]s]
0, , 1112|1314 |15 (5.2)
10|11

Note that there exists an alcove geometric description of n-pairs, see [10].

The following Lemma is immediate from Definition [5.1

Lemma 5.1.1. Suppose that n € Z and A € Par. Then there exists at most one u € Par such that (4, u) is an n-pair.

Proof: Let A= (A*,252,...,43") € Par;. If u € Par is obtained from A by adding nodes to the i* row, then we must
havei € {l,a1+1,a1+ax+1,...,a1+ax+...+a,+1}. Since the |1|-contents are constant along the diagonals of A, we
conclude from this that the possible values of n are all distinct, which shows the Lemma. Below we illustrate on the
example A = (91,53, 32), where we have indicated with red the possible values of n.

30 [31]32]33 ]34]35 |36 [37]38 |39 .
29 3031 [32]33]34 35 36 37

28 [20[30 [31 32
27 2829 [30 |31
26 |27 2829 30
25 |26 |27
24 25 26

In [65] the following important Theorem was proved.

Theorem 5.1.1. Let n € {1,2,...,2k —2}. For 1 € A¥ let Li(1) = Ax(1)/rad(1) be the irreducible Py (n)-module
associated with A. Then the following statements hold.

(1) Let A, u € A* with A # u. Then there is a nonzero homomorphism of Py (n)-modules Ag (1) — Ax(2) if and
only if (4, u) is an n-pair.

(2) Let A € AK. If there is no u € A* such that (A, u) is an n-pair then Ag(A) is irreducible. Otherwise, A (1) has
decomposition factors Li(A) and Ly (¢) where (A, u) is the unique n-pair with A in the first factor.

(3) Let 1 € A¥ and suppose that (1',12,...,7) is a chain of partitions in A¥ such that 1 = A1 and such that each
(A7, A1) is an n-pair for i = 1,2,..., p — 1. Furthermore, assume that the chain is maximal in the sense that
there is no n-pair (A7, u) with g € AK. Then there is a resolution of P (n)-modules

0> Ap(AP) = -+ = Ar(2%) - A(2') = Li(2) > 0. (5.4)

Note that (5.4) gives rise to the formula
p . .
dim Ly (1) = Z(—n”l dim Ay (7). (5.5)
i=1
In view of (4.7), this is an explicit formula for dim L ().
In order to apply Theorem we need the following Lemma.

Lemma 5.1.2. Suppose that A € A’;ph, Then exLi(1) # 0. It is an irreducible SPy(n)-module and the set
{exLi(A) |1 € A'S‘ph} is a complete set of representatives for the isomorphism classes of irreducible the SP(n)-modules.
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Proof:

In follows from Corollary that exLx (1) # 0 when A € Afp ,- From this the remaining statements of the Lemma
follow from the general cellular algebra theory, see [37]. O

Combining, we obtain the following Theorem.

Theorem 5.1.2. (1) {exLr(D)| A€ A's‘ph} is a complete set of representatives for the isomorphism classes of
irreducible the SP (n)-modules.

(2) Let A € A’S‘Ph. If there is no u € Afph such that (4, ) is an n-pair then e;Ag (1) is an irreducible SPy (n)-
module. Otherwise, exAg (1) has decomposition factors exLi (A1) and ex Ly (u) where (A, u) is the unique n-pair
with A in the first factor.

(3) Let 1 € Afph and suppose that (1',4%,...,4P) is a chain of partitions in Als‘ph such that A = A' and such that
each (1%, A"*1) is an n-pair for i = 1,2,..., p — 1. Furthermore, assume that the chain is maximal in the sense
that there is no n-pair (A7, u) with u € Afph. Then there is a resolution of SPy(n)-modules

0= exAr(AP) = - = e Ar(2?) = exAr(AY) = erLi(2) — 0. (5.6)
Proof: The statement in (1) has already appeared in Lemma The statement in (3) follows from (3) of Theorem

and the fact that left multiplication with ey is an exact functor. To show the first statement of (2), we observe
that under the hypothesis on A the resolution (5.6)) becomes

0 — exAr(A') = exLy(1) = 0 (5.7)
which shows that e;Ag (1) is irreducible, as claimed. Finally, the second statement of (2) follows from the corresponding
statement in (2) of Theorem and exactness of left multiplication with ey. O

As above, we note that the resolution (5.6]), combined with (4.14)), gives rise to an explicit formula for the dimensions
of the irreducible SP(n)-modules, as follows

P
dim exLi (1) = Z(—n”l dim exAg (1. (5.8)
i=1
Let us consider the example A = (1) € Ai’ph with k = n = 3. Then the chain in (3) of Theorem has the form
{4, 2%} where A! = 1 and 12 = (3) and so the resolution in (5.6) becomes

0 — e3A3(1%) — e3A3(AY) — e3L5(1) — 0. (5.9)
Using (2) of Theorem we get dim esAs3(1') = 4 and dim e3A3(12) = 1 and so we find that dim esLg(1') = 3.

It is interesting to compare this with dim G3(u) where pu = (2,1) € Parf}fh. Note that u = A where u is defined
by = (u2,..., ) for u = (u1, o, ..., u;). Using (3) of Theorem we obtain dim G3(u) = 3, that is dim G3(u) =

dim eg Ly ().
We think that this equality is no coincidence. To be precise, for A € Parf;’"h we think that it should be true that

dim G (1) = dim e Ly (1). (5.10)

We note that we have verified (5.10]) for & < 11 using SageMath. We also note that for P, (n) the statement corresponding
to (5.10]) should be true as well but appears not to have been proved in the literature.

5.2. Tilting modules for P;(n) and SPi(n). We already saw that Pi(n) are quasi-hereditary algebras when
n # 0 and therefore, in particular, they are endowed with families of tilting modules, see the appendix [20] and
Theorem In this part we take the opportunity to describe the structure of these tilting modules, using standard
arguments from the theory of quasi-hereditary algebras. We observe that the same arguments also provide us with a
description of the tilting modules for SP (n).

Since SP (1) is quasihereditary (Corollary , it admits a highest weight structure as in Proposition and
therefore a well-defined family of tilting modules; see Definition [3.5.3

We assume n € {1,2,...,2k — 2} in which case Pr(n), as we already saw, is non-semisimple quasi-hereditary on the
poset AK defined in . Correspondingly, the category Py (n)-mod of finite dimensional Py (n)-modules is a highest
weight category where the standard modules {Ag (1) |2 € A} are as described in the paragraphs between and
and the irreducible modules {Lx(1) |1 € A} as described in (3) of Theorem
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Pr(n)-mod is equipped with a duality M — M* via M* = Homc (M, C) where the Py (n)-structure on M* is given by
af(m) = f(a*m) for a € Pr(n), f e M\ meM (5.11)

for a — a* the anti-automorphism coming from the cellular structure on P (n). Note that the Li(1)’s are self dual
Li(A) = L (2)* via

Li(2) = Le (D)% v > (v (5.12)
The costandard modules {V(A) |1 € A} for Py (n) are defined by Vi (1) = Ag(2)*.

The following definitions and results are part of the general theory of quasi-hereditary algebras. Let ¥%(A) be the
subcategory of Py (n)-modules whose objects have A-filtrations, in other words, a Pi(n)-module M belongs to Fi(A) if
there is a filtration of P (n)-modules 0 € M1 € My C ... C M, = M such that for each i =1,2,...,r there is a 4; € Ak
such that M;/M;_1 = Ar(4;). We define F(V) in a similar way, that is M € F (V) if and only if M* € Fr(A).

For A € A¥ we let P (1) be the projective cover of Li (1) in Px(n)-mod. Then Py (1) € Fr(A) and for any A-filtration
0c My cMyC...CM_y CM, = Pr(A) with M;/M;_; = Ar(1;) we have 1, = A whereas 1; > A for j < r. For
M € Fr(A) we define (M : Ar(1)) = dim Homep, () (M, V(1)) which is the number of times Ag(1) occurs as a subfactor
in a A-filtration of M. We then have the Brauer-Humphreys reciprocity formula

(Pi(A) : Ae(p)) = [Ae(p) : Li()] for A, u € A* (5.13)
where [Ag(u) : Lg(1)] denotes decomposition number multiplicity.

For A € A we let Pi(n)-mod="* be the subcategory of P (n)-mod consisting of modules with composition factors in
{Li(u) | < 2}. Then Py (n)-mod=" is a highest weight category with standard modules {A; () | 4 < A} and costandard
modules {Vy(u) | £ < A} and so we deduce from the description of projective covers that Ag(1) is the projective cover of
Li(A) in Pr(n)-mod=t. If < A we then get from (2) of Theorem and Proposition A3.3 in [20] that

. 1 s 1 | 1 if (4, ) is an n-pair
cmm%wmdmmuwwmwmwmmdmauww{0mmme (5.14)
and if 1 < u we get
. 1 o 1 . « _ | 1 if (u,A) is an n-pair
dim EXth(n)—mod(Lk(/l)’ Li(p)) = dim EXth(n)—mod(Lk(ﬂ) ,Li(D)*) = { 0 otherwise (5.15)

since Li(u)* = Lg(u) and Li(2)" = L ().

We now fix a chain of partitions C = {1%,42,...,4P} in AF such that (A%, 2*1) is an n-pair for i = 1,2, ... ,p— 1.
Suppose furthermore that the chain is maximal in both directions, in other words there is no u € A such that (u, ")
is an n-pair or such that (17, u) is an n-pair. By Lemma each A € A¥ belongs to a unique such maximal chain C.

Defining
Pr(n)-mod® = {M € Pr(n)-mod | [M : Ly(A)] 20 = 1€ C} (5.16)

we get from (5.14) and (5.15) that P (n) = &P (n)-modC is the block decomposition of Py (n)-mod where C runs over

maximal chains in the above sense.

A Pi(n)-module T is called a tilting module if T € F1(A) N Fx(V). For each 1 € A¥ there exists a unique indecom-
posable tilting module Ty (1) satisfying [Tx(A) : Lx(4)] =1 and that [Tx (1) : Liy(u)] # 0 = u < A. Each tilting module
T is a direct sum of such Ty (2)’s.

Part (1) of the following Theorem was obtained already in [65], but still we include it for completeness.
Theorem 5.2.1. With the above notation, we have the following results.

(1) If j=2,3,...,p — 1 then the Loewy structure for Py (1/) is as follows

L (M)
PV) = Ly L) (5.17)
Lp(NV) .
(2) If j =1 then the Loewy structure for Py (1) is as follows
Li(\Y)
P.(\Y) = Ap(\Y) = Le(0?) . (5.18)
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(3) If j = p then the Loewy structure for Py(4?) is as follows
Li(A\P)

P.(\) = Lp(x71) (5.19)
Li(W) .

Proof: To prove (1) we first observe that (2) of Theorem together with imply that (Pr(d7) : Ag(2)) =1
for j =i or j =i+1 and otherwise (Py(1/) : Ax(A")) = 0. Therefore there are two A-factors in the A-filtration for Py (A7),
namely Ax(17) and Ag(27~1). On the other hand, defining Q (1) = ker(Px (1) — Li (1)) we get from and
that dim Homep, (,) (Qx (A7), Ly (2")) =1if i = j—1 or i = j + 1 and otherwise dim Homep, (,)(Qx (A7), Lx(1")) = 0. Hence
the Loewy structure for Pi(4/) must be as indicated in (1).

To prove (2) we once again use Theorem and (5.13)), but this time we find that Ag(A') is the only A-factor of
Py (A1), which shows (2).

Finally, to show (3) we first note that (2) of Theorem gives Ap(AP) = Li(AP). Since Pg(AP) has A-factors
Ar(AP) and Ag(AP1), as one sees from Theorem and ([5.13)), the structure of Py (AP) must be the one indicated in
(3). This proves the Theorem. O

We now get the following Theorem, describing the indecomposable tilting modules for Py (n).
Theorem 5.2.2. The tilting module Ty (1) for i = 1,2,..., p are given by the following.
(1) If j=1,2,...,p — 1 then Ty (1) = P (1),
(2) Ti(AP) = Ar(AP).
Proof: The modules in (1) are described in (1) and (3) of Theorem They are self-dual and therefore tilting

modules. The missing tilting module is T (A7) = Ag(AP), given in (2). O

We finally mention that there are versions of Theorem and Theorem for SPy(n) instead of Px(n). In
view of Theorem [5.1.2] the statements and proofs are here exactly the same as for Theorem [5.2.1] and Theorem [5.2.2
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