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Notations and conventions

We denote by Z the ring of rational integers and by Q, R and C the fields of rational, real and complex num-
bers, respectively. If n is an integer we write Z-,, (resp. Z-,) to denote the set of integers a such that a = n (resp.
a>n). If K is a commutative ring, K* denotes the set of units (that is, invertible elements) in K.

If A is a ring, we denote by Spec(4) its corresponding affine scheme. Given a scheme X we denote by Oy its
structure sheaf.

We assume that the reader is familiar with the linear representation theory in characteristic zero of finite
groups.

All other notations and conventions will be introduced as needed.






Introduction

0.1. Zero fiber rings

0.1.1. Groups acting on rings. Let W be a group acting on a set X. If w € W we write fixx (w) (or fix(w) if X

is understood) to denote the set of fixed points of w, that is,
fixy(w)={xe X|w-x=x}.

If L is a subset of W, we set
xt= ) fixx(w) ={xe X|w-x=xforall weL}.

welL

If L = {w} consists of a single element, we write X% instead of X (W} The set XW is called the invariant set for the
action of W on X.

If x € X, we write W, to denote the stabilizer of x, that is,
Wey={weW|w-x=x}.
More generally, if U is a subset of X, we write

Wy= () Wy={weW|w-x=xforall xe U}.
xeU

If X =V is a K-linear representation of W (where K is a commutative ring), then fixy (w) and VL are K-
submodules of V, because

fixy (w) =ker(wly —1v),
and if L= W (or if L generates W as a group) then V" is a subrepresentation of V. Moreover, if U is a subset of
V and KU denotes the K-linear span of U, then
Wy =Wey.

If X = Ais a K-algebra and W acts on A by K-algebra automorphisms, then A" is a subring of A. In this case
we define the algebra A x W which as a K-module is given by A®x KW (here KW denotes the group algebra of

W with coefficients in K) and with multiplication given by
(meuw)(az®wr) =aiwi(a)@wiwy, a,a2€ A, w,wr2eW,

where for w € W and a € A, we write w(a) for the action of w on a. In general, we avoid the use of the symbol ®,
so in A x W we have

wa=w(a)w, acA weW.
If A is a commutative K-algebra and K is an algebraically closed field of characteristic zero, the inclusion
homomorphism A" — A induces a morphism of affine K-schemes
7 :Spec(A) — Spec(AW).
Also, if A is finitely generated as a K-algebra and W is finite, then by the Hilbert-Noether theorem [5} Theo-
rem 1.3.1] we have that A" is also a finitely generated K-algebra and that A is a finitely generated A" -module.

9



10 CHAPTER 0. INTRODUCTION

Thus 7 : Spec(4) — Spec(AW) is a finite morphism. Also, Spec(AW) is a scheme of finite type over K and hence
the residue field x(x) = K for each closed point x € Spec(AW). Moreover, when A is reduced, A" is also reduced,
so Spec(A") is an algebraic variety and it is easy to see that 7 : Spec(A) — Spec(A") is a geometric quotient,
so Spec(A") = Spec(A)/W. In this case for each closed point x € Spec(A)/W we have that the ring of regular

functions on the scheme-theoretic fiber 771 (x) is given by
H(n7(x0), 0p-1(4) = A® 4w C.

0.1.2. Zero fiber rings. We shall be interested in the case when W is a finite group acting by C-linear auto-
morphisms on a finite dimensional vector space V. Then W acts on the dual vector space V* = Hom¢(V,C) by

the formula

w- @)W =pw-v), weW,peV* veV.

and hence on the symmetric powers S¢(V*). Thus we obtain an action of W on the ring C[V] of polynomial

functions on V, that is

CIVI=S(v*) =P s*w.
da=0

Note that as W acts on each homogeneous component of the Z-graded algebra C[V], then C[V1¥ is a graded
subalgebra of C[V], and we denote by C[V]KV its irrelevant ideal, that is

cvi¥ =@ stV =(recviV | f0) =0
d>0

We write Iy (V) to denote the ideal in C[V] generated by C[V]Kv, that is
Iw(v)=cvi¥cvl.

The zero-fiber ring of (W, V), denoted by 2’ (W, V), is the ring of regular functions on the scheme theoretic fiber

of m:V — V/W over zero, that is
ZW,V)=H(1(0),0,-1(0) = CIV] & yyw €
LEMMA 0.1. IfV is a finite dimensional C-linear representation of a finite group W, then
ZW,V)=C[V]/ Iy (V)
as C-algebras.

PROOE. The map

CIVIxC—=C[Vl/Iw(V), (f,a)—af+Iw(V)
is C[V]" -bilinear and hence induces a C-algebra homomorphism
¢:ClV]®c;yw C—CIVI/ Iy (V).

On the other hand, the map
ClVI—-C[VlecywC, f—fe®l

vanishes on C[V]KV and hence on Iy (V), so it induces a C-algebra homomorphism
p:ClV]/Iw (V) — C[V] ®¢yw C.

A straightforward verification shows that v is a two sided inverse for ¢ and hence that ¢ is an isomorphism. O
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0.1.3. Diagonal coinvariant rings. Let W be a finite Coxeter group, hr be a (real) reflection representation
of W and ) = C®g hr. Then h* @} is again a representation of W. We call the action of W on h* & by the diagonal

action of W on b* @ hy. The diagonal coinvariant ring of W is the zero fiber ring
Rw:=ZW,h*@h)=Clh" ebhl/Iw (" eh)

The ring Ry is bigraded by polynomial bidegree, putting h and h* in degree 1. This follows from the fact that
the ideal Iy (h* & h) is homogeneous.
For the case when W = S,, and h = C" there is a description of Ry, in terms of the ring of diagonal harmonics.

Define the apolar form (:,-) on C[X, Y] =CI[xy,...,Xn, Y1,---, Ynl by

<frg> :f(axl,---;axnyayl,---,ay,,)g(xlr---,xn;J/l;---;J/n”xi:yi:O,lsisn-

It is easy to see that this a nondegenerate symmetric bilinear form and that the monomials x® y#, are an orthog-
onal basis for C[X, Y] with respect to the apolar form. It is also easy to see (see [46, Proposition 1.3.1]) that if
I is a homogeneous ideal, then I* is a homogeneous vector subspace of C[X, Y] closed under arbitrary partial
derivatives and (I1)* = I. Conversely if H is a homogeneous subspace of C[X, Y] closed under arbitrary partial
derivatives, then H* is a homogeneous ideal.

The space of diagonal harmonics is, by definition, the homogeneous subspace
DH, =I5, (C"®C™*.

Note that because d = x7 + -+ x4 + y3 +---+ y2 € I5, (C" ®C"), then for any f € DH, we have

62f 62f
Ag= Z(@x ay) @fr=

where
8° 8 02 02
A= —+ oo+ — + —— e ——
ox? oxa  0y? ay?
is the usual Laplace operator on (C?)". Thus the elements or the S,-module DH,, are indeed harmonic poly-
nomials, hence the name diagonal harmonics. By Weyl’s theorem on polarized sums [78], the ring of diagonal

invariants C[X, Y]%" is generated by the polarized sums Y." i= lx] y , S0 we can equivalently define

n
DH, = {feCIX,Y]| }_0%,05 f=0for p+q=1}.
=1

The map
DH, — Rg,
f - f+Is,([C*'aC"
is a bigraded vector space isomorphism, and restricts on each bigraded component to a CS;,-module isomor-
phism.
The space of diagonal harmonics exhibits fascinating combinatorial and algebraic properties. One of them is
that it contains all the Garsia-Haiman modules associated to partitions of n:
Let u be a partition of n (see . We associate to u a polynomial A, as follows. Let by,...,b, be any
enumeration of the boxes of y and write b; = (u;, v;) where u;, v; € Z»¢. Then
Ay =dette "y i jene

The polynomial A, depends, up to sign, only on u and not on the enumeration of its boxes. Moreover, we have

w-Ay, =sign(w)Ay
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for all w € Sy, so that A, is an alternating polynomial. If for example we take u = (n), then we can number the

boxes of p as b; = (1,i) for 1 <i < n and in this case

Ay =detx®y) N =A0n, oy = T[] i-yp

l<i<j<n

is the usual Vandermonde determinant in the variables yy, ..., y,. Similarly, if we choose p = (1"), we obtain

Aany =A(xy,...,xp) = H (x; — xj).

lsi<jsn
We can consider the ring C[X, Y] as a module over itself, where
[-8=f(0x,...,0x,,0y,,--+,0y,)8.
Let I, denote the annihilator of A, which is an ideal in C[X, Y]. Equivalently, we can put
I={Au*
with respect to the apolar form. The Garsia-Haiman module GH,, associated to u is
GH, =C[X, Y]/
Note that
GHy, = {f(0y,,-.-,0y,)0 | fECIX, Y]}

as bigraded S;,-modules. The n! conjecture of Garsia and Haiman [29, Conjecture 1] states that

dim¢ GHy, = n!
for all partitions p - n. The polynomials A, are diagonal harmonic polynomials, hence

GH,cDH, forall u- n.

0.2. Haiman conjectures

0.2.1. Hilbert series, graded characters and Frobenius series. Let
V=P Va
aezl
be a 7} -graded C-vector space. If each homogeneous component of V is finite dimensional, we define the
Hilbert series of V as the formal power series
Ay (G, qm) = Y, (dime Vo) g® € ZlIqn,..., gmll,
aezl
where
q*=q;" - qp™, a=(ay,...,an) € 2L,

If W is a finite group acting on V by 2} -graded vector space automorphisms, then each Vj, is a finite dimensional
representation of W and thus has a well defined character char(V,). We define the Zgo—gmded character of V as

the formal power series

chary(qu,...,qm) = ), char(Vy)q® € RW)Ilq,...,qm]]

aeZZ
where R(W) denotes the ring of virtual characters of W. Equivalently, as R(W) can be realized as the Grothendieck
ring of the category of finite dimensional representations of W, we can also write

chary(qi,....,qm) = ), [Valg® € RW)llqn,..., qm]l,

n
“EZzo
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where [V,] denotes the isomorphism class of V, in R(W).
In the particular case when W = S, is the symmetric group, let
1 EPRSH— A
n=0
be the Frobenius characteristic map that associates to each isomorphism class of Specht modules [S*] the Schur
polynomial s;. Here A is the ring of symmetric functions (see Chapter I, Section 7 of [56] for details). The push-
forward of the graded character chary under the Frobenius characteristic map is called the Frobenius series of V,

and hence is given by

chV((/h;---er)z Z X([Va])qaEA[[QI,---qu]]-

aezl

Note that if V is finite dimensional, then .7}, and chary are polynomials in ¢, ..., g, and moreover
dime V =24,(,...,1).

We will be interested in the case of simply graded (m = 1) and bigraded (m = 2) vector spaces. In the first
case we write g for the indeterminate, and in the second case we write (, q) instead of (g1, q2).

The diagonal coinvariant ring has a natural structure of a bigraded S;-representation, and we denote by
4w (t, q) its Hilbert series. If W = S, we just write /%, (¢, q) instead of J¢5, (¢, q).

0.2.2. Haiman conjectures. In [46], M. Haiman proposed a series of conjectures involving the diagonal coin-

variant ring for finite Coxeter groups. Some of these conjectures are now theorems, which we present here.
THEOREM 0.2 (Formerly: the (n+ nt conjecture). The Hilbert series 7¢;,(q,t) of the ring Rs, satisfies
Ha ) =q D0+ g+q’ + g

In particular

dime R, = (n+1)""1.

This is Conjecture 2.1.1 and Conjecture 2.2.1 in [46]. This is now a well established theorem thanks to the
work of M. Haiman on the geometry of the Hilbert scheme of n points in a plane, developed in the papers [42],
[43], [44] and [45]. During the proof of this conjecture, Haiman also established the n! conjecture of Garsia and
Haiman and, as a byproduct, Macdonald’s positivity conjecture (1988).

Thanks to several computer based calculations using MACAULAY, M. Haiman observed that, if & denotes the
Coxeter number of a finite Coxeter group W and n its rank (that is, the dimension of the irreducible reflection
representation), one has that

dim¢c Ry = (h+ n-.

More precisely we have

THEOREM 0.3. [32] Let W be a finite Coxeter group, let n be its rank and h its Coxeter number. There is a W -

invariant quotient Dy of the diagonal coinvariant ring Ry satisfying the following properties:

(1) dim¢ Dy = (h+ 1"
(2) Dy is Z-graded with Hilbert series

oy (q) = q_hnlz(l +q+q2 et qh)n‘

(3) The image of Clh] in Dy is the classical ring of coinvariants C[h]/ Iy (h).
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(4) If W is a Weyl group and Q denotes its root lattice, then, as CW -modules
Dy ®det=CQ/(h+1)Q

where det is the determinant representation of W, and CQ/(h+1)Q is the permutation representation on

Q/(h+1)Q.

In [46], parts (1) and (3) were formerly Conjecture 7.1.1, part (2) was Conjecture 7.1.2 and part (4) was Con-
jecture 7.3.1. In the proof of these conjectures, I. Gordon used an indirect approach via the representation theory
of rational Cherednik algebras. His approach (and the latter approach for an improvement of this theorem due to
S. Griffeth in [40]) uses the connection of the representation theory in category O, to the representation theory
of the Hecke algebra 7 via the Knizhnik-Zamolodchikov functor (KZ functor) introduced in [31]. It is not in
the aim of this work to present all the machinery needed for this proof. We only mention that we will provide a
proof of part (a) of Theorem [0.3|for the case of cyclotomic groups G(¢,1,n) = (Z/¢Z) S, by a completely different

approach, namely, the combinatorial representation theory of cyclotomic rational Cherednik algebras.

0.3. Outline of the dissertation

Chapter 1 is primarily devoted to introducing the combinatorial tools that will be used throughout this dis-
sertation, along with some general background on the representation theory of groups and associative algebras.

Chapter 2 focuses on the cyclotomic reflection groups G(¢,1,n) = (Z/€7) S, their representation theory in
the spirit of the Okounkov-Vershik approach to the symmetric group (see [64] and [14]), and several of their as-
sociated Hecke algebras. Notably, there are at least three Hecke algebras associated to complex reflection groups:
the Ariki-Koike algebras (see [3], [2], and [30, Chapter 5]), the Drinfel'd Hecke algebra [22], and the cyclotomic
degenerate affine Hecke algebra (see [67], [21], and [20]).

Chapter 3 is devoted to the rational Cherednik algebras and the development of their foundational prop-
erties. I made the deliberate—and perhaps polemical—decision to include full proofs of several results that are
often treated as folklore in the literature. In particular, I provide a complete and detailed proof of the Poincaré-
Birkhoff-Witt (PBW) theorem for Drinfel'd Hecke algebras, which I then use to derive a presentation for the ratio-
nal Cherednik algebra. This choice was motivated by the lack of references offering more than a sketch of these
arguments. The chapter also introduces category O, the Dunkl-Opdam subalgebra t of the cyclotomic rational
Cherednik algebra, and includes a proof of the trigonometric presentation of cyclotomic rational Cherednik al-
gebras, discovered independently by S. Griffeth [38] and B. Webster [77]. A proof of the braid relation for the
intertwining operators o ;, following [35], is also provided.

Chapter 4 contains the combinatorial and representation-theoretic tools required for the proof of the main
theorem in Chapter 5. We develop the spectral theory of standard modules in category O, using the Dunkl-
Opdam subalgebra, framed in terms of the (non-symmetric) Specht-valued Jack polynomials introduced in [36].
We also review the classification of t-diagonalizable representations in category O, established in [38], which is
a key step in the classification of unitary representations initiated by Etingof and Stoica in [26]. A connection
is made between diagonalizable representations of the rational Cherednik algebra and those of the cyclotomic
degenerate affine Hecke algebra, culminating in a simple and elegant proof of the graded character formula of
Fishel-Griffeth—-Manosalva [27]. This chapter also includes some elementary results obtained during my Master’s
studies, which classify certain finite-dimensional diagonalizable representations. Although these results are not
essential to the main theorem, one of them is used (but can be bypassed via a direct argument) in the proof

presented in Chapter 5.
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Chapter 5 is the core of this dissertation. Here we show how the representation theory of rational Cherednik
algebras explains the gap between the quantities dim¢ Ry and (k+1)". The central concept is that of coinvariant-
type representations, introduced by the author and his advisor in [I]. Together with the combinatorial framework
developed in the previous chapters, we recover Haiman’s conjecture for cyclotomic groups (a result first proved
in [33]) and demonstrate that the difference between dim¢ Ry (s,) and (h+1)" is always strictly positive for n = 4.

Furthermore, we prove that this gap grows asymptotically at least like n?/4.

Warning! Do not skip the footnotes—they contain important clarifications, historical comments and, occa-

sionally, entertaining asides!






CHAPTER 1

Combinatorial and Representation Theoretic preliminaries

1.1. Combinatorial Preliminaries

1.1.1. Partitions and tableaux. Let n € Z~y. A partition of n is a finite sequence A = (14,..., ;) of positive

integers such that 1 =--- = A, >0 and
A=A +--+As=n.
The integers 14,..., A are called the parts of A. For example (5,3,3,2) is a partition of 13. It is useful to allow the

last entries of a partition to be zero, so (5,3,3,2) and (5,3,3,2,0,0) denote the same partition of 13. The length of
a partition A = (Ay,...,A,) is £(A) = s (where A > 0). If j is an integer, the multiplicity of j in A is

mj(A)=m;={il ;= jil.

We also denote the partition A as (171223™3...) thus for example (5,3,3,2) is also denoted by (2,32,5) (we omit
j if m; =0 and don’t write m; if m; =1).

If A =(Ay,...,A4) is a partition, the Young diagram of A is the set
DA ={(i,j)ezZxZ|1=sj<Ai,i=1,...,0)}.

We adopt the matrix convention so the positive vertical axis is oriented downwards. We also replace the point

(i, j) € D(A) with a unit square. Thus for example the diagram of the partition (5,3,3,1) is

[ ]

In what follows we identify a partition and its Young diagram. And element (i, j) of the Young diagram of A is

called a box of A. If b = (i, j) is a box of A we define its content by
cty=cth)=j—1i.
If A is a partition, the franspose of A is the partition A’ defined by
ADi=1jlAj =i}
Thus we have that
DA ={G, )| (j, ) € D)},
Now let £ € Z. A ¢-partition of n is a finite sequence A = (A°%,...,1¢~1) where each A/ is a partition and
A=A+ 4+ 1A =
The Young diagram of A is the ¢-tuple whose jth component is the diagram of A/. Thus for example

/1 = ((4y2))®) (3, lr 1))

17
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is a 3-partition of 11 and its Young diagram is

ml [ ]

Note that a partition is the same as a 1-partition. If A is a /-partition of n, we write A -, n. We write Par,(n) to
denote the set of ¢/-partitions of n.

Let A = (A%...,A" 1)k, n. Given (i, j) € AF for some k =0,...,¢ — 1 we write (i, j) = k, so that f: A —
{0,...,¢ -1} is a function and B(b) = (') if and only if b and b’ are boxes of the same A¥. If b e A* for some k, we
write b € A and define its content by

ct(b) = ctypw (b),
that is, ct(b) is its content as a box of the partition APif be Ak, Also, we define the transposition of 1 = A9,..., A
by
At — ((Al)t,(/12)':,...,(ﬂ,gil)t,(/llo)t).

A filling of an ¢-partition A, n is a function T: D(A) — Z5. If T: A — {1,..., n} is a bijection, we say that
T is a numbering of A. A standard Young tableaux of shape A is a numbering T : 1 — {1,..., n} with the following
property. Let b= (i, j) and b’ = (i’, j') be two boxes in A such that §(b) = B(b'). If either i =i’ and j < j' orif j =’
and i < i’ then T(b) < T(b'). That is, in each component, the numbering is increasing in each row and column of
the (diagram of the) partition.

Given A € Pary(n), the word reading tableau of A, denoted by T is defined by

TaG, j) = (A0 4+ -+ [APEDTT g PO g APED

There is a somewhat better definition of a standard Young tableaux on an ¢-partition. First, let 1 = A9,..., A Y
and p = (u°,...,u""1) be two ¢-partitions. We write p < A if for each i = 0,...,¢ — 1 we have that D(u) € D(A%).

Under this circumstance an ¢-tuple
DA\ ) = (DAY \DWY),..., DAY\ DY)
is called a skew-diagram. Again, we write A\ u instead of D(A\ ). If we set [A1 \ u/| = |Af| - || and
A\l = A\ GO+ AT G = A - .

If [A\pul =1 we write u /A, and if p = A and u # A we write p < A. A standard Young tableaux of shape A is a

sequence
T=@=A/"M/""A/ "/ An=A)
of /-partitions, that is, a sequence such that [1;\1;_;| =1forall i =1,..., n. The reason for the equivalence is that
we can define a bijective function T:1 —{1,...,n} by
Th)=i ifandonlyif A;\1;_; =1{b},
and conversely, any such function determines a sequence

Ai=T711,...,i0

such that 1;_; /A;foralli=1,...,n.

We set Pary = U,>oPary(n). This is the set of all /-partitions. We define the Young graph to be the directed
graph Y, whose set of vertices is Par, and where there is a directed edge from u to A if p / A. The set Pary(n)
is called the n-th level of the graph. In Figure [1| we can visualize the graph Y; up to level four and in Figure
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/Djjj
TS
/

g —>

=
T
S

I

FIGURE 1. Young diagram Y, up to level 4

e
\

the graph Y, up to level three. The set SYT(A) consists of all the directed paths from (&,...,2) to A in the Young
diagram Y/,.
We denote the set of all standard Young tableaux of shape A by SYT(A). If A\ i is a skew-diagram, the notions
of standard Young tableaux of shape A\ u and the set SYT(A\ u) are obtained mutatis mutandis.
If p < A, there is a function
u: SYT(u) x SYT(A\pw) — SYT)

(T,U) — TuU
defined by
T(b) ifbey,
(TuU)(b) =
Ub)+ul ifbel\y,
for be A.

If T € SYT(A) and A € Pary(n), we define the content vector of T, denoted by ct(T) as the vector
ct(T) = (Lct(T~ (), P77 D rer(r @), ¢PT @, et (), (PT ) € (7 x )"

Two boxes b = (i, j) and b’ = (i, j') in a skew diagram A\ u are said to be adjacent if |i —i'|+|j— j'| = 1. A path

from b to b’ in A\ u is a sequence of boxes
b= by, bi,....,b, = b

in A\ g such that b;_; and b; are adjacent for each i = 1,...,n. A skew diagram A\ u is connected if for any two

boxes b and b’ in p\ A there is a path from b to b'.
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FIGURE 2. Young graph Y; up to level 3

There is an action of the symmetric group on the set of numberings of A given by
(w-T)(b) = w(T (b)),

where w e S, be A and T is a numbering of A. In general if T € SYT(A) it is not the case that w- T € SYT(A). If

T € SYT(A) we say that a sequence (sj,,..., Si,) of simple reflections is admissible for T if for each je{1,..., g} we



1.1. COMBINATORIAL PRELIMINARIES 21

have that

S,‘].Sl'jﬂn

-siy - T€SYT(A).
We call g the length of the admissible sequence (s;,,..., s;,). The length of a standard Young tableaux T, denoted

by ¢(T), is the minimal length g of an admissible sequence (s;,,...,s; q) for the row reading tableau T, such that
T=sj 51, Ty

While such and admissible sequence (s;;,...,s;,) could not be unique, the element wr := s;, ---s;, is uniquely

q
determined by T, because the action of S,, on the set of numberings of A is free.

If T =s5;Ty € SYT(A) for some i =1,...,n—1, we have that
ct(T) = s;ct(Ty) (1.1)
1.1.2. Partition-valued functions. Let X be a set. A partition-valued function is a function
A:X — Par.

We denote the image of an element x € X under A by A* and by ParX the set of all partition-valued functions on
X. We write

A=Y 1A%

xeX
Note that an ¢-partition is the same as a partition valued function on {1,...,¢}. Equivalently we can think of an

¢-partition as a partition valued function on u,, where
pe=1eci¢ =1
is the cyclic group of Z-roots of unity. As before we write
Parf(n) = {1: X — Par [ |A] = n}

and A Fx n if A € Par® (n). The notion of tableaux easily generalizes to the context of partition-valued functions.
To be more precise, if A, u: X — Par are partition valued functions on X, we write p < A if u* < A* for all xe X. In

this case we define a skew diagram A\ u: X — Par by
A\ =2\, xeX

and

A\l =Y 1A\ * = A= .
xeX

If A\ pl =1 we write u /A and if p € A and A # u, we write u c A. A standard Young tableau of shape A is a
sequence
T=@=MA/"M/A /- /An=2),
etc.
A skew diagram A\ u is connected if (A \ p)* is connected for each x € X. A border strip is a connected skew
diagram that does not contain any 2 x 2 square. A border strip tableau of shape A is a function T: A — {1,...,n}

such that for each x € X, given two boxes b = (i, j), b’ = (i’.j’) € A*, we have that
T(b) < T(b") whenever i < i’ and j < j/,

the set T~1(i) is a border strip for each i and T~!(i) € A* for some x € X (that is, each number i appears in at
most one component of A). If we set u; = |T~!(b)|, then p = (u1,..., 1p) is called the weight of T. We denote the
set of border strip tableaux of shape A and weight u by BST(A, p).
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Given a connected skew diagram A\ g, for each x € X we define
h(A\ u, x) =max{jI)L;f—p;f;éO}—min{jl/lj?—pj?#O}

and call it the height of A\ u at x. Given a border skew tableau T we define h(T,i) = h(T~'(i)). Also, we define
fri)=xif T71@) < A\ w*.

1.1.3. Skew-shapes. We generalize the notions of diagram and skew-diagram. A skew-shape is a finite subset
D < R? such that whenever (x, y) € D and (x+a, y+b) € D for some a, b € Zx, then (x+a’, y+b') € D for all integers
0<d <aand 0<b' <b. A skew-shape is integral if D € Z,. The elements of a skew-shape will be called boxes
and will be represented by unit squares, similar to the case of partitions. A integral skew-shape is the same as a

skew-partition. Given a skew shape D and a box b = (x, y) € D, the content of b is
cth)y=y—x.
Two boxes b= (x,y) and b’ = (x/,y) in D are said to be adjacent if
lx-x|+ly-y1=1
A pathin D from a box b to a box b’ is a sequence of boxes
b=bo,bi,....,b,=b

in D such that b;_; and b; are adjacent for all i =1,..., n. We also say in this case that b and b’ can be connected
by a path in D. This defines an equivalence relation on D, whose equivalence classes are the called connected
components of D. We say that D is connected if D is itself a connected component or, equivalently, if D has
exactly one connected component.

If Dy,...,Dg are the connected component of a skew-shape D, then a diagonal slide of D is another skew-

shape D’ having connected components D’,..., D such that there are aj, ..., as € R with
D;=(aj,a)+D;={(x+a;,y+a) | (x,y) €D}, i=1,..,s.

Note that if b = (x, y) is abox in D; and b’ = (x+a;, y+a;) is the corresponding box in D', then ct(b) = ct(b') = y—x.
Thus, the content of boxes is preserved under diagonal slides. Similarly we say that D’ can be obtained from D

by a horizontal slide (resp. a vertical slide) if there are ay, ..., as such that
D;=(a;,0)+D;={(x+a;,)) | (x,y) €D}, i=1,..,s.

(respectively
D;=(0,a)+D;={x,y+a) | (x,y) €D}, i=1,...,5)
Note that horizontal and vertical slides change, in general, the value of the contents of the boxes.
An ¢-skew-shape is an ¢-tuple of skew-shapes D = (DY,...,D ). If be D' is a box in the i-th component of

D, we set f(b) = i. Note that an /-skew-shape can be seen also as a subset of R%x(Z/¢Z), where D = (D°,...,D’™1)

corresponds to the subset
{6y, (x,y) € D'},

Given a skew-shape D, we define an ordering on it set of boxes as follows. If b, b’ are boxes in D, then
b=(x,y) <b' = (x',x) if and only if B(b) = B(b") and x' — x,y' — y € Z»o.
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1.1.4. Cyclotomic combinatorics. Let A be a partition. A box b € Zil is addable to A if AU {b} is a partition.
We say that b is outside addable to A if b is addable to A and ct(b) # ct(b') for all b’ € 1. We say that a box be A is
removable if A\ {b} is a partition.

We call a vector ¢ = (¢, dy, ..., d¢_1) € R a deformation parameter if
d0+d1+"'+dg,1 =0.

This terminology will become clear in Chapter |3| where we introduce Rational Cherednik algebras. Let ¢ be a
deformation parameter and A € Par,(n). We define d; = d; and A° = AJ whenever s€ Z, j€{0,...,¢/—1} and s= j
(mod ¢).

Given a box b € A, the charged content of b is the statistic
ct.(b) = dﬁ(b) + ¢ct(b)cy, (1.2)
and the charged content of A is the sum of the charged contents of its boxes, that is,

cte(A) =) cte(b).
beA

Given a box b € 1 we define k.(b) as the smallest positive integer k such that there is a box b’ € A#P=F such that
k = cte(b) — ct.(b') (here, we read the superscript i in A’ modulo ¢). If there is no such k we set k.(b) = co. Also,
define ¢.(b) as the smallest positive integer ¢ such that there is an outside addable box b’ € APB=C guch that
¢ =c(b)—c(b), and ¢.(b) = oo if no such ¢ exists.

Given an ¢-partition A, we associate to it a set I'(1) that consists of ordered pairs (P, Q) such that

(@) Q:A— Zx is afilling of A such that Q(b) < Q(b') whenever b< b'.
(b) P: A —{l1,...,|Al} is a numbering (that is, a bijection) such that whenever b < b’ and Q(b) = Q(b’) we
have that P(b) > P(b').

Define also a subset I'.(1) of T'(1) as follows. The elements of I';(1) are ordered pairs (B, Q) € I'(1) such that
(c) If be A and k € Z- satisfies
th(b) = dﬁ(b)—k +k

then Q(b) < k, and

(d) If b,b' € A and k € Z~( are such that k= g(b) — B(b") (mod ¢) and
cte(b) —cte(b) =k + e
then
Qb)=<QY+k and Q) =QW)+k= P(b)>PD)).

Let 715 : T(1) — Zso? be the projection onto the second component, that is

m2(PQ) = Q.

We write
Tab(A) = w2 (T (1),
that is, Tab. (A1) is the set of all Q such that (P, Q) € I'.(A) for some P. Given Q € Tab.(A) we write

Qc={P|(PQ) e Tab.(A)}.
We say that a filling Q of A is generic if Q € Tab.(1) and in (d) we have

Q(b) < QM) + k.



24 CHAPTER 1. COMBINATORIAL AND REPRESENTATION THEORETIC PRELIMINARIES
Finally, for Q € Tab. (A1) we define the degree of Q by
IQI= ) Qb).

beA
Ifde 7, we set

Tabc(A,d) = {Q € Tabc (1) | 1Q| = d}.

1.1.5. Dominance order. Letey,..., ¢, be the standard basis of the commutative free monoid (Z5¢)". If A, i €

(Z20)™ are partitions, we define
n-1

pSAifA-pe @Zzo(Gi—Eiﬂ)-
i=1

If we write A = (11,...,A,) and p = (uy,..., 4n), then
k k
p<Aifandonlyif ) p;<) Ajforalll<k<n.
i=1 i=1
We call < the dominance order on the set Par, of partitions.
We extend the dominance order to a partial order on (Z-0)". First, given p € (Z>0)", there exists some w € Sy

such that w-p = (Uy,-1(),..., Hy-1()) satisfies

Faw=1(1) Z Bw1@) 2+ 2 Hap-1(n) 2 0.

We write u* = w-u and call it the partition rearrangement of u. Similarly, there is some v € S, such that the

element u™ :=v-pu= (Uy-109y,-.., hy-1(1)) Satisfies

0=<py-10) S Hp12) = S fy1(-
We call u~ the anti-partition rearrangement of u. We denote by v(u) the longest element (with respect with the
usual length function on S,) such that
v -p=p.

The element v(u) is uniquely determined by ¢ by means of the formula
viw@=1<sj<ilyj<pf+Hisjsnlpj=sul, 1<isn. (1.3)
Now, define a partial order on (Zx¢)" by
u<Aifu* <A™ or pu"=A"and v(p) <v),

where on S, we are using the Bruhat order [7, Chapter 2].

1.2. Representation Theoretic preliminaries

1.2.1. Generalities about representations. All rings are assumed to be associative and unital, and ring ho-
momorphisms are assumed to preserve the multiplicative unit. If R is a ring, by a R-module we will always mean
a left R-module. We denote by R-Mod the category of (left) R-modules. We denote by Mod-R the category of right
R-modules (and we will always use the adjective right to speak about right modules. We will make very little use
of these).

Let C be any (locally small) category. We denote by End¢(X) the endomorphism monoid of an object X
in C, that is, the set of all morphisms X — X in C. If C is a preadditive category, End¢(X) is a ring, called the
endomorphism ring of X. If C = R-Mod for some ring R, we write Hompg and Endpg instead of Hompg poq and
Endg.mod, respectively. If C is an abelian category, we write IrrC to denote the class of all irreducible (that is,
simple) objects in C, that is, those objects X such that given any subobject Y — X, then Y =0 or ¥ — X is an
isomorphism. Again, if C = R-Mod for a ring R, we write Irr R instead of Irr(R-Mod).
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If 6: R — S is a ring homomorphism, then S has a natural structure of R-module, given by
r-s=0(r)s, reR,seSs.

We define the induction functor by
Indy: R-Mod — S-Mod
M — S®pM
(f:M—N] — [lg®@f:S®gM— S®gN].
Similarly we define the restriction functor by
Resy : S-Mod  — R-Mod
M — Homg(R, M)
[f:M— N] — [Homg(R,f):Homg(R, M) — Homg(R, N)].
Here, the structure of R-module on Homg(R, M) is given by
(r-H")y=f'r), 11 €R,feHoms(R,M).
The map
nvm: Homg(R,M) — M
f — f)
is and abelian group isomorphism, and we can use it to pushforward the action of R on Homg(R, M), obtaining
that M is a left R module with action
r-m=60(rym, reR, meM.
Thus we will always identify Homg(R, M) and M as R-modules. Actually n is a functor isomorphism, so this

identification is natural.

An easy consequence of the tensor-Hom adjunction is the following
THEOREM 1.1 (Frobenius reciprocity). (IndS,Resf?) is an adjoint pair of functors.

As usual if S = CG is the group algebra of a finite group G and R = CH for a subgroup H of G, we write Indg
and Resg instead of Indgg and Resgg, respectively.
A very special case of induction functors appears when 6 : R — R is a ring automorphism. In this case R is a

(R, R)-bimodule, with left action of R over itself given by

r-r'=0(r', rr'eR.
and where R is the regular rigt module over itself. We write ?R! to denote this (R, R)-bimodule structure on R.
Let M be a left R-module and define a map

Av: RlegM — M

rem = rm.

This is an abelian group homomorphism, and hence gives M the structure of a left R-module, with action given
by

r-m=0(r)m, reR meM.

We denote M with this structure by ? M. It is clear that

9(-): R-Mod — R-Mod
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is a functor and that
A:Ind® —?(-) (1.4)
is a natural isomorphism of functors. This gives a very nice description of the induction functor as a twisting of
the action of R by the automorphism 6.
Assume that 2l is a C-algebra, and let M be a simple 2(-module. If N is any 2(-module of finite composition
length, the multiplicity of M in N, denoted by |N : M|, is the number of times that M appears as a composition
factor of N in any composition series for M. This number is well defined thanks to the Jordan-Holder theorem.

If 2 is semisimple, then
|[M : N| = dim¢ Homg (M, N) = dim¢c Homgy (N, M).

Now let 2l be a commutative finite dimensional C-algebra, and let M be a 2(-module. If a € 2* = Hom¢ (2, C),

the a-weight space of M is the vector subspace
My={meM|am=a(a)m for all aec}.

We say that a is a weight of 2l on M if M, #0.

1.2.2. Gelfand-Tsetlin subalgebras. If 2 is a finite dimensional semisimple C-algebra, denote by Z() its
center and by 2 the set of isomorphism classes of simple 2-modules. If A € 2 we denote by M* € Irr2l any
representative of A.

Consider an increasing sequence 2. of finite dimensional semisimple C-algebras
C=ApcUcArc---. (1.5)

Note that 2, being a field has (up to isomorphism) only one simple module, namely C. We denote its isomor-
phism class by @. So 9y = {@}. To ease the notation, we denote the induction and restriction functors by Ind},
and Res}}, instead of Indg"m and Resgz1 , respectively, for m < n.

For each n € Z-( we denote by GZ, (2l.) the subalgebra of 2(,, generated by
Z(Q[O)) Z(Q[I)y . vZ(an)

We call GZ,,(2.) the Gelfand-Tsetlin subalgebra of 2(,,. We claim that GZ,(2l.) is commutative. Indeed, this is
clear for n = 0 and if we assume that GZ,_; (2.) is commutative, then as GZ,(2.) is generated by Z(2(.) and
GZ,_1,), the claim follows.

To the sequence 2(. we associate an infinite quiver Q(2(.) whose vertex set is

U,

n=0
Forn=1,ifpe ﬁln_l and 1 € Ql,,, there are k directed edges from p to A, where
k= Res!’_, (M"): M.

The quiver Q(2l.) is called the branching diagram or the Bratteli diagram of .. The set 9, is called the nth level
of Q(XL.). If there is an edge from p to A in the branching diagram, we write /' A, and p c A if

IRes”, (M) : MM| £0,

where p is in level m, A in level n and m < n. The reason between the use of a notation similar to that used

for standard Young tableaux will be clear when we study the representation theory of the groups G(¢,1, n). If the
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quiver Q(2.) is a directed graph, that is, if there is at most one edge between each pair of vertices, we say that 2.

has simple branching. If 1 € ﬁln, let [, A] be the set of all directed paths
T=W@=MA/A//"A=A)

from @ to A in the branching diagram of 2L..
Given a C-algebra 2( and a subalgebra B of 2, we denote by Z(2,*B) the centralizer of B in 2|, that is

ZE,B)={ac | ab=ba for all b € B}.
It is clear that Z(2(,*B) is a subalgebra of 2.

PROPOSITION 1.2. [64, Proposition 1.4] Let B be a subalgebra of a semisimple C-algebra A. Then Z(A,*B) is a
commutative C-algebra if and only if for any A € 9 and ue B we have that

IResg (MM : MH| < 1.
Given a tower 2. as in and two nonnegative integers m, n, we set
Zn,m (9[-) = Z(an+m» Q[n)

COROLLARY 1.3. The following conditions on a tower 2, as in of semisimple finite dimensional C-algebras
are equivalent.
(i) 2. has simple branching.

(ii) For each n € Z- the subalgebra Z,_,1(2l.) is commutative.

The following result is a slight generalization of [64, Proposition 1.1] where the authors consider the case
when 2L, is the sequence of group algebras for a increasing sequence of finite groups. We provide a proof for the

version presented here.

PROPOSITION 1.4. If2l. has simple branching, then GZ,(.) is a maximal commutative subalgebra of U, for each
n e Zsg. In this case, GZ,(2.) consists of all elements in A, that are diagonalizable on each finite dimensional

A, -module.

PROOF. Assume that 2, has simple branching. Let A € 2, and let
T=@=X/M/"/"An=A)€[D,Al

For each j € {0,..., n}, the algebra 2(; is semisimple, an consequently the class A; corresponds to a central idem-
potent ey; € 2, so that ey, is the isotypic component of ; of isotype A;. Then e;; € Z(;) and thus ey, €
GZ,(.).
As the branching is simple, there is a canonical decomposition
Res! M'= @ M

ﬂEQ(n—l
wA

and recursively, we obtain a decomposition

ResiM*= @ My
Tel,A]

where M7 is a one-dimensional linear subspace of M*. Set

er=ejep -eyr, € GZ,(Ay).
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Then multiplication by er gives a projection er : M* — M* onto Mr. Thus GZ(2l,) contains the subalgebra D,
of elements in 2, which are diagonal in the basis {mr | T € [0,A]}, where M7 = Cmr. Now, as A, is semisimple,

we have

A, = @ Endy, (MY,
)Leﬁln

and consequently D, the subalgebra generated by the subalgebras D, for A € 2, is a maximal commutative
subalgebra of 2,,. As D < GZ,,(2.) <%, we deduce that D = GZ,(2.). O

Let A €2, and assume that A, h simple branching. A basis of M* consisting of simultaneous eigenvectors for
GZ,(.) is called a Gelfand-Tsetlin basis. A Gelfand-Tsetlin basis is indexed by the set [&,A]. If {m7 | T € [, Al}
and {m’T | T € [@, A]} then there are nonzero scalars ar € C such that m’T =armr forall T e [Z,A].

We now focus in the case where 2l. is a sequence of group algebras. The case where 2(,, = CS,, are the group

algebras of the symmetric groups was studied by Okounkov and Vershik in [64]. In this case we have

THEOREM 1.5. [64, Theorem 2.9] The sequence
CScCScS3¢:--
has simple branching.

Here we identify S,_; with the subgroup of S, that fixes n when acting on the set {1,..., n} by permutations.

Let G be a finite group. Then there is an inclusion homomorphism

QS — QS
(gl,---,gn—liw) — (gl)--'ygn—lyl;w)

1.2.3. Mackey-Wigner method of little subgroups. Let G be a finite group and A be a finite abelian group.
Assume that G acts on A by group automorphisms and consider the semidirect product E = Ax G. The method of
little subgroups of Mackey and Wigner provides a procedure for constructing all the irreducible representations
of E from the irreducible representations of G and A.

As A is an abelian group, its irreducible representations are precisely its multiplicative characters. Thus A is

precisely the set of all group homomorphisms y : A— C*. The group G acts on A by the formula
g n@=xg'a, geG yeA acA
Let {y;li¢€ AlG} be a complete set of representatives of the G-orbits in A, and let
G; = Stabg ()

be the G-stabilizer of y;. The character y; can be extended to a one-dimensional character y; of A x G; by

Xilag)=xi(a), acA geG;
Let (V, p) be an irreducible representation of G;, then the composition

AxG; —> G —— GL(V)
gives V the structure of a representation of A x G;. Set

V(i) =Ind} 3¢ (i@ V),

then V(i) is a representation of A x G.
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THEOREM 1.6. [71} Proposition 25] The collection V (i), as i runs over the G-orbits in A and V runs over the irre-
ducible representations of G; = Stabg(x;), forms a complete set of pairwise non-isomorphic irreducible representa-
tions of Ax G.

We are specially interested in the case of wreath products. Let G and H be two groups and assume that G
acts by the left on a finite set X. Write H* to denote the set of functions X — H. Then G acts on HX by the

formula

(g 0w=0 "' x), geG OecHX xeX.

Note that HX inherits a group structure from H and that the action of G on HX is by group automorphisms.
Hence we are able to construct the semidirect product HX x G, which we denote by H!x G and call the wreath
product of H by G over X.

A special case of wreath products occurs when X = {1,...,n} is endowed with the usual left action of the
symmetric group S, by permutations. Then if H is any group HX is the same as H", that is, the direct product of
n copies of H. In this case we write H! S, instead of H, . n Sp-

Now assume that H is any finite group. Let H, be the set of conjugacy classes in H and H* the set of irre-
ducible characters of H. An element g € H! S, is of the form g = (hy,..., h,, w) where hy,...,h, € H and w € S;,.
Write w = wy --- ws where wy, ..., w;, are disjoint cycles. If w; = (i --- ix), write g; = h;, --- h;,. The element g; is
determined up to conjugacy in H by g. Define a partition-valued function A : H, — Par as follows. If ¢ € H,, then

A€ is the partition whose parts are the lengths of the cycles w; € S;, such that g; € c. We call A the fype of g.
PROPOSITION 1.7 (Specht). Two elements in H@S,, are conjugated if and only if they have the same type.

This result was original proved in Specht’s dissertation [73]. Another reference for this is Section 3 in Appen-
dix B to Chapter I in [56]. It follows from this result that the irreducible representations of H:S,, are in bijec-
tion with partition-valued functions on H.. We will not describe the irreducible complex linear representations,
which can be easily obtained by means of the Mackey-Wigner method of little subgroups, but instead describe a

Murnaghan-Nakayama rule for their irreducible characters.

THEOREM 1.8 (Stembridge’s Murnaghan-Nakayama rule). [74, Theorem 4.3] Let 1 € Par!™ (n), write H* = x*lxe
H.} and let y* be the character of the irreducible representation of H1S, indexed by A. Then

t . .
e hwy =Y [TEDME IOy,
TeBST(A,u) i=1

where w = w -+ - Wy s the disjoint cycle decomposition of w and u; = ¢(w;) is the length of w;.
We will always identify S;_; with the S,-stabilizer of n. Given any finite group H, we can consider the tower
of group algebras

CcCH!S$;cCH1SpcCH1S3¢c -+,

which we denote by CH!S.. A simple application of the Murnaghan-Nakayama rule implies the following

PROPOSITION 1.9. Let H be a finite group. The following conditions are equivalent.

(i) H is abelian.

(ii) The tower CH!S. has simple branching.
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1.3. Classical Littlewood-Richardson numbers

Let A be the ring of symmetric functions (see e.g. [56, Chapter]). For each n, let R(S;) be the Grothendieck
ring of the category finite-dimensional C-linear representations, or, equivalently, the character ring of S, and set
R=@R(Sn.

n=0

There is a commutative graded isomorphism ([56, Chapter I, (7.3)])
Y:R—A

given by
2(ASM) =51
where s, is the Schur function indexed by A. We call y the Frobenius characteristic map.
Now, the structure constants for A with respect to the basis of Schur functions are called the classic Littlewood-

Richardson numbers. Thus, given three partitions A, i, v € Par these numbers are related by
SuSy = ch’}vs,l.
A

Applying the inverse of the characteristic map, this tells us that

Siu

" Ay. QA
waSM(S ®87): 8. (1.6)

C;/}v =|Ind

1.3.1. Littlewood-Richardson tableaux. Let A = u\v be a skew-diagram. A semi-standard Young tableau or
column strict tableau on A is a function T : 1 — A, where A is some subset of Z-( called the alphabet, such that
for each i we have

TG, H=<TU,j+]1)

whenever (i, j), (i, j + 1) € A and such that for all j,
T, j)<T@+1,]))

whenever (i, j), (i +1, j) € A.
With no loss of generality, assume that v < p. If T is a semi-standard Young tableau on A, for each i define a
word w;(T) by
wi(M)=TG )T p;i—1)---T(,v;+1).

Note that w,(T) could be empty. Define the reverse word of T as the concatenation
w(T) = wi(T)wa(T) -+ we(T)

where ¢ is such that y; =0 for all i > ¢. For example, the reverse word of

3

is w(T) =3114213222331.

Given a word w = ayaz - ap in the alphabet {1,..., n}, for each i € {1,..., n} we define
(w:i)=Wjell,...,p}a; =1},
that is (w: i) is the number of times the letter i occurs in w. We also write

w<j=araz---aj, 1<j=<p,
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so that w<o = @, w<) = a1, w<» = a1az and so on up to w<p = w. We say that w = a; --- a, is a lattice permutation

if foreach 1 <i <nandeach 1< j < p we have
(wsj:i)z(wsj:i+1),

that is, if the number of times i appears in the word w<; = a; --- a; is not less than the number of i + 1 occurs in
ij .

If T is a semi-standard Young tableau in the alphabet {1,..., n}, the weight of T is the composition
wit(T) = (w(T) : 1), (w(T):2),---,(w(T) : n)),

that is, it is a sequence p = (uy,..., ,) of nonnegative integers such that y; is the number of times that i appears
inT.
A Littlewood-Richardson tableau (LR tableau for short) is a semi-standard Young tableau T on a skew-diagram

such that its reverse word w(T) is a lattice permutation. Note that if T is a LR tableau, then wt(T) is a partition.

THEOREM 1.10 (The Littlewood-Richardson rule). The Littlewood-Richardson number c,{}v is equal to the number

of Littlewood-Richardson tableaux of shape A\ u and weight v.

For a proof[] we refer to Chapter 5 of [28].

IThe reference [56] appears to contain a proof, though I have the impression—perhaps due to my own incomplete understanding—that
there may be gaps in the argument. This theorem has a rather curious history: it was first stated, with only a few simple cases proved, in [54].
In 1938, G. de B. Robinson claimed to give a complete proof of the Littlewood-Richardson rule, but his argument ([68]) also contained gaps,
some of which were later addressed by I. G. Macdonald (see (9.2) in Chapter I of [56]). The first fully rigorous proofs were given independently
by Thomas in [75] and Schiitzenberger in [69], thanks to the previous work of Robinson, Schensted an Knuth in the Robinson-Schensted-

Knuth (RSK) correspondence.






CHAPTER 2

Cyclotomic groups and their Hecke algebras

2.1. Complex reflection groups

2.1.1. Definitions and terminology. Let §) be a finite dimensional complex vector space. An element r €
GL(b) is called a (pseudo-)reflection if

codimy, fixy (r) = 1,

that is, if r fixes an hyperplane pointwise. The hyperplane fix; (r) is called the reflecting hyperplane of r. If r is a
reflection and w € GL(h) then

fix(wrw™) = w(fix(r)),

thus wrw™!

is again a reflection and GL() acts by conjugation on the set of reflections. In general, if W is a
subgroup of GL(), we denote by T(W), or just by T, the set of all reflections contained in W. Then W acts by
conjugation on T(W).

Given a reflection r, if @ € h* satisfies ker(a) = fix(r), then there is a unique a" € §) such that
ry=y—(aya’.

In particular A, = 1—{a,a") is the only eigenvalue of r distinct from 1. The action of r on the dual space h* is

given by
r(x)=x—(x,a))a.

We call (W, h) (or just W, by abuse of language) a complex reflection group if W is a finite subgroup of GL(f)
generated by T = T'(W). In this case we call dim¢ h the rank of W. We say that W is irreducible if the representa-
tion of W on b is irreducible.

We now present a series of classical results in the theory of complex reflection groups.

Let V = @jezz Vi be a ZL-graded C-vector space such that V; is of finite dimension for each i € Z%,. The

Poincaré series of V is defined as

Pv(qr,qn)= Y. (dimc Vgl gl € Zliqn, ..., gnl).

i=(i1,.min)€Z2,

Now, assume that a finite group W acts on V by graded C-linear automorphisms, and let R(W) be the Grothendieck

group of the category Repc (W) of finite dimensional C-linear representations of W, then the equivariant Poincaré

series of V is

PY(q,..a= Y. Vgl --qlr e RW)qn, ..., gnl)-

i=(i1,..., in)EZZO

Now, there are at least two gradings on C[h], one given by total degree, which means that a monomial xfl e xpn
has degree a, +:--+a;,, and the other one given by separated degree, which means that xf L...xom € Zsp has degree
(aj,...,an) € ZZO.

33
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THEOREM 2.1 (Molien’s formula). Let h) be a finite dimensional C-vector space and W a finite subgroup of GL(h).
The Poincaré series of the algebra C[h]" of polynomial invariants, graded by total degree, is given by
1 1

P, ()= — _—
cimw g W w;w det(1— qgly)

For a proof, see [41, Theorem 4.13].

THEOREM 2.2 (Chevalley-Shephard-Todd). Leth be a finite dimensional complex vector space, W a finite subgroup
of GL(h). The following conditions are equivalent:

(i) W is a complex reflection group.

(ii) C[H1" is a polynomial algebra. More precisely, there are W -invariant homogeneous polynomial functions

fi,---, fs € CIbl, algebraically independent over C, such that

clV =Clfi,..., fil.

(iii) CIb] is a free C[b]W-module.

(iv) h/W is a smooth algebraic variety.

For a proof of the equivalence of (i), (ii) and (iii) see Theorem 4 in ChapterV, §5, no. 5 of [12]. The equivalence
between (i) and (iv) is due to Serre [70, Théoréme 1’]. The equivalence between (i) and (ii) was originally proved
by Shephard and Todd in Sections 6 to 10 of [72] by a case by case argument using the classification of irreducible
complex reflection groups (see 2.1.4). An uniform proof of the equivalence between (i) and (ii) was given by
Chevalley [16, Theorem (A)]. A very short and elegant proof of the implication (ii)= (i) using an algebro-geometric

argument can be found in [48].

2.1.2. Numerical invariants of complex reflection groups. Let (W, h) be an irreducible complex reflection
group with set of reflections T. We denote by .o/ (W) or just <7 the set of all reflecting hyperplanes associated to
the reflections in W, that is,

o ={fixy (r) | r € T}.
If H € <7, the subgroup Wy is a cyclic subgroup of W or order say ny, and the set
Ty =Wg\{1}
consists only of those reflections r € T such that fix(r) = H. Note that
T=J Tu 2.1
Hed/
and this is a disjoint union.

The Coxeter number of (W, h) is defined as

N+ N*
h=h(W) =+

where n = dimgc§ is the rank of W, N=|T| and N* = |.</|.

LEMMA 2.3. The element z = Z (1 —r) belongs to the center of CW and it acts on by by the scalar h. Moreover, h is
reT
a rational integer.

PROOE. As W acts on T by conjugation we have, for any we W,

wzw ™' = Z (ww_l — wrw_l) = Z 1-rN=z
reT reT
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so wz = zw, and thus z lies in the center of the group algebra CW. As | is an irreducible C-linear representation
of W, Schur’s lemma implies that z acts on h by a scalar a € C and [71} Proposition 16] implies that a is an

algebraic integer. Now

na=try(2)= Y Y tyA-r= Y Y try(l-7)

Hegd/ reTy Hegf reWy
Choose a positive definite W-invariant hermitian form on b. If Hfix(r) for r € T, then (1-r)|gp =0and ¥, ew,, rlgL =

0, thus

na= ) Y =Y Wyl= Y (Tul+1)=IT|+|</|=N+N*,
Hego/ TeEWy Hedof Hedf

hence h = a, and because a is an algebraic integer and # is a rational number, it follows that & € Z. U

The fact that & is an integer number also follows, in the case of a finite Coxeter group, from [12], Chapitre
V, §6, no. 2, Théoreme 1, where it is also established that % is the order of a Coxeter transformation, defined as
a product of all the distinct simple reflections of the Coxeter system in some order (actually, Bourbaki adopts
this description of the Coxeter number as the definition of &, which is independent of the ordering in which one
multiplies the simple reflections as any two such Coxeter transformations are conjugate in the group).

We have the following classical result.

THEOREM 2.4 (Shephard-Springer-Todd). Let (W,b) be a complex reflection group and let C[h]" be its invariant

algebra. If fi,..., f; are algebraically independent W -invariant homogeneous polynomials that generate C[h]",

then s = n=dimb, and the degrees d,, ..., d, of these polynomials are uniquely determined by (W,l). Moreover

\Wl=ddy---dy
and
lﬂl 1
Pegw(q) = :
[b] izll—qd’

For a proof see [41], Proposition 3.25 and Theorem 4.19].
Aset{fi,...,fn} asin Theoremis called a set of basic invariants of W, the integers d, ..., d, are called the

degrees of W and the integers m; = d; — 1 for i = 1,..., n the exponents of W.
2.1.3. The groups G(¢,m, n). Let n,¢ € Z-( and let
pe=1ec* ¢ =1

be the multiplicative group of /-roots of unity. Then p, is a cyclic group isomorphic to Z/¢Z and we set, following
the notation introduced by Shephard and Todd,

G(,1,n) = el Sy.
If m is a positive integer that divides ¢, consider the group homomorphism
G([,l,n)—’ﬂm, ((1?---»(11; w)"'((l(n)[/m

The kernel of this homomorphism is denoted by G(¢,m, n). As this homomorphism is surjective, then we have
that G(¢, m, n) is a normal subgroup of G(¢,1, n) of index m.

The group G(¢, m, n) acts faithfully on C" by the formula
g x=1X100y- - {nXpy-1n), 8= (1,0, (s w) € G, m, ), x = (x1,...,%,) €C",
and thus we obtain an injective group homomorphism

p: G, m,n) — GL,(C)



36

CHAPTER 2. CYCLOTOMIC GROUPS AND THEIR HECKE ALGEBRAS

called the monomial representation or also the standard representation of G(¢, m,n). Recall that a matrix A =

(@ij)nxn € Maty(C) is said to be a monomial matrix if there exists some o € S, such that a;,; # 0 if and only if

j = o(i), that is, if each row and column contains exactly one nonzero entry. It follows that p(g) is a monomial

matrix for each g € G(¢, m, n), hence the name “monomial” representation. As p is injective, the group G(¢, m, n)

is isomorphic to the group consisting of monomial matrices whose nonzero entries are ¢-roots of unity such that

the product of all the nonzero entries is a m-root of unity. We will identify G(¢, m, n) with its image p(G(¢, m, n))

with no further comment.

EXAMPLES 2.5. (1) G(¢,m,1) is a cyclic group of order ¢/m. It is clearly irreducible.

)

3

4

()

G(1,1,n) = Sy, is the symmetric group and its monomial representation is C” on which S, acts by per-

mutations of the components. G(1,1, n) is not irreducible, but C" = h & Cu, where
h={(x1,...,x) €C" | X1+ -+ x, =0}

and u=(1,1,...,1) € C". Recall that S;, is the Weyl group of type A,_; and in this case b is (the complex-
ification of) its reflection representation.
G(2,1,n) = uj x Sy, is the hyperoctahedral group, which is the group of symmetries of a hypercube, that

is, the polytope in R” whose vertices are the points
1
S (DM 0, (R, k) € (0,107

Thus, G(2,1, n) acts on C" by permutations and simultaneous sign changes on the coordinates. As such,
G(2,1, n) is the Weyl group of type B;,, denoted by W (Bj,).

G(2,2,n) is the subgroup of G(2,1, n) consisting of those monomial matrices such that the product of
the nonzero entries equals 1. This is the Weyl group of type D,.

The group G(¢4,4,2) is a dihedral group

Dihyy = (r,s|rf =5 =1, srs=r71)

of order 2¢. Indeed, as a monomial matrix group,

G,¢,2) = ¢ 0 (e U 0o (e
6,2) = 0 ¢! He o He

and as such, it is easy to see that G(¢, ¢,2) is generated by

eZﬂl‘/[ 0 O 1
r= O e—ZT[i/f and $= 1 0

Note that r¢ = s2 =1 and that srs = r 1, so there is a surjective group homomorphism Dihyy — G(4,¢,2)
given by r — r and s — s. As both groups have the same order, thus surjection is a group isomorphism.
Recall that Dihy, is a Coxeter group of type I>(¢). The monomial representation of G(¢,¢,2) is not the

complexification of the usual representation of I,(¢) on R? as a group of symmetries of a regular £-agon.

Fix a primitive ¢-root of unity ¢ (for instance { = 2V ), and let {; be the diagonal matrix whose (i, i) entry

equals ¢ and whose remaining diagonal entries are 1. Let (i j) be the transposition in S,, that interchanges i and j

and leave the other elements in {1, ..., n} unchanged. Then clearly (i j) is a reflection in G(¢, m, n) with reflecting

hyperplane

Hij=1{(x1,...,Xz) €C" | x; = X;}.
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Because each group acts by conjugation on its set of reflections, we have that {"“(i j){;™“ is also a reflection
for any a =0,...,¢/m—1. Actually, as G(¢, m, n) is a normal subgroup of G(¢,1, m), we have that C?(i " %isa

reflection in G(¢,m,n) forall a=0,1,...,¢—1. The matrices {}"* for a=1,...,¢/m -1 fix the hyperplane
H;i ={(x1,...,xp) €C" | x; = 0}

so they are also reflections. It is clear that the reflections (i j), {1 (1 2){ 1‘1 and /" for a=1,...,¢/m—1 generate
G(¢,m, n), so G(¢, m, n) is a complex reflection group. We actually have completely described the set of reflections

in G(¢, m, n). More precisely, set
To={¢G p¢;4i,j=1,....,n,i<j,a=0,1,...,0-1} (2.2)
and for k=1,...,¢/m-1,
Te={"i=1,...,n, k=1,...0/m-1 2.3)

Then we see that the set T of reflections in G(¢, m, n) is
T=TouTiU---UTp;m-1.

Note that Ty consists of reflections of order 2, while Ty (k=1,...,¢/m—1) consists of reflections of order
0
mged(¢/m, k)’
where gcd(u, v) denotes the greatest common divisor of u,v € Z. It is clear that each T} (k=1,...,¢/m-1)isa
conjugacy class of reflections. For n =1, the group G(¢,m,1) is abelian, Ty = &, and each other Ty consists of
exactly one reflection, namely ¢ {”k . If n>2, Ty is a conjugacy class, but for n = 2, Tj splits into two conjugacy

classes when ¢/m is even. Also, note that if £ = m then T} = @ for k #0.

PROPOSITION 2.6. For positive integers ¢, m, n such that m| ¢, the group G(¢, m, n) is a complex reflection group of

order " n!/m. Also

N:(Z)€+(£_1)n, N*z(;l)€+n(l—6g,m) and h=(n—1)£+%—64,m

m

where 6, is the Kronecker symbol.
Recall that by the fundamental theorem on symmetric polynomials [56, Chapter I (2.4)] we have
C[-xlru-)xn]sn = C[ely'”)en]

where e,..., e, are the elementary symmetric polynomials, given by

ej= Z xilxiz-uxi]..
lsii<ipg<-<ij=n

We have that C(xp, ..., X,)/C(x1, ..., x,)5" is a Galois field extension with Galois group S, and hence is an algebraic
extension. As the transcendence degree of C(xy,...,x,) over C is n, it follows that the transcendence degree of
C(ey,...,ey) over C is also n and consequently ey, ..., e, are algebraically independent. This shows that e,...,e,

are basic invariants of S,,. A simple verification shows that the polynomials
ojlx xn) = e;(xf X8, j=1,2 n-1
] 1ye-rAn ] 122 %nhH ] Yy ey

and

llm llm

Op(X1,...,X0) = ep(x1,...,Xpn) = (X1 X2+ Xp)

are basic invariants of G(¢, m, n). In particular, the degrees of G(¢,m, n) are

di=j¢, j=12,...,n-1 and d,=nfl/m.
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2.1.4. The Shephard-Todd classification. Irreducible complex reflection groups where classified in a series
of papers, with contributions of several mathematicians such as Blichfeldt, Bagnera, Mitchel, Shephard and Todd.
The first complete list of irreducible complex reflection groups was published by Shephard and Todd in [72].

Let W be a group and V a finite dimensional C-linear representation of W. A system of imprimitivity for V is

a collection SI ={Vj,..., V,} of nonzero linear subspaces of V such that s> 1 and
V=Vi®---aV,

and such that the action of W on V induces a permutation action on the set SI. We say that V is a imprimitive
representation of W if V admits a system of imprimitivity, otherwise, we say that V is a primitive representation.
When (W, }) is a complex reflection group, we say that W is a primitive (resp. imprimitive) complex reflection
group if the representation of W in § is primitive (resp. imprimitive).
Recall that if W is any finite group acting linearly on a finite dimensional C-vector space V, we can endow V'

with a positive definite Hermitian product (-,-) which is W-invariant, that is, such that
(wx),w) =,y x,yeV,weWw.

Thus if W is a finite subgroup of GL(V), we can assume that W < U(V), where U(V) denotes the unitary group on
V. As usual, we write U, instead of U(C"). In particular, any rank n complex reflection group (W, ) can be seen
as a subgroup of U(h) = U,,.

The following theorem gives a complete classification of the irreducible imprimitive complex reflection groups.

THEOREM 2.7 (Cohen-Shephard-Todd). Any irreducible imprimitive complex reflection group of rank n lying in-

side Uy, is conjugated in U, to a group G(¢, m,n) for some ¢ > 1 and some divisor m of ¢.

See (41}, Theorem 2.14] for a proof.

The really hard part in the classification of complex reflection groups is the primitive case. We shall not give
a complete list of the primitive complex reflection groups here, but just mention that Shephard and Todd list
these groups as G,, where m =1,4,5,---,37. The groups G, and Gj are, respectively, G(¢, m,n) for £ >1, n>1 and
(¢,m,n) # (2,2,2), and the cyclic groups G(¢,1,1). The groups G; is the family of symmetric groups S, and the
groups Gss, G3g and Gs; are the Weyl groups of type Eg, E7 and Eg, respectively. The group Gog is the Weyl group
of type Fs. The Weyl group of type G is a dihedral group of order 12, that is, Dih;> and hence is G(6,6,2). Thus
all the finite Weyl groups arise as complex reflection groups. Also, the Coxeter groups Hs and Hj appear in this
list as the groups G»3 and Gsg, respectively.

The classification of primitive reflection groups of rank > 4 is mostly due to Mitchell in [60], while the clas-
sification of primitive reflection groups of ranks 2, 3 and 4 was primarily obtained by Blichfeldt in [8], [9], [10]
and [11], Bagnera in [4], and then generalized by Mitchell in (58] and [59]. A proof independent of the works of
Mitchell and others was given by Cohen in [18].

2.2. Ariki-Koike algebras

2.2.1. A presentation for cyclotomic groups and braid groups. From now on we refer to the groups G(¢, 1, n)
as cyclotomic groups. Whether you're a believer or not, be thankful they're called cyclotomic groups and not cyclo-
atomic groups—they’re tough enough without the extra explosion!

Recall that the symmetric group S;, is generated by simple transpositions, that is,

si=@{i+1), i=1,...,n—-1,
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and that (S, {s1,...,Sp—1}) is a Coxeter system of type A,_, that is, we have a presentation of S,, with generators

S1,...,Sn—1 and relations

s7=1, i=1,...,n-1,
SiSi+1Si = Si+15iSi+1, i=1,...,n-2,
SiSj=SjSi, [i—jlI>1.

There is a Coxeter-like presentation for the cyclotomic groups which we now describe. Set ¢ ={;. Note that
Si—1Si—p-+-S1ts1--Si28i-1=C;, i=1,...,n,

so the elements ¢, s1,..., s,—1 generate G(¢, 1, n) as a group. Moreover, there is an obvious surjective group homo-
morphism

G — G(,1,1) 2.4)

where Gy, is the group with generators ¢, s1,..., s,—1 and relations

tfzslz-zl, i=1,....,n-1,
Sits1t=1ts1tsy,
SiSi+18i = Si+1SiSi+1, i=1,...,n-2,
SiSj=S$;Si, [i—jl>1,
Sit=1s;, i=2,....n—1.

Note that is not a Coxeter presentation, but it can be associated to the cyclotomic Coxeter diagram

((—» ° ° °

t S1 $2 Sn—2 Sn—1

where the ¢ in the node corresponding to ¢ means that ¢ has order ¢.
PROPOSITION 2.8. [3} Proposition 2.1] The homomorphism is an isomorphism.

Recall that if we delete the involution relations (that is, s?) in the Coxeter presentation of the symmetric
groups, we obtain the Artin braid group As, = ‘B,, which has a presentation with generators T,...,T,-1 and

braid relations
T;TinTi=TinTi Tiva, i=1,...,n-2,
T;T;=T;T; [i—jl>1.

There is an obvious surjective group homomorphism

We can also delete the relations ¢/ = sl? =1 in the presentation of the cyclotomic groups G(¢,1,n), and the re-
sulting group is the Artin affine braid group B, which has a presentation with generators Ty, T1,..., T,—1 and
relations
TiTig1T; =Ti1 Ti Tiyq i=1...,n-2,
TiTjZTjTl' |i—j|>1,

ToTh ToTy = Th Ty T1 Tp.
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Again there is an obvious surjective group homomorphism

Pe: %n - G([;lyn)
To -

T, ~— s, i=1,...,n—1.
Define elements J; € B, fori=1,...,n recursively as follows. First, set J; = Ty and
Jini=TiJiT;, i=1,...,n—1.
We call Jy,..., ], the Jucys-Murphy elements of %n. Note that
Ji=TiTip---T1TyTy - Ti—2Ti—1. (2.5)

PROPOSITION 2.9. The Jucys-Murphy elements J1,..., ], satisfy the following identities.
() JiTj=TjJ; forj#i,i—1.
) JiJj=]JiJiforalli,j=1,...,n.
PROOE. (1) This is obvious if j > i. Assume that j <i—1.If j =i -2 we have
JiTj=Ti1Ti-2Ji-2Ti-2Ti-1Ti2
=Ti-1Ti2Ji—2Ti1Ti—2 T
=Ti-1Ti2Ti1Ji—2Ti—2Ti
=Ti2Ti-1Ti—2Ji—2Ti—2Ti
=TjJ;.
If j <i-2, we have, by induction, that
JiTj=Ti-1Ji-1Ti1 T
=Ti-1Ji-1TjTi
=Ti1TjJi-1Tia
=TjTi-1Ji-1Tia
=TjJ;.
(2) Follows from (1) in the case where i < j or i > j, and is trivial if { = j. 0
2.2.2. Affine and cyclotomic Hecke algebras. Let A be an integral domain, and g € A be an invertible ele-

ment. For example, we can take the ring of Laurent polynomials A = Z[q, g']. The affine Hecke algebra 7, (q; A)
is the quotient of the group algebra AB by the Hecke (or quadratic) relation

(T;-q)(Ti+q H=0, i=1,..,n. (2.6)
Note that from the Hecke relations, it follows that the elements T; are invertible in %ﬁ(q; A), and that

T =T, —(g-q ). 2.7)

1

If we choose elements vy, ..., v, € A, then the cyclotomic Hecke algebra 5¢, ¢(q; v1,..., v¢; A), also called the Ariki-

Koike algebra, is the quotient of the affine Hecke algebra .74, (g; A) by the cyclotomic relation

(To—v1)(To—v2) -+ (To — ve) = 0. (2.8)
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We call g the Hecke parameter and vy,..., vy the cyclotomic parameters. Note that J¢,1(q; v1; A) is precisely the
Iwahori-Hecke algebra of type A;,-1 and .94},2(q; v1,v2; A) is the Iwahori-Hecke algebra of type B,. We write
,0(q,v) instead of 977, o(q; v1, ..., vp; A) when

A=Z(q*v1:=2(q,q7", v1,...,v/]

and g, vy,..., v, are formal variables.
THEOREM 2.10 (Ariki-Koike). [3} Theorem 3.10] /%, /(q, v) is a free Z[q*'; v]-module of rank |G(¢,1,n)| = n\¢".

Note that if we set g =1 and v; = {*~! for i = 1,...,¢, then the cyclotomic relation becomes T(f =1 and the

Hecke relations are Tl.2 =1fori=1,...,n—1. Thus
Fn,e(q,v) =ZG(¢,1,n),
and we have
COROLLARY 2.11. The Ariki-Koike algebras 7¢, ¢(q, v) are flat deformations of the group algebra ZG(¢,1, n) of the
cyclotomic groups.
There is a natural embedding

%’L—l,[(q) v, A) — ﬂ,[(qr v, A)
T,' — Tl', i=0,...,1’l—1,

and thus we have an increasing tower of A-algebra extensions
Ac I ¢(q,v; A H5,0(q,v;A) -

If A=F is a field, we hope to develop (but in this dissertation we won'’t) the representation theory of the algebras

J,,¢0(q, v; F) by means of the Okounkov-Vershik approach, provided that these are semisimple.

THEOREM 2.12 (Ariki). [2] Let F be a field. The following conditions are equivalent.
() s#,(q,v; F) is a split semisimple F-algebra.
(i) 7%,(q,v;F) is a semisimple F-algebra.
(iii) Fori# j and each d € Z with |d| < n we have that qd vi # vj and [n]4! # 0.

Here, if a € Z-y we use the usual g-analogs
a
lalg=1+q+q*++q“" and [alg'=[]1jl4
j=1

A choice of parameters (q,v1,...,V,) is said to be generic if it satisfies (iii) of the previous theorem. This name is

justified as the set of generic parameters is a Zariski open subset of the affine algebraic variety F{*1,

2.2.3. Jucys-Murphy elements and their classical limits. Assume that the parameters ¢, vy,..., vy are inde-
terminates, and let
K=Q(q,v,...,v0)
be the field of fractions of the ring Z[qil; vl. If J1,..., J,, are the Jucys-Murphy elements of B » we denote their im-
ages in 7, ¢(q,v;K) by Ji(q,v) or Ji(q,v1,...,vy,), for i =1,...,n, and call them the Jucys-Murphy elements of the
Ariki-Koike algebra .77, ¢(q, v; K). As the J;’s commute in the affine braid group, the elements J;(g, v) commute
in the algebra .74, ¢(q, v; K). From we deduce that

T;Ji(q,v) = Jin (@ T; ' = Jiva (g, v)(Ti = (g — g ). (2.9)
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Now, it is easy to see that
lim lim Ji(q,v1,...,v)=Ci, i=1,...,n. (2.10)

q—1y,—gs-
1ss<¢

For us, the following limit will be important:

4

i(q, -1

¢;=lim lim ]l(q;)_l
=yt q4—4g

1ss<¢

LEMMA 2.13. ¢;= Y. (Fa ek
1=j<i
0<ks(-1
PROOF. For i =1 the conclusion is obvious. Assume that i > 1 and proceed by induction on i. By induction
on m we have that (we write J; instead of J;(q, v))
e k k
]:n = (q— q_ ) Z Tl'—l]l'_ljl{n_ + Ti-l]l‘nzl Ti—l)
k=1

so in particular
(-1
=(q-q O Tis gk g+ 1m0 T
k=1
which can be written as

4
Ji=(q-qH Y T JE gl 1l T - (- a7 HTil
k=1

4
=(@-q Y. TisJE J T )l (T - (g -q7™"Y)
k=1

=(q- q‘l)z T JF TR+ T gt T
k=

Now, by the induction hypothesis we have

Z
¢;=lim lim Zsl 1(, 1( +S8i-1 Z Z ‘.V 1(1])(1 1] Si-1
q—1y 51 67— k=01<j<i-1
1<ss<¢
—Z(k(l—lt)( +Z Y fapgF
k=01=<j<i-1

= Y rapgk
1=j<i
O<k<(-1

as desired. O

In the course of the above proof we established the following identity

m=- q‘l)ZT,]’C]l+1 +TMTY, i=1,..,n-1, meZs). 2.11)
k=0

The elements ¢y,...,¢, € CG(¥,1,n) are called the Jucys-Murphy elements of G(¢,1,n). As the elements J;
commute in the braid group, hence in the Ariki-Koike algebra, then the elements ¢; also commute.

Again take m = ¢ in (2.11), subtract 1 and divide by g - q’l, so that we obtain

]f+1‘ Tkek T][_ 71
PErE Z JiTiza + g

Taking limits, this gives
(-1
k Kk
Giv1 =) sili (i + sidisi,

k=0
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that is
$isi=Sipiv1 -7,
where
e
mi=y (i 2.12)
k=0
We have proved the following

PROPOSITION 2.14. The Jucys-Murphy elements ¢; satisfy the following relations in the group algebra CG(¢,1,n):
@) ¢ilj=(j¢p; forl<i,j<n.
(b) ¢pis;=sipis1 —m; for1<i<n-—1, wheremn; is given in 2.12).
(©) ¢pisj=sjp; for j#i—1,i.

REMARK 2.15. Foreachi=1,...,nlet

vi= )y, GG ECGW,,0)
1sj<ksi
0<s</-1
Being a class sum, we have that y; € Z(CG(4,1,i)) and we can write the Jucys-Murphy elements as
bi=vi-ywi1= ) (i) eCG,1,n)
1<j<i
O<s</-1

This gives another proof of the fact that these elements commute among each other.

2.3. Complex representations of the groups G(¢,1, n)

In this section we review the representation theory a la Okounkov-Vershik of the imprimitive groups G(¢, 1, n).

The key ingredients are the Jucys-Murphy elements of the group algebra CG(4,1, n).

2.3.1. Conjugacy classes in G(¢,1,n). The isomorphism classes of C-linear irreducible representations of a
finite group is in bijection with the set of its conjugacy classes. For this reason it is useful to determine the
conjugacy classes in G(¢,1,n). We specialize the Specht classification of conjugacy classes for wreath products
given in Proposition[1.7]to the case of cyclotomic groups.

First, recall the conjugacy classes for the symmetric groups (¢ =1). If w € S;,, then there is a unique partition
A = (A1,...,As) of n such that w decomposes as a disjoint product w = ¢ ---¢; where ¢; is a Aj-cycle. We call
A the cycle type of w. Two elements in S,, are conjugate in S, if and only if they have the same cycle type. In
particular, conjugacy classes in S,, (and hence isomorphism classes of irreducible C-linear representations of Sj)
are indexed by partitions of n.

Now let g = (M1,...,nn;w) € G(4,1,n) =y X Sy,. Let u= (1, ..., us) be the cycle type of w and let w =c¢; -+~ ¢s
be the decomposition of w into disjoint cycles, with ¢; a pj-cycle. For each j € {1,...,s}, let m; be the unique
element in {0,1,...,¢ — 1} such that

¢™= 11 m

cj ()i
For each k € {0,...,¢ — 1} let AF be the partition whose parts are the u j such that m; = k (considering repetitions).
Thus A = (A°,...,A¢71) is a Z-partition of n. We call A the cycle type of g.

PROPOSITION 2.16. Two elements in G(¢,1,n) are conjugate if and only if they have the same cycle type. In partic-

ular the conjugacy classes in G(¢,1, n) are indexed by Par,(n).

PROOF. This follows easily by noticing that if we set g; = (™ c; for j =1,...,s, then the elements gi,..., g; are

pairwise commutative and g = g1 - gs. 0
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2.3.2. Intertwining operators for G(¢,1,n). If a is a weight of a finite dimensional C-representation V of

G(,1,n) and 0 # v € V,, we write
wt(v) = (a($1), @((1), a(P2), a((2),..., a(Pn), a(n)) € (C x pp)"
and call it the weight vector of v. We set
wt(V) = {wt(v) | v € V; \ {0} and «a is a weight of V}.

Note that if 0 # v € V; and a is a weight of V, then either a(¢;) # a(pi+1) or a({;) # a((;+1) foralli=1,...,n—-1.

Indeed, if a(¢;) = al¢p;+1) and a({;) = a({;+1) for some i, we have

-1
Gisiv=(sipirs1 —m)v = alpis)si— Y al) ali) " |v=alp)siv—~Lv
s=0
and hence
(Pi—alpir1))siv=—Lv#£0
but

(pi = alpir1))?siv=—(p; —a(p))fv =0
so s;v is a generalized eigenvector for ¢; that is not an eigenvector, which contradicts the fact that GZ,(n) acts
by diagonalizable operators on V.
We define the intertwining operators t; on a CG(¢,1, n)-module by the formula
1
+—n
a(pi) —alpiv1)

for each weight a of V. This is well defined thanks to the previous observation. If a is a weight of V and 0 # v € V,

T;UV=S;V iV, veV,
we have, after a straightforward but lengthy verification, that
wt(7;v) = s; wt(v) (2.13)

where we consider the permutation action of S,, on (C x )", also

2y (a(p)) —alpiz1) —m)(a(Pp;) — alpirr) +m;) )
! (a(p;) — alpir1))?

(2.14)
and

TiTi+1TiV=Ti41TiTj+1V. (2.15)
These formulas are easy consequences from the properties of intertwining operators for cyclotomic rational

Cherednik algebras, and will be deduced in[3.2.3]

2.3.3. Irreducible complex representations of G(¢,1,n). As the conjugacy classes in the complex reflection
group G(¢,1, n) are in bijection with the set Par,(n), we know that the complex irreducible representations of this
group are also in bijection with Par,(n). We want to make this correspondence very explicit. The spectral analysis

of Jucys-Murphy elements is key ingredient in the pursue of this goal.

THEOREM 2.17 (Young semi-normal form). The branching graph Q(CG(¢,1,¢)) is the Young graph Y,. If V is an

irreducible C-linear representation of G(¢,1,n) there exists a unique A € Pary(n) such that
wt(V) = {ct(T) | TSYT(A)}

and any Gelfand-Tsetlin basis is indexed by the set SYT(A) of all directed paths from (J,...,2) to A. Moreover, if
{vr | T € SYT(A)} is a Gelfand-Tsetlin basis of V we have

(piszﬁct(T*l(i))vT and (iUT:(ﬂ(Til(i))vT, 1<i<n,
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that is,

wt(vr) =ct(T)
for all T € SYT(A). In particular, the GZ,(n)-eigenspaces on any irreducible representation are one dimensional.

This theorem is stated (in a somewhat different form) in [63] as a consequence of the Okounkov-Vershik
approach to the representation theory of Ariki-Koike algebras developed in [62].

Note that irreducible complex representations of G(¢,1, n) are completely determined by the spectral infor-
mation of the Jucys-Murphy elements and the elements (3,...,{,, and these spectral information is completely
codified by the set SYT(A). Thus if we denote the irreducible representation V in the theorem by S*, we have that
St e Par,} is a complete set of pairwise non-isomorphic irreducible C-linear representations of G(¢, 1, n).

We normalize the Gelfand-Tsetlin basis of S* as follows. Let T be the row reading tableau of shape A and let
vy # 0 be any vector in $* such that wt(v,) = ct(Ty). For each T € SYT(A), set

UTZT,'1~--Tl'qU,1

where (s;,,..., $i,) is an admissible sequence for T such that T' = s;, ---s;, - T). The element v7 does not depend on
the choice of the admissible sequence (s;,,...,s; q) thanks to the Iwahori-Matsumoto theorem (see [57, Theorem 2]
or [565) Theorem 1.9]) and (2.15). By and (2.13) we have that

wt(vr) =wt(T;, -+ T, Vp)
= Siy e+ Siy Wt(vy)
= Si, iy Ct(Ty)
=ct(s; -+ si, T1)

=ct(T)

which shows that the set {vy | T € SYT(A)} is a Gelfand-Tsetlin basis for S}, which we call a standard GZ-basis.
This basis is uniquely determined up to a scalar multiple of vy = vr,. If we fix a G(¢,1, n)-invariant positive
definite Hermitian form (-,-) on S* and make the substitution vr— vrl(vr, UT)I/Z, the basis {vr | T € SYT(A)} is
called a normalized GZ-basis. It follows from formulas 2.13), and that for a normalized GZ-basis
{v7 | T € SYT(A)} and a tableau T € SYT(A), if ct(T) = (a1,n1,..., @n,Nn), then

0 if s;- T ¢SYT(A),
e PBTTN@) 2 pBT7H(I+1))
TiUT = Us;- T if ¢ W+¢ 1)
1 2\ BT~ — BT~ (i+1)
1- B if D) — i+1))
(ct(T—l(i))—ct(T—l(i+1))) User G ¢

From this, we easily deduce the action of the group generators of G(¢,1,n) on S*:

Crvp =P Oy, (2.16)
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and, after setting a; = ct(T~L()),

Us;-T if BTN £ BTN+
si- T €SYT(A) and
tvr if
SIVT = (T (i +1) = ct(T (i) £1, 2.17)
12" 1 | s;-TeSYT(A) and
I-f—— VsjT————Ur if
a; —aj+1 a; — aij+1 {ﬁ(Tfl(l-)) :(ﬁ(T’l(Hl))‘

Now, let u € (Z>p)" and let v(u) be the longest element in S, such that v(y) - p = p~, where u~ is the anti-
partition rearrangement of u (see . We introduce elements <p’; e CG(,1,n) by

O = v ™ P (W

A simple computation using shows that
¢i= X Gupgte X gangt

1<j<i i<jsn
Hj<Hi Hj<Hi
O<ks(-1 O<ks(-1

If {vy | T € SYT(A)} is a standard GZ basis for S*, we set
vii=vw " ur, TeSYTA).
Then
P vt = 0t (T W) PE and G- vk = (PO DOk (2.18)
Thus the set {U‘If | T € SYT(A)} is a basis for $* consisting of simultaneous eigenvectors for the subalgebra
GZ(n):=v(w) ' GZ(n)v(w)
of CG(4,1,n).

2.3.4. Comparison with the method of little subgroups. Being a semidirect product of an abelian group by
a symmetric group, the representation theory group G(¢,1,n) = i X S, can also be understood by means of the
Mackey-Wigner method of little subgroups [71} Section 8.2]. We briefly present this approach, which was the
original approach also in the classification of completely irreducible finite dimensional representations of the
Ariki-Koike algebras in [3].

The character group fiy of the abelian group p, is cyclic and generated by the identity character

Xipe—C* (—4,
that is,
=%

The characters of the group pj are given by

@1, m) = XD - x ()"
where 0<k;</¢—1for j=1,...,n. Let y; : uj — C* be the character of uj given by
XiM,-.nn) = x(1M5).
Then yi,..., x» generate the character group ;f? of uy. More precisely, we have

@l:{xlfl-nxﬁ” |0<kj<l-1,j=1,...,n}.



2.3. COMPLEX REPRESENTATIONS OF THE GROUPS G(¢,1, n) 47

Now, the permutation action of S, on y; induces an action on the character group by the formula

W), Mn) =W WO L)WY, WE Sy, WL, (1,...,0n) € f.

A simple verification shows that

W-Xi= Xw(i

hence a class of representatives for the orbits of S, on ﬁ;‘ is given by yV := X‘lll )(52 oy where v=(vy,...,v,) isa

partition and v; < ¢—1. For each k=0,1,...,¢/ -1, set
XiW)=Xe=1{jlvj=k},
then the S;,-stabilizer of y" is the subgroup
S(v):=8x, xSx, x---xSx, | € Sp.

where for X = X, Sx denotes the subgroup of S, that fixes the set {1,...,n}\ X pointwise, which is isomorphic to

the symmetric group on the set X. As a subgroup of Sy, the group Sy, still acts on wj;, so we obtain a subgroups
uh % Sx, €G(l,1,n).
Extend the character y" to uf xS X, by

X0 W) =X 01 M), (1,1 W) € b X Sx, .

Then as Sy, stabilizes y” we see that ¥ is an irreducible one-dimensional character of ub xS X, If A% 11Xl

k. . , .
then the Specht module S*" is an irreducible representation of Sx,, and thus

SAO ®c:* ®¢ 5/1#1
is an irreducible representation of the subgroup Sy, and composed with the canonical projection gy X S(v) — S(v)
we obtain an irreducible representation of uj x S(v) € G(¢, 1, n). Finally, we set

GA _ 1naGeLn) (A% o A1
S —Ind“;,xsm(s ®c ®CS ),

where

A=@A°..., 27 e Pary(n).

By [71}, Proposition 25], the collection {§* | A € Par,(n)} is a complete family of pairwise non-isomorphic irre-
ducible complex representations of G(¢, 1, n).

It can be shown as in [64, Section 8] that the characters of the irreducible representations S* obtained in
the previous sections satisfy also the Stembridge’s Murnaghan-Nakayama rule for wreath products and thus $* is

isomorphic to st as representations of G(¢,1, n).

REMARK 2.18. In [47, Theorem 2.15] T. Halverson and A. Ram prove a Murnaghan-Nakayama type rule for the
characters of irreducible representations of Ariki-Koike algebras which specializes to Stembridge’s rule in the cy-

clotomic case.
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2.3.5. Examples. We focus on the special case when the ¢-partition (1°,...,A¢~1) has only one nonempty
entry, that is, we assume that there is j € {0,...,¢ — 1} such that A’ = & for i # j. If A/ = A is the only nonempty

partition, we write /A to denote the corresponding ¢-partition.

EXAMPLE 2.19 (The trivial representation). Let j € {0,...,#—1} and consider the ¢-partition J(n). The only standard

Young tableau is given by

T= (@,...,@,,@,...,@).

Then note that B(T~1(i)) = j for all i € {1,...,n} and that s; - T ¢ SYT(/(n)) for all 1 <i < n—1. Thus by and
we have that

(i-vrz(jvT and s;-vr=1.
In particular, the trivial representation occurs precisely when j = 0, that is

triv = §(2,-.2)

EXAMPLE 2.20 (The determinant representation). Again take j € {0,...,¢ — 1} and consider the /-partition iam.

The only standard Young tableau in this case is

and we have
(,’-UTZCjUT and SiVr=-—Vr
In particular, an element w = 'f‘ ]f,” u where k; € Z and u € S, acts by
w-vr = Cjzk" det(u)vry.

When j =1, we obtain
w-vr = (zk" det(w) vy =det(w) vy
so that the determinant representation of G(¢, 1, n) is
det = §©@01"M,9,...9)

The inverse of the determinant, that is, the one dimensional representation given by w — det(w) ™! is also an

irreducible representation, which we denote by det™!. Note that for w ={ ]fl x4 ]fl” u as above we have that
w-vr =det(w)vr
precisely when j = ¢ — 1, because det(w)~! = {~2*i det(u). This means that

det™! = §(@2,0™)

Also, it is clear that

det=A\"(C" and det™'=A\"(C"".

PROPOSITION 2.21. If A € Pary(n), we have

Stedet™! = sV,
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PROOFE. Given T € SYT(A), write
T=(To,...,Tr—1) and Ti(i, j) = Te(j, )
for0<k<¢-1and (i, j) € (AF)’. Then
oT) = (1}, Ty,..., T)_y, Tg) € SYT(A)

and the map
t: SYT()) — SYT(A)
T — (T

is a S;;-equivariant bijection. Note that for any 1 < i < n we have
BN (@) =T (@) -1 (mod £).
Let {vy | T € SYT(A)} be a normalized Gelfand-Tsetlin basis for st Identify det™! with C as vector spaces and
write v}, = vy ® 1€ S* @ det™". From we have that
(v =Civr®li-1= (ﬁ(rl(m det(¢;) lvp o1 =P N1 v = U

The fact that ¢ is Sj;-equivariant and that transposition changes the signs of the contents, shows that #(T) satisfies
a formula analogous to (2.17). Thus {U’T | T € SYT(A)} is a Gelfand-Tsetlin basis for S* ® det™! and also for sM. O

2.4. Drinfel'd Hecke algebras and the Poincaré-Birkhoff-Witt property
During this section, KK will denote an arbitrary commutative C-algebra.

2.4.1. Drinfel'd Hecke algebra. Let G be a finite group and V be a free KG-module of finite rank. Then G
acts on V®" for all n =0 and hence by graded algebra automorphisms on the tensor algebra
T(V)=p V"
n=0

In the algebra T(V) x G the following identities are easily verified:
glx,ylg ' =1gx), 8], xyeV, geG (2.19)

and

[g,x]=(gx)-x)g, xeV,geG. (2.20)

REMARK 2.22. The algebra T'(V) x G is isomorphic to the quotient of the tensor algebra T(V & KG) by the two-
sided ideal I generated by the elements

gex—-gx)eg, xeV,geG

and

8198818, 81,8€G.

Consider a G-indexed family ({:,-)¢)ge of skew-symmetric K-bilinear forms on V. The Drinfel'd Hecke alge-
braH =H(V, G) associated to this data is the quotient of the algebra T'(V) x G by the two-sided ideal generated by

the elements

[, y]= D_(x,1)¢8 xyeV.
geG

Equivalently, H is the quotient of T'(V @ KG) by the relations
(H1) geh—ghfor g,heg,
(H2) gox®g ' —g(x) forge Gand x€ V, and
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H3) [x,y]—- Z (x,y)gg for x,ye V.
geG

As usual, we shall omit the ® symbol to ease the notation.

2.4.2. The PBW property. Let B = {x1,...,x,} be a [K-linear basis of V. We say that the Drinfel'd Hecke alge-
bra H satisfies the Poincaré-Birkhoff-Witt property (PBW property for short) if the set

B[H]z{xilxiz---x,-pgl l<sij<---<ip=n,neZsand ge G}
is a IK-linear basis for H.

THEOREM 2.23 (PBW theorem for the Drinfel'd Hecke algebra). The following statements about H are equivalent.

(i) H satisfies the PBW property.
(ii) The following two conditions hold.
(a) Foranyx,yeV and g, hegG,

(h(x), (YD) pgn-1 = (X, V) g-
(b) Forallx,y,zeV and g€ G,
(x,1)¢(8(2) —2) + (¥, 2) g(8(x) — X) + (2, X) g (§()) — ¥) = 0.

The following proof is sketched in [37], but in order to provide the complete argument, I include here a

detailed proof.
PROOE. Suppose (i) holds. For x,y € V and h € G we have

Y (h(x), h(y))gg = [h(x), k()] = hlx, y)h ™' = Y (x,y)ghgh™ =) X,V n-1gn8
geG geG geG

and equating coefficients in both sides, we obtain
(h(x)) h(y))g = (xy y) h*lgh)
which is equivalent to (a). Now let x, y, z € V, then by the Jacobi identity we have

0=[[x,y],z] + [y, z], x] +[[z, x], y]

+ +

Y (z,x)g8 Y
geG

Y (1,208 x
geG

el DR
geG

=) (x,0)glg 2l +(y, 2018, x] + (2, X)g[g, ¥])
geG

=) (6 ))g(g2) —2)g+ (1, 2)g(8(X) —X)g + (2, X)g(8()) — Q)
geG

=) (x5 1)g(g(2) = 2) + (1, 2) g (8(x) — x) + (2, )¢ () — V)&,
geG

and as By is linearly independent, we deduce (b).
Now, assume that (a) and (b) hold. We realize H as the quotient of T'(V @ KG) by the relations (H1)-(H3). For
each p =0, let
Sp =spany{x; ---x;,8§lq=p, 1sir<---<ig g€ G},

and set
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Note that 1 € S, for all p = 0. We prove that S is a left ideal of H, which implies that S = H and hence that By
generates H as a K-vector space. To prove that S is a left ideal, we show by induction on p = 0 that for any x; € B
and h € G we have that x;S, € Sp+1 and hS, € Sp41. For p =0 there is nothing to prove. First take x; € B and

Xj, -+~ Xi, 8 € Sp. There are two possibilities:
o If i< iy, then x;x;, +Xi, 8 € Sp+1 by definition.
e If i > i1, then we have
XiXiy Xiy -+ Xi, & = ([Xi) Xiy ] + X4y Xi) Xiy - Xiy &

= ) (i, Xiy D kX, - Xiy 8 + Xiy XiXiy - X, 8-
keG

By induction hypothesis, kx;, --- x; 8€SpSSpa1 and hence

Z (i, Xiy Y kXiy -+ Xi 8 € Sp1.
keG

So we need to prove that x;, x; x;, X, 8 € Sp+1. If i < iy, we are done. So assume that i > iy and thus

Xiy XiXiy -+ Xiy 8 = Xiy ([X4, Xip | + Xiy Xi) Xy -+ X3, 8

=Xi (Z (xz',Xig)kk) Xy Xi, 8+ Xiy Xip Xi Xy -+ Xi, &,
keG

and the result follows by induction.

Let he G and Xiy Xiy -+ Xi, 8 € Sp, then

hxi, xi, - xi,8 = ([h, x;, 1 + xi, W) x4, -+~ X1, 8
= ((h(xi) —xi) h+ x5 W xiy -+ X1, 8
= h(x;)hxi, - xi,8,
but h(x;,) is a linear combination of the elements of B and hx;, --- x;,g € S, by induction hypothesis, so by the
first part of the induction, hx;, x;, -+ Xi, 8 € Spi1.
Now for the interesting part: We prove that By is linearly independent. For this we construct a faithful H-

module that ought to be the regular representation on H. Let y, ..., yn and #g for g € G be a set of formal symbols,

and consider the K-vector space M spanned by words of the form
Vi Viptg forlsiys---<ip geG.
For each p =0 set
M=P = spany {yi, - Vi, tg | < p, 1< i1 <---<ip, gEG}.
For each x € V and h € G we define endomorphisms

[x,[hZMﬁM

recursively as operators M=P — M=P*1 To define ¢, on M=P we first define ¢, for x; € B and if x = Z;’:l ajxj we

set
n
[x = Z ajéxj.
j=1
For p =0, define

éxi(tg):yitg and lh(tg):thg;
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and for p=1,

Ce iy Vi ) = ViViy Vi Vig g ifi<i,
Criy Oxi Vio+ Yig tg) + Xke{Xir Xi ) ikl (Vi -+ Vi tg) i i>11
and
Cn(Yi Vi Vigtg) = Chiei ) CnViy -+ Vig Lg)-

We will prove that these operators ¢, satisfy the relations (H1)-(H3). Being precise, we will prove that

(L) €30y =2Cpy for h,keG;

(L2) lplx=2Cply for xeV and he G; and

(L3) [lx, 0yl =L geG(x, V) gls-

Once this relations are proved, we have that there is K-algebra homomorphism
¢:H— Endx (M)

so M is a H-module. Thus, if we have a finite sum

si= > Qiy,..ip;g Xy Xi, § =0
l<iys-<ipsn
geG
then
()= ) @iyigVi o Yiplg =0
Isij<-<ip<n
geG

and consequently a;,, i ;¢ =0, giving the desired linear independence. All that’s left is to check relations (L1)-(L3).
Go grab a big coffee and get cozy — it’s going to be a slow and boring (but straightforward) calculation.

We prove by induction on p that relations (L1)-(L3) are satisfied when the operators are restricted to M=P.
We write (Lm), to denote the relation (Lm) restricted to the subspace M’ =P form=1,2,3.

For p=0and g, h, k € G we have
Cpli(tg) = Cp(tkg) = thig = Cnr(tg),
giving (L1). Now, if h,ge Gand x; € V,
Ol (tg) = 0p(yitg) = CpixpCnlty)
so (L2) is satisfied for p =0 but x; € B. If x € V we expand x = } a;x; and use linearity to stablish (L2) for general

x € V. Finally for x;, x; € B, without loss of generality assume that i < j (when x = y, both sides of (L3) are equal

to zero because the skew-symmetry of ¢-,-)¢), then
[éx,;[x]](tg) = gx,- (ng(tg)) _ng (le(tg))
:gx,-(yjtg)_[xj(yitg)

=yiyjtg—Cx 0xj(tg) = Y (xj, xi)plr(tg)
keG

=Y (X X le(tg)
keG

proving (L3) for p =0 and x = x;, y = y;. For general x, y € V the result follows by bilinearity.
Now we assume that p >0 and that (L1), (L2) and (L3) hold when restricted to M=P~!. Take x; € B and h€ G,

and prove (L2) by induction on i. If i < i; we have

Zh[xi(J/hyiz"'yiqtg) :Zh(yiyiﬂ/iz '”J/iqtg)
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=l CnViy Vio -+ Vig tg)

giving (L2) in this case. If i > i, by the induction hypothesis on i and by (L1),1

Cnle;(VirVip -+ Yigte) =Cn | €y Cx; (Vip -+~ Vig tg) + D i Xi) il e Wiy -+ Yig tg)

keG
(L) p-y
=+ Cni)Onlx; Vi Yigtg) + Y i Xi) ki iy =+ Vig tg)
keG
(L2)p-1
= L CneepCnVip - Yigtg) + D i Xi) ke (Vi - Vig tg)
keG
=Cneep Oy + e CneepDVEn Wiy - Vig te) + 3 (%0, Xi )kl nk Wiy *++ Vig g)
keG
(L3)p-1
= L lni) CnViy - Yigtg) + Y (h(xi), R kel (yiy -+ Vi tg)
keG
+ Z i Xi) ) e nk Viy *+* Vig tg)
keG
(L2)p-1
= Chepnlx, iy Yigtg) + Y iy X 1 Cen iy -+ Vig tg)
keG
- Z iy, Xid knk Viy *+* Vig tg)
keG
=l Cn(Viy Vip - Yigtg) + Z Ky Xi) -1kl ke Vi =+ Vig tg)
keG
= > X, Xid 1l (Vi Yig tg)
keG

=€h(x,-)€h Vi, Wiy -+ Yig tg),

where in =, we used the induction hypothesis on i. This completes the inductive step for (L2), so in particular,

we are free to use (L2),. Now, for (L1), we have

Cnlie(Viy Yy Viglg) = Cnlice) CkVip -+ Vig Lg)

(r2)
=" Cnka) Cnlk Wiy - Vi g)

LDy
= ki Cnk Wiy Vig tg)

(L2) -
< ' [hk[xil (yiz : "J’iq tg)

=lnieYiy Vip - Vig tg)
which completes the inductive step for (L1), and we are free to use (L1), also.
Finally, we complete the inductive step for (L3). By bilinearity we can take x = x; and y = x; and by skew-

symmetry we can assume that i < j (for x = y both sides of (L3) equal zero). We proceed by induction on i. There

are two possibilities according to whether i <i; or i} <i < j.

e [ <ij. In this case we have

(i €x)(Viy Vio -+ Vigtg) =Cx; x; (Vi Vip -+ Vig tg) = Cx; (ViViy Vip -+ Vig g)
:gxing(J/ilJ/iz"'Yiqtg) _inng(yilJ/ig"'Yiqtg)

= 2 X XDkl (Vi Vip - Vig tg)
keG

= Z X, X el e (Viy Vi " Vig lg),
keG
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as desired.

e > ij. Write a=Yi,  Viglg- Then
[[xiréxj](J/il}’iz"'}’iqtg) :[xi[xj(J’ilJ’iz"'J’iqtg)_[xjéxi(J’ilJ’iz"'J’iqtg)

zfx,- ([x,-l £Xj (a) + Z <xj)xi1>k[k(a))
keG

— Uy, ([xil Oy (@) + IC;G(XI', xi1>k[k(a))

=€) Oy 10 (@) + oy Oy U (@) + ) (X, X1 kU (@)
keG

- [ng;[xil ]éxi (C() _[xil [Xj[x,‘ (a) - Z <xi)xi1>k£xj'£k(a)~
keG

By the induction hypothesis on i we have

Mxi,[xj](J/ilJ/ig "‘J’iq tg) = éxil [[xi;lxj](a) + Z <xl')xi1>k£k£x]‘ (a) + Z (xj;xh)k[xi[k(a’)

keG keG
- Z <xjyxi1>k[k€xi (a) - Z (xiyxi1>k[x]'£k(a)
keG keG
(L3) -
LY i Xl Cel@) + Y (X, X)) el O ) (@) + Y (g, i il £ (@)
keG keG keG
=I§G<xi’xj>k[k[xil (a) + I(§G(<xl')xj>k[[xil )[k] + <xl')xi1>k[[kr£x]'] + (xj’xh)k[[xi;[k]) (a)
=) (%, X))kl (Viy Vi “Yiglg)
keG

+) ((xjyxﬁkfk(x,-l)—x,»l + (X, Xi) el ke -x; + (xjyxh)k(k(x,-)—xi) Vi Yip = Vig Lg)
keG

= > X Xl Vi Vip - Vig tg)
keG

2 L e )=, Gy D e e =)+ ey Gk e =) (Vi Vi Vi Tg)
keG

=) (%, X))kl (Viy Vi “Yigle),
keG

where in the last equality we used (b).
The proof is now complete. g
We denote by S(V) the symmetric algebra on V, that is,
SWV)=ps"v)
n=0
where $"(V) is the n-th symmetric power of V, which is, by definition, " (V) = V®"/S,, and where the action of

the symmetric group S, on V®" is given by
W- (V1@ ®Up)=Vy1)® - ®Vy-1(y,  V1,..., Un EV, WE Sy,

Recall that when K is an infinite field, S(V) = K[V *] is (isomorphic to) the algebra of polynomial functions on V*
(because V is of finite dimension). We denote by p : S(V) — T(V) the section of the natural projection T(V) —
S(V) defined by

1
pvr---vy) = = Z V(1) ® - ® Vy(n)-
n: wesS,

Also, denote by 7 : T(V) x W — H the canonical projection homomorphism.

The following corollary is immediate:
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COROLLARY 2.24. The following conditions are equivalent.

(i) H satisfies the PBW property.
(ii) The multiplication map
SV)ek KG — H
feg — fg
is a vector space isomorphism.
(iii) Any element h e H can be uniquely written in the form
h=3} (wop)lhg)g
geG
where hg € S(V) for each g € G.

A Drinfel'd Hecke algebra that satisfies the PBW property is also called a graded Hecke algebra (see for exam-
ple [67]). These algebras where originally defined by Drinfel'd in [22].

2.4.3. The Ram-Shepler classification. Assume K = C. The PBW theorem implies that the skew-symmetric
bilinear forms ({-,-)¢) gec are completely determined by the conjugacy classes of elements in G, provided that the
PBW property holds. Note that for each collection ({:,-)¢) gec 0f G-indexed skew-symmetric bilinear forms we can

define a function
a:G— (/\ZV)*, g— (g
and conversely, any function a: G — (/\2 V)* determines such a collection if we set
(u,v)g = a(g)(wAv).
Thus, the set of all the G-indexed collections of skew-symmetric bilinear forms on V is a C-vector space isomor-
phic to
S(G, V) := Homge( (G, (A v)) .
We denote by Sy(G, V) the subset of S(G, V) consisting of all G-indexed families of skew-symmetric bilinear forms
on V that satisfy conditions (a) and (b) of Theorem that is, such that the Drinfel'd Hecke algebra that they

determine satisfies the PBW property. This is also a vector space. The following theorem due to A. Ram and A.

Shepler gives a more concise description of the space Sy (G, V).

THEOREM 2.25. [67, Theorem 1.9] For each g € G\ {1}, there exists a € Sy(V, G) such that a(g) # 0 if and only if the

following conditions are satisfied:

(1) rad(a(g)) = fixy(g),
(2) codimy fixy(g) =2, and
(3) IfVi(g)={veV]a(g)(uAav) =0 forall uc fixy(g)}, then det(h*) = 1 for all h € Cg(g), where

ht = hlv, (g ViL(g) — ViL(g).
Moreover, if d is the number of conjugacy classes of elements g € G\ {1} that satisfy (1), (2) and (3), then
dime $o(G, V) = d + dime ( /\ZV)G .
Here, if a is any symmetric or skew-symmetric bilinear form on V, the set rad(a) is the radical of a, that is
rad(a) ={veV|a(v,u)=0forall ueV},

and Cg(g) ={he G| gh=hg} is the centralizer of g in G.

Using this result, one obtains the following
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THEOREM 2.26. The next table lists all the triples (¢, m, n) such that the vector space Sy(G(¢, m, n),C") contains a
function a such that a(w) # 0 for some w # 1. Moreover, it also gives a representative 1 # w € G(¢, m, n) of the class
with a(w) # 0.

Triple (¢, m, n) Group Representative w with a(w) #0
(1,1,n) Sn 123)
2,1,n),n=3 W (By) (1(12),(123)
2,2,n),n=3 W(Dy) 123)
(4,0,2) Dih; = L(0) Ckgbk o<k<er2
2m,m,2), m=1 (mod 2) - (1 2)
(4,¢,3), ¢ £0 (mod 3) - 123)
2m.m.3), m#0 (mod 3) orm#1 - (123).

In particular, note that for ¢ > 2 and n > 3 the space So(G(¢,m,n),C") contains only those functions a :
G, m,n) — (/\ZC”) such that a(w) = 0 for all w # 1. By condition (a) in Theorem [2.23[ we must have that

G
a(l) e ((/\2 V) ) . Consequently we have

COROLLARY 2.27. If¢ > 2 and n > 3, we have

So(G(€, m, n),C™) = ((sz)*)c

This tells us that the Drinfel'd Hecke algebra maybe is not the right version of a graded Hecke algebra for
the complex reflection groups G(¢, m,n). This motivated A. Ram and A. Shepler to define another version of
a “graded” Hecke algebra for these groups, which is now call the degenerated cyclotomic affine Hecke algebra,

which will be studied in the next section.

2.4.4. The symplectic case. Another important observation is that the fact that (-,-) # 0 requires
codimfixy (g) =2,

suggests that some sort of sympletic reflection structure is more natural in this context. To be precise, let (V, )

be a symplectic vector space and let
Sp(V,w) ={s e GL(V) | w(s(x), s(y)) =w(x,y) for all x,y e V}

be the symplectic group of (V,w), that is, the group of symplectomorphisms of the space (V,w). A symplectic

reflection of V is an element s € Sp(V,w) such that
codimfixy (s) =2

and in this case, fixy(s) is called a symplectic reflection hyperplane. A finite subgroup G of Sp(V,w) is called a
symplectic reflection group if it is generated by the symplectic reflections it contains. Also, given a finite group G,

a symplectic representation of G is a triple (V,w, p) where (V,w) is a symplectic vector space and
p:G—Sp(V,w)

is a group homomorphism. It follows in this case that for a € S (G, V) we have that if a(s) # 0 for some s € G, then
codimfixy (s) = 2, that is, p(s) must be a symplectic reflection. Thus symplectic reflection groups provide a more

natural context to develop the theory of Drinfel'd Hecke algebras.
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The most natural example of a symplectic vector space is V = h* &h where b is any finite dimensional complex

vector space. Here the usual pairing
()b xh—C

extends to a symplectic form (still denoted by ¢,-)) on h* & h by declaring that each subspace h* and b is com-
pletely isotropic. Also, if (W,h) is a complex reflection group, then the representation of W in h* @ b is faithful
and moreover, is a symplectic representation (with respect to the symplectic form ¢:,-)). Also, each reflection
r € W becomes a symplectic reflection in h* & h and thus we can consider (W,h* & h) as a symplectic reflection
group. This observation leads somewhat naturally to the consideration of Rational Cherednik algebras in the next

chapter.

2.5. Cyclotomic degenerate affine Hecke algebras

Consider the cyclotomic groups G(¢,1, n). The symmetric algebra S(C") is (up to the choice of a basis, which
we always choose to be the standard basis of C") the polynomial algebr{]@[ul, ..., up]. The cyclotomic degenerate
affine Hecke algebra of G(¢,1,n) is the quotient of Cluy,...,u,] ® CG(¢,1,n) by the two sided ideal generated by

the elements

Ciuj—uil;, i,j=1,...,n,
Siuj—ujs;, J#ELI+],

Siljy1 — Ui S; —TT;, i=1,...,n—-1,
where, as in (2.12),
-1 ek
mi=Y (i, i=1..,n-1
k=0
We denote this algebra by H(¢, n).
PROPOSITION 2.28. [67, Proposition 5.2] The map

uj — ¢ i=1,...,n

w — w, weG{1,n
extends to a surjective C-algebra homomorphism H(¢,n) — CG(¢,1,n).
We also have the following PBW theorem for the algebra H(¢, n).
THEOREM 2.29 (PBW theorem for H(¢,n)). The multiplication map

Cluy,...,un)®cCGW,1,n) — H,n)
few — fw

is a vector space isomorphism.

This theorem will be proved in the next chapter (Subsection|3.2.3) as a consequence of the PBW theorem for

Drinfel'd Hecke algebras and the existence of an embedding of H(¢, n) into the rational Cherednik algebra.

Iwe use ui,..., un as indeterminates, to avoid a future change of notation where the indeterminates x,..., x5 will have other meaning.
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2.5.1. Some representations of H (¢, n). In what follows, we fix two nonnegative integers m and n, as well as

two ¢-partitions,

AbFpm+n and phk,m.
Consider the C-algebra homomorphism

Apn,m+n - H/¢,n) — CGU/,1,m+n)
Ui — (pi+m, i=1,...,n,

S; —  Siam, i=1,...,n—-1,

(l' — (i+my i=1,...,n.

The image of ay,,,+n is contained in the centralizer
Zn,m+n(CG(4,1,9) = Z(CG(¢,1,m+n),CG(¢,1,m)),
and consequently, the vector space
SMH = Homego,1,m (S*, Res " (51))

has a natural structure of Hy ,-module.
Let {vr | T € SYT(v)} be a Gelfand-Tsetlin basis for S, v being an arbitrary ¢-partition. For each U € SYT(A\ u)
define

wy: SH — Res!t(sh

vr — VUruu.

PROPOSITION 2.30 (Young seminormal form for skew shapes). We have that S™'¥ = 0 unless u < A in which case
the set

fwy | UeSYT(A\ w)}
is a C-basis for SMF.
PROOF. This is an application of Theorem If p & A then [Res?*"(S1) : S¥| = 0 and thus S*'¥ =0. If uc A,
then
IRes " (81) : S#| = dimHomege,1,m) (S*, Rest " (S)) = dim S*'¥,
and also
IRes”*(SY) : SH = l{u=Ao /A1 /- / As = A} = [SYT(A\ ).

Thus the dimension of S*'# is equal to the cardinality of the set | SYT(A\p)|. The set {yy | U € SYT(A\ w)} is clearly
a linearly independent set in $*, with cardinality dim $*'* and hence a C-basis for S*'*. O

REMARK 2.31. Note that if A’ and g’ can be obtained by the same diagonal slides performed on A and y, then
the spectral information of the Jucys-Murphy elements, remains unchanged, as it only depends on the contents
on the boxes and the values of the positioning function § (and the tableaux, of course, but any slide induces a

bijection between tableaux). In particular, this implies that S*'# = SAW
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2.5.2. Skew-shape indexed representations. Given a complex number a € C we define

to: HW,n) — H{,n)
U; — u;+a, (2.21)

w = W.

It is easy to see that ¢, is indeed a well defined automorphism of H(¢, n).

There is another automorphism of H(¢, n) defined by

p HWn — HECn

1273 = —Up-i+1 2.22)
Ci = Cn-i+1,
Si —  Sp—i.

Note that if wy is the largest element in S, with respect to Bruhat order or equivalently, the longest element of
the Coxeter system (S, {s1,...,Sp—1}) [12} Chapitre VI, § 1, No. 6, Corollaire 3], then wg =1 and

p)=woC;wo and p(s;) = wos; wo,

so both p and t, preserve the group algebra CG(4,1, n) and moreover are induced by an inner automorphism of
G, 1,n).

If M is an H(¢, n)-module, then the twisted module M (recall (T4)), for 6 = t, or 6 = p is isomorphic to M
as a CG(4, 1, n)-module.

Now, let D < R% x (Z/¢Z7) be a ¢-skew-shape and let Dy, ..., D be its connected components. After diagonal
slides, we can assume that for each (x, y) € D; we have y € Z and that the sets {y | (x, y) € D;} are mutually disjoint,
for i =1,...,s. This means that there are a;,...,a; € C, integral skew-shapes A; \ us,...,As \ 1y and a skew-shape
A\ u such that

Di=2Ai\p; +(a;,0), i=1,...,5s
the skew-shape A\ 1 equals the disjoint union
N
A\ M= ]_[ Ai\ i
i=1
and the integral skew-shapes A; \ yy,...,A5\ ys are the connected components of A\ u. Nor the a;’s the integral

skew-shapes A; \ y; or the skew-diagram A\ y are uniquely determined by D. Define

D: H(,n) tay A\ o las As\ s
§7=Indy )3\ e HE A (ST @ @ ST

It follows from Remark that SP is independent, up to isomorphism, of the choices of the a;’s and the A;\ y;’s.

Moreover, as i, are the identity on the corresponding group algebra, we have that

Rescqim =S -

2.5.3. Cyclotomic Littlewood-Richardson numbers. Again, fix nonnegative integers m and n and ¢-partitions
Ab¢m+n, pty mand v, n. By tensor-Hom adjunction and Frobenius reciprocity, we have the following nat-

ural isomorphisms

Homggz,1,m (SY, Homeg,1m (SH, Res™ (1)) = Home gz, 1,myx e 1,.m) (SF ® S¥, Res 71 (8))

~ G(4,1,m+n) vy ol
:HomCG(lvlvm‘*’")(IndG([,l,m)xG([,l,n)(SM®S ), S%)
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We shall write Ind”**" instead of (Indggi’i’m”) to ease notation. The cyclotomic Littlewood-Richardson num-
) ,1,m)xG(¢,1,n)

bers are defined as the integers
¢}, = dime Homeg, 1, mem (Indji i (S* @ 8%), ).

Define also
VA .
¢, ! = dime Homego,1,n) (Y, Homeg,1,m) (SH, Res 7 (81))),

so that we have

oyt =ch,. 2.23)

A simple application of (7.3) and (9.4) of Appendix B to Chapter I in [56] shows the following

PROPOSITION 2.32. Let A= (AO,...,/Ie‘l), U= (,uo,...,,uf‘l) andv = (VO,...,V[_I) be three ¢ -partitions. Then
PR =Y,
Cuy = H Civi-
j=0
Following the notation of we define

cf,) = cﬁ\“,
so that as CG(¥4, 1, n)-modules, we have
SP =P

v
2.5.4. The cyclotomic Vazirani theorem on independence of characters. We present a cyclotomic version
of M. Vazirani’s theorem on the linear independence of characters [76, Theorem 5.11].
Consider the commutative algebra u; = C[u, x]/(x —1). We write ¢ for the image of x in u;. For any complex

number a € C and any integer b € {0,...,¢ — 1}, set
La=C
and give it a u;-module structure by declaring
u-z=az and f-zz(bz, zeC.

This is obviously an irreducible u;-module. Conversely, if L is an irreducible u;-module, as u; is a finitely gener-
ated commutative C-algebra, by the Nullstellensatz, L must be one-dimensional, so we can assume, with no loss
of generality, that L = C as C-vector space. Then x acts by an scalar a and as ¢ has multiplicative order ¢ it must
act by a £-root of unity, namely ¢ for some b€ {0,...,¢ —1}. Thus L= L(a, b). Hence every irreducible u;-module
is isomorphic to L(a,{”) for some a € C and some be Z/(Z.

Now, let u be the (commutative) subalgebra of H(¢, n) generated by uy,...,u, and (y,...,{,. It is clear that
U=U;®cU; ®c- -Qcuy (n times).
Hence the irreducible u-modules are of the form
L(a, ™, ... an, (") = L(a1, (™) @ - © L(an, ¢,

that is, the irreducible u-modules are parametrized by points in (C x u,)".
The induction functor
Ind“™ :y-Mod — H(¢, n)-Mod

is exact, because by the PBW theorem, H(¢, n) is a free u-module: the multiplication map

C,u;’ ®cCS, —CGY,1,n)
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provides a vector space isomorphism, thus by the PBW theorem, we obtain an isomorphism of vector spaces
u®cCS;, =Cluy,...,unl ®cCur®cCS, = HY, n).

Thus the elements of S;, are a free basis of H(¢, n) as u-module.
Let K(H(¢, n)) be the Grothendieck group of the category of finite dimensional H(¢, n)-modules and K (u) the

category of finite dimensional u-modules. The restriction functor, being exact, induces a group homomorphism

ch: KHEn) — Kuw
(M] —  [Res™ ().

If M is a finite dimensional H(¢, n)-module, we define the formal character of M as
ch(M) = ch([M]).
THEOREM 2.33. The map ch: K(H(¢,n)) — K(u) is injective.

The proof of this theorem is completely analogous to that given in [52, Theorem 5.3.1], so we omit it.

2.6. Dunkl operators

We know review the construction and elementary properties of Dunkl operators. These are commutative
differential-difference operators associated to complex reflection groups, and where introduced by C. Dunkl in
[23] for finite real reflection groups and then extended by C. Dunkl and E. Opdam in [24] for complex reflection

groups.

2.6.1. The parameter space. Let (W,h) be a complex reflection group, T = T(W) its set of reflections. The

vector space CT of functions ¢: T — C is endowed with a natural action of W, namely
(w-c)(r) = c(wrw_l), weW, ce CT, refT.

We write G = € to the note the space of fixed points under this action, that is, the set of functions ¢: T — C
such that c(wrw™") = ¢(r) for all r € T and w € W. We call ¢ the parameter space of W. Then % is a C-vector

space whose dimension equals the number of conjugacy classes of reflections in W, that is
dim¢c € =|T/W]|.

We usually write ¢, instead of ¢(r) for re€ T and ce %.
Let </ the set of reflecting hyperplanes of (W, ). Recall that for every H € <7, the pointwise stabilizer Wy of
H is a cyclic group consisting of 1 and those reflections r € T such that fix(r) = H. Moreover, if He 7, re€ Ty =

Wi\ {1} and w € W, we have that

w(H) = fix(wrw™) and Wy = wWrw™ L.
Thus the vector space % is isomorphic to the space of functions

c: U Hx{1,...,ng-1}—-C
Hed/

that are W-equivariant for the action
w-(H,j)=(w(H),j), weW,Hed/,1<j<ng-1.
Again, we write cy,; instead of ¢(H, j). We can also consider the action of W on the set

U {H} x (W \ {1}
Hed/
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where Wy is the (multiplicative) group of characters of the abelian group Wy. Note that W acts trivially on Wy

and thus on this set by the formula
w-(H,y)=(wH),y), weW, He.d, y€ Wy \{1}.
Clearly there is a W-equivariant bijection

Unea tH} x (1,o,nr =1} = Upeer (HY x (Wi \ (1))
(H,j) — (Hyxl)
where yp is any generator of the cyclic group Wy. Thus we can also consider the parameter space as the space

of functions

c: | (Hyx (Wy\1p) —C
Hed/

which are W-equivariant.
Now assume that W = G(¢,1,n) and h = C" and let Ty,..., Ty—; be the conjugacy classes of reflections de-
scribed in and (2.3). There is an obvious isomorphism
¢ - cf
c — (c(To),c(Th),...,c(Te-1))
where ¢(Ty) = ¢, for any r € Ty, which is well defined as c is invariant under conjugation. Nevertheless there is

another reparameterization which will be useful for us in this case. Define linear functionals

co,d,...,dp_1:%¢ —C

by
-1
co:c—c(Tp) and dj(0)=Y ¢Fe(Tp), j=1,...,0-1,ce%.
k=1
Then we obtain a linear map
¢ - !

(2.24)
¢ — (cole),di(c),...,dp-1(c).

In matrix form, we have

1 0 0 cee 0 Co Co
2 ¢t a di

0 (2 (4 (2(4_1) ¢ |=| 4

o (v u-n L ey e,

The determinant of the matrix of this system is

1 0 0 0
1 g ([—2
0 ¢ ? [ 2 200-2)
B N L S
(2 (4 (2(1 1 :(1+2+---+(€ 1)
: : : . : -1y .. (-1)(¢-2)
0 (1—1 (Z(I—l) ((I—IM—I) 1< ¢

4
2

=By, @B,

where

Varené= [l €-¢p

l<i<jsn
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is the Vandermonde determinant. As i # ¢/ for 1 < i # j < n, we deduce that the above matrix is invertible and
thus the map (2.24) is a vector space isomorphism.
We define a functional dj by the equation

d0+d1+'°'+d[_1=0

and define d; for any je Zby d; = dy if k€ {0,...,¢ -1} and j = k (mod ¢). Then, we have an easy formula for

the inverse of (2.24):
1 /-1 .
ce=- (I, k=1,...,0-1. (2.25)

¢ j=0

When working with the groups G(¢,1, n) we will always identify % with C’ via this last isomorphism and write

(co,ds,...,d¢_1) for an element of the parameter space.

2.6.2. Dunkl operators. Let h) be a finite dimensional complex vector space and y € . The linear functional

b* — C
x - ()
extends uniquely to a derivation
0y :Clhl — C[h].

Indeed, 9y is precisely the directional derivative in direction y, that is,

—s

o fle+ty) = f(2)
0y f)(2) = ltlr% SEe—

If (W,b) is a complex reflection group with set hyperplanes .7, let ay € h* be a linear functional such that
ker(apy) = H for each H € 7. Then W acts on the set

b=\ U H

Hedf

of W-regular points, that is, points whose W-stabilizer is trivial. If we write

5= T aueci,
Hedf

then the ring of polynomial functions on h° is the localization
Clh°l=Chlo™1.

We write D(hH°) to denote the algebra of polynomial differential operators on h° (that is, the ring of differential
operators on C[h°] [19} Chapter 3]). Then D(h°) is the subalgebra of Endc (C[h°]) generated by the derivations ),
for y € h and the elements f € C[h°] considered as multiplication operators, that is
f+ €l — CIb°]
g - fg
The action of W on §° induces an action on C[h°] and hence on End¢(C[h°]) by

(w-0)(f)=whw™"-f).

This action stabilizes the subalgebra D()H°) < End¢(C[h°]) and thus W acts on D(h°) by C-algebra automorphisms.
Thus we can construct the algebra D(h°) x W as in[0.1.1]
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Let % be the parameter space of a complex reflection group (W, ) and let 7 € C be a complex number. For
each c€ €, and y € h the Dunkl operator D, (y) € D(h°) x W associated to y and c is the operator defined by the

formula

Den(f) =hoy(f) - Y cr<ar,y>f_a’(f), Fecml.

reT r

Actually this definition works for any holomorphic function on §°, but we won’t need such generality. If f:h° — C
is a polynomial function then f — r(f) vanishes on fix(r) and thus f —r(f) is divisible by a,. So D ;(y) preserve
polynomial functions and is homogeneous of degree —1. When 7 = 1 we write D.(y) instead of D.;(y). Recall
that a, is any functional such that fix(r) = ker(a;) and two such functionals are linearly dependent. So D (y)

does not depend on the choice of a,. In particular, we can replace a, by ay where fix(r) = H. If y € Wy, we let

1 _
emy=— 3. xwHwecwy
H weWpy

be the corresponding primitive idempotent of the group algebra of Wy and define

1
cny=— ) ¢(1-x(n)eC
HreTH

Then we can rewrite the Dunkl operators as

am,y)
Dc,h(y)(f):hay(f)— Z ﬂ Z CHyNHEeH,y-
Hew/  CH  yejvny

This was, up to sign, the original definition given in [24} Section 2.2].
We have a C-linear map
Dep: b — DO)xW
Yy = Dcn(y),

thus the set of Dunkl operators is a vector subspace of D(h°) x W.
PROPOSITION 2.34. [24, Proposition 2.1] The map D,y is W -equivariant. More precisely, for we W and y € b,
wDep(y)w™" = Dep(w(y)).
The most important property (for us) of the Dunkl operators is their commutativity:
THEOREM 2.35 (Dunkl-Opdman). If y;,y2 € b then
Den(y1)De,n(y2) = De,n(¥2) D (y1)-

This theorem was originally proved in [24, Theorem 2.12]. A very elementary proof of this result was given

by P. Etingof (see for example [25, Theorem 6.5]).
PROPOSITION 2.36. For x€ h* and y € b, we have

[Den (1), x] = 1(x, yy = Y (x, @) ar, y)T-

reT

More generally, if f € C[b],

[Den(y), f1=00y(f) = D _(ar,y)

reT a

f — (f) r.

PROOF. The first part is a straightforward computation. The second one follows from the first and induction
on the degree of f. d
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If again K is a commutative C-algebra, we can set K[h] = K ®¢ C[h], and the formulas for the Dunkl operators
define an endomorphism of K[h]. When K = C[#, (¢;),e7] is the ring of polynomials in indeterminates 7 and

(¢cr)rer such that ¢, ,,-1 = ¢, for all r € T and w € W, the endomorphisms

Dy): Kbl — KIb]

fooe By - Trererlan )

r

will be called generic Dunkl operators. Note that they preserve the polynomial ring K[h]. The same proof given

by Etingof in [25, Theorem 6.5] shows that these generic Dunkl operators commute.

2.6.3. Dunkl operators for G(¢,1,n). For the groups G(¢,1,n), there is a more explicit expression for the
Dunkl operators in terms of the parameters ¢ = (¢g, dy,...,d¢-1) € c’. Let xi,...,x, be the basis for (C™)* dual to
the standard basis of C”, that is

XY, ¥)=Yi, 1, yn) €C™

First, note that if r € T;;, we have r :(f(i j)(l.‘k forsomel<i<j<nand k=0,...,¢ -1 and we can choose
ar = jk :xi—(kxj.
IfreTforl<k</¢-1then r:(f forsomei=1,...,nand k=1,...,¢ —1. In this case we can choose
ar=a; = Xj.

Then the Dunkl operators D, ;(y;) take the form

ck(z NGRS G
Den(yd)(f) = h—f—co > Zf ]k ! Ckf ’f,
Xi 1<j=nk=0 —{Fx k=1 Xi
J#i

where ¢y = ¢(Ty) for k=0,...,£—1. Under the reparameterization (2.25), we have

Ggapgt 1l

Dch(yt)—h__co > > - — Y dje;; (2.26)
Xi 1<j<nk=0 xi—¢ Xj lj 0
J#
where
1?—1 vk
eij:ZZ(_] {5, j=0,...,0-1, 2.27)
k=0

are the primitive idempotents for the cyclic subgroup Wy where H = fix({;). In (2.26) we agree that numerators
precede denominators when acting on a polynomial function.

We also have the following commutation relations in the algebra D((C")°) x G(¢,1, n):

/-1
[Dh,e(yi), Xj1 = x;Dpe(yi) +co Y. C5¢EG ek, 1=i#j=n, (2.28)
k=0
and, fori=1,...,n,
[Dp,e(yi), xi] = xiDp,c(yi) + i —co ) Zc’(u)c k Z(d —dj_1)eij. (2.29)
1<j=nk=0

j#i
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2.6.4. The Euler vector field. Let (W,h) be a complex reflection and n = dimb. Fix a basis x,...

dual to a basis y1,..., ¥, group and let eu be the Euler vector field, which is defined by

n
eu=)_ x;0y,.
i=1

It is easy to see that the definition of eu is independent of the choice of the pair of dual bases x;,

Y1,---,¥n for h. Recall that if f € C[h] is a homogeneous polynomial of degree m, then
eu(f)=mf.

If 7 # 0 then we define a scaled Euler vector field by
eu; =Fheu.

Then
eup = Z XiDep(yi) + Z cr(1—r),

i=1 reT
and in particular, as {w(x1),..., w(x,)} is a basis for h* dual to {w(y1),..., w(y,)}, we deduce that
weuy wl= eup, weWw.
Also, a simple computation shows that

leup, x)=hx and [eup,Dep(y)l=—-hDen(y), xeb*,yebh.

, X, for h*

..o, X, and

(2.30)

(2.31)

(2.32)

(2.33)



CHAPTER 3

Rational Cherednik algebras

Through this chapter, unless otherwise stated, (W, })) denotes a complex reflection group, T its set of reflec-
tions and 7 is set of reflection hyperplanes. We denote by ¢ the space of parameters for W. If H € o/, then Wy
denotes the pointwise stabilizer of H in W and ngy = |Wy|. Also, Ty = Wy \{1}. If r € T we choose a, € h* such

that fix(r) = @, and a vector a} € § such that

r(x)=x—<{(x,a))a, xeh*.

3.1. The rational Cherednik algebra

Let (¢/)rer be a finite family of indeterminates such that ¢, ,,-1 = ¢, forall r € T and w € W and let i
be another indeterminate. Let A = C[#, (¢;)re7] be the ring of polynomials in the indeterminates 7 and (¢;)reT
with coefficients in C and set A[h] = A®c C[h]. The rational Cherednik algebra H(W,b) is the A-subalgebra of
End4(A[b]) generated by

(1) The algebra A[h] (acting on itself by multiplication),
(2) The group W, and
(3) The Dunkl operators D, ;(y) for y € b.

If we choose c€ €, h € C and endow C the the structure of an A-module by means of the specialization map

A — C given by ¢, — c(r) and 7i — K, we write
Hc,h (Wr h) =C ®A H(W) b)

In this case we call c € 4 the deformation parameter of H. ;. When 71 = 1 we write H.(W, ) instead of H (W, b).

Also, we can consider the field

K = Frac(A)

of fractions of the integral domain A. In this case the K-algebra
Hgen =K ®4 H(W, )
is called the generic rational Cherednik algebra.
3.1.1. Generators and relations, PBW theorem. We now prove the following theorem.

THEOREM 3.1. The algebra H(W,b) is isomorphic to the quotient of T(A®c (h* ® h)) x W by the relations

(x,x'1=0, [3)1=0, x,x'e€bh*, ) eh, (3.1
and
Xl =R,y = Y c{x,a)ary)r, xeb*,yeh. 3.2)
reT

Temporarily denote by H the quotient of the algebra T(A®c (h* & h)) x W by the relations and (3.2).

67
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LEMMA 3.2 (PBW theorem for H). If x1,..., X, is basis for b* and y\,...,yn is the corresponding dual basis of b,
then the set

{xil-ux,‘pyjl-uyjqwllsilsu-sipsn, lsp<-<jg<n weW}

is a basis for H as a free left A-module.

PROOE. If w € W is not a reflection nor 1, set {-,-),, = 0. Let (.,); = fi(-,-) where (,-) is the dual paring of
h* and b extended to a skew-symmetric bilinear form on h* @ h and where both h* and § are totally isotropic
subspaces. Finally, for r € T, let

)= crlxa)Xar, y)

again extended to a skew-symmetric bilinear form on A®c (h* @ h) such that both A®ch* and A®ch are totally
isotropic. Then we have the data to construct the Drinfel'd Hecke algebra H. A simple inspection reveals that H
is the quotient of T(A®c¢ (h* @ h)) x W by relations and (3.2), thus H=H

Thus it is enough to show that H satisfies conditions (a) and (b) of Theorem Condition (a) is obvious
because c,,,,,-1 = ¢ forall we W and r € T. To prove (b), let x,y,z€ hubh* (yes, the union, not the direct sum,
because by 3-linearity it suffices to prove this conditions for vectors in h* and/or h). If x,y,z€ h* or x,y,z€ b,
then the left hand side of (b) equals zero because h* and h are isotropic subspaces of (h* @b, (-,-),,) forall we W.
For w=1 and w e W\ T the identity is obvious. So take r € T. We have, up to permutation of w, y and z, two

cases:
e x,yebh* and z€h.
X, r(r(2) = 2) + (3, 2)r (r(x) — X) + {2, ) (W(y) - y)
=c (Y, ) ay, 2)(x, a)Ya, — cp{x, a) Yar, 2)(y, a))
=0.
e xeb* and y,z € h. The computations are similar to those in the former case.

O

Because W acts by graded A-algebra automorphisms on T(A®c (h* @ b)) then if we put h* and b in degree 1
and W in degree 0, we have that T(A®c (h* @ h)) x W is a graded A-algebra and thus H is a filtered algebra. We
denote by FH the degree < m part of H.

LEMMA 3.3. gr(H) = A[h* @ h] x W as graded A-algebras.

PROOE. Let x1,..., X, be a basis for h* and yy,..., y, be the corresponding dual basis of ). Then
A[b* ®C] = A[xlr---;xn,_)/l,-u,_)/n],

where we consider y; as a linear functional on h* via the usual identification h** = h.
By the PBW theorem for the algebra H we have that

F™H =span,{x, -+ Xj,¥j, - Vj,wll<i1 < <ip, 1< 1< < jg, p+q<m, we W}
Define an A-linear map
F™H — Alh* @ b, ® 4 AW
by
Xiy o Xi, Vi Vi, @w ifp+g=m,

xil...xipyjl...yjqwn—»
0 ifp+g<m.
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This induces a A-linear isomorphism
Wt gr(H)y, — Alh* @b, ® AW,
and these isomorphisms assemble to a graded A-linear isomorphism
wigrH) — Alh* e hl ® 4 AW.
The verification that this is a A-algebra isomorphism is a straightforward exercise using the defining relations of

H. U

PROOF OF THEOREM[3.1l By Theorem and Proposition there is an obvious surjective A-algebra ho-
momorphism
F:H— HW,h) — D) x W

given by
xX—x, w—uw, y—D()
for xe h*, we W and y € b. It is enough to prove that F: H— D(h) x W is injective. We consider the filtration on
D(h) x W, which is given by declaring
degx=1, degdy,=1 and degw=0
for xe h*, ye h and w € W. Then it is clear that F is a filtered homomorphism of algebras and thus induces a
graded algebra homomorphism
gr(F) : gr(H) — gr(D(h) x W) = A[h* @ h] x W,

which is clearly an isomorphism. Thus F is injective. d

From now on we do not make any distinction between the algebra H(W,§) and the one given by generators
and relations. When W and b are clear for the context, we write Hgen (resp. H. s, resp. H.) instead of Hgen(W, )
(resp. H¢n(W,h), resp. H.(W,h)).

As a consequence of Theorem 3.1]and Lemma 3.2]we have the following
THEOREM 3.4 (PBW for the Rational Cherednik algebra). The multiplication map

Albl®s AW 4 Alh*] — H(W,b)
fWewegy) — [f(X)wgD(y)

is a vector space isomorphism.

Here, if g(y) = y;" -+ yn" € K[h*] is a monomial (in some basis y1,...,y, of h), we set
gD () =Dyn)™---D(yn)",

and extend it by linearity to A[h*].
Again, thanks to Theorem 3.1} we can denote by y the Dunkl operator D(y) when considered as a element in
Hgen.
gen

Moreover, by Lemma [3.3] we have the following
COROLLARY 3.5. For specialization of parameters c€ ¢, I # 0, the algebra H, (W, ) is a Noetherian K -algebra.

PRrROOF. The graded C-algebra gr(Hgen) = CIh®bh*] x W is Noetherian, being a finite extension of the Noether-
ian algebra C[h* @ b] (that is, C[h@ h*] x W is finitely generated as (left and/or right) C[h* & h]-module). Thus H,p

is also Noetherian. O
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REMARK 3.6. If we specialize parameters by taking ¢ € ¢ and & # 0, we obtain the corresponding results for the
rational Cherednik algebra H,. 5 and if we extend to K also for the generic rational Cherednik algebra.

The reason for taking 7 # 0 is that when 7 = 0 the homomorphism F in the proof of Theorem is not
injective. For this reason, some authors define rational Cherednik algebras by generators and relations, without
the extra condition of 7 # 0. In the next chapters we will always be considering the case 7 = 1, so there will be no

need to have this hypothesis in mind.

3.1.2. Standard modules. If E is a C-linear representation of W, and denote again by E its extension of

scalars A®c E. We can extend the action of AW on E to an action of A[h*] x W by declaring
g-e=g(0e, geAlh’], eeE.

Thus E becomes a A[h*] x W-modulo. By the PBW theorem, A[hH*] x W identifies with the subalgebra of H(W, )

generated by W and the Dunkl operators, so we can define

HW,b)

A(E) =Ind}{ 1))

(E) = HW,H) ® arp+ 1w E.
The PBW theorem also implies that H(W, ) is a flat right A[H*] x W-module. As a consequence the functor
A:CW-Mod — H(W,h)-Mod

is exact.

Again, by the PBW theorem we have that, as A[] x W-modules,
AE)Z Alhl® 4 E

REMARK 3.7. It is useful to see how the elements of W and the Dunkl operators act on A[h] ® 4 E under this

isomorphism. Let f € A[h] and e € E, then, for w € W we have
w-(fee)=[wflee+ fwee=(w(f)+f)ewe

and for y € h, from Proposition and the fact that y-e=0,

y-(fee)=[y flee+ fyee=ho,(flee— Y Crmr’y)f—r(f)

reT r

®r(e).

Note in particular that if f has degree < d, then y- (f ® e) is a linear combinations of simple tensors of the form

fi®ej where fj € Alb] has degree <d -1 and e; € E.

If E is an irreducible CW-module, we call A(E) a standard module.

In particular if we take E = triv, the trivial representation of W, then
A(triv) = A[b]

and a simple inspection shows that for y € h and f € A[h], we have

f-riH)

a

y-f=ho,(f)- ) clary

reT

=D/,

thus A(triv) is precisely the defining representation of H(W,h) as a subalgebra of End 4(A[h]). We call A(triv) =
Alb] the polynomial representation or the Dunkl representation of H(W,§).

When we specialize parameters to ¢ € 4 and 7 € C, we write A, ;(E) for C®4 A(E). If i = 1 we write A(E)
instead of A, (E).
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3.1.3. Category O. Assume that we have fixed ¢ € ¢ and % € C\ {0}. The category O, (W,h) = O, is the full
subcategory of H,;-Mod consisting of finitely generated H,;-modules M that are locally nilpotent with respect

to b, that is, for each m € M there is a positive integer n (depending on m) such that
yl cen yn m= 0
for all yi,...,yn€bh.

EXAMPLE 3.8. If E is a finite dimensional representation of W then A5 (E) is an object in O, ;. In particular, any
standard module belongs to O, j;.

Indeed, if u € A ;(E) = C[h] ® E (again, by the PBW theorem), we can write
S
u=y fi®oe;
j=1

for some fj € C[h] and e; € E. Then if n = 1+ max deg f; we immediately see from Remark that

1<js<s
yl...yn.u:()

for all yj,...,yn €b.

It follows immediately from the definition that category O is closed under subobjects, quotients and ex-
tensions, so O,y is a Serre subcategory of H.-Mod and in particular is an abelian C-linear category.

We denote by (h) the ideal in C[h*] generated by §. This is precisely the ideal of all polynomials f such that
f(y)=0forall yebh. For any d € Zs, the quotient C[h*]/(h)% has a C[h*]-module structure and thus if E is a CW-
module, then C[b*]/(h)d ®c E has a C[h*] x W-module structure. Thus we define the thickened module A, p q(E)
by

Acna(B)=Indgh  (ClH"1/ (0) & E)

for any CW-module E. Note that as C[h*](h) = C, we have that A ;0(E) = Ay ;(E). We call Ao q4(E) a thickened
standard module if E is an irreducible CW-module.

A A-filtration of an H; p-module M is a finite filtration
0=MycMyc---cM;=M
consisting of H. j;-submodules such that
MiiMi 2 @ Acp®FED
Felrr(CW)

for some non-negative integers k(F, i), foralli=1,...,t.

THEOREM 3.9. —

(1) IfE is a finite dimensional CW -module, then the thickened module A,y 4(E) has a A-filtration. In par-
ticular, the thickened modules lie in the category O .

(2) Each object in the category O,y is a quotient of a finite direct sum of thickened standard modules. As a
consequence, since each thickened standard module is finitely generated as a C[h]-module, each object in
Oc,n is finitely generated as a C[h]-module.

(3) 31} Proposition 2.2] O,y is the Serre subcategory of H. ;-Mod generated by the standard modules A j; (E)
for E e Irr(CW).
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PROOF. (1) For each me€ {0,...,d}, let
pm:ClH*1/(9)* —CIH*1/ ()™

be the natural projection homomorphism and K;(d — m) = ker(p;,). Then

Mp = Hen ®cih*)xw (Kg(m) &c E)
is a submodule of A, j; 4(E), and we have

0=Myc M c---cMg=AcpalE).
For each m € {1,..., n} we have an exact sequence of C[h*]-modules

0— Ky(m—1) — K;(m) — Kz (m)/Kg(m—1) — 0,
and hence an exact sequence of C[h*] x W-modules
0—Ky(m—-1)® E— K;(m) ® E — K;(m)/Kz(m—1)® E — 0.

Note that each y €  act on K;(m)/K;(m—1) ® E by zero. The space K;(m)/K;(m—1) ® E is a finite dimensional
representation of W, and we can decompose it into irreducible CW-modules:
Ka(m)/Kgim-1)®E= @ FeKEmD,
Felrr(CW)
where k(F,m,E) =|Kz(m)/Kz(m—1)® E: F|. This is actually a decomposition of K;(m)/K;(m)®E as a direct sum
of C[h*] x W-modules. Then, as H,, is flat over C[h*] x W, we obtain an exact sequence
0—=Mp1—Mu— @ AcaB)*E™E o,
Felrr(CW)

which completes the proof.

(2) Let M be an object in O, ;. Then M is finitely generated as a H.j-module. Let my,...,my be a set of
generators of M. We can assume that the set {my,..., my} is preserved by the action of W, for otherwise we
substitute it by the greater set

{w-m;li=1,....k, we W}

Let d = 0 be an integer such that y;---y4;-m; =0forall y;,...,ysehand i =1,..., k. Set

E= é Cm;
j=1
Then V is a finite dimensional CWW-module, and we can decompose it into irreducibles:
E= @ F.
Felrr(CW)
Consider the map
Aena(E) = Hep®cipaw €OV (H)Y®E) — M
he(fem) — h-(f-my).
This is surjective H; -module homomorphism. Thus M is a quotient of
AenaB)= @  Acpa®)®,
Felrr(CW)
as desired.
(3) By Proposition part (1), the thickened standard modules belong to the Serre subcategory A of H.;-Mod
generated by the standard modules, and by part (2) any object in O, also belongs to .A. Thus O.; < A. The

other inclusion was stated before. O
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3.1.4. Internal grading and irreducible objects in category O. Assume that 7 # 0. Recall from that
euy = Xn: Xiyi+ Z cr(1-r1),
i=1 reT
thus the Euler vector field eu = Z?:1 x;0y; belongs to H¢ . If E is an irreducible CWW-module, then eu acts on the
subspace E = 1® E of the standard module A, ;(E) by the element z =} ,crc,(1 —r) (because each y € ) acts on
E by 0). Because z is a class sum, it belongs to the center of CW and hence acts on E by a scalar cg (by Schur’s
lemma). It follows easily by induction on the degree of f € C[h] and formulas 2.33), that if f is a homogeneous
polynomial of degree d, then

eu(fee)=(cg+d)f®e,

hence

Ac,h(E): @ Ac,h(E)k+cE;
keZ>g

where for any complex number a, we set
Acn(E)g={me A p(E) | eum = am}.

Let M be a submodule of A, ;(E), then by [51, Proposition 4.5] it follows that M inherits the grading of
A¢ p(E), and thus

M= @ MCE+]C
kEZzo

where

MCE+]€ =Mn Aﬁ,h(E)CE+k’ k € ZEO'

Then the quotient A, (E)/M is also graded, more precisely
Acp(BYIM= @ Aen(B)/ M) gk
kEZzo
where

(Ac,h(E)/M)cE+k = Ac,h(E)cE+k/McE+k

for each k€ Z5y.
For this reason we refer to any quotient M of a standard module A, 5 (E) as a lowest weight module with lowest
weight E. The lowest weight space of M is, by definition M,,. Observe that M., = 1® E = E as a C[h*] x W-module.
From Theorem it follows that if M is an object in O, p, we have
M= M,
aeC

where, for each ae C,

Mg={meM| (eu—a)Nm =0 for some N € Z-q}.

Moreover M, # 0 if and only if a = cg + k for some E € Irr(CW) and some k € Z¢. For this reason, the Euler vector

field eu is also called the grading element.

REMARK 3.10. A previous version of this chapter included a remark apologizing for an entirely unnecessary re-
mark, inserted solely to preserve numbering alignment with the original paper where the next proposition first
appeared. Since this chapter was later renumbered (it used to be Chapter 2), that numerical alignment is now
broken—and so is the justification for the original remark. This meta-remark stands as a modest memorial to

that noble but ultimately futile attempt.
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PROPOSITION 3.11. [31} Proposition 2.11] Each standard module A,y (E) has a unique maximal proper submodule

Jen(E). In particular, it has an unique simple quotient L. ;(E). The set
{L¢n(E) | E € Irr(CW)}
is a complete collection of pairwise non-isomorphic simple objects in O. . In other words, the map

Irr(CW) — IrrOcp
E ~ Lcﬁ(Ej

is essentially bijective.

PROOFE. Because 1® E = A. ;(E), generates A.;(E) as a C[h]-module (and hence as a H; ;-module), we de-

duce that M., =0 and consequently

Me @ An(B)eprk-
k€Zsq
Thus the sum J. 5 (E) of all proper submodules of A (E) is contained in @ez., Aci(E)cz+k and is the unique
proper submodule of A, (E).
Note that the preceding argument also shows that L ;(E)¢; = Agp(E)e; = 1® E.

Let L be a simple object in O, then Res. " (L) # 0 and there is an irreducible CW-module E such that

Clh*Ixw
g%h*] ww (L) # 0. By Frobenius reciprocity (Theorem i we deduce that Homp, , (A p(E), L) #

0, thus F is a simple quotient of A; ;(E) and thus L = L. ;(E).

Homc[h*] ><1W(E’ Res

Finally, assume that E and F are irreducible CW-modules. Then if L. 5 (E) = L. 5 (F), they must have isomor-
phic lowest weight spaces, thus 1® E=1® F as C[h*] x W modules and hence as CW modules. U

3.1.5. Characters. Given any finite group G, we denote by R(G) its representation ring over C, that is, the
Grothendieck group K(CG) of the category of finite dimensional CG-modules. Recall that R(G) is the Grothendieck
completion of the abelian monoid of isomorphism classes [M] of finite dimensional CW-modules M, where the
sum is defined by

[M]+[N]=[Me NI].

Now, if E is an irreducible CW-module, we define the graded character of the simple module L. ;(E) as the

formal Hahn series

char(Les(B)(8) = Y [Len(E)epri) €5 € ROV [[£5]).
k=0

On the other hand, the Kazhdan-Lusztig character of L. ;(E) is the formal power series

o0

chargr (Len(E)(@) =Y. Y. dime(Ext' (A n(F), Len(E)IFIG" € RG],
i=0[FleW

where, as before, W denotes the set of isomorphism classes of irreducible CW-modules.

3.1.6. Fourier transform. Given a complex reflection group (W, h), there is a W-invariant positive definite

Hermitian form (:,-) on h. Indeed, take any positive definite Hermitian form (-,-) on b and set

1
Wi Y (wyn), w(ys).
weW

We agree that hermitian forms are antilinear in the first argument and linear in the second argument. From now

Y1, )2) =

on we fix such a W-invariant Hermitian form (,-) on . Then we obtain an antilinear isomorphism

v: h — b*
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We write ¥ € h* instead of v(y) for y € h and similarly X € b instead of v L(x) for x € h*. Note that

=x and y=y forxebh®,yeh.

=

Now, given c € ¢, we write ¢ to denote the parameter
¢ =c, rel.
LEMMA 3.12. There is an unique antilinear anti-isomorphism of C-algebras
w:Hep— Hyy

such that

wx)=X, w(@ =y and o(w)= w!

forallxeh*, yehand we W.
PROOE. Let(: W — W be the inversion anti-isomorphism, that is, ¢«(w) = w™!. The map
vievih*eh—heh*
extends to an algebra anti-isomorphism
Th*eh) —ThHeh")
that together with ¢ induces an anti-isomorphism
Th*eh) x W — T(Hheh*) x W.

It is straightforward that this anti-isomorphism maps the defining ideal of H, into that of H;7. By the same

procedure we construct an inverse for w. O

We call w the Fourier transform of H.j. Note that w maps elements of h*, which act on C[h] by multiplica-
tion, to Dunkl operators, which act as (deformed) differential operators and conversely. This justifies the name
“Fourier transform” for w.

A simple computation shows that

w(eup) = euy (3.3)

3.1.7. The contravariant form. In this subsection we assume that ¢ = ¢ and that 7 = 1 (and thus we omit 7

everywhere in the notation). In this case, the Fourier transform
w:H,— H,

is an anti-involution, that is, w? = 1. Note that in this case we have that
w(eu) = eu.

Let E be an irreducible representation of W and fix a W-invariant positive definite Hermitian form on E,
denoted by (:,-). The space C[h] ® E can be identified with the space of polynomial maps ) — E. More precisely,
given f e C[h] and e € E, for any y € h) we define

(fee)y)=rfWe,
so that f®e:h — E is a polynomial map. Now, by the PBW theorem we have an isomorphism of C[h]-modules
A (E)=CI[hl®E,

and in what follows we identify the standard module A (E) with C[h] ® E.
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We extend the W-invariant bilinear form (-,-) on E to A.(E) by the formula

(fi®er, fa®er). = (e, (w(f1)f>®e)(0)

where fi, f> € C[h] and ey, e; € E. It follows easily from the definitions that (:,-). is a Hermitian form on A (E). A

less obvious, yet straightforward, property is
PROPOSITION 3.13. For u,v e A.(E) and h € H, we have
(h-uw,v)c = (W, w(h) - V).

For this reason, we call (-,-). the contravariant form on A.(E).
Write

Ac(BE)= @ AcB)epen

neZsg

for the eu-grading of A.(E). If m # n are nonnegative integers, u € Ac(E)¢z+m and v € A¢(E)¢z+, wWe have
m+cgp(u,v)e = (eu-u,v)c = (u,w(ew - v). = (u,eu-v). = (u,v)c = (n+cp)(u, V),
but m+ cg and n + cg have distinct real parts, so the only possibility is that (u, v). = 0. Hence we have
(Ac(BE)egm Ac(BE)eg+n)c =0 ifm#n, (3.4)

that is, distinct eu-homogeneous components of a standard module are orthogonal with respect to the con-
travariant form.

In particular, the radical R.(E) of (-,-). is a H.-submodule of A.(E). It is a proper submodule, since
(1®el1®e).=(ee)#0

if e #0. Thus R.(E) < J.(E), that is, the radical R.(E) is contained in the maximal proper submodule J.(E) (a.k.a.
the radical) of A (E).

PROPOSITION 3.14. The radical of the contravariant form (-,-). is precisely the radical of A;(E).

PROOE. Let M be a proper submodule of A.(E), and write

M= @ MCE+n
nEZ>0
(recall that we already know, from that the cg-degree component of M is zero). Let m € M, e € E, then by
we have that (m,1® e). = 0. As the elements of the form 1 ® e. generate A (E) as an H.-module and M is a
submodule, we deduce that (M, A (E)). =0, that is, M < R.(E). Thus J.(E) € R.(E). O

As a consequence of this, the contravariant form descends to a non degenerate Hermitian form on L.(E),
which we also call that the contravariant form and still denote by (,-).. We say that L.(E) is an unitary represen-
tation of H, if the contravariant form (-,-); on L.(E) is positive definite. The unitary locus of E is the set of all
parameters ¢ € ¢ such that ¢ = ¢ and L.(E) is unitary. The study of unitary representations began in the paper
[26].
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3.2. Cyclotomic rational Cherednik algebras

We now focus on the rational Cherednik algebras associated to the complex reflection groups G(¢,1,n). We
use the reparameterization (2.24), and hence identify the parameter space € with C¢. We write ¢ = (co, d1, ..., d¢_1)
to denote the indeterminates, so that A =Cl[co,d;,...,dy_1], then define dy to be —d; —---—dy_; and dj to be d;
ifkez jelo,..., -1} and k = j (mod ¢). The algebra H(G(¥,1,n),C") will be called the cyclotomic rational
Cherednik algebra (CRCA for short) and will be denoted by H. From Theorem [3.1]and the commutation relations
and we obtain the following

THEOREM 3.15. The algebra H is the algebra generated by the polynomial algebras C|xy, ..., Xx,], Cly1,..., ynl and
the group algebra CG(¢, 1, n) with relations

wxiw™ = wx;p), wyi wl= w(y;), weGE,1,n),i=1,...,n, (3.5)
ok k
Vixj=Xjyi+co Y (GG PEGE, 1<si#j<n, (3.6)
k=0
and
1 . el
Yixi=xiyi+h—co Z Z Cape;T - Z(dj —dj-1eij, i=1,...,n (3.7)
1<j<nk=0 j=0
J#i

where e; is given in (2.27).

3.2.1. The Dunkl-Opdam subalgebra. Let ¢;,...,¢, be the Jucys-Murphy elements of the groups G(¢,1, n).
Recall that they are given by the formula

pi= Y FapGt i=1..n
1<j<i
0<k<l-1
Define elements z,...,z, € H; 5 by

zi=yixi+cp;, i=1,...,n.
PROPOSITION 3.16. (24, Theorem 3.8] For alli,j=1,...,n we have z;z; = z; z;.
For another proof of this proposition, take a look at [37, Proposition 4.2]. We also have

PROPOSITION 3.17. [37, Proposition 4.3] The following identities hold in H:
(@) Zi(j :{jzi foralli,j=1,...,n.

(b) If f is a rational function of z1,..., 2y, then

s
sif = (si-f)si—c()un,-, l<i<n-1,
i — i+l

where, for w € S, we have, as always,
(w-fz1,...,2n) = f(2q) -1 Zwn)-
In particular we have
ZiSi=SiZi+1—Com; l<i<n-1
and

ZiSj=S$;zi, j#L,i+1.
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We recall that
-1
=Y fek, i=1, 001
k=1
By the preceding propositions the subalgebra
tK = K[Z];--'rznr(l)uw(ﬂ]

of Hgen, which is generated by the elements z; and ; (1 < i < n), is commutative and we call it the Dunkl-Opdman
subalgebra. When we specialize parameters, we write t instead of t.

We intend to use t in a way similar to that of the Cartan subalgebra of a Kac-Moody Lie algebra, in the sense
that we will be interested in H.-modules that are t-diagonalizable.

The PBW theorem implies the following
PROPOSITION 3.18. ty is isomorphic, as a K-algebra, to K|zy,...,z,] ®K [K,u’l?.
There is a natural diagonal action of the symmetric group S, on tx given by

(w- Nz, 20,010 Cn) = FZway, - Zwm) Cwa)s - Cwm)-

Also, we define an automorphism

¢t — i (3.8)
by
&d(zi) = zj41, i=1,...,n—1,
-1
Plzp) =z +h—)_(dji-1—dj-s)ej,
j=0
i) =Cis, i=1,....n-1,

O =00,

where ey is given in (2.27).

LEMMA 3.19. The Euler vector field euy, takes the following form in H,:

n
eup=) zi— Y dj_1ejj—nh+ cof(n) + ndy.
i=1 1<isn 2
O<j<?l-1
In particular, the Euler vector field belongs to the Dunkl-Opdam subalgebra. This implies that the euy, -eigenspaces

decompose into a direct sum of t-eigenspaces.

The proof is a direct computation using the presentation given in Theorem Since I am not aware of a

published reference for this result, I include the argument here for completeness.

PROOF. For simplicity write §; =Y | e;;.
Adding the relations[3.7|for i = 1,..., n we obtain

n
ZJ/ixi
i=1

n /-1 /-1
Y xiyi+nh-coy, Y (NG HETF =Y (dj-dj1)6;
i-1 i) k=0 j=o

n -1
x,-yi+nh—2602(,bi— (dj—dj-1)6;
i1 j=o

I
=
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so that
n =

n n 1

Zzi:Zx,‘yi+l’lh—602qbi—Z(dj—dj_1)5j. 3.9
i=1 i=1 i=1 j=0

On the other hand, from we have

n (-1 n
Y el-nN=c é(:)—Zgbi +Y Y a-¢h
i=1 k=1 i=1

reT
n n /-1
=col 2 —Coz(/)i+nd0— Z dj6j.
i=1 j=0
Subtracting from this we obtain the desired formula. O

REMARK 3.20. If we define

gi=zi+ Y (UDRGR 1<is<n
0<j,ksl-1

and consider the deformed Euler element

1 n
éﬁ:Zx,-yl-+z+ Y er
i=1

reT
which is the same as the one introduced in [34, Subsection 2.2.3], up to the change of parameters ¢y — ¢y and
ck-—»ZCk/(Z—C‘k) for k=1,...,¢ -1, we obtain

n n
eu=) qi+
i=1 2

according to [77, Lemma 2.4]. Our formula can be recovered from this via the automorphism of t given by {; — (;

and z; — ¢p—j41.
3.2.2. Intertwining operators. In [53], Knop and Sahi define the operator
Q= XpSp-15p-2"""S251.
We call it an intertwining operator. Other intertwining operators where defined in [35], namely
W =y18182Sp-28n-1

and, forl<i<n-1,
Co
;=8 +—;.
Zi — Zj+1

PROPOSITION 3.21. The following relations are satisfied.

(@ YO=z.
/-1
(b) ®¥=z,-h+) (dj—dj-1)en;.
j=0
comi \?
(©) 0‘?‘:1—( ) fori=1,...,n-1.
Zi —Zij+1

(d) 0i0i+10i=0i410i0i41 for1<i<n-2.

(e) gioj=0j0; ifli—jl>1.

PROOF. Parts (a) and (b) are immediate consequences of the definitions and the relations in H, . Part (c) is
proved in 35} Lemma 4.6] and in [37, Lemma 5.2(a)]. Part (e) is obvious from Proposition To the best of my

knowledge, part (d) does not appear with proof in the literature. I was briefly tempted to uphold the venerable
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tradition of declaring the argument “routine” and leaving it to the reader. But alas — duty calls. Here is the proof
of part (d)El
First, for i,j=1,...,n—1, write

-1
kr—k
k=0
so that m; = m; ;4. A simple verification shows that
ik =TTk, j=TijTix and 7;;=7j; (3.10)

so in particular 7'[?]. ={m;  because m;; =¢.
From Proposition [3.17 we have

Co Co Co
0i0j10;=|Sit+—||Sivy1+ ————— i1 ||Si + ——7;
Zi —Zi+1 Zi+1 — Zj+2 Zi — Zi+1
_ Co Co . Co Co Co
=S8iSi+18i +S5iSi+1 it S Tiv18;+ S Tiv1 T+ TiSi+1Si
Zi — Zi+1 Zi+1 — Zj+42 Zi+1 — Zj+2 Zi — Zj+1 Zi — Zi+1
2 3
Co Co 0 % 2
+ TTiSi+1 T+ Timi+1Si + 5 T4+
Zi = Zi+1 Zi = Zi+1 (zi — 2i+1)(Zj+1 — Zi+2) (zi — zi+1)°(Zi+1 — Zi+2)
=SiSi+1Si
2 2 3
COTTi+1SiSi+1 CoTliTli i+2Si+1 CoTliTli,i+2Si C 1 1 2
+ + + 5 + ST 41
Ziv1— Ziv2  (2i = 2i42)(Zi41 — Ziv2)  (2i = 2i41)(Zi1 — Zi42)  (2i —2Zix1)\Zi — Zi42  Zig1 — Zis2
Co 6(2)
+ Tji+2— TiTi+1Si
Zi = Zi+2 (Zi+1— zi+2)(z; — Zi+2)
2 . 3 2 3.2
CoTli,i+270iSi 2(/07'[1'1,‘.27T’. (67T,.7T,'>1 Co
- - 5~ + TiSi+1Si
(zi —zi+2)(zi — zi+1)  (2i —zi42) (2 — Zj+1) (zi —2i4+1)(Zis1 — 2i42)(Zi — Zi+2)  Zi —Zj41
2 3
% %

2
TiT0,i+2Si+1 — > TiTi+1
(zi — zi+1) (zi — Zi+2) (zi — zi+1)° (2 — zi+2)

Cg Cg 2
Tiiv1Si + 5 T4
(zi — zi+1)(Zi+1 — Zi+2) (zi — zi+1)°(Zi+1 — Zi+2)

Grouping terms by powers of ¢y, we obtain

Ti+18iSi+1 Tii+2 TiSi+1Si
+ +

0i0i+10; =Sisi+1si+60(
Zi+l —Zi+2 Zi—Zj+2 &~ Zi+l

2 TiTi+1 TiTii+2 TiTii+2
+ o + S;i + Si+1
(2i —2i+1)(zi — 2i42)  (Zi+1 — 2i+2)(2i — Zi42) (zi+1 — zi+2)(2i — Zi+1)
3 1 1 27T 41
o 5 + WMy — ————
(zi —zi+1)° \\Zi+1 — Zi+2  Zi —Zi+2 Zi = Zj+2
Ti+18iSi+1 Tii+2 TiSi+1Si
=SiS,‘+1S,‘+C()( + +
Zi+1 —Zj+2  Zi—Zi+2 X~ Zj+1
Mg Omimiv1

2
+ ¢y

(si +Si+1) +c8
(zi — 2i+1)(Zi41 — Zi+2) (z;

= 2i+1)(Zi+1 = 2i+2)(2; — Zi+2)
where we have used (3.10) and its consequence nlz. =/{n;.
On the other hand,

Co Co Co
0i+10i0j+1=(Siv1t —— 7w ||{Sit ——7i||{Simit ———7in1
Zi+1 — Zi+2 Zi — Zj+1 Zi+1 — Zi+2

) keep track of the terms, I have resorted to using colors — a technique I first mastered in kindergarten, now adapted to the subtleties

of algebraic expansions.



3.2. CYCLOTOMIC RATIONAL CHEREDNIK ALGEBRAS 81

_ Co Co ) Co Co Co
=S8i+18iSi+1+ Siv1Si Tiv1+Sit1———T;Si+1 T Sit1 9] i1+ = Ti+18iSi+1
Zi+1 — Zj+42 Zji — Zij+1 Zi—Zi+1 Zi+1 — Zj+2 Zi+1 — Zj+2
2 3
Co Co Co X 2
T S ————— T + TiTi+1Si+1 + 2 il
Zi+1 — Zi+2 Zi+1 — Zi+2 (Zi+1 — Zi+2)(2; — Zi+1) (zi = 2i+1)(Zj+1 — Zi+2)
=Si+18iSi+1
2. .. . 2. .. . 3
+ CoTL;iSi+1S; CoTli+1704,i+2Si CoTli+1704,i+2Si+1 Co 1 N 1 2
TU;TT
i+1
zi—ziv1  (2i—2i+2)(2i — 2Ziv1) (2 —2i41)(Zis1 — Ziv2)  (Ziv1—2i42)? \2i— Ziz2  2Zi— Zin1
Co Cg
t———Tii+2— TiTi+1Si+1
Zi — Zit2 (zi — zi+1)(2; — Zi42)
2 . 3. 2 3.2
CoTli,i+2Ti+1Si+1 ZC()HI,I<27T,'+] CoTtiTl; Co
- - 5T - + Ti+18iSi+1
(2i = zi42)(Zi41 — Zi42)  (2i = Zi42)(Zj41 — Zi42) (z2i = zi+1)(Zj+1 = 2i+2)(Z2i — Zi12)  Zi+1— Zi+2
¢ G 2
+ TiTi,i+2Si+1 ~ > TiTi+1
(zi — zi+1)(z2i — Zi+2) (zi — zi+1)°(2i — zZi+2)
Cg Cg 2
+ Tii+1Si+1+ i1
(zi+1— zi+2) (2 — zj+1) (zi — 2i+1)(Zj+1 — Zi+2)
and again, grouping terms and using (3.10) we obtain
_ Ti+15iSi+1 Tj,i+2 TiSi+1Si
0i+10i0+1 = Si+1SiSi+1 1t Co + +
Zi+1 —Zi+2  Zi—Zj+2 Zi— Zj+1
i i1 OTimis
+c(2) (si+s,-+1)+cg ,
(zi — 2i+1)(Zi+1 — Zi+2) (zi = 2i+1) (Zi+1 — Zi+2)(2i — Zj+2)
O

which together with the braid relation s;s;115; = $;+15;S;+1 shows (d).

There is a nice interplay between the intertwiners ® and ¥ with the Dunkl-Opdam subalgebra, as the follow-

ing result shows.

LEMMA 3.22. [37, Lemma 5.3(b)] Let ¢ : t — tx be the automorphism given in (3.8).

(@ Forlsi<n-landfet,
oif=(si-flo;.

(b) For f € tx, we have
fO=DPH(f) and f¥Y=¥ol(f)

3.2.3. Embedding of the cyclotomic degenerated affine Hecke algebra into the rational Cherednik alge-

bra. Let H(¢, n) be the cyclotomic degenerated affine Hecke algebra defined in Section [2.5

PROPOSITION 3.23. ([21I) Theorem 1.4 and Section 4.2], Proposition 1.1]) Assume that cy # 0. Then the map

1
ui +— —Zi,
Co

i=1,...,n

w — w, WEG(é)]-)n)

extends to an injective C-algebra homomorphism H(¢,n) — H.(G(¢,1,n),C").
PROOF. We only need to show that the elements {;,s; € G(¢,1,n) and z; satisfy the defining relations of
H(¢,n), but this is precisely the content of Proposition|3.17 O

Theorem follows from the previous proposition and Theorem [3.4]
We denote the image of H(¢,n) in H.j; by Hg. Thus Hg, is the subalgebra of H. 5 generated by the Dunkl-

Opdam subalgebra t and the group algebra CG(¢,1,n). The subalgebra u of H(¢, n) generated by uy,..., u, and

{1,...,(y is therefore isomorphic to the Dunkl-Opdam subalgebra t.
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Note that by definition, the intertwining operators o; depend rationally on z, ..., z, and polynomially on the
elements of the group algebra CG(4,1,n). Thus, under the inclusion of H(¢,n) into H.; we can pullback these
operators, obtaining intertwining operators

Tl'ZSi-I-;T[,', l1<sisn-1
Uji—uj+1
for the cyclotomic degenerate affine Hecke algebra H(¢, n). It follows from Proposition [3.21] that

2
T Uj— Ui +7i) (U — Ujp1 — 7
T?Zl—( i ) :( i i+1 z)( i . i+1 z)’ l<i<n-1 (3.11)
Uj— Ui+l (Ui — ui+1)
and
TiTit1Ti =Ti+1TiTi+l, 1<i<n-—-2. (3.12)

Using the projection H(¢, n) — CG(¢,1, n) from Proposition we deduce that the intertwiners 7,...,7, for
the cyclotomic group G(¢,1, n) introduced irﬂ we obtain a proof for Equations and (2.14).

3.2.4. The Affine Weyl monoid. We define
W = (Z20)" X Sy,
which as set is the cartesian product (Z>)" x S, and has composition law
(@1,...,an; wW)(by,..., by; V) = (A1 + by1(1), . 0s Gn + Byym1(); WY),

making it a (non commutative) monoid with identity element (0,...,0;1). We call W- the affine Weyl monoid. As
usual, we write aw instead of (a; w) for a € (Zsp)" and w € S,,, keeping in mind that wa = (w - a)w where, as

always w-a = (ay-17qy,..., Ay-1(y)), With a=(ay,..., a,). Let
€ =(,...,0,1,0,...,0), i=1,...,n

be the vectors of the standard basis of Z". These vectors belong to (Z¢)"” and generate it as a commutative
monoid. Sef’]
E=€pSp-1Sn-2-"- 5281 € Wxo
The following relations are satisfied:
Zsi=si12for2<i<n-1 and E°s; =5, 152 (3.13)
Indeed, for 2 < i < n—1 we have, thanks to the braid relations,
§i-1E = $i—1€nSp-1"""Si+18iSi-18j-2"*" 81
=€nSi-18n-1"""Si+18iSi-1Si-2""" 81
=€nSp-1-""Si+1(8i-15;Si-1)Si-2"- 51
=€nSp-1-""Si+1(8i8i-15i)Si—2""- 51

=€nSn-1-"Si+18iSi-18i-2"""81Si

2Note that Subsections and (23)-2.3.2 93.2.3| make reference to each other. This is not a coincidence! :-)

3Some mathematicians are skeptical of using the uppercase Greek letter “xi,” =, particularly in handwritten contexts, where it can easily

be mistaken for the congruence symbol =. A well-known anecdote involves Barry Mazur (shared to us by Paul Vojta in [50]), who once

used Z to denote a complex number. He then wrote the expression ——the quotient of the complex conjugate of = by = itself—on the

blackboard. However, due to the handwriting, it appeared as though he had written i The story goes that this was done deliberately to
irritate Serge Lang, who, among his many remarkable qualities, was famously outspoken about mathematical style and known for exclaiming

“That notation sucks!”
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=Z=s;.
On the other hand, from the previous relation we have
=2 _ =
Sp—12° = $p—1(€EnSn-1Sp—2-+-$281)E
_ 2 -
=€n-15,-15n-2""8281=
=€p-1Sp-2-"- 28512
=€p-1ESp-1Sn-2""* 5382
=€n-1(EnSn-15n-2""+5281)Sn—-15p-2""* 5382
2
=€nSn-1€pnSn-2-"5281Sp-18n-2""" 835287
=€nSn-1Sp-2"81€pSp—1-"525181
= 5281.
Actually, we have
PROPOSITION 3.24. [38] Subsection 3.1] The affine Weyl monoid has a presentation with generators sy, ..., Sy—1 and
=, together with the usual Coxeter relations for the elements sy, ..., s,-1 and (3.13).
PROOFE. Let M be the monoid with this presentation, thus there is a surjective monoid homomorphism
Y: M — Wz().

By the Coxeter relations, there is a monoid homomorphism vy; : S, — M. We denote the image of an element
w € S, under y; by w. Define €, = Es152---5,-1 € M. We claim that €,, commutes with the elements s;,...,s;-2.
Indeed, from relations (3.13) and the braid relations we have that

Si€p = S$;E81° - Si-18iSi+1Si+2 " Sn—1

[1]

Si+181°Si-15iSi+1Si+2° " Sn-1

[1]

S1-8i-1(8i+18iSi+1)Si+2 "+ Sp—1

[1]

=281+ 8i-1(8iSi+18i)Si+2"** Sn-1
=581 8i-18iSi+1Si+2 """ Sn—-15i
=€nsSi
For 1<i=<n-1 define
€; = (i ney(in).
Note that if w € S, satisfies w(n) = i then v:= (i n)w € Stabg, (n) = {s1,...,Sy—2), thus v commutes with €,, and
hence

wey, wl= (i nvey, vil(i n) = (i n)e,(i n) =€;.
Thus €; = we,w! forall we S, (even if w(n) = n) and thus We;j wl= ew foralll1<i<nand weS,. We now

prove that €;€, = €,€;. Indeed, the element w = s;,,_; --- 5251 satisfies w(1) = n and thus

Now, from (3.13) we have

=2
=81 Sp-2(8p—127) 8182+ Sp—1
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=2
=81 8Sp-2(E781)81827 - Sp—1

[1]

$283°+ Sp-1282"** Sp—1

1l
[1

$283°+ Sp-18182 " Sp-1E

=(w H’=

=Ew Hw'E)
=€n€1.
From this, if i # j and v € S, is any element such that v(1) =7 and v(n) = j we have

€i€j = Ve 1/_1126,111_1 = V€€, vl = VERE€] vt =€j€;.

Thus the submonoid of M generated by €y, ...,€, is commutative. As (Z>()" is a free commutative monoid, there

is a unique monoid homomorphism
Y2 (Zzo)n - M

such that y,(e;) =¢; for i =1,...,n. As we; wl= €w(i), we have that y; and y, ensemble to a monoid homomor-
phism
Yo : WZO - M

which is a two-sided inverse of y. Thus y is a monoid isomorphism. g
The affine Weyl monoid has two realizations inside the cyclotomic rational Cherednik algebra:
PROPOSITION 3.25. The two maps
Ip:2—d and 1y:Z2—~ Y
defined on the elements s1,...,Sy—1 by s; — s;, induce injective monoid homomorphisms
lop: Wso— Hep\ {0} and 1y : Wso— Hep\ {0}

PROOF. By the defining relation of H; we have that wx;w™! = x,,(;) and wy;w™! = y,;), thus there are

obvious monoid homomorphisms

lo: Wxo — Hcp\{0}

s = S i=1,....,.n-1
€; - Xj, i=1,...,n
and
tg: Wy — Hep\{0}
Si —  Sp—i, i=1,...,n—-1
€; —  Vn—i+l, i=1,...,n.
Note that 1p(Z) = ® and 1y (E) = V. This homomorphisms are injective thanks to the PBW theorem. O

COROLLARY 3.26. The intertwiners ® and ¥ satisfy the relations
Ds;=s;i1D for2<i<sn-1 and ®%s1 = 5,1 D> (3.14)

and

Ysi=sinVforl<si<sn-2 and P25, 1 = 5P (3.15)
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3.2.5. The trigonometric presentation. We give another presentation for the cyclotomic rational Cherednik
algebra H, j.
Applying Lemma to f =(;, we obtain the relations

(i ®=0¢(;) and (Y=Y '), i=1...,n. (3.16)

Additionally we have the following

LEMMA 3.27. In H.p, the following relation holds:
-1
W1 ®@=0s;¥+co Y (FCK (3.17)
k=0
PROOE By (3.14) we have

Wsp-1® =181 Sp-2Sp-15p-1P
=Y181° Sp-2@
=y1982---Sp-1
= ()1 Xp)Sp-1-"$28182" " Sp-1

and by relation (3.6), we deduce

-1
—krk —k
Wsp1®=[xpy1+c0 ) (AWML [ Snot - 281827+ Sp—1.
k=0

Using that that s, -+ 525152+ Sp—1 = (1 n) we obtain

/-1
—k ky—k
Wsp_1® = XpY1Sp—1°- 28182+ Sp1+ €0 3, (Y,
k=0
& kkk
= XpSp—1-+ S2Y18182+ Sn—1+ €0 3 (T,
k=0
& kkk
= XpSp—1-"+ S28151Y18182 Sn—1+ €0 Y (T,
k=0

/-1
= s+ ), OGS
k=0

as desired. O

So far, we have that H,j contains

(a) A subalgebra Hg isomorphic to the cyclotomic degenerate affine Hecke algebra of Ram and Shepler,
which is generated by the Dunkl-Opdam subalgebra t and the group algebra CG(¢, 1, n);
(b) A copy of the affine Weyl monoid generated by si,...,s,-1 and the intertwiner ®; and
(c) A copy of the affine Weyl monoid generated by s,...,s,-1 and the intertwiner V.
This information is subject to the relations (a) and (b) from Proposition [3.21} and (3.17). The key observa-
tion is that this gives a presentation for the cyclotomic rational Cherednik algebra H. ;. More specifically, let H:ihg
be the algebra generated by Hg, together with elements ® and ¥, satisfying the following relations:
(T1) ®s;=s;_1®for2<i<n-1and ®%s; = s,_1D?,
(T2) ¥s;=s5;q ¥ forl<i<n-2and ¥?s,_; = s P2,

(T3) {;®=PP;) and {;¥ =Y~ (() fori=1,...,n,
-1

(T4) Yd=2z;, O®¥Y=2z,-Nh+) (dj—dj-1)e,j, and
j=0
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-1
(T5) Wsp_1®=Ds;W+co Y. {FCkEE.
k=0
Then we have a natural C-algebra homomorphism

. pytrig
Y: Hc,h — H.p.

THEOREM 3.28. [38, Theorem 3.1] The homomorphism vy is an isomorphism of C-algebras.

PROOFE. Define x,, = ®sy---s,—1 and y; = ¥s;---sy—1. For w,v € S,, with w(n) =i and v(1) =i set x; = wx, w!

and y; = vy;v~!. As in the proof of Proposition from relations (T1) and (T2) we see that x; and y; are
independent of the choice of w and v and also that the elements x,..., x, are pairwise commutative, as are the
elements yy,...,y, of Hg;g. Note that ®. ¥ and z,, ..., 2z, belong to the subalgebra of Hg;g generated by CG(4,1, n)
and the elements xy,..., Xy, y1,..., ¥n and thus H:,iig is generated as a C-algebra by the group algebra CG(4,1, n),
and the elements x;, y;, for 1 <i < n.

Set

B:{xfl---xz”yfl---yg"wlal,...,an,bl,...,bnezzo and we G, 1,n)},

then A = spang¢(B) is a vector subspace of Hzr;ig that contains 1. We prove that A is a left ideal of Hzr;ig, which
proves that A= Hzr;ig and hence that B generates Hzr;ig as a C-vector space. In order to show this, it is enough to
show that A is closed under left multiplication by x;, y; and w for 1 <i <n and w € G(¢, 1, n). This is obvious for

the x;’s. Let v € S5, and note that

ay

a a, b b, _ a by b
VX X Yy YR W= Xy X Yy Y VW € BE A

For 1 =i <n—1we have ¢((;) ={;+1 and by the first relation in (T3),

Cixn=Ci®s1-+Sp—1 = PLiv181- Sp1 = P11+ Sp—10 = X
and for i = n we have ¢((,) = 71¢, so

Cnxn = (n®@s1-e Spo1 = O 181 Sy = (T 081w 8018 = Xl e
Conjugating by an element w € S, such that w(n) = j # i (resp. w(n) = i) we deduce
Cixj=xi(i j#i (esp. {ixi = xiy).
A similar argument using the second relation in (T3) shows that
Ciyi=vyiCi, j#i and (;yi={yil;.

Thus

Cix™ ---x,‘;"yfl ...ygnwzght—ﬂtxfl ---x,‘;"yfl ---yZ"(,-weA.
Now from the first relation in (T4) we have

y1ix1=y1(81 Sp-1XnSp-1---81) = Y@ = 2.

We prove by induction on i that
Zi=YiXit+ 1
for some t; € C(¢,1,n). This has been established for i = 1 (with #; = 0). Assume it holds for i, then from the

defining relations for Hg we have

Zi+1 = 8iziSi+ o8 = Si(YiXi + 1;)S; + CoSiTi = Yir1Xi1 + Lit1
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where f;1] = s;t;s; + cos;m;. In particular, from the second relation in (T4) we have

YnXn+in=2n

-1
=PV +Hh— Z(dj_dj—l)enj
j=0
-1
= XpS1Sp A V1Sn-1--S1+ =) (dj—dj1)en;
j=0

(-1

=XpYn+h- Z(dj —dj-1)en;j,
=0

that is, y,x, = X, yn + 1, where r,, € CG(¢,1, n). Now, take any w; € S, such that w;(n) =i, then
wiynxnwi_1 = wixnynwi_1 + w,-rnwi_l,
that is,
YiXi=Xiyi+71i
where r; = w;ry wl.‘1 e CG(¢,1,n). Now note that
Wsp-1Q = Y181 Sp-2Sn-1Sn-1XnSp-1Sp-2 " 1

=Y1XnS1° " Sp-28n-18p-2"""S1

=y1x,(1n)
and

D51V = XpSp-1-+"528151Y181" " Sp-1

=XnY1Sn—-1-"828182" " Sp-1

=x,y1(1 n).
Thus, from relation (T5), we obtain
/-1
Yxn = Xpyr+ o 3 {RCER A n) = Xy + 11 (3.18)
k=0

where r;, = COZi;(l)(_k(’f(;k(l n) € CG(¢,1,n). Assume that i # j and take w;; € Sy, such that w;;(1) =i and
w;j(n) = j, then conjugating (3.18) by w;; we obtain
YiXj=Xjyit+rij
for r;; € CG(¢,1, n). Now, take an element p = xf‘ ---xZ"yf” ---yZ” w € B. We prove by induction on |al :=a; +---+
an that y;p € A. Indeed, this is obvious if |a| = 0. If |a| > 0 then, take j be the least index such that a; > 0. Then
aj n b bn —

yip=yix; Xy yyt eyt w = yixpp!

where p’ = x}lj_l coxm yfl ---yZ" w, then by the previous part, we have that
yir=(x;yi+0p = xjyip' +1tp'

for some t € CG(4,1,n), and as the x-degree of p’ is strictly smaller than that of p, and we have proved the result
for left multiplication by elements of the group algebra, the claim follows.

an

Finally, note that y(x;" --- x;; o

yfl ---yZ” w) = xf” Xy yfl --~yZ” w for any element in B and as these elements
are linearly independent in H, ; (by the PBW theorem) it follows that they are linearly independent on H;r;ig. Thus

v is a vector space isomorphism, and consequently a C-algebra isomorphism. g
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This presentation was rediscovered by B. Webster in [77, Theorem 2.3].



CHAPTER 4

Diagonalizable representations and character formulas

We fix the parameter /7 = 1 and denote by H, the cyclotomic rational Cherednik algebra associated to the
group G(¢,1,n). Similarly, we write A; and L. instead of A.; and L, etc. We denote by t the Dunkl-Opdam
subalgebra of H, and by Hg, the copy of the cyclotomic degenerate affine Hecke algebra inside H, according to
B.23l

In this and the next chapters we heavily use the notations and conventions of [1.1.4, We denote by A the
irreducible representation St of the group G(¢,1, n) indexed by an ¢-partition A. In particular, we write A.(1) and
Lc(A) instead of A.(SY) and Lq(SY), respectively.

An irreducible H.-module L is said to be diagonalizable or t-diagonalizable if the Dunkl-Opdam subalgebra

acts on L by diagonal operators in some C-linear basis.

4.1. Specht-valued Jack polynomials

4.1.1. t-weights. Let a € t* = Hom¢ (t,C). If M is an H.-module, the generalized a-weight space of M, de-
noted by My, is

Mg, = {m € M | there is some N € Z such that (f —a(f))N-m=0forall fet.
If m € M, the t-weight of m is the vector (a1, (P, .. a,,(Pr) e (C x o) such that
zi-m=a;m and (,--mz(bim forl<i<n.

We write
wie(m) = (@1,¢P, .. an, ¢Pn).
Now let ¢ : t — t be the automorphism of the Dunkl-Opdam subalgebra introduced in If M is an H,-
module and m € M has t-weight (al,(ﬁl,...,an,(ﬁ"), we have, forl1<i<n-1,
Pz)-m=zis1-m=aiam and ¢E)-m={i-m={Prm,

while for i = n,
/-1

Plzn) - m=|z+h—) (dj —djz)elj) -m
j=0

1[—1 (-1 vk
= Zl+h—ZZ(dj—1—dj—2)Z(_] G|-m
j=0 k=0

1[—1 (-1 K .
= a1+h—ZZ(dj—1—dj—z)Zf(ﬁl_]) m
=0 k=0

1[*1
=|la+h- 7 Y 6 (dj —dj—z)g) m
=0
=(ay+h—dpg,1+dg 2),

89
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and
OCw) -m=010 -m=0P"m,

For this reason, it is useful to introduce an automorphism (still denoted by ¢) of the space (C x u,)", defined by
(recall that i=1)

Plar, P, e, 0Py = (@2, 0P, (P g + 1 —dp, 1 + dp, o, (P17
We write ¢ = ¢!, hence
v, P an Py = (an—1+dg, —dp, - 1,0P  ay, 0P ey, 0P,
Then, from Lemma We obtain the following
PROPOSITION 4.1. Let M be an H.-module and m € M with t-weight
wte(m) = (1,7, @, ¢P).
(a) If(ﬁi #0Pivl ora; # ajy, then a;-m is well defined and is a weight vector with weight
wte(o; - m) = s;wtg(m).
(b) ®-m and ¥ - m are weight vectors, and
wig (- m) = pwte(m)) and wt(V-m) =y (wt(m)).

4.1.2. t-spectrum of standard modules. Let A be a /-partition of n and let {v7 | T € SYT(A)} be a standard
GZ-basis. Then by the PBW theorem, the elements

xHvhi= e vh e Ac() = Ac(SM = Clxy,..., xn] © S

form a basis of the standard module A.(1) (see (2.18)).
Extend the ordering on (Z>()” introduced in[I.1.5to (Z5()" x SYT(A) by

(L, T)<(,S) ifand only if u<wv.

THEOREM 4.2. [36, Theorem 5.1] Let A € Pary(n), p€ Z%,, and T € SYT(A).

(@) The Dunkl-Opdam subalgebra t acts on A:(A) by the formulas
¢ xH UFT‘ — (ﬁ(b)_#ixll ,/T‘

and,

zi -x’“‘x’; = (i + 1 —=dpp) — dpp)—p;—1 — ol ct(b) x* v‘; + Z ay,sx"vg
w,9)<w,T)

for some scalars a, s € C, where b= T 1w ().
(b) Working with the generic rational Cherednik algebra Hgen, there is an unique ty -eigenvector f, T € K®4
A(A) such that

fur=xH v’; + lower terms.

Moreover; the t -eigenvalue of f,, 1 is determined by the formulas in part (a).
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The elements f, v for generic values of the parameters, are polynomial functions C" — S*. When ¢ =1
and A = (n) (so that $* = triv and A:(E) E Clxy,..., X)), these are the classical non-symmetric Jack polynomials
introduced by Opdam in [65] and studied in more detail by Knop and Sahi in [53]. For this reason we call the
elements f, 7 the Specht-valued Jack polynomials.

We now present how the intertwining operators act on the basis of Specht-valued Jack polynomials. For this,

given pe Z", we define
G, pn) = (M2, 43,200 iy 1 + 1)
and set ¢ = ¢~'. Note that ¢(2”) < Z2, (actually ¢(Z) = Z2 x Z>1), but w(z" ) £ Z%,.

LEMMA 4.3. [36, Lemma 5.3] Let p€ 7%, and T € SYT(A), where A € Par,(n). For each i € {1,...,n} set
b(i) = T (v ().
@ Ifpi <piv1 orifpi—piv ZPBMGE) - PG +1) (mod £), then
Oi fur = fsut

(b) Ifpi > pis1 and pi — piv1 = (i) — B(b(i +1)) (mod ¢), then

(6—FCc) 6+ Ccyp)
Ui'fu,T:%fsi-u,T;

where
6 = pi — i1 — gy — dpw(i+1)) — cof (ct(b(i)) — ct(b(i + 1))).
(© Ifpi= i1, setting j = v(u)(i), then
0 ifsj-1-T¢SYT(A),
O fur= Jusior ifB(r()zp(T(-1) (@mod o),
(1—(ct(T(j—l))—Ct(T(j)))fz)szﬂ,sjfl.T else.
(d) @ fur= fpuw,r, and
(e)
Hn = (dpbim) = Apbn)-p,) — Col ctb() fy,r  if tin >0,
0 if in = 0.

Recall the set I'(A) introduced in[I.1.4] This set consists of the ordered pairs (P, Q) such that P: A —{1,...,n}
is a bijection, Q : A — Z¢ is a filling of the boxes of A and if b < b’ then Q(b) < Q(V') with equality implying
P(b) > P(b"). Define a bijection

\P'fp,T =

Y:Z2x SYT(A) — T'(A)

as follows. Given (u, T) € ZZ, x SYT(A), define P = v(w) T and Q(b) = up(p). This map is well defined. For P is
clearly a bijection and if b < b/, then T(b) < T(b'), and by the definition of v(u) we have

QD) = Hy17(k) = By < M) = Fow- 1 = QD).
Moreover, if Q(b) = Q(b') then y}(b) = ,u}(b,), and by the maximality of the length of v(u) in the set {fwe S, | wu=
w1~} this implies that v(u)’lT(b) > v(u)’lT(b’), that is, P(b) > P(b'). Conversely, given (P,Q) € I'(1), define y; =
Q(P7(1)), so that pe 7%, and T = v(p)P. If b < b’ we have that Q(b) < Q(b), that is, tpw) < ppw). If ppp) <
Upwy, then v(W)P(b) < v(w)P(b') and hence T(b) < T(V). If upw) = upw) then P(b) > P(b') and by the definition
of v(u) we must have v(u)P(b) < v(u)P(b'), that is, T(b) < T(b"). This shows that T € SYT(A), providing an inverse
for y.
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It is clear that y is actually a bijection. Thus, for any (P, Q) € I'(1) we set

feQ = Ff1p-
In terms of this indexing, the action of the Dunkl-Opdam subalgebra on a standard module A.(A) is given by
i fro= (ﬁ(P‘l(i))—Q(P‘l(i)) @.1)
and
zi+ frq = QP (D) + 1= (dpp-14y) = dpp-1iy)-qep-1 i -1) ~ Lo tP™ (D)) fg. 4.2)
The map ¢: 722 — ZZ, extends to a map
¢: ZDyxSYT(M) — Z7)xSYT(A)
wT) — (P, D),
and we can pushforward ¢ via the bijection y to obtain a map (still denoted by ¢) I'(A) — I'(A) such that the
diagram
Z1, x SYT(D) —25 77 x SYT()
)| I
rw T> ra)

commutes. Actually, we can make a very explicit description of ¢. If (P, Q) € T'(A), we set ¢(P,Q) = (P, Q") where

, Pb)—-1 if P(b) #1, ,
P'(b) = and Q'(b)=Q(b)+6pw),1,
n if P(b) =1,

where § is the Kronecker symbol. We set ¢ = ¢!, which does not preserve I'(1). Then, we can reformulate
Lemma [4.3]in terms of the I'(A)-indexing. For this, recall the notion of charged content introduced in (T.2).

LEMMA 4.4. [38| Lemma 4.3] Let A € Pary(n) and (P,Q) e T(1).
@ IfQP1(1)<QP1[i+1) or QP71 - QP 1 +1) ZBP 1) - (P +1) (mod ¢), then

oi-frq=fsi-po-

(b) IfQP71() > QP (i +1)) and Q(P1(i)) - QP (i + 1)) # B(P™L(i)) — B(PL(i + 1)) (mod ¢), then

(5—€C0)(6+€C())
o 'fP,QT si-PQ»

where
5=QP 7 i) - QP (i + 1)) — (cte(P1(i) — cte (P (i +1))).
© IfQ(P~L(i) = QP (i +1)), then

0 if (si-PQ)¢T(A),
oi-frQ =1 fs-p0 if B(P7L(0) # BP7L(i + 1)),
(1—(ct(P‘l(i+1))—ct(P‘l(i)))‘z)llzfsi.RQ else.

(d @ fpo = foprq, and

(e)
QP () —cte(P~ () + Agp-1 (-1 ) fw(RQ) ifQ(P~(n)) >0,

V- fro=
if QP! (n)) =0.
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It will be useful to see the explicit action of the Euler vector field on Specht-valued Jack polynomials. A direct

application of the formula in Lemma gives

eufpo = (2 +1QD fro (4.3)
where
Z n n
CA = CSA = CO((Z) + nd() - Z dﬁ(Pfl(i)) - (CO Z Ct(P_l(l)) € C
i=1 i=1
is independent of P. In particular, this implies that

Ac(/l)c/ﬁd = @ Cfro (4.4)
QeTab.(A,d)
(PQ)ET' ()

in the notation of[L1.1]

4.1.3. The calibration graph. We say that a standard module A.(A) := A.(S*) has simple spectrum if the -
spaces on A¢(A) are one-dimensional. For (u, T) € ZZ, x SYT(A), and 1<i<n, set b= T~ v (w) (i)

Wi, T)i = (i + 1= (dp(p) — dp(y—p;-1) — Col ct(b), PO,
If k, ¢, n are integers, define
Hy jym=1(co,d1,...,dp-1) ERC | k= dj —dj_i+ mlco}.

If p is a partition, set
ct™(u) = max{ct(b) | be y} and ct” (u) = min{ct(b) | b€ u}.

A hyperplane Hy, ;,n, is said to be exceptional for an ¢-partition A if k>0, k#Z0 (mod ¢), A # @ # A7k and
ct M) —ctt W ) s m<ctt W) —ct- AWK

LEMMA 4.5. [36, Lemma 7.1] Assume that ¢y # 0. The following conditions are equivalent.

() Ac(A) has simple spectrum;
(i) forall (u, T) eT'(A) we havewt;(u, T); #wt(w, T); forl<i<n-1;
(iii) the deformation parameter ¢ = (cy,ds, ..., dy) does not lie in any exceptional hyperplane for A;
(iv) the Specht-valued Jack polynomials f,, v are well defined for all (u, T) € ZZ ) x SYT(A);
(v) The intertwiners o;, for1 <i<n-1, are well defined on A:(A), in the sense that either z; - m # zj4+1-m or

;- m=0 for any weight vector m € A;(1).

If A;(A) has simple spectrum, we define the generic calibration graph T8"(A) as the directed graph whose

vertex set is Zgo x SYT(A) and with directed edges (u, T) — (v, S) if

(1) S=sj-1-TeSYT(A), with j=v(u)(i) and y; = i1, Or

2) v=9¢W.
The calibration graph T' (1) is obtained from the generic calibration graph by adding edges (i, T) — (v, S) when-
ever

@) v=si-W 1 # li+1 and o - fu,r #0, or

4 v=y, pp>0and ¥- fj, 7 #0.
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A subset X < T'1() is closed if (v,S) € X whenever (4, T) € X and (i, T) — (v,S) is an arrow in I''(A). The term
calibration graph comes from the terminology introduced by A. Ram in [66] where he calls the analog of a t-
diagonalizable representation, for the case of an affine Hecke algebra, a calibrated module. The term tame module
is also used in the literature, for the case of diagonalizable representations of Yangians over a Gelfand-Tsetlin
subalgebra, as in [61].

Given abox be A and k € Z-, define
I'b,k)={u, T)eT (V)| Hrpy = k}

and for distinct boxes b1, b, € A and k € Z+, set

I(by, by, K) =1 (1, T) €T (D)
v { o — iy =k and ()™ (T(h1) < v() ™ (T (b))

either BTy = BTy > k, or }

For each (u, T) e T'(A), define its inversion set R(u, T) by
R(p, T)={T'(b, k) | (1, T) € T(b, k)} U{T (b1, b2, k) | (1, T) € T (b1, b2, k)}.
We can define a distance d on the set ZZ x SYT(A) by
d((w, T),(v,8) = IR(, VAR, S)| + £(So T™ 1)

where for sets A and B, we have
AAB=(A\B)U(B\ A)

is the symmetric difference, and ¢(w) is the length of the permutation w € S,,.
LEMMA 4.6. [36, Lemma 7.4] Let (u, T) and (v,S) be two elements in T'(1). There is a sequence

(H, T) = (lJO) TO)) (uly Tl)y---, (lme Tm) = (V) S)

of elements of T'(A) such that for each 1 <i < m, (u;, T;) is adjacent to (u;—1, Ti—1) and either
(@ R(ui, Ti) = R(wi—1, Ti-1), or
(b) R(u;, T;) is obtained from R(u;—1, T;—1) by adjoining some element of R(v, S) or by removing some element

not in R(v,S).

SKETCH OF THE PROOE. We proceed by induction on d = d((, T), (v, S)). If d = 0 the conclusion is obvious.

Consider the following four properties:

1) 0,8) €T w) (), u) \T (T (w(P() (), p1 + 1),

@) if i < pis1 then (v, $) ¢ T(T 7w (i + 1), T~ W) (D), fis1 — pi),

(3) if w; > piy1 then (v, S) e DT~ w(w) (D), T (w(w) (i + 1)), i — 1), and

4) If pj = piv1 and j = v(w)(Q), then either s;_; - T ¢ SYT(A) or £(So Tl osj_1)>£(SoT™h).
One then proves that if the four properties are satisfied, then (y, T) = (v, S) and the result follows. Otherwise, one
of the four properties are violated, then one can find ,by a case by case consideration according to which property
fails to hold, some (¢/, T') in T'(A) adjacent to (u, T) such that d((¢/, T"), (v,S)) < d((u, T), (v,S)) = d and such that
Ry, T") is either equal to R(y, T) or is obtained from it by adjoining some element of R(v, S) or by removing some

element not in R(v, S), and the result follows by induction. O

COROLLARY 4.7. Let Q € Tab;(A) and PP’ € Q.. Then there is a sequence of simple transpositions s;,,..., Si, such

that P' = sj, --+s;,- P and s+ s;i,-P€Qc forall1< j<p.
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4.2. Diagonalizable representations of cyclotomic RCA

The following theorem, due to S. Griffeth, is a key step in the classification of unitary representations in

category O, for the cyclotomic rational Cherednik algebra.

THEOREM 4.8. [38, Theorem 1.1] Let A € Pary(n). The module L.(A) is diagonalizable if and only if either

(@ ¢o=0, or
(b) co #0 and for every removable box b € A, either k.(b) = oo or ¢.(b) < k(D).

Moreover, in the situation (b), the set of Specht-valued Jack polynomials
{fro | (BQ) €T (M)}
is a C-basis for L:().
The proof of this theorem is rather technical, and fills several pages, so we provide a sketch of the argument.

Assume that ¢y # 0. An element (u, T) € Zgo x SYT(A) is said to be c-folded (or just folded if c is clear for the

context) if there is some 1 <i < n—1 such that
wte(u, T); =wte(u, T)j41.

To ease notation, write I' for the set ZZO x SYT(A) and I'; for the image of I';(1) under the bijection I' < I'(A).
Define the boundary of T'; as the set

Ol ={(w, el \T';| (), T)el.or (s;-u,T) el for some 1 <i < n}.

One first proves that if (u, T) € I'; is folded, then L.(A) is not t-diagonalizable, by showing that foldings produce
non-trivial Jordan blocks.

The next step is a characterization of t-diagonalizable modules in terms of foldings. More precisely:

THEOREM 4.9. [38| Theorem 5.3] Assume that cy # 0. Then L;(A) is t-diagonalizable if and only if no element of
0T is folded. In this case, a basis for L¢(A) is given by {fu, | (1, T) € T¢}.

The key part of the proof is to show that if no element in dT'; is folded, then L.(1) is diagonalizable. For the
moment, do not assume the no-folding hypothesis and let V be the free C-module on the set I';. Define operators

(i, Zi, 61, @ and ¥ as follows. Set

b(i) := T~ (v(w (D).
i (w,T) = (mT-l(v(m(in)—ui (W T)
Zi- (1, 1) = (i + 1= (dgr-1 ) ~ A w () -pi-1) ~ col ct(T™ (w(w () (w, T).
If (s;- i1, T) €T, set 5 - (1, T) = 0. Otherwise
(@ If pj < pjyq orif p; — iy # Pb(N) — B(b(i +1)) (mod ¢), then
i~ (D)= (si-p, ).

(b) If p; > piy1 and y; — i1 = (b)) — B(b(i +1)) (mod ¢), then

(6—[6’0)(54'[60)

Gi (1) = 2

(si-p, 1),

where

6 = pi — piv1 = (dpwiiy) — Apbii+1)) — ol (ct(b() —ct(b(i +1))).
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(©) If u; = w41, setting j = v(w) (i), then

0 if 51+ T ¢ SYT(A),
Gi- (T =1 (,sj_1-T) if B(T() #B(T(—1) (mod 0),
172
(1= (et =1 = etT (D) ?) " sy T) else.

d) ®-(u, T) = (), T) if (p(w), T) € T and @ (u, T) = 0 otherwise; and

(e)
Kn = (e — A —p,) — Col ct(b(m) (w(w), T) if py >0,
V-(u 1) =

0 if u, =0.
Then, after a lengthy calculation, one shows that these operators satisfy the relations satisfied between the inter-
twining operators and the Dunkl-Opdam subalgebra, and define the action of the simple reflections by

- ¢
Si*Vv=0;V————T;" .
2i —Zj+1
Then, imposing the no-folding hypothesis, one shows that these operators satisfy the relations from the trigono-
metric presentation of H.. Thus V is an H.-module. One verifies that the t-weight spaces are one-dimensional,
that any non-zero weight vector generates V as an H.-module. One also shows that ¥ acts locally nilpotent on
V, and so the elements y;, which proves that V is an irreducible object in O.. As the lowest weight part of V is
isomorphic to S’l, it follows that V = L;(A) and thus L.(A) is diagonalizable.
To finish the proof of Theorem one must translate the no-folding condition into a purely combinatorial

setting. This is the content of Lemma 6.1 and Theorem 6.2 in [38]. We omit the details.

4.2.1. Some finite dimensional t-diagonalizable representations. In Chapter 5 we will introduce the con-
cept of coinvariant type representations, which are certain irreducible objects in category O, and prove that they
are always finite dimensional. For this reason, it is useful to have an easy description of finite-dimensional t-
diagonalizable representations in category O, which thanks to Theorem can be obtained by working out the
combinatorics.

In the remainder of this section, I present several results obtained during my master’s studies. While these
are not part of the main body of this dissertation, they are included here for the sake of completeness, as no pub-
lished account of this earlier work currently exists. As you will see, most of these results are just straightforward
applications of Theorem

Let A be a partition, and write

m m: m
A=(n" ny?,...,n,"),

where ny > np > --- > n, > 0, which means that A has m; rows with n; boxes in each of these rows. Thus the
removable boxes of A are

b =my+mo+--+myn;) i=12,...,v, (4.5)

that is, the box in row mj + my + --- + m; and column 7;. The outside addable boxes of A are
bgut,l =(1,n+1) and bout,z =(m+my+---+m,+1,1).

Note that if A = & its only outside addable box is (1,1). The partition A is a rectangle if v = 1.
We give names to special boxes in A:
e by =(1,m) is the box of largest content;

e by = (my, n;) is the removable box of largest content;
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e bg = (mj + mp, np) is the removable box of second largest content;
e by =(mq+---+m,,1) is the box of smallest content;

e bs = (my + my + mg3, n3) is the removable box of third largest content.

The following diagram illustrates the position of these boxes:

by

by

by bs

Note that if A is a rectangle, then the boxes b3 and bs do not exist. It can happen that two of these boxes are

the same. For example in the following diagram we have that bs = b4.

How do we search for finite dimensionality? If we want to show that a representation L.(A) is diagonaliz-
able and finite dimensional, we need to determine whether the set I'; (1) is a finite set, as it indexes a basis for
the module L.(A), at least when ¢q # 0.

Note that if a pair (B, Q) belongs to I'.(1), there is only a finite number of possibilities for P as it is a bijection
between the set of boxes of A and the set [n]. Thus have to determine when the number of possibilities for
Q is finite. Note that Q is a non decreasing function, and that the maximal elements in the set of boxes are the
removable boxes. Thus in order for I'¢(A) to be finite is necessary and sufficient that there is some constant k such
that Q(b) < k for all removable boxes b of 1. In order for this to happen, we have two options: the removable box
b satisfies condition (c) in the definition of I';(1) or for each removable box b there is some box b’ € A such that
Q(b') is bounded above and such that putting b; = b and b, = b/, they verify condition (b) in the definition of
re).

To ease the writing, we will say that a box b in A is A-bounded if there is some positive integer k such that
k = dgw) — dpw)-k + £ ct(b)co. Similarly, we say that b is B-bounded if there is some box b’ € A and k € Z5( with
B(b) - B(b") =k (mod ¢) and

k = dgw) — dpy) + £(ct(b) — ct(b) £ 1)co.

We say that b’ is a bounding box for b. Thus, I'.(1) will be a finite set if and only if for every removable box b,
either b is A-bounded or it is B-bounded, with a bounding box b’ such that Q(¥’) is bounded above for some

constant independent of Q.

4.2.2. The case 1 = (1°,2,..., ). We consider the case 1 = (1°,2,...,2). We adopt the notations introduced
in at the beginning of this section for the partition A°. Thus b; is the box of largest content in A°, b, is the
removable box of largest content, etc. Also, we write A° = (n]",...,ny") and b'”) for the removable boxes of A°,

1<i<w.
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LEMMA 4.10. Let A = (A°,o,..., @) and assume that ¢y # 0 is not a rational number of denominator at most ct(b) —
ct(by). If b is a removable box that is B-bounded, then b = b, and this occurs precisely when ¢y > 0 is a rational
number whose denominator is exactly ct(bp) — ct(by) + 1. Moreover, in this case the only bounding box for b = b, is
by and by is not B-bounded.

PROOE. Let b be a removable box that is B-bounded and let b’ be a bounding box for b, then there is a
positive integer k with 8(b) — B(b') = k (mod ¢) and

k = dgw) — dpy) + £(ct(b) — ct(b) £ 1)co.
But b, b’ € A, thus B(b) = B(b') = 0, which means that k = k'r for some positive integer k’ and that
k' = (ct(b) — ct(b) £ Dcy.

Note that necessarily ¢y > 0 is a rational number in this case. Write ¢y = a/r with a, b positive coprime integers

and r > ct(by) — ct(bs). Then as k' € Z this implies that
rlct(b)—ctb) £1

from which ct(b,) — ct(bs) < ct(b) —ct(b) + 1. But ct(b,) — ct(bs) maximizes the difference ct(b) — ct(b’), for a re-
movable box b and an arbitrary box &', thus the only possibility is b = by, b’ = by and +1 = 1. Hence, as

ct(by) —ct(by) +1 <€ <ct(b) —ct(b) +1,

necessarily r = ct(b2) —ct(by) + 1.
Now assume that by is B-bounded and let b’ is a bounding box for by. There is some positive integer k = k'¢
such that
a(ct(by) —ct(b")

k' = (ct(by) - ct(b))co = I E—

but a and r are coprime, which means that r = ct(by) —ct(bs) + 1 must divide ct(bg) —ct(b’). Clearly ct(bs) —ct(b’) <

r, which is impossible. Thus b, is not B-bounded. O

THEOREM 4.11. Let ¢y > 0.
(@) If co is not a rational number whose denominator is at most ct(b,) — ct(by) + 1, and if/l0 has more than
¢ —1 removable boxes, then L:(1) cannot be finite dimensional.
(b) If ¢y is a rational number whose denominator is exactly ct(by) —ct(by) +1 and A° has more than ¢ remov-

able boxes, then L:(1) cannot be finite dimensional.

PROOE. Assume first that ¢y # 0 is not a rational number whose denominator is at most ct(b,) — ct(bg) + 1,
then L.(A) is diagonalizable. By Lemma the only possibility for L.(A) to be finite dimensional in this case is
that every removable box of 1 is A-bounded. Assume that v > ¢ — 1, that is, that A has more than ¢ — 1 removable

boxes. Then v = ¢. For each i = 1,...,v there is a positive integer k; such that
ki = do—d_g, +Cct(bV)co.

We will show that if i # j, then k; # k; (mod ¢). Assume the contrary, that is, that k; = k; (mod ¢). Thus d_y, =

d-;, and substracting the equations
ki=do—d g, +0ctd”)cy and kj=do—d_g, +Cct(bV)c

we obtain

ki - k; = £(ct(b™) — ct(b)) co. (4.6)
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This clearly implies that ¢y must be rational. Write ¢y = a/¢ with a and ¢ coprime integers and ¢ > ct(b,) —ct(by) +
1. Then by and as k; —k; =0 (mod /), we obtain

(D) —ctbMa _ ki—k; _
¢ Cor
This implies that £ must divide ct(b"”) — ct(b")), which is impossible.

Z.

Now we show that k; #0 (mod ¢) forall i =1,...,v. Indeed, if k; = kr for some integer k, then d_j = dy and
k= ct(b(i))co.
This implies that ct(b'”)) >0 and ¢ | ct(b'?). Then
ct(by) —ct(by) < € < ct(b?),

which is impossible because ct(bs) <0 and ct(b'?) < ct(by).

Denote by a the image of a positive integer a € Z in Z/¢Z. Then by the above we conclude that ki # k_] for all
i # j. As the set Z/¢Z has precisely ¢ elements, this implies that v = ¢ and that k; =0 (mod ¢) for some i, which
is absurd because no k; =0 (mod ¢). Thus A cannot have more than ¢ — 1 removable boxes.

If ¢y is a rational number whose denominator is exactly ct(b,) —ct(bs) + 1, we repeat the same proof but taking
the indices 1 =2,...,v. O

COROLLARY 4.12. For the group G(1,1,n) and cy # 0 there are no non-zero irreducible finite dimensional diago-

nalizable representations in the category O,.

PROOF. Without loss of generality assume ¢ = ¢y > 0). If ¢ is a rational number of the form ¢ = k/m for
positive coprime integers k and m, and m < ct(by) — ct(bs), then Corollary 8.1 in [38] implies that L.(1) is not
diagonalizable. Thus we only have to care about the case when c is not a rational number whose denominator is
at most ct(b,) — ct(bs). Consider two cases:

Case 1. ¢ is not a rational number whose denominator is at most ct(b,) —ct(bs) + 1. Then by Theorem a),
L.(1) will be finite dimensional if and only if A has fewer than -1 = 0 removable boxes, which means that 1 = &,
ie., Ls(1)=0.

Case 2. c is a rational number whose denominator is exactly ct(b,) —ct(bs) + 1. In this case A must be a
rectangle (or empty). Then by Lemma [4.10} b, is B-bounded with bounding box bs and b, is not B-bounded.
Then L. (1) will be finite dimensional and diagonalizable if and only if there is an A-bounded box b in the bottom

row of A. This means that an equation of the form
k=ct(b)c

holds for some positive integer k. But then ct(b) > 0 and the denominator ct(bz) — ct(bs) + 1 must divide ct(b) and
therefor

ct(by) —ct(by) +1 < ct(b) < ct(by) < ct(by) — ct(by),
which is absurd. O

REMARK 4.13. In Theorem 1.2 of [6], the authors show that for the rational Cherednik algebra H.(S", ) with
h={(z1,....,20) €C*|z1 +--+2, =0} =C"!

the only values of ¢ for which there are finite dimensional representations are ¢ = +r/n, with r € Z,p and (r, n) = 1.
This does not contradicts Corollary because G(1,1,n) is a reflection group of rank n, while the result in [6]

is for a reflection group of rank n — 1.
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COROLLARY 4.14. Assume that A = (A%, &,...,2) and that cy > 0 is not a rational number of denominator at most
ct(bz)—ct(bg)+1. Then L:(A) is a finite dimensional diagonalizable representation of H, if and only if A hasv < -1
removable boxes and there are positive integers ki, 1 < i <=v such that k; # k; (mod ¢) ifi # j and k; # 0 (mod ¢)
forall1 <i<v and the equations

do—d_y, + Cct(bP)co = k; .7

hold for1<i=<w.

PROOE. Just note that in this case, there are not removable boxes that are B-bounded, so each removable box
b must be A-bounded, and this is equivalent to the equations {@.7). The conditions k; # k j (mod ¢) if i # j and

ki #0 (mod ¢) for all 1 <i <v are a consequence of the proof of Theorem[4.11 O

COROLLARY 4.15. Assume that A = (A%, ,..., @), that A° is not a rectangle and that cy > 0 is a rational number
of denominator exactly ct(by) — ct(bg) + 1. Then L.(A) is a finite dimensional diagonalizable representation of H,
if and only if A has v < € removable boxes and there are positive integers k;, 2 < i <v such that k; # k; (mod ¢) if

i#jandk; #0 (mod ¢) forall1 <i<v and the equations
do—d_y, +Cct(b)co = k; (4.8)
hold for2<i<w.

PrOOF. Under these hypothesis, the only B-bounded removable box of A is b, and b, is its only bounding
box. Now, as A? is not a rectangle, we have that by < b and b # b, = bV, hence Q(bs) < Q(b™"). This implies
that L:(1) will be finite dimensional if and only if the boxes b 2 <i < v are A-bounded. This is precisely the

content of equations[4.8 g

COROLLARY 4.16. Assume that¢ =2, A=%a,...,2), that \° is a rectangle and that cy > 0 is a rational number
of denominator exactly ct(by) —ct(bs) + 1. Then L:(A) is a finite dimensional diagonalizable representation of H. if

and only if there is some positive integer k # 0 (mod ¢) such that an equation of the form
do—d_i.+lctib)cy = k.
holds for some box b in the bottom row of A°.

PROOE. Under these hypothesis, it can happens that b, which is the only removable box in A, is A-bounded
or is B-bounded and its only bounding box is bs. In the first case, a necessary and sufficient condition for L.(A)

to be finite dimensional is that and equation of the form
dy—d_i+ct(by)cy = k.

holds, for some positive integer k # 0 (mod ¢). In the second case a necessary and sufficient condition for L.(A)
to be finite dimensional is that there is some A-bounded box b with by < b. Such a box must be in the bottom
row of A°. Note that b, is also a box in the bottom row of A°. Hence, both cases are covered by the condition

given in the Corollary. U

4.2.3. Type B examples. We classify all finite dimensional t-diagonalizable representations for the cyclo-
tomic rational Cherednik algebras associated to the groups G(2,1, n) for bipartitions (that is, 2-partitions) of the
form A = (A%, @). Most of the work is already done in the previous subsection. So, for this subsection we assume
that ¢ = 2. We deal only with the case 1 = (A%, @). We write ¢ = ¢y and d = dp, thus d; = d if i is even and d; = —d
if i is odd.
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The following propositions are, respectively, Corollary 8.2 and Corollary 8.3 in [38]. We reproduce them here

for reader’s convenience.

PROPOSITION 4.17. Assume that ¢ >0 and that A° is a rectangle or bs = by. Then the module L. (A) is diagonalizable
if and only if
(@) c is not a rational number of denominator at most ct(b,) — ct(by), or

(b) ¢=alr with a and r positive coprime integers such that r < ct(b,) —ct(by) and an equation of the form
k
d+ct(by)c= >
holds for some positive odd integer k < 2a.

PROPOSITION 4.18. Assume that ¢ > 0 and that A° is not a rectangle and bs # by. Then the module L.(A) is diago-
nalizable if and only if

(@) c is not a rational number of denominator at most ct(b,) — ct(by), or
(b) ¢ =alr with a and r positive coprime integers such that ct(bs) —ct(bsg) +1 < r < ct(by) — ct(bs) and an

equation of the form
k
d+ct(by)c= 3

holds for some positive odd integer k < 2a.

We now make use of the results in the previous subsection and the two preceding propositions in order to
obtain a complete classification of finite dimensional diagonalizable representations of the form L.A% @). We

consider first the case when A is a rectangle.

THEOREM 4.19. Assume A° is a rectangle and c > 0. Then the module L:(]) is finite dimensional and diagonaliz-
able if and only if either

(@) c is not a rational number whose denominator is at most ct(by) — ct(bs) + 1 and an equation of the form
k
d+ct(by)c = 3

holds for some positive odd integer k; or

(b) c is a rational number whose denominator is exactly ct(b,) — ct(bs) + 1 and an equation of the form
k
d+ct(h)c=—
ct(b)c 2

holds for some positive odd integer k and some box b in the bottom row of A°; or

(c) c¢=alr for positive coprime integers a and r with r < ct(b2) — ct(bs) and an equation of the form
k
d+ct(b))c=—
2
holds for some positive odd integer k with k < 2a.

PROOF. Case (a) is taken care by Corollary[4.14] For case (b) we use Corollary[4.16 We have that L.(A) will

be finite dimensional and diagonalizable in this case if and only if an equation of the form
d—d_p+2ct(h) =k

holds for some positive integer k, where b is some box in the bottom row of A°. If k is even we obtain that

ct(b)c = k/2 and thus ct(by) — ct(by) + 1 must divide ct(b). As ct(b) > 0 in this case, we have that

ct(by) —ct(by) + 1 < ct(b) < ct(by),
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which means that ct(bs) > 1. This is absurd, thus k must be odd and we obtain an equation of the form
k
d+ct(b)c= >

as desired.
If ¢ = a/r for positive coprime integers a and r with r < ct(bs) — ct(bs) then, by Proposition [4.17[b), L.(A) is

diagonalizable if and only if an equation of the form

k

d+ct(b)c=—

2
for some positive odd integer k < 2a. We show that it also suffices for finite dimensionality. Indeed, if we rewrite
this equation, as dy = —d; = d and ¢y = ¢, we obtain

do+d_1+2ct(b))cy=k

which means that b, is A-bounded. This proves (c). O

We now consider the case when A° is not a rectangle.

THEOREM 4.20. Assume A° is not a rectangle and ¢ > 0. Then the module L.(A) is finite dimensional and diago-

nalizable if and only if \° has exactly two removable boxes, c = alr for positive coprime integers a and r with
r=ct(by) —ct(by) +1

and an equation of the form
k
d+ct(bs)c= 3

holds for some positive odd integer k.

PROOE By Propositions and we have to consider two cases: c is not a rational number whose de-
nominator is at most ct(b,) — ct(bs) and ¢ = a/r for positive coprime integers a and r with ct(bs) —ct(bg) +1 <71 <
ct(by) —ct(by).

Case 1. Assume that c is not a rational number whose denominator is at most ct(b,) —ct(bs4). Then, if ¢ is not
a rational number whose denominator is at most ct(by) —ct(bs) +1, by Proposition A9 cannot have more than
r—1 =1 removable box. But this is impossible because A° is assumed not to be a rectangle. Then there are not
finite dimensional diagonalizable representations in this case. Thus ¢ = a/r for positive coprime integers a and r,
with r = ct(b,) — ct(bs) + 1. Then from Corollaryif follows that L. (A1) is finite dimensional and diagonalizable

if and only if an equation of the form
k
d+ct(bs)c= 3

for some positive odd integer k. Indeed, in this case p?® = b3 and k #0 (mod 2) means that k is odd.

Case 2. The only remaining case is when
ct(b3) —ct(by) + 1 <1 < ct(by) — ct(by). (4.9)

We will show that there are not finite dimensional diagonalizable representations in this case, and this will com-

plete de proof. In this case, L (1) is diagonalizable if and only if an equation of the form
k
d+ct(by))c= 3 (4.10)

holds for some positive odd integer k < 2a. This implies that b, is A-bounded.

We break the remaining of the proof in several steps:
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Step 1. We show that if b # b, is a removable box which is B-bounded, then b = bs and its only bounding box
is by and this occurs precisely when r = ct(bs) — ct(bs) + 1; moreover, by is not B-bounded in this case. Indeed, let
2<i<nand be A° be a bounding box for b”. Then as B(b'”) = B(b) = 0 there exists a positive even integer k
such that

k=2(ct(b™) —ct(b) £ 1)c.

This implies that r | ct(b'?) — ct(b) + 1 and thus
ct(bV) —ct(b) 1= pr
for some positive integer p (note that p # 0 because k # 0). Then by we obtain
pct(bs) —ct(by) + 1) < ct(b'”) —ct(b) £ 1 = pr < p(ct(by) — ct(by)). (4.11)

As i =2 and the quantity ct(bs) — ct(by) maximizes ct(b?) — ct(b)) then the left inequality in must be an
equality, with p =1, i =2 (recall that b3 = b?), b=bysand +1=1.In particular

r=ct(b3) —ct(by) +1

and the only bounding box for b3 is bsy. Now, by cannot be B bounded for if b is a bounding box for b, then there

is some positive even integer g such that
q =2(ct(bs) — ct(b) £ 1)c,

which implies that
2<ct(b3g)—ct(bgy) +1=r=<ct(by) —ct(b)y£1=<1

which is absurd.
Step 2. We show that there are no A-bounded boxes b with ct(b) < ct(bs). Indeed, assume that a box b with

ct(b) < ct(b3) is A-bounded, thus we have an equation of the form
dy—d_p+2ctib)c=p
for some positive integer p. If p is even we obtain that ct(b) > 0, r | ct(b) and thus
ct(b3) + 1 < ct(bs) —ct(bg) +1 < r < ct(b) < ct(b3)
which is absurd. Hence p is odd and we obtain an equation

d+ctb)c=—.

NS

Now if we subtract this equation from (4.10) we obtain

(ct(by) —ctb)c = —P e 7.

This implies that r | ct(b,) — ct(b). On the other hand, we have that k < 2a, thus
k
(ct(by) —ct(b))c < 2 <a

and consequently
ct(by) — ct(b) < r | ct(by) — ct(b),

and this is absurd.
Step 3. Conclusion. By Step 2, bs is not A-bounded, thus it must be B-bounded. By step 1 it only happens
when r = ct(bs) —ct(by) + 1. Now, assume that AY has at least three removable boxes. Then bs (the third removable

box) must be A-bounded by Step 1, but as ct(bs) < ct(bs) this is impossible. Hence A0 has only two removable
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boxes, namely b, and b3, and as b, is the only bounding box for bs, there exists some box b # b3 in the bottom

row of A° which is A-bounded. Thus an equation of the form
p=d-d-p+2ct(b)c

holds for some positive integer p. If p is even, then p/2 = ct(b)c, which implies that ct(b) > 0 and r | ct(b) and, in

particular,

ct(b3) —ct(by) +1 < ct(b) < ct(bz),
which means that 1 < ct(bs) <0, and this is absurd. Thus p must be odd, and we obtain an equation
d+ctb)c= B.
2

If we subtract this equation from {.10), we obtain

(ct(by) —ctb)c = —L e 7.

Thus r | ct(by) — ct(b), that is
r < ct(by) —ct(b). (4.12)
Recall that k < 2a, thus
k
(ctby) —ct) L <= <a,
r 2
giving
ct(by) —ct(b) <r

and this contradicts inequality (4.12). Thus there are not finite dimensional diagonalizable representations in this

case. O

EXAMPLE 4.21. Consider the partition A0 =(5,5,5,3,3), whose Young diagram is

4

—4|-3|-2

Here, a number in a box denotes the content of that box.

In this case ¢ = a/r for positive coprime integers a and r with
r=ct(by) —ct(by) +1=2—-(-4)+1=7,

and the equation d + ct(bs)c = k/2 becomes

2a_k
7 2
that is
F={|22 5N @n=taezopke1+2z
- 7r 7 2 ) -1, >0, >0

is the finite dimensional diagonalizable locus of A for ¢ > 0. (See Figure/I)
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d

c

FIGURE 1. Finite-dimensional diagonalizable locus F for the bipartition A = ((5,5,5,3,3), ®) and
¢ > 0. The blue dots correspond to the finite dimensional diagonalizable locus of 1, the vertical
lines are the values of ¢ = a/7 and the diagonal lines correspond to the equations d —2¢ = k/2

for positive odd integers k. The orange circles are points that do not belong to F.

4.3. u-diagonalizable H (¢, n)-modules

Recall that u is the subalgebra of H(¢, n) generated by uy,...,u, and {4, ...,{,. This subalgebra is isomorphic
to the Dunkl-Opdam subalgebra t provided that ¢y # 0.
We say that a H(¢, n)-module M is u-diagonalizable if the commutative subalgebra u acts on M by diagonal-

izable operators.

THEOREM 4.22. [27, Theorem 3.2] Let M be an irreducible u-diagonalizable H(¢,n)-module. Let m € M be a

nonzero vector satisfying

ui-m=a;m and Ci-mz(bim, 1<i<m,
for some ay,...,a,€C and by,...,b, €10,...,€ —1}. Then there is a skew-shape D and T € SYT(D) such that
a;=0ct(T7Y(@) and b;=pT 1), 1<is<n,
and M = SP. Moreover D and T are unique up to diagonal slides of their connected components.

For symmetric groups, that is, for ¢ = 1, this classification of u-diagonalizable H (¢, n)-modules was first ob-
tained by 1. Cherednik in [15].
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If D is a skew-shape D we define the reverse skew-shape D' as follows. The twisted module PSP is still an
irreducible H(¢,n)-module and hence there exists an unique (up to diagonal slides of connected components)
skew-shape D" such that PSP = §P".

4.3.1. Some irreducible H (¢, n)-submodules of L.(1). Let A € Pary(n) and assume that ¢y # 0. Assume that
L:(A) is a t-diagonalizable H.-module. Then the set of Specht-valued Jack polynomials

{fro (BQ) €T (M)}
is a basis for L.(1) by Theorem[4.8] For each Q € Tab.(A), we set
Lo =spanci{fpg| P €Qc}.

The fact that the polynomials fpo are simultaneous eigenvectors for the Dunkl-Opdam subalgebra t and parts
(a), (b) and (c) of Lemmaimplies that Lg is an H(¢, n)-module.

PROPOSITION 4.23. The H(¢, n)-module Lq is irreducible for any Q € Tab.(A).

PROOE. By Proposition 1.5 in [51], any H(¢, n)-submodule of Ly must contain some weight vector fpg. By

p
and s;; ---s;,-Pe Q¢ forall 1 = j < p. Then fpq generates L as H(¢, n)-module and thus L is irreducible. 0

Corollary given any P’ € Q. there is a sequence of simple transpositions Siys---» Si, such that P'=sj --s; P

Recall the automorphism p : H(¢,n) — H(¢,n) of H(¢,n) given in (2.22). Given (P,Q) € I'.(1) we have from
Equations and that

“1/,_: _ .
PN [ =Cnis1- frg=(PP (=P =it pp
and
1
pWi)- fpo = o Znmit “fraQ
= (Q(P_l(n - l + ].)) + 1 - (dﬁ(})—l (n—i+1)) — dﬁ(P_l(n—i+1))—Q(P_l (n—i+l))—1) - [Ct(P_l(n - l + 1)))fRQ

We let s.(Q) be the unique (up to diagonal slides of its connected components) skew-shape and T the unique

standard Young tableau of shape s.(Q) such that
BT liN=pP ln-i+1)-QP tn-i+1)) (mod?) (4.13)
and
ct(TH (@) =ct(P ' (n—i+1)) - TICOQ(P_l (n—i+1)- (dﬁ(P*I(n—Hl)) - dﬂ(P*‘(n—i+1))—Q(P’1(n—i+1))) R
As a consequence we have
PN fro =P and  p(w)- frg = Lct(T™ (1)),

which by Theorem implies that Lo = §%Q Moreover, by uniqueness, the skew-shape s.(Q) does not de-
pend on the choice of P. It follows from this that

Lo= %W, (4.15)

THEOREM 4.24. [27, Theorem 4.1] Let L.(A) be a t-diagonalizable H.-module with cy # 0 and let d € Zy. Then
the degree cj + d part of L.(A) is a semisimple H(¢, n)-module and, as H(¢,n)-modules,

LL‘(A)C/1+d ~ @ SSC(Q)[.
QeTab,(A,d)
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PROOFE. As L¢(A) is t-diagonalizable, from Theorem [4.8) we have that
L.M= @ Lo
QeTabe ()
Then we have from and ([@.I5) that

LeWVgra= @ Lo= P s¥.
QeTab.(A,d) QeTab,(A,d)

4.4. The Fishel-Griffeth-Manosalva character formula

We give a purely combinatorial formula for the graded character of diagonalizable irreducible representations

of H. in category O,.. This character formula is due to S. Fishel, S. Griffeth and E. Manosalva.

THEOREM 4.25. [27, Theorem 1.1-1] Let A € Pary(n) and L.(A) be a t-diagonalizable representation of H.. Then
the graded character of L;(A) is given by
charL. )= Y ¢ @sr?

Q€Tab (1)
pePary (n)

PROOE. Upon restriction to CG(4, 1, n), it follows from Theorem that
LC(A)CA+d = @ SSC(Q)ry
Q€Tab.(A,d)
and since the functor ? : H(¢,n)-Mod — H(¢, n)-Mod induces isomorphisms under restriction to CG(¢,1, n), we

obtain

sc(@Q)
Leera= @ s*@= H 1@,
QeTab(A,d) QeTabc(A,d)

and the theorem follows. O

REMARK 4.26. Theorem 1.1 in [27] also provides a combinatorial formula for the Kazhdan-Lusztig character of

unitary L.(A) in terms of cyclotomic Littlewood-Richardson numbers. Namely, we have

S} .
charg (L) =Y Y Y a@eqd |d"
i=0pePary(n) | (Q,v,n,x)€X(i)

where
Qe Tab.(A)
X(@)=4@Q,v,n,x) | vePy(n),nePp(n—-1), y€ Py(i)
QI =cte() —cte(u) — i
We will not make use of this formula in this work, but I think it is important to mention that it is a consequence of
Theorem together with a Hodge-type decomposition of the h*-homology of unitary representations, which
follows from the work of Huang-Wong in [49] and Ciubotaru in [17] on Dirac cohomology. See also [39]. For the

explicit result, see [27, Theorem 2.1].






CHAPTER 5

Application to diagonal coinvariant rings

In this chapter we will be focused on the diagonal coinvariant ring Ry, of a complex reflection group (W, ).
Recall that by Lemma|0.1] this ring is given by

Rw =C[h* @ h]/Iw

where
I =Clh* @bl Clh” @ b].
In all that follows we consider a complex reflection group (W, ) and we denote by H, the rational Cherednik
algebra H; (W, ).

5.1. Coinvariant type representations

The group W has a one dimensional representation det, which is given by the determinant homomorphism.
Given an irreducible H.-module L, we say that L is of coinvariant type [1] if its det-isotypic component as a
CW-module,

1 —tyel|lw-v=det(w)uv},

is one-dimensional.
Let L be a coinvariant type representation of H, and take any nonzero ¢ € L. Then we define a filtration on L
by
L=" = H;™8
where H>™§ = F™H, is the filtration introduced in This filtration is exhaustive because L is simple. Then
the associated graded C[h* @ h] x W-module gr(L) has a natural bigrading: one given by the internal grading due
to the Euler vector field and other given by the associated graded construction. The importance of considering

invariant type representations is given in the following

LEMMA 5.1. [40, Lemma 3.1] Let L be a coinvariant type representation of H,. If 0 € L is a non-zero vector, then the
map
grH. — grL
fo= fé

induces a surjective CW -module homomorphism Ry ® det — grL.

PROOE. As L is of coinvariant type and det occurs in L=0 = C§, then det does not occur in L="*/L=""! for all
m = 1. In particular, any homogeneous element f € C[h*@®h]" must by mapped to 0 by the surjection grH, — grL.
But by Lemma [3.3|we have that grH. = C[h* @ h] x W, and since W acts on § just by an scalar, we have that the
composition
Clh* @] — grH — grL
is still surjective and annihilates Iy (h* @ b), thus factors through Ry, . Twisting by det we obtain the desired CW -

module homomorphism. d

109
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A proof of a more general result in the context of symplectic reflection algebras, due to L. Cartaya and S.

Griffeth, can be found in [13} Lemma 2.1]. This proof can be also found in [40, Lemma 3.1].
COROLLARY 5.2. A coinvariant type representation L is finite dimensional, and in particular L € O,.

COROLLARY 5.3. For any irreducible CW -module E and any coinvariant type representation L, we have
[Rw ®det: E] = [Ress, (L) : E].
5.1.1. The Gordon module. The trivial representation triv of the group G(¢,1, n) is indexed by the ¢-partition
A=(n),a,...,9).

The Gordon module is the irreducible representation G := L(triv) where ¢y = —dy =+ = —dy_; = (h+ 1)/ h, where
h = ¢n is the Coxeter number of G(¢, 1, n). This module is one of the key ingredients in Gordon’s proof of Haiman’s
conjecture (Theorem|0.3).

We choose co=-dy=+--=—dy_1 =(n+1)/(¢n), so that dy = (¢-1)(¢n+1)/(nf) Also assume that £ =2. Then

Tabcm:{az(,@,...,@)

Indeed, if there is some b = (1,m) € A and k € Z.q with k = dg,) — dgw)—i + £ ct(b) cp, we must have §(b) =0 and

Osalsags---sansin} (5.1)

hence

k=do—d_p+ (m-1)(¢n+1)

that is, if k20 (mod ¢),
B @n+1)m

n

k
which happens only if n=m, or, if k=0 (mod ¢),

_(m-1)(n+1)
B n

k

which is impossible. Thus condition (c) in the definition of the set I'c(1) occurs only for b = (1, n), that is, the
only removable box, and k = ¢n + 1, which imposes the restriction Q(b) < ¢n. For condition (d) of the definition
of T'¢(1) to hold, we need two boxes b; and b, in A, which must satisfy (b;) = B(b,) =0 and a positive integer k
such that k=0 (mod ¢) and

k = (ct(b1) —ct(bo) £ 1)[’1—’:1,

and thus the only possibility is that b; = (1,n), b, = (1,1) and k = £n+1, which is impossible as k =0 (mod ¢).
Thus this condition never holds in this case, and the proof of is complete. Moreover, this also shows that
each element in Tab.(A) is generic.

Let b = (1, n) be the only removable box of A. Let b’ be another box and k=0 (mod ¢) be a positive integer
such that k = ct.(b) — ct.(b'), that is,

(n=-1-ctb)n+1)
P .
This is clearly impossible, which means that k. (b) = oo and thus G is diagonalizable by Theorem Moreover,

k=

as the set Tab.(A) is finite, being in bijection with a subset of the set {0, 1,...,¢n}", then the set I';(1) is also finite,
which means that G is finite dimensional.

Actually, we have something stronger:
PROPOSITION 5.4. The Gordon module G is a coinvariant type representation of H,.

The proof contains many of the most relevant ideas that will be used in the proof of the main theorem in the

next section.
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PROOF. As G is t-diagonalizable, we have

det _ det
= P Ly
QeTab.(1)

The determinant representation of G(¢,1, n) is indexed by the ¢-partition (&, (1"),d,...,9). By Theorem we
have that

. det _ SC(Q)
dimG™'= ) Co,am,2,..2)"
Q€Tab. ()

If we write 5:(Q) = (Qc,0,...,Q¢,¢-1), We obtain that

Qc,f—l

dim Gdet - Z CQC,O Qc1 Qc2 . 5 ,

o CumCo
QeTabe ()

- C

but cg”'i # 0 if and only if Q. ; = @. Now, given any box b € A we have §(b) = 0 and thus from we must have

ﬁ(T‘l(i)) =1,s01=p6(b)—Q(b) (mod ¢), that is

Q) =pb)-1 (mod ). (5.2)

Qc,l
am
to happen there cannot be two boxes in the same row of Q. ;, and it must have one connected component. Thus

gi;)l =1. As Q € Tab.(A) is generic, from it follows that

The number ¢ 5, equals the number of Littlewood-Richardson tableaux of shape Q.1 and weight (1"). Fort this

Q must be row strict and ¢
Q,)=jt-1, j=1,...,n,

that is,

Qo=| ¢-1|2¢0-1| - |ne-1|

O

We now compute the dimension of the Gordon module. To this end, we need to compute the cardinality of
the set I';(1). Take any Q € Tab.(1). Abusing language we identify Q with its only nonempty component. Let
O<say<ap<--<a,=</{nbeits entries. Let iy,i»,-+, 1, be the positive integers such that a;_; < a; if and only if
i=ij+ip+---+ijforsomel<j<r-1andi+---+i, = n. Thus there are r distinct entries in Q. We have that Q

is constant on the set {ij,i; +1,...,1j4+1 — 1} and thus on this set P must be decreasing. This gives

il(n—1i)! ixl(n—iy —i»)! irln=C(>y+-+1i))! iliphe-- 0!

1Qcl =

n! (n—1ip)! (n—(1+--+i_)! n! n
il)iZy--w ir

which is a multinomial coefficient. It follows from this and the multinomial theorem that

1 n n .
TcI=> ) = X =(Un+D"
i1y0e0ipn20

r=1 iy,..ir=1 il)in--'rll‘ ilri2r'-'!i€n
i1++ir=n i1+ +igp=n

This, together with Lemma 5.1] proves the following special case of Theorem

THEOREM 5.5. The Gordon module has dimension (h+1)" = (¢n+1)". In particular, the diagonal coinvariant ring

Rge,1,n) has a quotient of dimension (¢n+1)", and thus

diIIlq: RG(Z,I,n) > (ﬁl’l + l)n.
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5.2. The main theorem
If (W, }) is an irreducible complex reflection group, we define
e(W) =dimc Ry — (h+ 1",

where 7 is the rank of W and h its Coxeter number. Theorem [0.3]implies that e(W) > 0. By using the computer
algebra system MACAULAY, M. Haiman suggested that ¢(W(B)) > 0 for n = 4, where W(B,,) = G(2,1,n) is the
Weyl group of rank n, a.k.a. the hyperoctahedral group. We prove that this is actually the case:

THEOREM 5.6. [I, Theorem 1.1] For all integers n = 4 we have that
e(W(Bp)) > 0.

More specifically:

(@) e(W(B4) 21,
(b) €e(W(Bg)) =3, and

(c) For all integers n =5,

nn-4)/4 ifn=0 (mod 4),
eWBp)) =4 (n+2)(n—-6)/4 ifn=2 (mod 4),
(n—-1)(n-3)/4 ifnisodd.

We will prove an stronger statement. If E is a representation of W = W(B,,), and y is an irreducible character
of W, we write W the isotypic component of E with isotype the irreducible representation whose character is y.

The group W has two conjugacy classes of reflections, represented by (1 2) and {;. We write cp = c and dp = d
so that d; = —d. Consider the character y : W — C* given by y(1 2) = —1 and x({;) = 1. This is the character
of a one dimensional representation, which by Example is indexed by ((1"),2). Note also that in this case
det = det™!. By Proposition we have that

y =y odet=s@ 0,

Let G be the Gordon module. Note that in this case ¢ = d = (2n +1)/(2n). We shall write H; 4, L. 4(A), etc. Define
¢, (W(B,) = dime (RY,) — dimg (GY).
We have the following refined version of Theorem 5.6]

THEOREM 5.7. For all integers n =5 we have that €, (W (By)) > 0. More precisely

(@ ey(W(By)) =1,
(b) €y (W(Bg)) =3, and

(c) For allintegers n =5,

nn—4)/4 ifn=0 (mod 4),
ex(WBp) =4 (n+2)(n-6)/4 ifn=2 (mod 4),
(n—-1)(n-3)/4 ifnisodd.

The rest of this section is devoted to the proof of Theorem First, given and bipartition A = (A%, A1) and
Q€ Tab, 4(A), write s¢,4(Q) = (Qc,4,0, Qc,4,1). Then as in the proof of Theoremwe have that
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(1) det occurs in Lq if and only if Q(b) = B(b) + 1 (mod 2) for all b € A and no two boxes of Q. 4, are in
the same row, in which case it appears with multiplicity one. Also, this is possible if Q is row-strict.
Moreover, if Q is generic, then it is sufficient that Q is row-strict.

(2) x occurs in L if and only if Q(b) = f(b) (mod 2) and no two boxes of Q. 4 are in the same row. In this

case, again for generic Q, we have that row-strictness is sufficient and y occurs with multiplicity one.
5.2.1. The dimension of GX. Take A = ((n), @) and choose generic parameters ¢ and d satisfying the equation
2n+1=2(d+(n—-1o).
Note that the choice ¢ = d = (2n+1)/(2n) satisfies this equation. We have that

Tab4(A) = { o= ([aa] a2 .2)

We already know that det occurs for Q with entries 1,3,...,2n —1, so that G is of coinvariant type. On the other
hand, y occurs precisely when Q is row strict and has even entries. There are n + 1 ways of choosing Q, which is

equivalent to choose which number in the list 0,2,...,2n is omitted in the construction of Q. This shows that

Osalsags---sanSZn}.

dimcG¥ =n+1.

5.2.2. Proof of part (a) of Theorem Take A = ((2,2),9) and let b be the unique removable box in 1. We
have ct(b) = 0. Let ¢ be generic and d =5/2, so that the equation
5=2(d +ct(b)c)

holds, and imposes the condition Q(b) < 4. Note that in this case all Q € Tab 4(A) are generic and there is an

unique occurrence of the determinant in the summand Lq for

1(3
1(3

Q:

which means that L. 5/2(A) is of coinvariant type. On the other hand, there are six occurrences of y produced by

the fillings

and

Thus we have
eX(W(B4)) =6-dimcG=6-(4+1)=1,

which proves part (a) of the theorem.

5.2.3. Proof of part (b) of Theorem 5.7} Take A = ((3,3),9), and let b be the only removable box of A, so that

ct(b) = 1. Consider generic parameters (c, d) such that
7=2(d+c),

which imposes that Q(b) < 6. The only occurrence of the determinant in L. 7,2(A) is given by

1135
1(3

while there are ten occurrences of y given by the fillings

0124 0124 0124 0124 0126




114 CHAPTER 5. APPLICATION TO DIAGONAL COINVARIANT RINGS

Thus
€y(W(Bg)) =210-(6+1) =3.

5.2.4. Proof of part (c) of Theorem 5.7} Now, assume that n =5 and let A = ((k, 1), @), where k+m = n. We
call $* a hook lowest weight because the nonempty component of A is a hook. In this case A has two removable

boxes, b and b'. We choose b and b’ in such a way that

ctthy=m-1 and ct(b")=—k.
Choose parameters ¢ and d such that

3=2d+2ct(b')c and 2nc=2k.

Then a filling Q of A belongs to Tab, 4(A) precisely when Q(b) <2 and Q(b) = Q(V) + 2k and Q generic if Q(b) <

Q(b) + 2k — 1. At this point m and k are arbitrary subject to k + m = n. We specialize their values as follows:

n/2+1 ifn=0 (mod 4),
k=<n/i2+2 ifn=2 (mod4),
(n+1)/2 if nis odd.

Why this choice of k? The full reason won't be clear until the end of the proof. For now: because it's my disserta-
tion and I said so. (Just kidding!)

Note that in all cases, k is coprime to n and by Theorem we have that L. 4(A) is a finite dimensional
t-diagonalizable representation of H; ;. We now prove that L. 4(A) is of coinvariant type. The unique generic
row-strict Q with odd entries has 1’s in the first column and the odd entries 1,3,...2k —1 across the first row, that

is

1 3 5 e Rk-1

1

If Q € Tab. 4(A) is another row-strict filling with odd entries, it must satisfy
Q(b) =1+2k= Q) + 2k,

so its not generic, and thus any P € Q. 4 must verify P(b) > P(b’). Choose

m+1lm+2f --- n
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If (a1,( by an,( bny s the t-weight vector of the Specht-valued Jack polynomial fpq, we must have
a; = Q(P_l(l)) +1- (dO - d—Q(P’l(l'))—l) —ZCt(P_l(i))C

Qm+2-i,)+1-2(i—-m-1)c ifl<i<sm,

Q,i-m+1-2(i—-m-1)c ifm+l<i<n.

Recall that a; = 2cct(T~1(i)) for the unique standard Young tableau T given in the construction of S¢,d(Q). Thus

we have
, Qm+2-i,)+1)/2c)-(i—-m-1) ifl<i<m,
ct(T™ () =
QLi-m+1)/2c)-(i—-m-1) ifm+l<i<n.
Then
1 _Q(m+l,l)+l _L
ct(T (1))——26 +m—k/n+m
and
= QLI gy KL gy,
2c kin
so that

ct(T~ () —ct(T™' (1) = 1.

On the other hand,
BT 1) =b =P 1) -QP'1)=0-Qm+1,1)=-1=1 (mod 2)

and
BT () =by=BP ') -QP () =0-Q(1,k)=-2k+1)=1 (mod 2).

Thus in Q. 4,1 there must be a row with at least two boxes, and consequently there are no occurrences of det in
Lo in this case. This proves that L 4(A) is of coinvariant type.

We compute a lower bound for the number of occurrences of y in L. 4(A). First, note that if Q is a row-strict
filling on A in the alphabet {0,2,...,2k} satisfying Q(b') <2 and Q(b) < Q(b') + 2k — 2, then Q is generic and hence
produce a copy of y. If Q(b') =0, then Q(b) < 2k — 2 and the only possibility is

0 2 4 e 2k-2

If Q(b) =2, then either the first column of Q consists entirely of 2’s, in which case the only possibility is

2 4 2k
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or the first column of Q contains at least one 0 and one 2. In this case, we must choose the number of 2’s in the
first column, which must be a number between 1 and m, and we have to choose one element of the list {2,...,2k}
which will be excluded from the first row of Q. There are km such choices and consequently there are 2 + km

such Q’s in total:

0 2 v (202|204 2] .- 2k

Then we have
ey (W(Bp)z2+km)—(n+1)

which proves part (c) of the theorem.
REMARK 5.8. Note that to obtain the best possible lower bound with this approach, we require the quantity 2+ km

to be as large as possible. Moreover, to ensure diagonalizability, we impose that k and m are coprime. This

explains the choice of k made in the proof.
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