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Preliminaries

Let m > 1 denote the number of sites and let α, β ∈ R.

Hamiltonian

H =
m−1∑
l=1

(
σ+l σ

−
l+1 + σ+l+1σ

−
l

)
+ ασ+1 σ

−
1 + β σ+mσ

−
m,

which acts on the state space C2m. Here, σ−l and σ+l denote the
lowering and raising operators at site l , respectively.

(Utal) Spectral Analysis of XX Quantum Spin Chains 5 / 40



Preliminaries

Let m > 1 denote the number of sites and let α, β ∈ R.
Hamiltonian

H =
m−1∑
l=1

(
σ+l σ

−
l+1 + σ+l+1σ

−
l

)
+ ασ+1 σ

−
1 + β σ+mσ

−
m,

which acts on the state space C2m. Here, σ−l and σ+l denote the
lowering and raising operators at site l , respectively.

(Utal) Spectral Analysis of XX Quantum Spin Chains 5 / 40



Single-particle Hamiltonian
The action of H on the single-particle states

ej = |0, . . . , 0, 1︸︷︷︸
j

, 0, . . . , 0⟩

is represented by the m ×m Jacobi matrix

J =



α 1 0 · · · 0

1 0
. . .

. . .
...

0 1
. . . 1 0

...
. . .

. . . 0 1
0 · · · 0 1 β


.
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Characteristic polynomial
The characteristic polynomial of J can be expressed in terms of Chebyshev
polynomials of the second kind as

χm(e) = det(e I− J)

= Um

(e
2

)
− (α+ β)Um−1

(e
2

)
+ αβ Um−2

(e
2

)
,

Relation to Bernstein–Szegő orthogonal polynomials

χm(z + z−1︸ ︷︷ ︸
=e(z)

) = pm(z),

where
pm(z) = c(z) zm + c(z−1) z−m,

with

c(z) =
(1− αz−1)(1− βz−1)

1− z−2
.
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χm(z + z−1︸ ︷︷ ︸
=e(z)

) = pm(z),

where
pm(z) = c(z) zm + c(z−1) z−m,

with

c(z) =
(1− αz−1)(1− βz−1)

1− z−2
.

(Utal) Spectral Analysis of XX Quantum Spin Chains 7 / 40



Band-state root
Let ξk ∈ (0, π) with k ∈ {1, . . . ,m} satisfy

mξ + arctan
(
1+α
1−α tan

( ξ
2

))
+ arctan

(
1+β
1−β tan

( ξ
2

))
= πk

then z = e iξk is a band-state root of pm(z).

Bound-state root
Let z− ∈ (−1, 0) or z+ ∈ (0, 1) satisfy

z2m(z − α)(z − β)− (1− αz)(1− βz) = 0

then z = z± is a bound-state root of pm(z).
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Main Results

Theorem (Bernstein–Szegő roots)

If α > 1 and −1 < β < 1, the roots of the Bernstein–Szegő polynomial
pm(z) are given by

z = e iξk , k ∈ {1, . . . ,m − 1},

together with

z =


e iξ

(m;α,β)
0 if m < 1− (1− α)−1 − (1− β)−1,

1 if m = 1− (1− α)−1 − (1− β)−1,

z+ ∈ (0, 1) if m > 1− (1− α)−1 − (1− β)−1,

where z+ ∈ (0, α−1) if αβ > 1, z+ = α−1 if αβ = 1, and z+ ∈ (α−1, 1) if
αβ < 1.
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Theorem (NR Approximation of Bound-state Roots)

If α > 1 and −1 < β < 1, then, as m → ∞,

z+ = znr+ + o(α−2m),

where

znr+ = α−1+
α−1(α2 − 1)(αβ − 1)

α2m+1(α− β) + 2m(α2 − 1)(αβ − 1)− (α2 − 1)− (αβ − 1)
,

with

lim
m→∞

o(α−2m)

α−2m
= 0.
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Theorem (NR Approximation Band-state roots)

The angle ξnrk of the Newton-Raphson approximation for the band-state
eigenvalue ek = 2 cos(ξk) reads:

ξnrk =

ξ + πk−mξ−arctan

(
1+α
1−α tan

( ξ
2

))
−arctan

(
1+β
1−β tan

( ξ
2

))
m+

1
2 (1−α2)

1+α2−2α cos(ξ)
+

1
2 (1−β2)

1+β2−2β cos(ξ)

∣∣∣∣∣
ξ=ξ

(0)
k

with

ξ
(0)
k =


πk
m+1 if max(|α|, |β|) < 1,
πk
m if min(|α|, |β|) < 1 and max(|α|, |β|) > 1,
πk
m−1 if min(|α|, |β|) > 1.
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Single-particle Hamiltonian
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. . .

. . .
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0
. . .

. . .
. . . 0

...
. . .

. . . 0 1
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
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Characteristic Polynomial
The characteristic polynomial of T can be written in terms of Chebyshev
polynomials of the second kind as

P
(α,γ)
m (e) = (−1)m

[
(e− 2α)Um−1

(
e
2

)
+ (α2 − γ2 − 1)Um−2

(
e
2

)
− 2γ

]
.

Equivalent Polynomial

R
(α,γ)
m (z) = z2(m+1)

(
1− αz−1 − γz−m

)2
−
(
1− αz − γzm

)2
.
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Application of Previous Results to the Spectrum

Consider the following polynomial:

Rα
m(z) = z2m(z − α)2 − (1− αz)2.

Factorization
Rα

m(z) = Rα
m,−(z)R

α
m,+(z),

where
Rα

m,−(z) = zm+1 − α(zm + z) + 1,

and
Rα

m,+(z) = zm+1 − α(zm − z)− 1.

Bound-state roots

The polynomials Rα
m,−(z) and Rα

m,+(z) can be used to determine the
bound-state roots.
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Band-state roots
The equations to determine the band-state roots are

Vα
m,−(ξ) = mξ + 2arctan

(1 + α

1− α
tan
(ξ
2

))
∈ π + 2πZ,

and

Vα
m,+(ξ) = mξ + 2arctan

(1 + α

1− α
tan
(ξ
2

))
∈ 2πZ.
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Theorem (Roots of Rα+γ
m (z)Rα−γ

m (z))

If α− γ > 1 and −1 < α+ γ < 1, then the roots of the polynomial

R
(α,γ)
m (z) = Rα+γ

m (z)Rα−γ
m (z)

are given by

z = e iξ
(m;α+γ)
2k−1 , k = 1, . . . ,

⌊
m+1
2

⌋
,

z = e iξ
(m;α−γ)
2k , k = 1, . . . ,

⌊
m
2

⌋
− 1,

together with an additional root:

z =


e iξ

(m;α−γ)
0 if m < 1− 2 (1− α+ γ)−1,

1 if m = 1− 2 (1− α+ γ)−1,

z
(m;α)
+ ∈

(
(α− γ)−1, 1

)
if m > 1− 2 (1− α+ γ)−1.
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Theorem (NR Approximation for Bound-state Roots)

If α− γ ∈ R \ (−1, 1), then as m → ∞:

z
(m;α+γ)
− = z

(m;α+γ)
nr,− + o

(
(α+ γ)−m

)
,

where

z
(m;α+γ)
nr,− = (α− γ)−1 −

(α+ γ)2 − 1

(α+ γ)m+2 +mα3 − (m + 1)(α+ γ)
.

If α+ γ ∈ R \ (−1, 1), then as m → ∞:

z
(m;α−γ)
+ = z

(m;α−γ)
nr,+ + o

(
(α− γ)−m

)
,

where

z
(m;α−γ)
nr,+ = (α+ γ)−1 −

1− (α+ γ)2

(α+ γ)m+2 −m(α+ γ)3 − (m + 1)(α+ γ)
.

lim
m→∞

o((α±γ)−m)/(α±γ)−m = 0.
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Theorem (NR Approximation for Band-state Roots)

The angle ξ
(m;α)
k,nr of the Newton-Raphson approximation for the band-state

eigenvalue ek = 2 cos(ξk) reads:

ξ
(m;α)

2k−δ−x ,nr
=

ξ + π(2k−δ−x )−mξ−2 arctan

(
1+α
1−α tan

( ξ
2

))
m+ (1−α2)

1+α2−2α cos(ξ)

∣∣∣∣∣
ξ=ξ

(m;α)

2k−δ−x ,0

,

with

ξ
(m;α)

2k−δ−x ,0
=

{
π(2k−δ−x )

m+1 if |α| < 1,
π(2k−δ−x )

m−1 if |α| > 1.
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Models Considered Thus Far

Model on {1, 2, . . . ,m}

1 2 3 m−1 m

α β

Model on Zm

γ 1
2

3m−1

m

α
α
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Model We Aim to Study

Model on Z

1 2 3 m−1 m

Associated Laplacian

(Lψ)(n, z) = anψ(n + 1, z) + bnψ(n, z) + an−1ψ(n − 1, z), n ∈ Z,

where ψ : Z → C and z denotes a (possibly complex) spectral parameter.
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Jacobi matrix 

. . .
. . .

. . .
. . . b1 a1 0
. . . a1 b2 a2 0

0 a2 b3 a3
. . .

0 a3 b4
. . .

. . .
. . .

. . .



When an and bn are constant, the spectrum can be determined
explicitly.

This corresponds to the simplest stationary background of the Toda
lattice.
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A single soliton

Coefficients and Jost function for a single soliton

Coefficients of the associated Jacobi matrix (−1 < z1 < 1):

an =

√
(1− z21 + ν1z

2n+4
1 )(1− z21 + ν1z2n1 )

1− z21 + ν1z
2n+2
1

,

bn = (z1 − z−1
1 )

[
ν1z

2n+2
1

1− z21 + ν1z
2n+2
1

− ν1z
2n
1

1− z21 + ν1z2n1

]
,

ν1 =

(∑
n∈Z

ψ2
jost(n, z1)

)−1

.
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Jost function and asymptotic behavior (0 < |z | ≤ 1):

ψjost(n, z) =
zn
(
1 +

v1z
2n+2
1

1−z21

1−zz−1
1

1−zz1

)
√(

1 +
v1z

2n+2
1

1−z21

)(
1 +

v1z2n1
1−z21

) ,
ψjost(n, z) −→

n→+∞
zn.
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Objectives

Objectives:

Construct a spin Hamiltonian of the form

H =
∑
l∈Z

[
al
(
σ+l σ

−
l+1 + σ+l+1σ

−
l

)
+ bl σ

+
l σ

−
l

]
,

with non-constant an and bn given by a soliton solution of the Toda
chain.

Determine the spectrum and the eigenfunctions of the corresponding
spin Hamiltonian.
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