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Introduction

Finding character formulas for finite-dimensional representations of a Lie algebra is a classi-
cal and foundational problem in representation theory. Let us be more precise. Let g be a finite-
dimensional simple Lie algebra over C, and let ® be its associated root system with respect to a fixed
Cartan subalgebra h < g. Denote by @ the set of positive roots and by A = {a;,...,a,} < ®* the set
of simple roots. Let p denote the half-sum of the positive roots, and A the weight lattice. Finally, let
{®1,...,@1} be the set of fundamental weights.

For each dominant integral weight A € A,, there exists a unique (up to isomorphism) finite-
dimensional irreducible representation V(1) of g with highest weight A. The character of V (1), de-
fined by

chV(A) =) dimV(A),-e,
HEA

encodes the multiplicities of the weights u appearing in V(A). Determining an explicit formula
for ch V(1) is a central goal in the theory of Lie algebras.

A fundamental breakthrough in this direction is the Weyl character formula, which expresses the
character of V(A1) in terms of the action of the Weyl group W on the weight lattice:

Y wew €(w)eW?He)

hV /1 = )
= ew)e®

where e(w) = (-1)/™) is the sign of the element w € W, and ¢(w) denotes its length.

Although Weyl’s character formula allows, in principle, the computation of any character, it in-
volves a rather intricate formal quotient, which makes it less suitable for explicit calculations. Never-
theless, it remains an elegant and powerful theoretical result whose significance extends far beyond
character computation itself.

There are several alternative methods for computing characters. Let us briefly list some of them:

(1) Kostant’s multiplicity formula: An explicit expression for the multiplicity of a weight in a
highest weight module, written as an alternating sum over the Weyl group. Although com-
putationally demanding, it gives important structural insight.

(2) Freudenthal’s recursive formula: A recursive method for computing weight multiplicities
by descending from the highest weight, particularly well suited for algorithmic implementa-
tions.

(3) Littelmann path model and crystal bases: These combinatorial models compute characters
using paths or crystal graphs, especially effective in the setting of quantum groups and affine
Lie algebras.

(4) Sahi’s recursive algorithm: For certain types, notably type A, Sahi introduced an efficient
recursive algorithm based on variations of Demazure and divided difference operators, en-
abling symbolic computation of characters.

A g-analog of weight multiplicities was introduced by Lusztig in [13] for geometric applications.
It can be defined via the g-analog of Kostant’s formula:

5



myAw= Y D P(w+p)-p-p),
wew
where P, is the g-analog of the Kostant partition function. For any weight ¢ € A, this function can
be written as

PyC) = Co+1q+cag’+---+crg”,

where ¢; counts the number of ways to write ¢ as a nonnegative integral combination of exactly i
positive roots. Specializing at g = 1 recovers the classical multiplicity:

mg(L,p],_, =dimVA),.

In type A, the g-weight multiplicities coincide with the Kostka—Foulkes polynomials. These admit
a combinatorial formula in terms of semistandard Young tableaux, where the exponent of g is given
by the charge statistic introduced by Lascoux and Schiitzenberger [10].

Lascoux also introduced the notion of atomic decomposition, which expresses characters of high-
est weight representations as sums of atomic polynomials. These polynomials form a basis of the ring
of symmetric functions and serve as natural building blocks for Kostka—Foulkes polynomials.

On the other hand, in [13], Lusztig proved that g-weight multiplicities also coincide with certain
Kazhdan-Lusztig polynomials associated with pairs of elements in an affine Weyl group. A shorter
and more conceptual proof was later given by Kato [7].

The Hecke algebra of an affine Weyl group W,, denoted #, is a g-deformation of the group algebra
Z[Wg]. It admits two distinguished bases: the standard basis {H,,} and the Kazhdan-Lusztig basis
{H,}. The change-of-basis matrix between them encodes the Kazhdan-Lusztig polynomials, which
have deep geometric and representation-theoretic meaning.

A key ingredient in Kato’s proof is the Satake transform, which establishes an isomorphism be-
tween the spherical Hecke algebra and the ring of symmetric functions (see, e.g., [19]). Under this
isomorphism, the Kazhdan-Lusztig basis corresponds to Weyl characters (Schur functions in type A),
and the standard basis corresponds to Hall-Littlewood polynomials. Moreover, the atomic basis of
Lascoux corresponds to a third basis {N,,} of the Hecke algebra, defined by

Ny= Y w0y,
ysw

where the sum is over all y < w in the Bruhat order.

In [9], Lascoux showed that in type A, characters expand positively when expressed in terms of
atoms. Alternative proofs were later provided by Shimozono [17] and by Lecouvey and Lenart [11]. In
the Hecke algebra setting, this positivity corresponds to the fact that Kazhdan-Lusztig basis elements
expand with positive coefficients in terms of the N,, basis. The polynomials arising in this expansion
are known as atomic polynomials.

This positivity phenomenon refines both the positivity [3] and monotonicity [16] properties of
Kazhdan-Lusztig polynomials. However, it is important to note that the positivity of atomic polyno-
mials holds only for those elements indexing the spherical basis of the Hecke algebra, and not for
arbitrary elements of W,,.

The main contribution of this thesis is to refine the atomic decomposition in type A by establish-
ing the positivity conjecture for the pre-canonical bases introduced by Libedinsky, Patimo, and Plaza
[12]. The remainder of this introduction is devoted to explaining our main results.

The motivation for introducing the pre-canonical basis originates in the anti-atomic formula es-
tablished in [12], which provides an explicit, elegant, and conceptually simple expression for writing
elements of the N-basis in terms of the Kazhdan-Lusztig basis. Concretely, the formula reads:



Ni= Y Co'Hyy o 0.1)
Ic®=2

A few remarks regarding this expression are in order. First, although A is a dominant weight and
not an element of the affine Weyl group, this abuse of notation is justified: in we associate to
each dominant weight a corresponding element of the affine Weyl group. Second, ®>? denotes the set
of positive roots of height at least 2—that is, the positive roots that are not simple. Finally, note that
while A is dominant, the index A-Y ,; @ appearing in the symbol H may fail to be dominant. In such
cases, a straightening rule is applied to associate a dominant weight, and subsequently an element of
the spherical Hecke algebra (see and Definition|[1.48). If the resulting weight is already dominant,
the hat notation is omitted.

Motivated by the formula in the authors in [12] introduce for any i = 2 the i-th pre-canonical
basis as:

Ni= > C@"Hy g o 0.2)
[cd=i

We emphasize that the only difference between equations and lies in the indexing set
of the summation. In the latter case, the sum ranges over all positive roots of height greater than or
equal to i. In particular, we observe that N = Ni. Moreover, if i exceeds the height of the highest
root, then the set ®>/ is empty, and consequently, Ni =H,.

In this context, the authors of [12] introduced the positivity conjecture for the pre-canonical bases,
which asserts that, in type A and for every dominant weight A, the expansion of Nﬁtﬂ in terms of
the i-th pre-canonical basis involves polynomials with positive coefficients. We view this conjecture
as a refinement of Lascoux’s atomic decomposition. The main result of this thesis is an affirmative
resolution of this conjecture.

We end this introduction by briefly explaining our approach. We begin by defining a total order <
on the set of positive roots as follows. First, among two roots of different height, the one with greater
height is considered larger. Then, the roots of a fixed height h are ordered as

X1 p<A2p+1 < <Ap-h+l,n

where a; j = a; + a1+ + a;.
We define the following subsets and elements:

za;,j

O=%i={ac®*|axa;;} and M, "= Y (-¢"Hiy,_a 0.3)

ICq)zai'j

The set ®%ij and the element Mza” are defined analogously.

Note that M, """ = N". Therefore, if we know the decomposition of Mzai'j in terms of Miai’j , then

we can recover the decomposition of Nﬁ“ in terms of the h-th pre-canonical basis.
We proceed indirectly by obtaining the reverse decomposition. That is, we provide an expression

for Miai” in terms of the elements Mzai‘j . This is the content of Proposition [3.35, We illustrate this

reverse decomposition with an example.

Example 0.1. Let n =13 and define

13
[Al)---)/"l?)]@ = Z A’ia)i'
i=1
We recall that when a positive root a; j € ®>2 js written in terms of the basis of fundamental weights it
has: a1 in positions i and j, a —1 in positions i —1 and j+ 1, and 0 in any other case.
LetA=12,1,1,2,0,0,0,0,0,0,1,1,1] 5 and consider asg € D=2, We stress that the height of asg is 4.
Then we have



>(15y3
M

A

_q6M>(X5,3
A-a18—@47-a3e—a25-a14

=asg _ _ 3 >as58 >0s,8
M, = "4 M/l—al,n qM/l—Oél,u—am (0.4)

>Qas5.8 >Qas5.8
A—ay11-@4,13 A-a111-as13-a36
>Qas5,8 >Qa5.8

—q9(M — M )
A—a111-a413-3,12 A=y 11—@413-a3,12—A25— A1 4

We now explain the occurrence of each term in the above decomposition.

o The term in the first row is indexed by the weight A and appears with coefficient 1.
» To analyze the term in the second row, we begin by observing that

A—= 58 = [2) ]-) 1)3)_]-)0)0)_]-) 1)0) ]-) 1) 1]&)

This expression is undesirable due to the negative entries. We first focus on the entry —1 in
position 5. To eliminate it, we subtract the root a 4, obtaining

A= ayg= A— A58 —A14= []-! ]-) 1v2)0;0v0)_1; 1’0) ]-) 1’ ]-]lD

This removes the negative entry in position 5, although the —1 at position 8 remains. The
reason for subtracting a4 is that it is the unique positive root of height 4 (as is asg) that
precedes as g in the total order < and makes the component in position 5 non-negative upon
subtraction.

The attentive reader may note that subtracting a4 could introduce a new negative entry,
particularly in position 1, if Ay = 0. This is indeed a possibility. In that case, we shift our
attention from position 5 to position 1, and now a4 becomes the starting root in the reduction
process, replacing the role initially played by asg. However, since there is no positive root of
height 4 preceding a 4 in the order <, the procedure terminates, and the corresponding term
does not appear in the decomposition.

We now return to the remaining —1 in position 8. As before, we subtract the unique positive
root of height 4 that precedes as g in the order < and whose subtraction from A—a g eliminates
the negative entry in position 8. We obtain:

A— 1,8~ Ayg7 = [1) ]-)27 1)0) 07 _1’0) ]-7 0’ ]-) ]-7 1](D

This removes the negative entry in position 8 but introduces a new —1 in position 7. We
repeat the process, and at each step the —1 can move one position to the left. After a finite
number of steps, the process either yields a dominant weight (in which case the term appears
in the decomposition) or encounters a configuration where no further reduction is possible
(and the term does not appear).

In our example, we find:

A— 18— A4 7—A36—A25— A1 4 = [1, 1, 1,0,0,0,0,0, 1,0, 1, 1, 1]@.

Altogether, six roots were subtracted in this process, which explains the exponent q° in the
decomposition.
o We now explain the terms in the third row. In this case, there are two elements indexed by
weights that differ by the root as7, which appears because it is the predecessor of asg in the
order <. Hence, we only need to explain the occurrence of the root a ;.



9

Starting from A — a g, we subtract the unique positive root of height 3 = 4—1 that succeeds
ag,g in the order < and whose subtraction makes the component in position 8 non-negative.
In our example, this root is a9 11, and we obtain:

A= a;i = A— a8 — Q911 = [17 ]-) 172v0)07070)070r0)27 1](D

Three roots were subtracted in total, which justifies the exponent q° in the decomposition.
Furthermore, the presence of q inside the parentheses reflects the fact that the two weights
involved differ by a single root.

o The terms in the fourth row are similar. There are two weights that differ by the root asg,
which appears because it is the predecessor of the predecessor of as,g in the order <.

We now explain the weight A — ay,11 — @4,13. We begin with A — a, g — 4,7, which has a —1
in position 7. Following the same strategy, we subtract the root ag o (of height 3), yielding:

A= 1,8 — Ay4,7 —Ag,10 = [1! ]-)2) ]-)O) 0) 0) _]-) 17 _1r2) 17 1](D

This eliminates the —1 in position 7, but creates new —1s in positions 8 and 10. To elimi-
nate the latter, we subtract 11,13, giving:

A-ayg—agiz3=A—ai1g—as7—agio—a1,13=101,1,2,1,0,0,0,-1,1,0,1,1,0] 5.

Finally, we eliminate the —1 at position 8 by subtracting aq 11, and obtain:

A—ajnn—agi3=A—-a1g—as13—a9n =1(1,1,2,1,0,0,0,0,0,0,0,2,0] .

In total, six roots were subtracted, which justifies the exponent q° in the decomposition.
e The pair in the last row is more involved, and we refer to it as a bad pair. The starting point is:

A— 18— Ay4,7 —A36 = []-)2r ]-! ]-)Or _1)0) Or ]-)O) ]-} ]-) ]-]tD’

which contains a —1 at position 6. As in previous steps, we subtract roots of height 3 to
eliminate the negative entries at positions 6, then 7, and finally 8, as shown below:

A—ai18—as7— a3

|
A—a1g— Q47— 36— a79— Q10,12
A—a1g— Q47— Q36— A79— Q10,12 — X810 — X11,13

A—ayg—as7— Q36— Q79— 10,12 — A8,10 — X11,13 — X911
This final expression equals

A— 1,11 — @4,13 —A3,12 = []-)2) lv ]-)0) 0,0,0,0,0,0,0,0]@,
and matches the first weight in the pair. Since nine roots were subtracted in total, this

explains the exponent q° in the decomposition.
The other weight in the pair is, in principle,

A’ - al,ll - a4,13 - a3,12 - a2,5 = [2) 1! 1) 1) _1) 1) 0) 0) 0) 07 0) 0) 0]&)-

The root a5 appears here as it is three steps below asg in the order <. Unlike in earlier
rows, we do not allow negative entries in the second element of a bad pair. Since this weight
has a —1 at position 5, we eliminate it by subtracting a4, following the same procedure as
before. We obtain:
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A— 1,11 — X413 —A312— A5 — A1 4= [1! ]-) 1} O)O) 1} O)O) Oy 0)0) Oy 0](D
Since the two weights differ by two roots, this justifies the factor q* inside the parentheses.

The number of pairs that may appear in the decomposition is bounded above by h—1. In
the present example, we attain this maximum with three pairs. However, the actual number of pairs
depends heavily on the choice of A. On one hand, some of the weights involved may not exist due to
negative entries, in which case the corresponding M-term does not appear. On the other hand, the
number of pairs is bounded below by the number of zeros to the left of position j (including position
j itself) and to the right of position i + 1 (including position i + 1 itself). In our example, we have
(i, j) = (5,8) and since 1 = A7 = 1g = 0, we obtain three pairs.

Although the decomposition given in the Proposition 3.35]exhibits remarkable combinatorial beauty
and elegance, its proof, unfortunately, does not share these qualities. In fact, the entirety of Chapter 2
is devoted to preparing for its demonstration. In that chapter, we establish a series of identities satis-
fied by the M-elements, either to eliminate negative components in the indexing weight or to modify
the indexing set.

With these decompositions at hand, the proof of the positivity conjecture proceeds as follows. To
avoid technicalities in this introduction, we continue within the context of the example, although the
same reasoning applies in the general case.

We begin by isolating the term MZ““. Our goal is to show that this term can be written as a
positive linear combination of M-elements indexed by sets of the form ®=%, for some root a of height
4 satisfying a < asg.

Next, we observe that the term in the second row is indexed by a dominant weight strictly smaller
than A in the dominance order. Thus, by induction, we may assume that it can also be written posi-
tively in terms of M-elements indexed by sets ®=%, with a of height 4 and a < a5 g.

For the pairs appearing in the third and fourth rows, we show that each of them can be expressed
positively in terms of M-elements indexed by the sets ®=%7 and ®=%36, respectively.

Finally, we address the most intricate case—the last pair—by proving that it can also be written
as a positive combination of M-elements indexed by sets ®=%, with a of height 4 and a < a5 g.

As a final remark, we emphasize that our proof of positivity is combinatorial in nature. Each of
the decompositions described above can be obtained explicitly by reproducing the steps of the proof.
In other words, we provide an algorithm to compute the decomposition of any pre-canonical basis
element in terms of a lower one. This algorithm is implicit throughout the thesis; however, due to
space and time constraints, we do not present it here as a main result.

After completing this thesis, we plan to publish a refined version of the algorithm, which is cur-
rently in a preliminary form and does not account for the cancellations that may occur during the
decompositions. Taking these cancellations into account would allow us to show that the decompo-
sitions of the pre-canonical bases are manifestly positive.



CHAPTER 1

Preliminaries

1. Coxeter Groups

This section will provide an overview of the concepts related to Coxeter groups, with special focus
on the affine Weyl group.

1.1. General theory of Coxeter groups. This section will be based on [6], [1] and [5].

We define a Coxeter system (W, S) as a pair, that consists of a group W and a set of distinguished
generators S € W, subject only to the relations

(s)™D =id forall s,r€S,

where m: S x S — NuU {oo} is a function satisfying m(s,s) = 1, m(s, t) = m(t,s) and m(s, t) = 2 for all
s# t€ S. The elements of S are called simple reflections.

Remark 1.1. When m(s, t) = co we say that there are no relation between s and .

Remark 1.2. The relation (s#)”"®? =id for s # t is equivalent to the braid relation
SISt =1Sts---
——  —\—
m(s, 1) m(s, 1)
A reduced expression for an element w € W is a minimal-length factorization of w in terms of the
generators S.

The length function, ¢: W — N is a function which associates to each w € W, its length denoted
¢(w) that describes the length of such a reduced expression of w.

Example 1.3. The Coxeter system of type A,—1 is the group generated by the set S = {s1,...,5,-1} and
relations

sf:id, for 1<isn-1; s;iSit18=58i+18iSi+1, for 1<i<n-2, and s;sj=sjs;, for|i—j|>1.

This group is isomorphic to the symmetric group S,, where the generators s; correspond to the trans-
positions (i,1+1).

Definition 1.4. The Bruhat order < on W is the partial order defined as follows: For w € W, let
(s1,52,...,5p) be areduced expression for w. Then v < w if and only if v can be expressed as a product
of a subsequence (s;,, Si,,...,S;,) where 1 <i; <ip <---<i, < p. In other words, v < w if and only if v
admits a reduced expression that is a subexpression of some reduced expression for w.

Remark 1.5. This definition is equivalent to the standard formulations found in [6] and [1], where
the Bruhat order is often defined via reflection conditions.

Two expressions (sy, s2,°-, Sp) and (s'l, sé, .. s;,) are said to be related by braid moves if there is a
sequence of braid moves that takes one expression to the other.

Theorem 1.6. Any two reduced expressions of the same element w € W are related by braid moves.

PROOE. A historical proof is available in Matsumoto’s paper [15]. You can read an actual proof in
(1. 0J

11
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Lemma 1.7. Let w € W and s € S. If we assume that ws < w, then there exists a reduced expression
for w of the form (sy, s2,...,5p, s). An analog left version result holds.

Proposition 1.8. Let (W, S) be a Coxeter system. If W is finite, there exists an element wy € W such
that w < wqy forall we W.

PROOE see [1, prop. 2.3.1]. U

In the symmetric group, the longest element wy corresponds to the "reversal permutation” i.e.,
the permutation that associates i — n + 1 — i, that we will exemplify now

Example 1.9. Let S5 the symmetric group on 5 elements. In list notation, the longest element in ss is
the permutation 54321 while in cyclic notation is (15)(24). We illustrate a diagram for this element
in Figure We interpret this diagram as a way to find the image of a number i by following the
accompanying line, which connects a number i at the bottom to the number wy(i) at the top:

1 2 3 4 5
®

)
2 3 4 5

— @

FIGURE 1. Longest S5 element wy = $2515352545153525457.

1.1.1. Parabolic subgroup. Let J < S and W; < W be the subgroup of W generated by J (i.e. W) =
(). The groups obtained by this description are called parabolic subgroups. In this section, we will
describe some results that will be important for the understanding of the Spherical Hecke algebra.

The next proposition will enumerate some classical results of parabolic subgroups.

Proposition 1.10. Let (W, S) be a Coxeter group with length function ¢, J c S with parabolic subgroup
W; and length function ¢, then

(a) (Wy,J) is a Coxeter group.
(b) ¢;(w)=¢(w), for all we W;.
(c) Win W] = WIﬂ]-

(d) <W[ U W]> = W]U].

(@ Wy=W;=1I=].
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PROOE You can find a proof of this proposition in [1, Proposition 2.4.1]. ([l
Definition 1.11. For J c S, We say that J is finitary, if the associated parabolic subgroup Wj is finite.
For finitary parabolic subgroup, we will call w; the longest element in the parabolic subgroup Wj.

Definition 1.12. For I, ] c S be finitary subsets, we define the sets

D; = {weW|ws<w,forall se J},

D = {weW]|sw<w,forall se ]},

D) = {weW|ws>uw,forall seJ},

’D = {weW|sw>w,forall seJ}, (1)
1Dy = [DnDy,

'p) = DnD.

With this notation we are able to enounce the following result

Proposition 1.13. Let I,/ < S.
(i) Every w € W has a unique factorization w = uv such that u € D/ and v € W; and £(w) =
l(u)+£(v).
(ii) Every w € W has a unique factorization w = vu such that v € W; and u € /D and ¢(w) =
(v)+ 4(u).
(iii) Every w € W has a unique factorization w = xuy such that u € Wy,; and x€’/D, y € D/ and
C(w)=0(x)+l(w)+£4(y).
(iv) Every left (resp. right) coset wWj (resp. Wyw) has a unique representative of minimal length
ueD’ (resp. u e ]D).
(v) If J is finitary, then every left (resp. right) coset wWj (resp. Wjw) has a unique representative
of maximal length u € Dy (resp. u € ;D).
(vi) Every double coset W;w W/ has a unique representative of minimal length u € ;Dj.
(vii) If Jis finitary, then every double coset W;wWj has a unique representative of maximal length
ue D 7.

PROOE. A proof of this proposition is presented in [1, Proposition 2.2.4, Corollary 2.2.5]. Most of
the results collected in this proposition follows by similar arguments. 0

Definition 1.14. We define the Poincaré polynomial of I c S as

n)= Y pfwn-2w, (1.2)
veWr

1.2. Root System of type A and affine Weyl group. In this section, we will establish the notation
regarding the root system of type A that we will use throughout this manuscript.

Let (E,®) be a pair composed of aset ® ={¢;—€;|1<i# j<n+1} called roots and E = spanp ® <
R"™*1. We fix the following sets:
The simple roots
A={a;=€;—€;j:111<i=<nj} (1.3)

the set of positive roots
O ={a;j=a;+qi++aj=€;—€j|lsisj<n} (1.4)
the root lattice Z® = span, @, the weight lattice
X={A€eE|{Aa"yeZ, foralla €A} =span,{o;|1<i<n}, (1.5)

where the fundamental weights @;, 1 < i < n are determinate by equation (®;, a}’) =06;,j, where 6; j is
the Kronecker delta, and finally the X* = spany{®; | 1 < i < n} the dominant weights.
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For a € ® we introduce s, : E — E defined by s,(v) =v—(v,a")a the reflection with respect to the
hyperplane H, = {v € E | (v,a) = 0} in particular for 1 <i < n we define s; = s,, the simple reflection
and W = (s; | 1 =i < n) the finite Weyl group. Now let sy be the reflection thought the hyperplane
defined by x; + x,, + 1 = 0 and we call W, = (s; | 0 < i < n) the affine Weyl group, this group can also
be described by the group generating by reflection s, ;. = fxqv © S and therefore W, = W x Z® (see
proposition 1 §2 chapter VI of [2]). Let Hy x = {v € E | (v,a) = k} be the hyperplane associated to the
reflection sy i, we call alcoves to the connected component of E\Ugyeo, kez Hq, k, in particular we call
Co={AeE|-1<{Aa")<0foranya € ®*) the fundamental alcove. On Figure we illustrate some
important concepts defined before in the case of n = 2.

INININININ
AVA AV
VAVAV AA

FIGURE 2. root system of type A

The extended affine Weyl group is defined as W, = W, x X, where X acts as translation by weights.
Although W, is not a Coxeter group, it does have a length function that is equal to the number of
hyperplanes that separate w(C) to C. The group Q = {v € W, | £(v) = 0} corresponds to the length 0
elements in W, and can be considered as

Q=W /W, =X/ZD (1.6)

In our case, Q is isomorphic to Z/(n+1)Z . It acts on the simple roots A = {a;,...,a,} by w(a;) =
Qi+1 modn+1, (see [14, p. 2.2.5]). where w is a generator of Q. This extends to an automorphism of W,
via w(s;) = s;+1 (with indices modulo n + 1) for simple reflections s;.

By the equivalences and the fact that the fundamental weights @; form a system of representa-
tives of X/Z® (see [2]), we can identify @; with the associated element o; and with i € Z/(n+ 1)Z.
With this identification, we can think of the elements of the group Q as weights module Z®, associ-
ating one weight to the corresponding fundamental weight and the corresponding element in Q.

For A € X consider ¢ € W, the translation by 1. We have that the set wy(Cp) + A is an alcove and
since W, acts simply transitively in the set of alcoves it follows that there exists some element called
0(A) that satisfies

0(1)(Co) = wo(Co) + A (1.7)

The 6(A1)-elements correspond to the maximal double coset representative elements on We\W, /o (Wy),
where o is in the class of A.
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Remark 1.15. Let 1 <i< j<nand 1 < k < n. Then, we have
1, ifk=iork=j;

(ajjapy=1 -1, ifk=i-lork=j+1; (1.8)
0, otherwise.

Example 1.16. Consider n = 2, in this setting, we will describe the before presenting concepts. Every dot
in Figure[3| represents one element of the weight lattice, in particular the sky-blue dots correspond to the
fundamental weights @, and @, (left dot and right dot respectively). The yellow triangles correspond

to the 8(A)-elements. If we notice, the fundamental alcove and the alcoves in the dominant zone have
some colors in their borders.

AVAVAVAVAVAVAVAVAVAVA
VAN NN NN NN NN
AVAVAXAVAVAVAVAVAVAVA

/NN NN N NN NN NN

FIGURE 3. O(A) elements in A,

These colors are obtained via mapping the fundamental alcove to the others by the action of the
group W,. In particular, we can understand the group Q as the group that permute the borders of the
fundamental alcove, if we see Figure (3, there are 3 possible configurations for the colors of the 6(1)
alcoves, that’s are: blue on the left border, red on the left border or black in the left border. Notice that
each one corresponds to the configuration of the alcove with bottom weight 0, ®, and ®,. The elements
of the group omega correspond precisely to the mapping

Left border ——  Left border
id:  Right border —— Right border
Top border —  Top border

Left border ~——  Left border
o1:  Right border — Right border (1.9)
Top border =~ —  Top border

Left border ~——  Left border
02:  Right border —— Right border
Top border —  Top border

that’s by the before comment are associated to the color configuration of the alcove with bottom weight
0, ®1 and @,.

Let fix a dominant weight A = @1 +2®,. If we subtract a; + a» we get that A — a1 + a2 = @,. This
implies that the weight A is congruent to ®, module Z®, and then the corresponding 6 (1) -element is
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maximal in the double coset Wr0(1)o2(Wy). Consider that the group Wy = (e,e) and thus the group
02(Wy) = (e,e). You can see that at least in the right coset 0(A)a2(Wy), the element 0(A) is the maximal
length element (farthest from 0). The right coset 0(A)o2(Wy) can be seen in Figure as the e = g, (e)-
Hexagon that it is part of.

FIGURE 4. Right coset 6(1)a2(Wy)

2. Hecke algebra
Let (W, S) be a Coxeter system.

Definition 1.17. The Hecke algebra H = H(W, S) is the associative Z[v, v~!]-algebra generated by the
formal symbols {H; | s € S}, subject to the relations

(1) The quadratic relation: for all se S

H2= (v - v)Hs+1. (1.10)
(2) The braid relation: For all s, t € S with m(s, ) < co
HH,H,---=H,HH, (1.11)
Tt mien

Remark 1.18. The quadratic relation (1| can be described in the following equivalent form

Hs—v)Hs+v 1) =0. (1.12)
This presentation is useful to remember, since one term contains an additive inverse of v and the
other contains a multiplicative inverse of v.

Let ¢: Z[v,v™!] — Z be a ring homomorphism defined by v — 1. The ring Z get structure of
Z[v, v~']-algebra and defines the 1 specialization of the Hecke algebra as

H(,DZZ@Z[U,U_l]H' (113)
It is easy to see that the 1-specialization H is isomorphic to the group algebra Z[W]. This observa-
tion is the reason for what Hecke algebra is called a deformation of the group algebra.

2.1. Standard basis. In this section we introduce the standard basis for the Hecke algebra 7. This
basis will be essential for the rest of the Manuscript.

Definition 1.19. Let w € W and (sy, s3,..., $,) be a fixed reduced expression for w. The standard basis
element H,, is defined as
H, =HgHs,---Hs,. (1.14)

Remark 1.20. By Theorem|1.19, the element H,, appears to depend on the choice of reduced expres-
sion for w. However, it follows from Theorem [1.6/and the braid relation (Item 2] of Theorem[1.17) that
H, is independent of this choice.
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The term “basis” will be justified by the following result.
Proposition 1.21. The Hecke algebra # is a free Z[v, v™!]-module with basis {H,,} wew .
PROOE. A detailed proof can be found in [5, Theorem 3.5]. U

We now establish key multiplication rules for the standard basis elements H,,, which are essential
for defining the Kazhdan-Lusztig polynomials.

Let s € S and suppose w < ws. If (s1,...,p) is a reduced expression for w, then (sy,...,$p,$) is a
reduced expression for ws. By (1.14), we have

HwHS:HSI'..HSpHS:HWS' (1_15)

Conversely, if ws < w, Theorem implies that w admits a reduced expression of the form
($1,...,Sp, 5). Applying (L.14) and Itemyields

H, Hg=H, - -Hg H; = (0™ = v)H,, + Hys. (1.16)

These cases are summarized in the following right multiplication rule:

H,;, if ws> w;
H,H,={ . (1.17)
(v —v)Hy+Hy,,, ifws<w.
An analogous left multiplication rule holds:
H;y, if sw> w;
HH, = (1.18)

(v '-v)H, +H,y,, if sw<w.
2.2. Kazhdan-Lusztig basis. In this section, we will introduce one of our main research objects,
the Kazhdan-Lusztig basis.
Let s € S. Notice that Item [I]leads to
HiHs+v-v H=H+w-v HHs= (' - v)H;+1+ (v—v HH = 1. (1.19)
This calculation implies that for any s € S the generators H; are invertible with inverse
H'=H;+v-v". (1.20)
Combination of this fact and Theorem gives that for any w € W it follows that the standard basis

elements H,, are invertible.

Definition 1.22. We introduce the Kazhdan-Lusztig involution = : H — H as the ring automorphism

defined by
v = vt

H, = H!, foral wew (1.21)
w

Now we are in condition to define the Kazhdan-Lusztig basis and Kazhdan-Lusztig polynomials.

Theorem 1.23. [Kazhdan and Lusztig, [8]] There exists a unique element H , € H satisfying

(1) Selfdua) H,=H,,.
2) H,, =Hy + ¥ 1<y hy,wHx, where hy ,, € vZ[v].

The polynomials h,,,, are known as the Kazhdan-Lusztig polynomials.

PROOE. You can see the original proof of this result in the Kazhdan and Lusztig paper [8]. An
actual proof can be found in [5]. ]

Remark 1.24. Item [2| of Theorem implies that the (H,)wew is a Z[v, v™!]-basis for the Hecke
algebra H.
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The objective of the remaining section will be to show how to calculate Kazhdan-Lusztig polyno-
mials.

The next calculation gives a first approach to the calculations of Kazhdan-Lusztig basis elements

Hs+v:H;1+v_1:Hs+v—v_1+v_1:Hs+v (1.22)
This implies that the element H; + v is self dual, satisfying Item |1| of Theorem Moreover, notice
that H; + v has the form described in Item [2| of Theorem By these two comments, and the
uniqueness of the Kazhdan-Lusztig basis elements, described in Theorem [1.23, we conclude that
H = H; + v. Therefore, we conclude that H, = H; + v for s€ S.

Now, we will proceed to calculate H , by induction on the length of w € W using the fact that
product of self dual elements is still self dual. The next multiplication rule follows directly from (1.17),

H,+vH,, if ws> w;

HyH = (1.23)

H,,+v 'H,, ifws<w.

We will illustrate the next steps in the following example

Example 1.25. Let S3 the symmetric elements and s = (1,2) and t = (2,3) the simple reflections. Addi-
tionally, consider H(Ss) the Hecke algebra associated to the Coxeter system (Ss,{s, t}). Let {HS,HI} and

{ﬂs,ﬂt} the standard and Kazhdan-Lusztig basis respectively.

The following diagram consists of edges and dots. Each dot in the diagram represents a single sim-
ple reflection and is colored in a pattern of red and blue. In this example, the simple reflection s is
represented by a blue dot, and the simple reflection t by a red dot. The next step is to label each edge
with an element of S3 (starting with the identity e on the bottom of the diagram) that is found by cross-
ing one element on the diagram across the dot and multiplying that element by the right for the simple
reflection that goes with the color.

sts

st s

(1.24)

Notice that the length of the elements is increasing if you go from bottom to top.

Now, each edge of this diagram will represent an element of the standard basis indexed by the la-
belled element. For simplifying the writing, we will omit the elements and will use it to express an
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element on the Hecke algebra as follows: Let h = vH; + (v™! + v)Hg; + 3, the following diagram repre-
sents the same element:

h= (1.25)

Now, we proceed by induction on £(w) to calculate the Kazhdan-Lusztig element H . using (1.23) and
starting withH H, = H

H, = —HH = (1.26)
1
1 v

We know by before calculation that the element described by the diagram on the right is H, and the
polynomials described on the edges are the Kazhdan—Lusztig polynomials. Now, we proceed to multiply
by H, to be across the red dot above:

H. = —HH. = (1.27)
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At this point, notice that self duality holds, since each of the elements is obtained by multiplying self
dual elements. So, it is enough to verify that each polynomial on the edges satisfy Item [J of Theo-
rem|[1.23, Since in this case satisfy, we get that H H, =H_,. Next,

(1.28)

v? ¥+
In this case, notice that the coefficient of Hy is 1+ v> and 1+ v? ¢ vZ[v] then we proceed to subtract
a self dual element that arise the 1, that element must be H; (painted on blue in the diagram above)
naturally the result element will be self dual and will hold Item|2,

HH-H =

St—=s —S

= H (1.29)

In order to calculate the spherical Kazhdan-Lusztig polynomials, the previous example will be
addressed in the following section using the same fundamental concept.

The Kazhdan-Lusztig algorithm consist of multiply and subtract appropriated terms in order to
satisfy both conditions of Theorem The disadvantage of this algorithm is that it is necessary to
know all the smallest Kazhdan-Lusztig element to obtain the next, which in higher lengths make
impossible to perform the calculations. Furthermore, it makes obscure the understanding of the
Kazhdan-Lusztig polynomials.

Notice that in the before example, the key of this algorithm consists in determining where could
appear constants numbers in the algorithms. For that we define the following numbers

Definition 1.26. For v, w € W we introduce
Hyw:= coefficient of vin h, . (1.30)
With this notation we are able to enounce the following multiplication rule
Lemma 1.27. For we W and s€ S
(v+ v_l)ﬂws, if ws<uw;
HH=<{H,6 +Y powH, if ws>w. (1.31)

w=s v<w,

vs<v
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(v+v HH,,, if sw<uw;
HH =<{H; +% V< w, powH, if sw>w. (1.32)
SsU<v
PROOE. You can find an appropriated proof of this formula in [5, Theorem 3.27]. 0

Remark 1.28. Although the algorithm consists of subtracting terms, a surprising fact is that the Kazhdan-
Lusztig polynomials have non-negative coefficients. This was proved by Ben Elias and Geordie Williamson
in [4].

The remaining section will provide an illustration of specific formulas and results for Kazhdan-
Lusztig polynomials on parabolic subgroups. For the remain of this section consider J c S finitary.

Lemma 1.29. Let v, w € W and s € S be such that ws < w and v < w, then

v_lh,,s,w, if vs<u;

hyw= (1.33)
nw vhys w, if vs>w.
The analogous left version holds.
PROOF. First, we recall that H , =3, hy,wH,, so we have by (1.23) that
H H = Z hyyHH, = X v<w hy,wM ys + V_lﬂy) +2 v<w hy,wMys+vH,)
v=w vS<v Vs> v
., (1.34)
= X v<w (v hv,w+hvs,w)Hv+Z v<w (Uhv,w"‘hvs,w)Hv
VS<U vS> U
On the other hand, if ws < w then by comparing of (1.31) and (1.34)
_l .
v hyw+hysw, if vs<u;
w+v Hhyw= pw TS (1.35)

vhyw+ hysw, if vs<uw.

and therefore we conclude that vh, ,, = hys, if vs < v and v‘lh,,,w = hys,w if vs>v.

The left version of follows by similar arguments. Concluding the proof as we wanted. U

Lemma 1.30. Let w; the longest element on Wy, then

H, =Y /Wy, (1.36)
veWy
PROOF. We will prove that h,,,, = v/)~¢®) by induction on d = ¢(w)) — £(v). Assume that d = 1.
Since w;s < wj for all s € J it follows by Theorem for w=wj and s € J that hy,; , = v_lhw]s,w]
and given that hy,, ,,, = 1 we conclude hys,, = V.

Now, assume that hy,,, = v/@)~¢@ for all x satisfying ¢(w)) — £(x) = d —1> 1 and let to verify for
d. Let v € Wj be such that ¢(wj) — ¢(v) = d and consider s € J such that vs > v, then by Theorem (1.29
for w = wj and v it follows that hy,,, = vhys,,. On the other hand, induction hypothesis for vs gives
that hys,y, = plwn=tws) — ,twp=LW)-1 gn( therefore hy,w, = plwn=tw, Obtaining the desired. [

Lemma 1.31. For v, w € W; we have that

HH, =v ‘"H (1.37)

—wy
PROOE. The proof follows by induction on ¢(v), using the fact that
HH, =HH, A -vH,6 =v"'H,, (1.38)

for all s € J, where second equality holds since H, = Hy + v and third equality holds by (L.32). O
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Lemma 1.32. Let I c J c S be finitary subsets, then

H,H,, =7(DH,,.

(1.39)
PROOE. We proceed to calculate H,, H,, by using Theorem and Theorem m
ﬂwlﬂw] — Z vf(wI)—é(v)HUﬂw] — Z v((uu)—((v) U—E(U)Hw] — Z U[(wI)—ZZ(V)Ew] — ”(I)Ew]' (1.40)
veW; veW; veWw;
]
2.3. Spherical Hecke algebra.
Definition 1.33. For I, J be finitary subsets of S. We introduce the spherical modules as
I .
H o= H, H,
" o= HH, , (1.41)
I = HA.

The following lemma will establish the criteria for determining whether an element h € H is a
member of '#/.

Remark 1.34. Let ¢: Hf — Z[v, v~1] defined by H; — v~1. With this surjection Z[v, v~1] becomes an
H r-bimodule. With this , the module S# can be presented as

SH =~ Zlv,v ™ ®7, H.

(1.42)
Lemma 1.35. Let h =) ,,ciw ayHy € H and I c S. The following statements are equivalent.
(i) helH.

(i) H,, h=n(Wp)h.

(iii) H.h = (v + v Hhforall sel.

(iv) Fix we W, if s € I satisfying sw < w, then

sy = Vay. (1.43)
PROOF. We start proving|[(i)|= (i)}
If hel#, then h= ﬂwlh’ for certain k' € H, thus
H,h=H,H, I'=5DH, I =rh, (1.44)
where third equation follows by Theorem [1.32]
()=
This implication follows by|(i)} Theorem and Theorem and the following calculation
w+v Ha(h=@w+v YH, h=HH, =a(DHh = (+v Yh=Hh
(i) = [Gv)}
Letsel,
ﬂgh = ZwEW awEus
= Y pew wMsw+vH)+Y o awHsw+ v Hy)
sw>w sw<w (1.45)
= X wew (vay + asy)vHy + 3. wew (U_law + asy)Hy.
sw>w sw<w

On the other hand, ((iii)| leads to H.h = (v + v hh =Y pew+vHa,Hy,. Thus, we conclude by
comparing the coefficients of both that

v_law +agy =W+ v_l)aw = dgy = Vay. (1.46)
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Finishing as we wish.
= (@)l
By Theorem it follows that for every w € W, w = uv, where u € W; and v € ! D. Moreover, notice
that bywe have a,, = v/ a,, by this two results we have
h=% pewawHy = X ypewaws/H,H,
= Y uew; 2yelD V_é(u)HuHu

— (ZMEW] vf(wl)—f(u)Hu) (ZUEID U—é(wI)avHv) (147)
= H, W,
where W' =Y cip v ™a,H, € H and H, =Yuew, p{wn-twy by Theoremm
Concluding the proof. U
Lemma 1.36. Let h =) ,,ciw ayHy, € H and J c S. The following statements are equivalent.
() he#/.
(ii) hH,, =m(W))h.
(ili) hH,=(w+v Hhforall se J.
(iv) Fix we W, if s € ] satisfying ws < w, then
Qs = Vay. (1.48)
PROOF. Theorem follows by similar arguments that the used for Theorem [1.35 U

Remark 1.37. Notice that by combination of Theorem and Theorem we can characterize
when an element h € H is part of /#’ throught satisfy both Theorem 1.35/and Theorem [1.36}

Corollary 1.38. For w € W and I, J be finitary subgroups, then

H, € 131 — w is maximal in the double coset W;wW;. (1.49)

PROOF. Assume that H € 1747 and let s € J, then by Theorem it follows that HH, , = (v +
v"hH,,, with in combination with Equation (1.32) forgive to sw < w. Concluding that w is the
longest element in Wjw. Similar arguments show w is the longest element in wWj.

On the other side, suppose that w is maximal in the double coset W;\W/W;. Fix s € S, then
Equation 1h givesHH, =(v+ v_l)ﬂw, and by the equivalence of|(i)|and we getthat H € Iy,
Similar arguments gives H € H/ U

Definition 1.39. Let [, ] finitary subsets of S and w € W. We define

H,= Y v/w)-ty, (1.50)
UEW]LUW]

Remark 1.40. 'H/, e '3/ by Item of Theorem m

Proposition 1.41. The set ('H}) e, p, is a basis for /#/.
We call to this base, the standard basis of the spherical Hecke algebra. This name is justified by Theo-
rem[1.42)

PROOF. For h =Y e awHy, € "H/, this proof follows by grouping terms in the same p € W;\W/W;
and using Item in the two possible sides of Theorem and Theorem to get the appropri-
ated factorization of the elements w. U

Proposition 1.42. Let I, J be finitary subsets of S and w € W be maximal in the double coset W;w W},
then
0, =% hy'H], (1.51)
v=w
Where h,,,, are the Kazhdan-Lusztig polynomials.
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PROOE. This proof follows by similar arguments than the before, grouping terms in the corre-
sponding double cosets and using Theorem and Theorem[1.13] O

Remark 1.43. The corresponding standard basis elements of Z[v, v ey f H are the elements (1 ®
Hw) werD-

For the next, consider W, the affine Weyl group of type A,_; and S, the set of simple reflection,
Wy the finite Weyl group and S = S,, his set of finite simple reflection. Let wy € Wy the longest
element of the finite Weyl group.

Let # = H(W,, S,) the affine Hecke algebra over Z[v, v™!] with standard basis (H,,) wew, and Kazhdan-
Lusztig basis (H,) wew,. Set H F=Hy,.
Consider the action of Q on W, and extend to # by: c(H,)) = Hy(y) for w e W,.
we recall that for o € Q, defined by o (s;) = s;+j, then o (wp) = wy, where J = S\ {s;}. Set q = V2.
Definition 1.44. We define the spherical Hecke algebra as the Q-graded Z[q, g~'] algebra defined by
H=EPH’, (1.52)

o€eQ)
where #7 = SH°® with multiplication
HO xHT — HO x U(S)fHUT(S) — HOT

(x,y) — (x,0(x)) — ﬁxa(x). (1.53)
We define the standard basis of the spherical Hecke algebra (H;) e x+ as
H) = "HJ (), (1.54)
where o is in the class of .
We define the Kazhdan-Lusztig basis of the spherical Hecke algebra (H;) e x+ as
H, =Hy,,. (1.55)
Notice that for 1 € X%, then
HH, = ) 4 —H, and H H, = H H, = GO, (1.56)
7(S) 7(S)
Concluding that Hy is the unity of the algebra #. Moreover, we have
H, = %hu,aHu, (1.57)
U<

where hy, 2 = hg(),6(1) the Kazhdan-Lusztig polynomials for the affine Hecke algebra.

Remark 1.45. Similar to the usual Kazhdan-Lusztig polynomials, the corresponding Kazhdan-Lusztig
basis elements of Z[v, v '] ®y f ‘H are obtained via self dual elements (although - automorphism is ap-
plied component by component) and with the corresponding triangular decomposition in the spher-
ical standard basis.

The following example, will exemplify how to calculate Kazhdan-Lusztig polynomials in the spher-
ical module 5% via an inductive algorithm in base of the multiplication rule: For M, = 1 ® H, for
ve gD and se S,, then

Mys+vM,, if vse gD and vs> v;
Mys+v'M,, ifvsegD and vs<u; (1.58)
w+vHM,, ifvsegsD.

MH_=

S

This multiplication rule is obtained by similar arguments to made for the before presented rules.
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The following example will present an example of this calculation of Kazhdan-Lusztig polynomi-
als for this presentation (We will call M element to this Kazhdan-Lusztig elements), this algorithm
simplifies the original when we refer to maximal left coset elements.

ss=r*=u’=1,
(s0® = (tu?® = (us)* =1
following pictures we describe in the same spirit of Theorem the dominant zone of the weight
lattice, where we associate to every alcove a corresponding element in the affine Weyl group. Every
alcove is labelled according to the following process: The labeled of an alcove is obtained inductively
from the label of one of the adjacent alcoves through right multiplication of the simple reflection that
corresponds to the line, with this idea, the corresponding 0(A)-elements are the described in Figure[5

In the

Example 1.46. Let A,, the Weyl group is presented as W, = { s, t,u

SUSLSUSLS sustsustu

sus tsutsWWustus tus

FIGURE 5. Some O(A)-elements in A,.

As in Theorem[1.25 each alcove will represent the M, element, where x is the label of the alcove.
In the next sequence, we will represent the procedure to obtain the Kazhdan—Lusztig polynomial for
0(A) = sustsus or equivalently A = @ + @.

= Mys = - Msusﬂ = (1.59)

Notice that the expansion of the product M, H, satisfies both conditions of Kazhdan-Lusztig basis

SUS—

elements (We recall that the first one is always getting by product of self dual elements) thus M, H, =
M

——sust-

RN H

—=sust ——sust=s

(1.60)

1
1 v

v 7

Notice that in this case, the expansion does not satisfy the non-constant term condition of the Kazhdan—
Lusztig theorem, similar as in the S3 case, we subtract the Kazhdan-Lusztig element M, to solve this
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problem, getting

Msustﬂs - Msus = (1.61)
1

v

2
Which now satisfies both conditions, thus M., H. —M_ = M_ ... Then we continue with the letter

u
Msusts = - _sus[sﬂu = 1 (162)
1 v v
v 2

Again, this expansion result compatible with the requirement of the Kazhdan-Lusztig basis element,
thus M H =M Finally, we multiply this by s, getting

—Susts— sustsu’

— M H

——sustsu ——sustsu=—=s ~_

W 1+v + vt

In this step we are again the case of non-constant terms, then we proceed to subtract the elements M
(colored in blue in the before expansion) and M
Lusztig element

v v (1.63)

SUus

(colored in red) to get the following Kazhdan—

SUSLS

M H-M_—-M

—SusStsu—s —Sus ==susts —

v v (1.64)

which satisfies the desired conditions and therefore underlineMsys;s s H,— M — M o, =M o

One observation of this result is that since sustsus is a (1) -element, it satisfies Item of The-
orem|[1.35, so the orbit of his double coset (the black hexagon) has the v power difference that predict
Theorem
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FIGURE 6. Right coset of the element sustsus and his KL-polynomials
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For more information on this topic, readers can look at [18]. Readers interesting to playing with the

diagrams can look at the magnific Joel Gibson webpage.

2.4. Pre-canonical bases.

Definition 1.47. We say that a weight A € X is singular if there is an element w € Wy which fixes A+ p.
Equivalently, A is singular if there is a root a such that (1 + p,a) = 0. A non-singular weight is called

regular.
Let A € X and w € Wy, we define the dot action (or affine action) w- A as

w-A=w+p)-np.
We extend the definition of H; to non-dominant weights.
Definition 1.48. We define
B (—l)ﬁ(wﬂ)ﬂwkl, if A is regular;
A" 0, if A is singular,
where w) € Wy is the unique element such that A= wy-Ae X"

Lemma 1.49. Let i >2, A € X* and I c ®>/, then
/1—21 <A.

PROOE. You can find an appropriated proof in [12, lemma 2.11, item c].

We are now ready to define our main object.
Definition 1.50. For i > 1 and A € X™ we define
AR DIESICT L : S B B

Corollary 1.51. For each i = 1, the sets (Nfl) rex+ are basis of 7.

(1.65)

(1.66)

(1.67)

PROOE. This corollary follows thanks to Theorem and unitriangularity of N’ over H,)pex+

Definition 1.52. We call (Na)a X+the i" pre-canonical basis.
€

Theorem 1.53. For A € X* we have the equation

Ni= 2 q"PN,
uext
psA

PROOE. You can see a proof of this fact in [12, Corollary 3.7].


https://www.jgibson.id.au/lievis/
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Example 1.54. Let A,. Consider the weight A = 4@, + 3®, or equivalently O(A) = sustsustsustsusts.
Now, we will exemplify how we can calculate Kazhdan—Lusztig polynomials hy g via pre-canonical
bases.

First, we address the decomposition of Nf’1 into the N?-basis. Notice that since the highest root in
®* is a1 = a1 + ay, where ht(a; ) = 2, then the pre-canonical basis N® = H. Thus, we are working in
the expansion of H, = N?/{ into the N?-basis. In this case, this expansion corresponds to subtracting as
many a » roots as possible, and writing the number of the a; » roots subtracted as a power of q.

3 _ . : _ N y _ N2 2 272 382
Nj = N\ / \ = \ / \ _NA+qNA_a1,2+q N;L_Zal’2+q N;L_g)m’2 (1.68)

N3

This diagram labeled in the botom with the basis correspond to the coefficient and the weights that
appear in the expansion of Ni. This in the same spirit of Theorem and Theorem Next we
proceed to expand each term that forms par of the before presented expansion into the base N'. This
expansion corresponds to writing all the lower element of the corresponding indexed weight and de-
scribing the power of q as the height of the difference, this en concordance of Theorem|1.5

/\9 /N\/\

q q %
= 7 % + q 7
a’ a
\ \/\/\ /N,
q q°/\ q
2 Nl/ Nl
\ / \ / \ / \ /
+ / + ) ) (1.69)
q°
N/
1

As we presented each expansion is marked with a different color, particularly since the N basis is the
standard basis, we get the entire expansion of H, into the spherical standard basis H,. Obtaining the

expansion described in Figure Figure@ if we replace q = v°.
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FIGURE 7. Kazhdan-Lusztig polynomials obtained through pre-canonical bases.

An observation is that the before diagram is not totally filed, but it contains the value of the Kazhdan—
Lusztig polynomial hy ) p1)- Although, thanks to Item|(iv)| of Theorem|[I1.35, we can complete this dia-
gram via multiplying by some powers of v as you go through the entire corresponding double coset of
each weight L.

The following conjecture was stated in [12] and represents the main objective of this Thesis.
Conjecture 1.55. If® is a root system of type A, for each i =1 we have

Ni'e Y NigIN.. (1.70)
pex+

The idea that this is true will be shown through control the simplifications of negative terms The-

orem [3.47]
Definition 1.56. For Ac ® and p € X the M-elements are defined as follows:

M, = IZA(_q)H H, 5 (1.71)

Lemma 1.57. Let Ac ®* and p € X. Then, for all w e Wy we have
A_ (W) ngw(A)
M = (-1)/ @MDY, (1.72)
In particular, if A = si(A) and y; = -1, we have Mﬁ =0.

PROOE. The proof is by induction on ¢(w). If ¢(w) = 0 there is nothing to prove. If /(w) =1 then
w = sy for some 1 < k < n and the result is |12, Proposition 4.3]. Let w € Wy with £(w) > 1 and assume
that holds for all w' € Wy such that ¢(w') < ¢(w). We write w = sw' for some simple reflection
s and some w' € Wy such that ¢(w) = ¢(w') + 1. By our inductive hypothesis we have

M = (DM = ) oMl ) = (M, (1.73)
as we wanted to show. The last claim follows from (1.72) applied for w = sj together with the fact that
if up =—1 then sp-u=p. U

The above lemma has two easy corollaries that shows how we can modify the set indexing a M-
element, while keeping the same weight.
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Corollary 1.58. Let Ac®* and A€ X. Let 1 <r <n and € ®*. Suppose that s,(A) = A, (A,a;) =0
and (B,a,) =1 then

M4 =MV (1.74)
PROOE. By the definition of M-elements we have MfU{ﬁ} = Mf - qu_ﬁ. Since (A-fB+p,ax) =0
we conclude by Theorem [1.57| that Mf_ p= 0, and the result follows. [l

Corollary 1.59. Let Ac ®=2andl<r<n. Suppose that A\ s,(A) = {a} and that § ¢ A. Furthermore,
assume that (a,a,) =(f,a,;) =1. If L€ X and (A,a,) =0 then

M4 =MD (1.75)

PROOFE. We begin by noticing that s,(A\{a}) = A\{a} and (A —a + p,a;) = 0. Therefore, Theo-
rem implies that Mf = Mf\{“}. On the other hand, by applying Theorem we obtain Mf\{“} =

M;A\{“})U{ﬁ ' By comparing the two expressions we get the desired equality. 0
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1. Towards the First Inverse Decomposition

In this section, we collect various results concerning M-elements. Specifically, given Mf where
A< ®>? and A € X, we present several straightening rules that enable us to rewrite this element by
modifying either the set A or the weight A. At this point, many of these rules lack clear motivation,
and their proofs involve delicate combinatorial arguments. Consequently, the initial reading might
appear somewhat dense. If this is the case, we encourage the reader to skip the proofs in this sec-
tion during their first pass and proceed directly to the next section where these results are applied.
Nonetheless, it is important for readers to keep in mind that our ultimate goal is to rewrite elements
of the form Mi‘, where A is non-dominant, in terms of elements Mff for some subset B and dominant
weights p.

The results in this section pave the way for the First Inverse Decomposition (proved in the next

. . zaj,j . . . >ai,j
section) which expresses M, ' as a linear combination of elements of the form M, ™.

Definition 2.1. Let T < [1,n] and a;,; € ®*2. We say that K < ®*? is T-congruent to ®”%J (we write
K ~7 ®~%.j) if the following conditions are satisfied:
(@ Jlae® % |s(a)#al =K.

teT
(b) f a €e K\® % then s;(a) =« forall te T.

Example 2.2. Let us illustrate Theorem Let n =10, T = {4,5}, and K < ®=2 such that K ~7 ®> %35,
Item [(a)| in Theorem [2.1|requires that the roots associated with the green boxes in 22 belong to K. On
the other hand, Item |(b)| requires that the roots associated with the red boxes in 2?2 do not belong to
K. All the remaining roots may optionally belong to K.

We stress that ®”%ij ~7 @~ %.j for all T < [1, n]. The motivation behind Definition is that we
need to work with M-elements with superscripts K that behave like ® %/ under the action of s; for
t € T. The following lemma make this statement precise.

Lemma2.3. Let Tc[1,n], a; ; € ®=? and K ~7 ®%J. Then K\ s;(K) = ®>%J \ s,(®>%J), forall te T.
PROOE. The result follows directly from Definition 2.1 U

For further reference, we write out the set ®%ij \ s,(®~%.J) explicitly. Let h = j—i+ 1. Since
ht(s;(aq,p)) <ht(a,yp) if and only if a =t or b= t, we have

{@t—nt, At 141} if t < i;
{ar_n:h ift=1;
O™ %i\ 54 (O7YI) = {®s—p 1> Aty 1+h-1} ifi<t<j; (2.1
@ no @ pi,o Qrrenal, ift=j+1;
{Ar—ni1,0 Xrren-1t, ifj+1<t.

In the above, if a root does not exist (for example, if £ — h < 1) it is neglected.

Lemma 2.4. Let K € ®32, @i j€ ®=2 and h = j—1i+1. Let (r, p) be a pair of integers such that i <r <
p<j,1<r—hand p+h-1< n. Suppose that K ~7 ®%.i where T = [r, p]. If 1 € X satisfies (A, a;) =0
for all te T then

M; =M7, (2.2)
where Y = KU {a,_j,,-1} and Z = (Y\ [“r,r+h—1yap,p+h—1]) Ular—n+1,r ap—h+1,p]-

PROOE. We begin by noticing that a,_; ;-1 ¢ K, & +p-1 € K and a;_p41,; ¢ K, forall r < ¢ < p.
Therefore, we do add and eliminate the roots that appear in the definition of sets Y and Z.
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We fix r and proceed by induction on p. Suppose p = r. Notice that in this case we have T = {r}
and Z = (Y \{@rr+n-1}) U{&r_p+1,r}. By combining Theoremand (2.1) we get

K\st(K)={ai—n At r+n-1} (2.3)

forallr<t=<p.

By applying for t=r we get Y \ s, (Y) ={a,,+n-1}. By hypothesis we have (1,a,) = 0. Then,
we can apply Theorem at position r to the triple (Y, & r+-1, @r—p+1,7) in order to obtain for
the case p = r. This complete the base of our induction.

We now suppose that p > r and assume that the result holds for p — 1. This is, we have M}{ = Mf’
where

Z'= (Y\ [ar,r+h—lrap—1,p+h—2]) Ular-n+1,r Xp—h,p-1l- (2.4)

On the other hand, by applying for t = p we get K\ s,(K) = {ap_n,p, @pprn-1}. Since we
are assuming p > r, the definition of Y yields Y \'s,(Y) = {&p_p p, @p p+n-1}. Furthermore, the sets
(@) rsn-1,@p-1,p+h-2] and [@;_pi1,r, Ap_p-1,p-2] are sp-invariant. As s,(@p_pp) = Ap_p,p-1 € Z', We
can conclude that

Z'\sp(Z') ={ap,prn-1}- (2.5)

We stress that (A, @) = 0 and
Z= (Z,\{ap,p+h—1})u{ap—h+l,p}- (2.6)
Thus, we can apply Theorem at position p to the triple (Z',ap, p4+n-1,@p-n+1,p) to obtain Mf’ =
M7 . It follows that M} = M. This completes our inductive step and the proof of the lemma. O

Example 2.5. We illustrate Theorem [2.4] with an example. Consider i =4 and j =7, so that h =4. Let
K = ®”%7 and r = 5. In the notation of the lemma, the set Y is shown in Figure Note that the
set Y does not depend on the value of p. We have three possible values for p, namely p =5,6,7. For
each choice of p, the corresponding set Z is displayed in Figure [1b] Figure [Id, and Figure Then,
Theorem asserts that for any A € X such that (A, a;) =0 for each i =5,6,7, we have

Y _ s — w6 — \Zr
M; =M° =M;* =M. 2.7)
[TTTTTTTT] [TTTTTTTT] [TTTTTTTT] [TTTTTTTT]
[1]2]3]4]5]6]7]8]9]10] [1]2]3]4]5]6]7]8]9]10] [1]2]3]4]5]6]7]8]9]10] [1]2]3]4]5]6]7]8]9]10]
(A) Y (B) Zs (C) Zs (D) Z7

FIGURE 1. An example of Theorem

Lemma 2.6. Let K < @32, a; ; € ®*? and h = j—i+1. Let (r, p) be a pair of integers such that either
(rp)=(i+1,j)ori+1<r<p<j. Furthermore, assume that 1 <r—h. Let

d
T=JIr+mh-1),p+mh-1)],
m=0
where d is a non-negative integer such that p + (d +1)(h—1) < n. Suppose that K ~p ®%.j, If L e X

satisfies (A1, a;) =0 for all t € T, then
Yq

I (2.8)

M) =M
where Y = Ku{a,_pr-1} and

Yo=Y\ [@rrath-1),r+@d+1)(h-1) Cp+dh-1),p+@+1) (k- D U [@r—p1,r X p—hs1,pl-
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PROOE. We proceed by induction on d. The case d = 0 is covered by Theorem [2.4] Let d = 1 and

suppose the result holds for d — 1. Then, we have M}{ = M}{d’l.

Claim 2.7. Letr'=r+d(h-1), p'=p+dh-1),i'=p+d-1)(h-1), j=p', T'=1[r,p'] and K’ =
Y1 \May_pr-1}. Then K' ~p @™ %0,

PROOE. Throughout the proof of the claim we fix ¢ € [r/, p']. Suppose that a € ® %"J" and that
s¢(a) # a. Since a; j < a; j we have a € ®™%J. As [, p'] € T and K ~7 ®~ %/ we conclude that a € K.
We stress that

Yo1= (Y [ar’—h+l,r’, ap’—h+l,p’]) ) [ar—h+1,r» Cxp—h+1,p] 2.9)

= (K\ [ar’—h+1,r’» ap’—h+l,p’]) U [ar—h,r—l» ap—h+1,p]-

Since [ay/—ps1,r Api—pr1,p) NP~ "' = @ we conclude that @ € Yg_1. As K' = Y1 \{ay_p,7—1} and

ap_p -1 € © %" we get a € K'. This proves condition in Theoremfor K', T" and ®™ %/,

We now prove condition |(b)| in Theorem [2.1| for K’, T' and ®”%"/'. Let & € K'\® %"J’. Then
@€Y and a # ap_p,—1. We must show that s;(a) = a. Suppose that a € [@;_p -1, Xp_p41,p]. If
d>1then r+(h-1) <r'<t. But p < r+(h—1) holds independently of the value of d. We conclude that
p+1 < t and therefore we have s;(a) = a. Similarly, if d =1 and i+1 < r then we have p+1 < . Thus in
this case we still have s;(a) = a. Finally, suppose thatd =1, r = i+1 and p = j. In this case we can only
guarantee p + 1 < t. Therefore, s;(a) = a with the exception of the case when r=p+1=7r'=j+1 and
@ =ap_pi1,p = a;,j. However, we have a,_j 71 = @; j. Thus the above case must not be considered
as &, _p,—1 € K'. Summing up, if a € K’ \ & % and a € [@r—p,r-1,@p_nt1,p] We must have s;(a) = a.

By the previous paragraph and we can assume that a € K\ [@y_py1appi1pl. If a ¢
®~%.J then s;(a) = a since K ~7 ® %.i. Therefore we can assume a;; < a. As a ¢ &~ %" and
@ ¢ [@p—_pe1,r Ap—ps1,py] We must have @ € [@;41,j+1, @—p,-1] (we recall that i’ = p"~h+1 and
j' = p'). Furthermore, we can assume a belongs to the half-open interval [@i+1,j+1, Xpr—p,r—1) @S
@ —p,r—-1 € K' by definition. Since r’ < t we have that in the interval [@i+1,j+1, @ —p 1) all the roots
are fixed by s;. This finishes the verification of condition in Theorem and the proof of the
claim. O

Let us return to the proof of the lemma. Applying Theorem to K', ay jr, r' and p' yields M}{d‘l =
Mf , where

Z=(Yz-1\ [ar’,r’+h—1» ap’,p’+h—1]) U [ar’—h+1,r” ap’—h+l,p’]- (2.10)
By combining (2.9) and (2.10) it is easy to see that Z = Y,;. Therefore, Mi’ = M}{‘H = Mf as we wanted
to show. U

Example 2.8. We illustrate Theorem with an example. Consider i =4 and j =7, so that h = 4.
Let K = ® %7, The sets involved in the two cases are displayed in Figure [2[ and fig. [3| depending
on the value of r. For this example, we choose (r, p) = (6,7), which satisfies i + 1 < r, whereas the
alternative case corresponds to (r, p) = (5,7). Using the notation of the lemma, the set Y is depicted
in Figure [2al and Figure [3al If we set n = 13, then d has two possible values, namely d =0 and d = 1.
For each choice of d, the corresponding set Y, is shown in Figure [2b|and Figure [2¢| for the first case,
and in Figure [2b| and Figure [2d for the second case. Finally, by Theorem for any A € X such that
(A,a;) =0forall t€1{6,7,9,10} in case i+1 < r or (A, a;) =0 for all € [5,10] in case (i +1, j), it follows
that

Yo — M1, 2.11)

Y _
M/l_M/l A
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.

\1\2\3\4\5\6\7\8\9\10\11\12\13\ \1\2\3\4\5\6\7\8\9\10\11\12\13\ \1\2\3\4\ \6\7\8\9\10\11\12\13\

Ay (B) Yo €)1

FIGURE 2. Casei+1<r=<p<jof Theorem

.

\1\2\3\4\5\6\7\8\9\10\11\12\13\ \1\2\3\4\5\6\7\8\9\10\11\12\13\ \1\2\3\4\5\6\7\8\9\10\11\12\13\

(A Y (B) Yo © Y

FIGURE 3. Case (r,p) = (i +1, ) of Theorem2.6|

The following result is a slight variation of Theorem [2.6] The key distinction between both results
lies in the p’-th coordinate of A: in Theorem it is 0, whereas in Theorem it is —1. Another
difference is that Theorem [2.6|modifies the superscript of the corresponding M-element while main-
taining the same weight. In contrast, Theorem [2.9 preserves the superscript but changes the weight
indexing the relevant M-element.

Lemma 2.9. Let K c ®>2 and @i ;€ ®>2 and h = j—i+1. Let (r, p) be integers such that i+1<r < p < j.
Additionally, assume that 1 < r —h. Let
d
T=JIr+mh-1),p+mh-1)],
m=0
where d is a non-negative integer such that p’ := p+d(h—1) < n. Let A € X satisfying (A, a;) = 0 for
all te T\{p'}, and (A, a,) = -1. Then, if K ~7 ® %"/ we have

, ifp+h-1<mn;
M}{ — M /1 Ap!11,p'+h-1 p (2.12)
0, otherwise,
where Y = Ku{a,_p -1}
PROOE. Let
d-1
To= U [r+m(h—-1),p+m(h-1)]. (2.13)
m=0

Y,
A

Yd—l =(¥\ [ar'—h+1,r’» ap’—h+1,p’]) U [ar—h+1,r; ap—h+1,p];

Since Ty c T we have K ~, ®~%:i. It follows from Theorem that Mf{ =M,%! , where

andr'=r+d(h-1).
We split the proof into three cases based on whether '+ h—1 and p’ + h—1 are less than, equal
to, or greater than n. We stress that r'+ h—1<p'+h—1.
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Casel. p'+h—-1<n. Letu=A- Api1,p'+h-1- We have (u,a;) = (A,a;) =0 for all 7 € Ty. Then,

Theoremimplies that MZ = MZ‘H. Leti'=p+d-1)(h-1), j'=p', Ty =[r,p'],and K' = Y;_;\
{@y_p—1}. Theorem 2.7/ implies that K’ ~7, ® %', We notice that we cannot apply Theorem 2.4| to
A in this setting since (1, a,) = —1 and p’ € T;. However, we can consider T, = Ty \ {p} = [r', p' ~ 1].
Since T, < T}, we have K’ ~7, ® %"/’. On the other hand, (u,a;) = (A,a,) = 0 for all ¢ € T,. We are

now in a position to apply Theorem Consequently, we obtain M}{”H = Mf and Mﬁ"’*l = Mﬁ , where

Z = (Yd—l \[ay r1+n-1, a’p’—l,p/+h—2]) Ular-p+1,r Ap'—p,p'-11-
(2.14)
=Y\ ([ar’,r’+h—1» Ap'-1,p'+h-2]U {ap'—h+1,p’}) Ul@r—h+1,r Xp-h+1,pl-

This yields M} = M7 and M, = M.

On the other hand, since K ~7 ®%/ and j < p’ € T, we conclude via Theorem and that
K\sp(K) ={@p—ps1,p, Xp, pr+ w1} Furthermore, the set Z is obtained from K by adding and eliminat-
ing a number of roots. Among these roots, the only one that is not fixed by s, is @, _p1,,, and this
root has been eliminated from K to obtain Z. Thus, Z\ s,/(Z) = {ay pinr-1}. Since sy(ap,pin-1) =
Ap41,p'+h-1, the set ZU{ap 41 pr1p-1} is sp-invariant. Therefore, the fact that (A, a;,/) = —1 and Theo-

rem imply that

_ ZU{ap’+1,p’+h—1} _ 7 7

’ =M% - gM’. (2.15)

p'+1,p'+h-1

We conclude that Mj = gM, as desired.

Case2. p’+h—1>nandr'+h-1<n.

Let p" =n—-h+1and T3 = [r,p"]. Also, consider i/, j/, T} and K’ as defined in Case 1. By
Theorem 2.7 we obtain K’ ~7, ® %", As T < Ty, we conclude that K’ ~7, ® “"J'. By applying Theo-
remwith respect to K', ®” %"/, (r', p"), and A, we get M}{d‘l = Mfl, where

Zl = (Yd—l \ [ar’,r’+h—1’ ap”,n]) U [ar’—h+l,r” ap”—h+1,p”]

(2.16)
= (Y\ ([ap”—h+2,p”+l’ ap’—h+1,p’] U [“r’,r’+h—1» ap”,n])) U [ar—h+l,r’ ap—h+l,p]-
Thus, M}{ = Mfl.
Let f = p'— p”. We notice that f = 1. For 1 < k < f we inductively define
Zk = Zk-1 Y pr 1 (k=1)-(h-1),p"+ (k-1)}- (2.17)

A precise inspection of the definition of set Z; shows that it is s, -invariant. Thus Theorem [1.57
and (A — ap4(k-1)-(h-1),p"+(k-1), Xpr+k-1) = —1 imply

Zk _ wrlk-1 _ Zi-1 — MZk-1
M =M My e SM (2.18)
VA
We conclude that Mi’ = Mfl = Mfz =...= M/lf. Since Zy is sy-invariant (p” + f = p’) and (A, a,) =

—1, it follows from Theorem |1.57|that Mff = 0. Therefore, M}{ =0, which completes the proof in this
case.

Case3. r'+h—1>n. Let f=p'—r'. We notice that f >0. We define Zy=Y,;_; and for0< k < f we
inductively define

Zk = Zk-1 {0 (k-1) - (h-1), '+ (k-1 }- (2.19)
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The set Zj is s;;k-invariant for all 0 < k < f. Thus, (1 — &4 (k—1)-(h-1),r'+ (k-1 Xr'+(k-1)) = —1 and

Theorem imply

Zk — MZk-1 _ k-1 — MLk-1
Mfl a M qul @l 4 (k=1)—(h-1),r +(k—1) MA ’ (2'20)
for all 1 < k < f. As before we conclude that M}[ = Mfo = Mfl == Mff . Since Zy is s,-invariant
(r'+ f=p') and (A, ap) = —1, it follows from Theorem |1.57| that Mff = 0. Therefore, MX =0, which
completes the proof in this case. 0

Example 2.10. For the reader’s convenience we reproduce some relevant steps of the proof of Theo-
rem [2.9/in an example. Consider i =5 and j=9,sothat h=5. Let K=®"%9, r=7, p=9and d = 1.
In this case we have

T=1[7,91U[11,13], To=17,9] and T, =[11,12].

Take A = —®;3. We stress that (1,a;) =0 for t € T\ {13} and (A, a13) = —

To decide in which case of the proof we are we need to specify the value of n. We set n =17,
so that we are in Case 1 of the proof. We set u=A1—aj4,17. We have Y = ®"%9 U {a,¢g}. This set is
illustrated in Figure Then we apply Theorem (or even Theorem [2.4|since in this case d = 1) to
obtain the equalities M}{ = M{O and M}f = MZO, where Yj is illustrated in Figure Graphically, the
set Yy is obtained from Y by adding the three boxes to the right of the box associated to @, and by
eliminating the three boxes to the right of the box associated to ag,10.

\1\2\%\4\5\6\7\s\9\10\11\12\13\14\15\16\17\ [1T2]3T4]5] 6789 ro11[12[13[14[1516[17] \1\2\%\4\5\6\7\s\9\10\11\12\13\14\15\16\17\ \1\2\%\4\5\6\7\s\9\10\11\12\13\14\15\16\17\

Ay (B) Yo (c) z (D) ZU{a14,17}

FIGURE 4. Case 1 in the proof of Theorem

We now apply Theorem to obtain the equalities M{" = Mf and MZO = Mft , where Z is depicted
in Figure We notice that Z is obtained from Y, by adding the two boxes to the right of ag,;0 and
by eliminating the two roots to the right of a19,14. We finally add the root a14,17 to the set Z. This set
is depicted in Figure The important thing here is that this set, Z U {a14,17}, is invariant under s;3.

Thus we apply Theorem [1.57|to conclude that MZU “417) = . Therefore, M =gM}

A-a1417°

To replicate the arguments from case 2, we select n = 15 to satisfy the conditions specific to this
case. The set Y = ®”%9 U {a, ¢} is depicted in Figure [5a for this particular choice of n. By applying
Theore we deduce that M{ = M}{", similar to the previous case, where the set Yj is illustrated in
Figure



38

[TTTTTT] HHHH HHHH HHHH
[1T2T3T4]5]6]7[8T91011[12[13[14]15] [1T2T3T4]5]6]7[8T91011[1213[14]15] [1T2T3T4]5]6]7[8T91011[1213[14]15] [1T2T3T4]5]6]7[8T910111213[14]15]

FIGURE 5. Case 2 in the proof of Theorem

At this stage, it is not possible to directly apply Theorem with T, as it does not satisfy the
condition 12+ h -1 = 16 < n. Instead, we select the largest subset of 7> that meets the required
criteria. In this instance, we choose T3 = {11} c T,. Consequently, it follows that M/I{O = Mfl, where the
set Z) is represented in Figure By the construction of Z; and our choice of n, we observe that it
is §12 - invariant. Thus, applying Theorem we obtain Mfl = Mfz, where 7, is derived from Z; by
adding the root ag 2. Furthermore, the construction of Z, ensures that it is sj3-invariant. Combined
with the condition (A, a13) = —1, this allows us to conclude that Mfz = 0. Therefore M}{ =0.

The arguments in case 3 are very similar to those in case 2, so we omit its example.

Theorem marks the first instance where our philosophy begins to emerge: attempting to
eliminate negative coordinates in weights indexing M-elements. Specifically, for A as defined in the
lemma, we observe that (A,a,) = -1 and (A — ap/41,p'+n-1,ap) =0 (Where A — a@pyq i1 is the
weight appearing on the right-hand side of (2.12)). However, if (A, @pryp-1) = 0, this would intro-
duce a -1 in the p’+ h—1 coordinate of A — a1, +n-1. The significance here is that this new —1
coordinate is positioned to the right of the original one, suggesting a potential resolution to this issue.

Lemma 2.11. Let K c ®*2, @; je ®** and h = j—i+1. Let (1, p) be integers with i + 1 <r < p < j. Let
d be a positive integer such that p+ (d+1)(h—1) < n. Let

d
T=JIlr+mh-1),p+mh-1).
m=0

Let0 <k <d andset p'= p+k(h-1). Let A € X satisfying (A,a;) =0 forall t€ T\{p'} and (A, a}) = ~1.
Then, if K ~7 ®~%i.i, we have
M] =g "M} (2.21)

A/ 1,p/ +(d-k+ 1) (h-1)

where Y = Ku{a,_p -1}

PROOE. We fix d and proceed by induction on d — k. The base case d = k is Theorem [2.9] We now
assume that 0 < d— k and that the result holds for all k¥’ such that d -k’ < d— k. We apply Theorem
using the set

k
T'=Jlr+mh-1),p+mh-1)].
m=0
We obtain M{ = gM), where 1 = A — &p+1,p+(n-1)- Then, we apply our inductive hypothesis to k' =
k+1, T and u to obtain
MZ — qd—k +1MY — qd—kMY . (2.22)

H=Cpl 4 h,p! + h=1+(d—k'+1) (h-1) A= 1 (ka1 (h=1)

Therefore, MX = qd k”M}{ as we wanted to show. O
Ayl 41,p" +(d—k+1)(h-1)



1. TOWARDS THE FIRST INVERSE DECOMPOSITION 39

Example 2.12. We proceed to illustrate Theorem With an example. Consider i =3, j =6, (r,p) =
(5,6), and k = 1. Additionally, let K = ®~%36, The value of d must be chosen to be at least k, with its
upper limit determined by the value of n. Suppose n = 18, and let us illustrate, the different results
obtained for various values of d. Under this setting, d = 1,2,3. Thus, for T = {5,6,8,9,11,12,14,15}
and A € X satisfying (A, a;) =0 for t € T\ {9} and (A, @g) = —1, we have, by Theorem [2.11}

M) =qM;_, . =q°M} U H (2.23)

A-ag15 — A-ag18”

The following lemma represents a minor variation of Theorem In the notation of this lemma,
we set 7 = i+ 1 and adjust the set T to allow the application of Theorem 2.6]in this context. The proof
follows a similar approach to that of Theorem [2.11; therefore, we omit it for brevity.

Lemma 2.13. Let K ¢ ®*%, a; ; € ®*%, and set h:= j—i+1. Let p be an integer with i+1 < p < j, and
assume i —h+1=1. Let d be a positive integer such that p+ d(h—1) < n, and define

d-1
T=[i+1+dh-1),p+dh-1)]u Jli+1+mh-1),j+mh-1]. (2.24)

m=0

Let0<k<dandset p':=p+k(h—1). Let 1 € X satisfy
(ALapy=-1 and (A,a;)=0forall te T\{p'}. (2.25)

If k < d, additionally assume (A, a,/,1) = 1. Suppose K ~7 ®~%/. Then
d-—k+1ngY : _
M}{ — q M;L_ap’+1,p’+(d—k+l)(h—l), ifp+(d+Dih-1)=n (2.26)
0, otherwise,

where Y = KU {a;_p41,i}-

Lemma 2.14. Let K c®>?, a; ;€ ®>? and h=j—i+1. Let p be an integer such that i—h+1<p<i

and
d

U [p—mh,i-mh],

m=0
where d is a positive integer such that p’:= p—dh = 1. Let A € X satisfying (1, a;) =0 forall te T\{p'},
and (A, &) = —1. Then, if K ~7 ®~%./ we have

T

o , ifp'—h=1;
p'=hp'-1 (2.27)
0, otherwise.

gM~x_
K _ A
MA/ -

PROOF. We first treat the case p’ — h = 1. In this case ®p _p,p'—1 €xists. Furthermore, since K ~7
®~%.j and p' € T we have ®p—p,p-1 € K. Therefore,

Ku{a

1 P/_h,p/_l} — Mff _ qMK (2.28)

A—aplfh'prfl :

M

KU{apl_h,pl_l}

Thus it suffices to show that M 1

=0. Set Ko = Ku{ap_p,p-1} and

a; i, if m=0;
B = b (2.29)

Qi—mh,i—(m-1h> iflsm=sd+1.
We also define K,;, = (K;—1 \ {B}) U{Bn—-1} for 1 < m < d + 1. By combining the fact that K ~7 ®~ %
together with Theorem [2.3|and (2.I) we conclude that Ky, \ $;—n(Kp) = {Bm+1} for 0 < m < d. There-
fore, a successive application of Theorem for m=0,1,...,d —1 at position i — mh to the triple
(K, Bm+1, Bm) yields

Mo = MK

1 1 (2.30)
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We proceed by induction on i — p. If p=i then p'=i—dh and K; = sy (Kg). Since (A, ap) = —1 it

follows by Theorem [1.57|that Mfd =0, which proves the lemma when p =i.
We now assume that p < i. In this case, K;\ s;_4n(Kz) = {B4+1}. Then another application of
Theorem [1.59| at position i — dh to the triple (Kg, B4+1,Pa) yields

Ko _ wpKa _ wpKa+
M;LO—M/1 _M/l L (2.31)

We stress that K41 = (Ko\{Ba+1DU{Bo} = (KM i+ 1yn,i—anh) Uiap—ppr-1, @i j}. Using this description
and the fact that K ~7 ®~ %/ it is easy to see that K1 \ {@p_p, pr—1} ~p @ -1i-1, where

d
T'=JIp-mh,i-1-mh).
m=0

Since (i—1)—p < i—p we can apply our inductive hypothesis to conclude that Mfd“ = 0. This finishes
the proof in the case p'—h > 1.

The case p’ — h < 1 is dealt with similarity. Indeed, we repeat the same argument but with K
playing the role of Ko = KU {ay _p -1}, as the root @y _p, ;y—1 does not exist in this case. For the sake
of brevity we leave the details to the reader. U

Lemma 2.15. Let K c ®*?, a; j € ®>? and h= j—i+1. Let p be an integer such that i—h+1< p <i.
Let d be a positive integer such that p—(d+1)h = 1. Let

d
T=JIp-mh,i—mhl. (2.32)
m=0
Let 1 <k<d and set p' = p—kh. Let A € X satisfying (A,a,) =0 for all € T\ {p'} and (A,a,) = -1.
Then, if K ~7 ®” %, we have

K _ _d-k+1ygK
M; =¢q M3 0 it (2.33)

PROOE. For a fixed d, we proceed by induction on d — k. The base case d = k corresponds to
Theorem [2.14] Now, suppose that d — k > 0 and that the result holds for all k¥’ such that d — k' < d — k.
We apply Theoretho K, A, a; j, p, and k, obtaining Mff = qMK, where p=A—ay_pp-1. Next,
using the inductive hypothesis on K, p, a; j, k' = k+1, and d, we have

H=®pl _p (@K +1)p'—h—-1 q A_ap’—(d—k+l)h,p/—l )

d—k+lMK

Thus, we conclude that M} = g X
~Qp_(d—k+1)h,p'-1

, as required.
OJ

Definition 2.16. Let Z < ®=2 and I = (i1, is,..., ip) be a sequence of positive integers such that 1 <
i1<ip<---<ip=<n.Let
p-1
Io = Ulaig g - (2.35)
a=1

For 1 < b < p, we say that I is (Z, i)-admissible if the following conditions hold.

(@) Iy Z.
(b) Forl<sa<p-1ifiz1—iz=1thenwehave a=p—1and b # p.
© si,(Z\Ig)=Z\Igforall2=sg<p-1and g=">.

Remark 2.17. Notice that the condition q = b in Theorem is redundant unlessb=1 or b = p.

Lemma 2.18. Let Z < ®>2 and I = (i1, i, ... ip) be a sequence of positive integers such that I is (Z, b)-
admissible for some 1< b < p. Let A € X such that (4,a;,) =0 forall 2 < g < p—1 with g # b, and
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(A, ap) = —1. Then, we have

b-1z\Z p-bnZ _ aP-1mZ : _1-
q Mﬂ—wil,ib—l +aq Ml—aibﬂ,ip q Ml—ail,ib—l—aibﬂ,ip’ if2<b=p-1;
—1naZ : — 1
My=4 4" My, . o if b= p; (2.36)
p=-1n1Z i =
q Mfl—ailn,ip’ ifb=1.

PROOEF. By definition of M-elements we have

My =) -q'™M7; . (2.37)
jcyY

We first treat the case 2< b < p—1. Set Y = I,. We will study each one of the terms occurring in
the sum of the right-hand side of (2.37). We claim that

_1\p-2MmZ\Y e _ v

(=1 Mﬂ—ail,ih—l—dibﬂ,ip’ itj=1;
b-1

(-nIM2Y if J= U @iy ig};

Z\Y Ay a=1
M7 =S (2.38)

p-1

—1P-bM2\Y if 7= L.

( ]-) M/l_athrl,ip’ lf] agb{ala.la-ﬂ}y

0, otherwise.

If ] =Y then by applying Theorem for w = s, $iy -+ 51, , we get

2\Y  _ \p-2mW(2\Y)  _  \p-2ngZ\Y
My, = CDPM, G0y = CDPTML Gy (2.39)

where the last equality follows by the fact that I is a (Z, b)-admissible set.
We now compute w- (1 —Zy). We notice that for 2 < j < p—1 we have

-2, if j#b;
(A-Zy,ai) = { s i (2.40)

Therefore,

A-Zy+ay, ifj#b;

A-Zy+2a;, ifj=b. (2.41)

Sij'(;t—ZY):{

On the other hand, by Item of Theoremwe have s; @) =ai, for j # k. Then, we obtain

p-1
w-A-Zy)=1-2Zy+ a;, + Z @ = A— ®iyip—1 = Xt 1,iy- (2.42)
j=2

By combining (2.39) and (2.42) we obtain the first row of (2.38).

b-1
For J= U {ai,,i,,,} we apply Theorem 1.57|for w = s;, ---s;, in order to obtain
a=1

Z\Y _ b-1pw(Z\Y) _ b-1pgZ\Y
Ma—z,—(_l) Mw.m—z,)—(_l) Mw~(/1—Z])' (2.43)
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In this case notice that (A -2 /,aij) = -2 for all 2 < j < b. Thus the second row in (2.38) follow from
the equality

b
w-A=ZP=A-2;+) a;=A-aj,i1. (2.44)
j=2
p-1
The case ] = U {ai,,i,,,} is dealt with similarity. Indeed, we apply Theorem|1.57|for w = s;, s;,,, -*- i, ,
a=b
and compute
p—1
wA=Zp)=A+ ) (=i, + i) = A= @iy (2.45)
j=b

which gives the third row in (2.38).
It remains to show the last row of (2.38). Let J Y be such that @i ,,i; €7 but a;;
j #b. We have (1 -%, a,-j> = —1. Thus Theorem and Si; (Z\Y)=Z\Y implies

ijal ¢ J for some

Z\Y _
M7'{ =o. (2.46)

Finally, if J = @ then (A, a;,) = -1, so MZ'Y =0 by Theorem This finishes the proof of (2.38).
By combining (2.37) and (2.38) we obtain

M7 =q" M7\ gt P M (2.47)

A=ajyip-1 A=Qjp11,ip A=@jp i 1= iy +1,ip

Although (2.47) looks like very similar to the first row of (2.36), we still have a big discrepancy,
namely, the superindex of the M-elements. To deal with this we expand Mﬁ in terms of M?'Y-
elements for y being each one of the three subindexes occurring in (2.47).

Claim 2.19. The following equalities hold.

4 —_mZ\Y _ p-1ag2Z\Y
Ml—ail,ib—l - M/l_a'il,ib—l q M/l_ail,ib—l_ail,ip' (2.48)
z _n2\Y _ p-1ag2\Y
M/l—aibJrLip - M/l—aibﬂ,ip q M/l—aib+1,ip—ail,ip' (2.49)
z _n2\Y b1 Z\Y __p-baZ\Y
A=y iy 1= Qiysrip M/l_a'il,ib—l_aibﬂ,ip q Mﬂ—ail,ib—r(lil,ip q Ml—ail,ip—aibﬂ,ip' (2.50)

PROOF OF THEOREM [2.19]. We first prove (2.48). We begin by noticing that

Z — JIwgZ\Y
M/l—ail,ib—l - Z (=q) M/l—af[l‘l'b_l—ZJ' (2.51)
jcy
Thus, (2.48) follows from

Z\Y e T 4l

Mi_ail,l’b—l, lf]_ @y

Z\Y _ —2nmZ\Y T v
Ml_ail,ib—l_zl - (_l)p Ml_ail,ib—l_ail,ip, lf]— Y) (252)

0, otherwise.

If J = @ there is nothing to prove. For J = Y we notice that (A — a;, ;,-1 — Zy,ai) = -2 for all
2<j=sp-1 Letw=sj,-si, . Arguing as before, we obtain

p-1
w A= i-1—Zy) = A= i-1 - Zy + ) @i, = A= iy iy-1— Aiy iy - (2.53)
j=2
Therefore, by applying Theorem for the element w we get

/l—ail,ib,l—Zy w-(/l—ail,ib_l—Zy) A—ail,ibfl_ail,ip'



1. TOWARDS THE FIRST INVERSE DECOMPOSITION 43

Now if J # @ and J # Y there is an index 2 < j < p —1 such that @i i €J and a;; ¢ J. It follows

that

rij+1

()L—aily,-b_l—Z/,aij) =-1. (2.55)
Therefore, by applying Theorem (1.57| to the element s;; we conclude that M%'? = 0. This

A=aipip-1—25
finishes the proof of and (2.48).
The proofs of (2.49) and (2.50) follow by the identities

Mo it =g;
~Qip+l,ip
Z\Y _J _npr2m2\Y Ty
Ma_aib-kl,ip_z] - ( 1) M)L_aib+l,ip_ai1,ip, lf]_ Y’ (2-56)
0, otherwise;
and
Z\Y ST e
Mﬂ—ail,ib—l—aibﬂ,ip’ if J = Z)’
-1
CnPPMAY i) = Ui
Z\Y A= i1~ @i ip a=1 et
1\ PP (2.57)
i,ip=1" iy +1,ip = <] b lag Z\Y . p-1
(_l)p M/l—a’i],ip—a’ibﬂ,ip, if ] - aL:Jb{aia’iaH};
0, otherwise.
Both (2.56) and (2.57) are proved using computations similar to the ones used in the proof of
(2.52). For the sake of brevity we omit the details. This completes the proof of Theorem [2.19 ([

Using Theorem it is now straightforward to see that (2.47) is equivalent to the first row of
(2.36). This finishes the proof of this case.

We now prove the case b = p. Equation still holds but the role of is played by the
following
primyly o iy =Y;
@irip-1 ' (2.58)
0, otherwise.

Z\Y _
-3, =

Let us prove this equality. If J =Y. Considering w = s;,---s;, and that in this case (A -Zy, a;;) = -2
for all 2 < j < p, we can compute

w-A=Zy) = A= i,-1. (2.59)

This calculation give us by Theorem the first row of (2.58).

We now assume that J # Y. If a;,_, ;, ¢ J, then (A-Zj,a;,) = —1. Thus, Mfﬁ; =0 by Theorem|1.57,

Then we can assume that @i, ,,i, €J. Since J #Y there is an index 2 < j < p such that @i y,i; €7

Lj

but @iij €J. In this situation we have (1 — X ],a:i].) = —1. Once again Theorem implies that
Mfg] = 0. This proves the second row of (2.58). A combination of (2.37) and (2.58) yields
Z _  _p-1agZ\Y
Mi =g MY (2.60)

On the other hand, we claim that
MZ\Y lf] = @:
MZ\Y — A=y ip—1’ ’ (2.61)
A=@iyip-172 { 0, otherwise.
We notice that (A - aj,,j,-1,a;;) =0forall 2 < j < p. If J= @, there is nothing to prove. If J # @ then
there exist some index 2 < j < p such that (1 - a;,,i,-1 —Zj,@;;) = —1. By Theorem it follows that
MZ\Y = 0. This proves 2.61).

A—ail,,-p,l—Z]
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By applying (2.37) to the weight A —a;, ; -1 and (2.61) we obtain
Z _wmZ\Y
M} i, =M (2.62)

A=qipip-1

Finally, the case b = p in follows by combining and (2.62).

Case b =1 is similar to case b = p, which we shall omit for brevity. U
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2. Towards the Second Inverse Decomposition

In this section we develop the tools for refining the decomposition Theorem
We begin by introducing some notation.

Definition 2.20. Let u>1, h =2 and (v, x) be a pair of non-negative integers. For 1 € X we define

R, == ay),  RuyA)=—A,auusv),  RupxN) =Y RuvinmA). (2.63)

m=0

We stress that R, 0(A) = Ry, (A), Ry,u,0(A) = Ry, »(A) and Ry 0,0(A) = Ry, ().

Definition 2.21. Let & > 2 and A c ®>". We say that A is a trapezoid at height % if A satisfies the
following conditions:

(1) If a,B € A are roots of the same height and a < §, then every root y with ¢ <y < f§ also
belongs to A.
(2) If a; j € A and ht(a; ;) > h, then the adjacent roots a; j-1 and a;+1,; also lie in A.

The name trapezoid reflects the fact that the set of squares associated with the roots in A forms a
shape resembling a trapezoid, as illustrated in Figure

[1]2]3]4]5]6]7]8]9]10[11]12[13[14]15| [1]2]3]4]5]6]7]8]9]10[11[12[13[14]15]16]17]18]19]20][21]22[23]24]25]26[27]

(A) Trapezoid at height 3. (B) Set Y74 = Y7 4(@2325)

FIGURE 6. Examples of sets in Theorem and Theorem M

Definition 2.22. Let k=0 and a; j € ®*. We define
Sk(ai,j):{ai_m,j |0<=m<k}. (2.64)

Lemma 2.23. Let Y c @7, q;; € ®>2 and k = 0. Assume that Y \ Sk(a@; j) is s;-invariant for every
i—k=<t<i. Llet Ae X besuchthat R;(1)=0fori—k<t<iandthat R;(A)=r forsomeO0=<r=<~k+1.
Then we have

Y _ raxnY\Sk(@ij)
My =q"M, (2.65)
PROOE. Let S = Si(a; ;). By definition of M-elements, we have
My =Y (-q)'M; S . (2.66)

IcS

We first treat the case r =0. Let @ # I < S. Let mp=min{0 < m < k| a;_,; € I}. By the minimality
of mo we have R;_,,(A-X1) = 1. As Y'\S is sp_,-invariant, Theoremyields M{};I = 0. Therefore,
the only term that contributes to the sum in is the one corresponding to I = @. Thus, M{ =
Mi’\s, which is the claim of the lemma for r = 0.

We now treat the case r = 1. Arguing as in the previous paragraph, it is easy to see that M}{};I =0
unless I = Sy(a;, ;) for some 0 < u < k. We claim that in fact u = r — 1. Indeed, if u > r —1 then
(A=Z1+p,ai—p,;) =0. Therefore, sq, ,,-(A—Z;) =A-2, and Theoremimplies that M}Q;I =0.On
the other hand, if u <r -1 then (A-2;+p,a;-r+1,;) =0, and once again, Theorem Would force
M}le = 0. All in all, we have shown that the only term that contributes to the sum in is the
one associated to J := Sr-1(ai, j).
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It follows that

M) = (-q)'M;'§ = (-q)" 'MS (2.67)

r—1
where p = Z (r—m)a;_,. We stress that to obtain the last equality we have applied Theorem (1.57
m=0
for w=s;_(r—1)---si—1;. Finally, the result follows by noticing that Z; —u=ra;1 ;. L]

Corollary 2.24. Lera; j € ®>2 and set h=j—i+1. Let Ac ®%.i be a trapezoid at height h. Denote
by ay,y and a,,, the roots corresponding to the top-left and bottom-right vertices of A, respectively. Let
B be the trapezoid obtained by pushing A one unit to the right. Let h' = ht(ay,,) and notice that h =
ht(ay,,). Let A € X be such that R;(A) =0 for y—(h'—h) <t <y and Ry(A) = r for some0<r<h'—h+1.
Ify=u+1 then

O YHiINA _ 1@ %hi\B
M, =q Mfl—rwy+1,y+(h-1)' (2.68)

PROOE. The condition y = u+1 guarantees that the set (@~ %\ A)\ Sp-n(@y,ytn-1)) is $;-invariant
for y— (W' — h) < t < y. Thus, Theorem yields

>a; i
O INA _ @ NN (@, n-1)
M =qg'M . 2.69
A q A=ray.1,y+(-1 ( )

On the other hand, we have

B=(AUSpy_p(@y,y+n-1) \{xy-m |0 m=<h'—h}. (2.70)
Therefore, the result follows by a repeated application of Theorem and (2.69). O

Example 2.25. We now illustrate Theoremwith a concrete example. Let a; j = ay4, so that h = 4.
Consider the trapezoid A at height 4 with top-left corner a3g and bottom-right corner a7 9. Then
K =ht(asg) =6, so that ' — h = 2.

Let A =1(1,-2,1,3,2,0,0,-3,0,—-1,5,-2,0] 5. We observe that Rs(A1) = R;(1) = 0 and Rg(A) =3 <
h'— h+1=3. Applying Theorem [2.24} we obtain

O™ OLINA _ 3 ar® L4\B
M = N 2.71)

where B is obtained from A by shifting it one unit to the right. This is depicted in Figures [7al and
where the corresponding weights are shown below the pyramids.

We now apply Theorem [2.24| once more to shift the trapezoid an additional unit to the right. The
height conditions remain unchanged, and the required vanishing conditions are automatically satis-
fied. The only point to verify is that

Ry(A-3ag11) <h'—h+1. (2.72)
Indeed,
A/ - 3“9,11 = []-) _2) 1’3) 2) 0’ 0) 0) _3) _]-) 2) ]-) O](D) (273)
S0 R9(A —3a911) = —3, and therefore the inequality holds. Applying the corollary again yields
O UL\ _ 3 ar®”L4\C
M/1—3069,11 - A=3ag,11-3a10,12’ (2.74)

where C is obtained from B by shifting it one further unit to the right.

We could continue applying the corollary as long as the inequality in the 10-th coordinate remains
valid. However, in this case

Rio(A-3ag11 —3aig12) =4>h —h+1=3, (2.75)

so the corollary can no longer be applied.
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\1\2\3\4\5\6\7\8\9\10\11\12\13\ [2] 9\10\11\12\13\ [2] 4\5\6\7\8\9\10\11\12\13\

1-213200-30-15-20 1—2 32000—3110 1—2132 000-42-23
(A) Set @914\ A (B) Set @~ %14\ B (c) Set ®™%14\ C

FIGURE 7. Illustrating Theorem

Definition 2.26. Let «; ; € ®>2 and h = j—i+1. Let a and k be integers satisfying

Osksi—z and l<sa<i-(k+1)h+1. (2.76)

For x = 0 we define by =a+ (x+1)h -2 and a, = b, — x. Furthermore,
e If a > h, we define the set

k
Yo = Ya,k(ai,j) = | @74\ ( U [aak—h+2,ak+2+my abk—m,bk+h])) Ul®a-na-1, aak—h+l,ak]- (2.77)
m=0
e Otherwise, we define
k
NP
Yax=Yar(aij) =[P @i\ U (@ —n+2,ap+2+m> Eb—mbp+h] | | Y@, 0 Xap—h+1,a,]- (2.78)
m=0

Example 2.27. Let a;;j = @235, so that h = 3. We choose the parameters (a, k) = (7,4). We have
a, =16 and by = 20. The set Y74 is depicted in Figure [6b| To save space, we only displayed roots of
height at most 9. All the non-displayed roots belong to Y7 4.

Lemma 2.28. Let a; ; € ®>2 and set h= j—i+1. Let a be an integer such that1 < a<i+1-h. Let
A € X and suppose that R, :(A) € {0,1} for all t € [0, h - 2]. Furthermore, we define

h-2 h-2 >a; i : .
o7 ufag-pa-1}, ifa>h;
d= R, :(A), = R, Ma , Y= ' . (2.79)
;0 at 1 ;) ar a+t+l,a+t+h >, otherwise.
Then, we have
Ya
M) = M “° . (2.80)
PROOE. We only prove the case a > h, the case 1 < a < h is proved in a similar fashion.
For 0 < t < h—2 we define
Ci= (q)>ai'j \[@q,a+h aa+t,a+t+h]) Ul@a-na-1,Xa+t-h+1,a+th
¢ (2.81)
M= Z Ra,m(/l)aa+m+l,a+m+h-
m=0
We first prove the following:
Y _ Ra(M)ppCo
M) =g "M, . (2.82)

Since $4(@g-p,a-1) = Ag—p,q and a < i, it follows from eq. (2.1) that Y \ {a, 4+n} is s,-invariant.

Then, Theorem [2.23|applied to So(@q,a+r) = (X g asn} yields My = qRﬂ(A)Mfiﬁa"(';)*Z}“ .- On the other
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hand, since R;(A — Rz(A)@4+41,4+1) = 0 we can apply Theorem to obtain

Y\@gaen _ aaYMagarnDUlaa—niral _ waCo
M ReMagerarn = MA-ReWagsraen =M (2.83)

This proves (2.82). We now prove the following.

Claim 2.29. Forall0<t < h—2 we have M = qR“v”l(;UMCt+1 .
Aty A=pre1

PROOF. We fix0<ft<h-2andset @ =Qgir+1,a+1+h+1 aNd B = A gy 142 a+1+h+1. We first notice that
one can use eq. (2.1) to see that C;\{a} is s4+;+1-invariant. On the other hand, by using Theorem
and the fact that £ < h -2, it is easy to see that R4 ;+1(A — s) = Ry r+1(A). By Theorem applied to

So(a) we obtain
Ct  — gRapCMed _ _Ram(MpCoMal
Min =4 M i —Raap = 9 M (2.84)
Another application of Theorem yields Rgy;41(A — piy41) = 0. Thus, Theorem [1.58 and the defi-

nition of the sets C; yield Mg’f_\:tf} = M/ft_*ﬁm. Finally, a combination of this with eq. (2.84) proves the

claim. O

On the other hand, we have Y, o = C,—, and p = uj_». Therefore, the lemma follows by and
a repeated application of Theorem [2.29 O

Example 2.30. Let A =[2,1,0,0,-1,0,0,0,0,1,0,0]p, @ =5 and a;,j = ag11. We have h =4 and R5 () =
Rs5,1(1) = Rs52(A) = 1. Hence, = ag9+ @710+ ag,11-Then, we have M}{ = q3Mz{5_"L, where the sets Y and

Ys,0 are depicted in Figure |8, moreover the weights are presented on the bottom of the pyramids. We
stress that the main difference between A and A — p is the position of the first negative component.

[1]2]3]4]5]6]7][8]9101112] [1]2]3]4]5]6]7]8]9[1011[12]
2100-10000100 2100000-1-110 1
(a)Y (B) Y5,0

FIGURE 8. Illustrating Theorem m

The next lemma is of a technical nature. Its proof is straightforward, but it reduces to a somewhat
tedious case-by-case inspection of the indices of the roots in the relevant subsets, and we therefore
omit the details. Instead, we provide a geometric example that makes the underlying idea more trans-
parent.

Lemma 2.31. Leta,-,jecl)zz, h=j—-i+1,a=1andk=0. Let I =[ay+ 1, by +1]. Then,

(1) If by <i—1 then the set Y, i\ S(@p,+1,b,+n+1) IS Se-invariant for all t € 1.
(2) If by =i -1 then the set Y, i is s;-invariant for all t € I = [i - k, i].

Lemma 2.32. Let a; ;€ ®>2, h=j—i+1,a=1, k=0 and A€ X. Suppose that
(a) bk <i-h.
(b) Ry(A) =0, forap+1<t<bg.
() 0<=Rp, 1 () <k+1.
(@) 0<Rp 41, (A)<k+2, forl<t<h.
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h-1 h-1
Furthermore, we define t="Y  Rp 1+1,:(D)Apst+2,be+1+h+1 and R=)_ Ry +1+(A) Then, we have
t=0 =0
Yaor _  RaaYak+l
M, = M, (2.85)

PROOE. By combining item(b)} item|[(c)jand Theorem 2.31} we can apply Theorem t0 Sk(@p+1,bp+1+h)

in order to obtain

Yq
M/1 * qukH(MM,ZlO_IJO’ (2.86)

where o = Rp, 11 (D) @p 42, b 4140 and Zo := Y 1\ Si(@py 41,5+ h+1)-

. . . . Y, . .
We proceed to iteratively transform M/Zlo_u0 until reaching M A‘j’:l. To do this we need to introduce
a bit more of notation. We define

Asi1 = AQqprs-(h-2),ap+s+m+110=m=<k+1}, 0=ss<h-1)
Zsy1 = (Zs \ Sk+1(abk+s+2,bk+s+h+2)) UAs+1, O=s<h-1) (2.87)
s
Hs = Z Rbk+1,u(A)“bk+2+u,bk+h+1+u» (1=<ss<h-1.
u=0

Claim 2.33. Forall0<s< h-—1 we have

(@) Zs is s;-invariant for ap +s+1<t < by +s+1.
(D) Zs\ S41(@py+512,bp+5+h+2) 1S Se-invariant for ap+s+1 <t < b +s+2.

PROOF. The proof uses induction on s. The case s = 0 for item |(a)| is Theorem Then, we
prove that if item [(a)| holds for s then also item [(b)| holds for s, and that if item [(b)] holds for s then
item |(a) holds for s+ 1. For the sake of brevity we omit the details. U

Claim 2.34. Forall0<s< h-1 we have

(@ Ri(A—pug) =0, fortelax+s+1,bx+s+1].

() Rp+s+2 A—ps) = Rbk+l,s+1(A)-
(©) Rf(A—ps+1) =0, fortelap+s+1,bg+s+2].

PROOE. WefixO<s<h-1and r€ [ay+s+1,b+s+1]. Let us first suppose that ap+s+1 <t < by.
Theorem [1.15]implies that (@p, 424 u,by+h+1+u &) =0 for all 0 < u < 5. Then, item[(b)]in the hypothesis
of the lemma allows us to conclude R;(A — ;) =0, as we wanted to show.

We now assume that ¢ = by + 1. By using Theorem [1.15| we obtain

Rbk+1 (A- Ks) = Rbk+1 (A) - Rbk+1 (ps) = Rbk+1 (A) - Rbk+1,0 (A) =0. (2.88)

Finally, we suppose that by +2 < t < by + s+ 1. In this case we have

S
Ry(A—s) = Re(A) — Ry(us) = Ry (A) + Z Rpp+1,u{ @b +2+u, b+ h+1+u ar). (2.89)
u=0
Since s < h—1, Theorem implies that the only two terms that contribute to the above sum
are for u=t—- by —2 and u =t — by — 1. Rewriting this and using the definition of the numbers R we
get
Ri(A—s) = Rt(A) + Ry 41,1-b;—2(A) = Rp 41, t- b —1(A) = Re(A) = R¢(A) = 0. (2.90)

This finishes the proof of item
The two remaining items are dealt with similarity, so we omit the details. We finish by highlighting
that the difference between item[(a)| and item [(c)|is that we do not know the value of R4, (A — o). O
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By combining item [(b)] in Theorem items [(a)] to [(b)| in Theorem and item [(d)] in the
hypothesis of the lemma, we can apply Theoremto Sk+1(abk+s+2,hk+s+h+2) foreachO0O<ss<h-1.
We recall that by definition we have 1 = ps + Rp, 41,5+1(A) Apy 4+ 543 bp+s+2+h- Thus we get

szls—us - qukH,sﬂ(A)M/le\ljf:ll(abk*”z bk+5+h+2)

We now aim to replace the set indexing the M-element on the right-hand side of with Z.1.
This can indeed be done by invoking item|(b)] of Theorem [2.33|together with item [(c)|in Theorem
With this in place, we may apply Theorem (k + 2)-times in order to add each root of A, to the
set Zs\ Sk11(py+542,b+s+n+2)- It is important to note that the addition of these roots must be carried
out in order—from the highest root to the lowest root in Ag;;. Otherwise, the invariance would be
affected, preventing us from applying Theorem[1.58| as intended. In summary, we obtain

Zs  _ gRognsnWyfen
M/l_“s A (2.92)

(2.91)

Finally, by combining (2.86) and (2.92) we get M Yok _ qRMZ” ! and the lemma follows since

p=pp-1and Zp1 =Yg k41 O

Example 2.35. We illustrate Theorem“ 2.32]and its proof for A =[1,0,0,0,0,0,0,0,-1,-1,0,1]p, a;,; =
a13,15, and (a, k) = (4,1) in Flgure@ Here a; =7 and b; = 8. To save space we draw only positive roots
of height < 7 (higher ones belong to any set but omitted). Roots deleted at a step are shown in red;
roots inserted are outlined in thick black.

(a) Start with Yy ;, which is sg-stable. (b) To also get sq9-stability, delete ag;2; this breaks sg-
stability, so delete ag 12 as well. The result is Zj. (c) Enforce sg, s9, s19-stability by passing to Zy \ Sjo,2
(further deletions). (d) Insert successively &g 10, a6,9, and agg (by Theorem; after each insertion
the set remains stable as required, yielding Z; (stable under sy, s19). (€) Delete ag 14, @10,14, and 11,14
to also achieve s1;-stability, obtaining Z; \ S11,2. (f) Finally, insert a7,11, @7,10, and a7, to obtain Yy 5.

The weight rows below the pyramids record these changes: (a) — (b): subtract a19,12; (b) — (¢):
subtract 2a1;,13 (the 10th coordinate equals —2); (d) — (e): subtract 2a;2,14.

%

\1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\ \1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\ \1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\
0000000-1-10 000 00000000-2001000 000000000-20-1200
(A) Yy (B) Zo (C) Zo\ S10,2

\1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\ \1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\ \1\2\3\4\5\6\7\8\9\10\11\12\13\14\15\16\
000000-20-1200 0000000000-2-102 0 000000-2-102 0
(D) £, (B) Z1\ 81,2 (F) Y42

FIGURE 9. Illustrating the proof of Theorem w

Lemma 2.36. Leta;j€ ®**, h=j—i+1,a=1, k=0 and A€ X. We suppose that
(a) bk<i.
(b) 0<R,;AM) =<1, for0<t<h-2.
() 0=sRyp-1xAN)=x+1, for0=sx<k-1.
(d) 0<Ry;xA)<x+1,for0<sx<kand0<t<h-1.
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Furthermore, we define

x h-1
(Z Y RameD)Apy+24m—(h=1),bp+24m | = Rah=1,x A &b, +2,b +2+(h—1)-

Hx =
£=0m=0
k h-1

R = (Z Y Rame) |- Rap-1,cN) (2.93)
£=0m=0

y = Q™% y {@a-nal, ifa>h;
O~ %, otherwise.

Then, we have

M) = g7M, (2.94)
PROOFE. We begin by proving the following.
Claim 2.37. We have
0, if tela,byl;
Ry — ) = ff’lh_l'k(/u’ Tor=hls (2.95)
mZ:ORz—mh(M, if t€[bg+2, b1l

PROOE. By Theorem the only term in yj that contributes to the computation of R, (A — ug) is
the one associated to ¢ =0 and m = 0. Therefore, we have

Ra(A = pi) = Ra(A) = Ra(pii) = Ra(A) = Ray0,0(4) = 0. (2.96)

We now assume that a+1 < ¢t < by and write t —a—1 = £h+ m for unique non-negative integers
0</¢<kand 0<m< h-1. By Theorem|1.15 we get

Ra,m+1,0(0) = Rg m,0(A), iff=0and m<h-1;
R (1) = Rg,01(A) = Ra0,0() — Rg p-1,0(A), if¢{=0and m=h-1, (2.97)
= Ra,m+1,l(/1) - Ra,m,l(/l) - Ra,m+1,l—1(/1) + Ra,m,[—l(/l)’ if¢>0and m<h-1; .

Ra0,041(AN) = Ran-1,0(A) = Ra0,6(M) + R p-1,0-1(A),  if£>0and m=h—-1.
By looking at the definition of the R-numbers we can see that for all £ and m we have

Ry(up) = Ra+[h+m+1,0,0(/1) =Raronem+1(A) = Re(A). (2.98)

Consequently, R;(A — ui) = 0 and the first case in eq. follows.

We now assume that ¢ = by + 1. Observe that, a priori, the term corresponding to ¢ = k and m =
h—1 in the sum defining u; contributes to R;(uy). However, this term is canceled by the one outside
the sum. We introduce i in this way solely for the sake of a more compact expression. With this in
mind, and using Theorem we obtain

Ry r1A—pr) = Rpy1(V) —Rgp-2x-1(A)+Rgp-1k-1A) + Ry p—2,k(A)
= Rpr1W)—Rap2k-1A) +Rap-1k-1A) + Ry 2 k-1(A) + Ry 24 kn (1)

= Rp 11 (M) +Rgn-1,k-1(A) + Ry p—21kn(A) (2.99)
= Ron-1+nkAV) + Rgn-1k-1A)
= Rgn-1,kA),

as we wanted to show.
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We now assume that ¢ = by +2. By Theorem and by recalling that by +2 = a+ (k+1)h, we
obtain

k k+1
Rps2(A = i) = Rpr2V) = R n-1,k-1(A) + R0 k(D) = Rps2 (M + ) Rasmn(D) = Y Rarmn (D). (2.100)
m=0 m=0
Finally, we assume by +2 < t < by + h. In this case we have
k k+1
Ri(A— i) = Re(A) + Ry p—pp—2,k(A) — Ra -y -3,k (A) = Re(A) + Z Ravi-bp—2+mh(A) = Z Ri—mn (D).
=0 =0
" " (2.101)
This finishes the proof of the claim. 0

We now return to the proof of the lemma. The argument proceeds by induction on k. By item|(a)]
and item [(b)] we have that a < i + 1 - h and that R, ;(1) = {0,1} for all 0 < t < h — 2, respectively. Thus,
we are in position to apply Theorem to @;,j, a, A and u = py. We obtain

Ya,O

Y _ %
M; =¢g OMA—uo'

(2.102)
This establishes the initial step of the induction.
Assume now that the lemma holds for some k, and let us verify the case k+ 1. By the inductive

hypothesis, we obtain

Y _ R Yok
MY = gTeMye (2.103)

We now want to apply Theorem [2.32|in order to rewrite M/l{f';t e To do this we need to check that
@i j, a, k and A — . satisfy the hypothesis of that lemma, assuming that a; j, a, k+1 and A satisfy
the hypothesis of the current lemma. We need to verify

(I) bk <i-h.
(I) Ry(A—ug)=0for ap+1<t<by.

(II) 0 < Rp,41(A— ) < k+1.

(AV) 0= Rp s1,i(A—pup)<k+2forl<t<h.

Item [(D)] follows from item [(@)] applied to k + 1, since by = by + h < i. Item[(I)]is a direct conse-
quence of Theorem On the other hand, the same claim implies that Ry, (A — ug) = Ry p-1,x(A).
This together with item|(c)|in the hypothesis (applied to k + 1) verifies item Finally, using Theo-
rem and the definition of the numbers R, we get

Rpe+1,: (A — pg) = Rg -1, k41 (A), (2.104)

for all 1 < ¢ < h. Therefore, by using item in the hypothesis (applied to k+ 1) we obtain item
This verify that a; j, (a, k), A — u satisfy the hypothesis of Theorem By applying this lemma
in this context we get

M =gt (2.105)
where
h-1 h-1
R= Z Rp+1,6(A = k) and u= Z Rpe+1,6 (A — Qi) Ay v 142, b+ t+h+1- (2.106)
t=0 t=0
A direct computation, using Theorem and the definition of the numbers R, shows that p;1 =
Ui+ 1 and R4 = Ri + R. Therefore, a combination of (2.103) and (2.105) yields the result. ]

Corollary 2.38. Leta; ;€ ®>2 and h= j—i+1. Let (a, b) be a pair of integers such thath+1<a<b<i
witha=b=i+1 mod h. Let A € X be such that R;(1) =0 for t € [a, i]\{b} and R,(1) = 1. Furthermore,
we define Y = ®” % U{ay_p q-1}. Then, we have M}{ =0.
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PROOE. Let
i+l—a
k:T—lzo. (2.107)

We begin by checking that the triple (a, k, A) satisfies the hypothesis of Theorem[2.36 This is, we need
to verify items [(@)| to[(d)]in that lemma.

We first notice that by = a+ (k+1)h—2=i-1 < i. This gives item|[(a)]

We now notice that a+ h< b < i, since a< b and a= b (mod h). It follows thatfor0<t < h-2 we

have
a+t

Ryt =) Rp()=0, (2.108)
m=a

which gives item To check item for 0 < x < k, we compute

x [a+h(m+1)-1 X
0<Rgp-1:V) =) ( Y Rt(/l)) <) 1=x (2.109)
m=1

m=0 t=a
Let us explain the inequality. By the hypothesis on the numbers R;(A), the internal sum in eq.
is 1 if b occurs in the sum range and 0 otherwise. Furthermore, if 7 = 0 then b does not occur in the
corresponding internal sum. This verifies item
Finally, item is verified in a similar fashion. Concretely, for0<x<kand 0<t<h-1, we
expand Ry, as in eq. (2.109). The only difference in this case is that if =1 then b might occur in
the internal sum corresponding to m = 0. It follows that 0 < R, ;1 x(1) < x+ 1, as we wanted to show.
Having checked the hypothesis of Theorem for the triple (a, k, ), we can apply it in order to
obtain
M) = g"My (2.110)
where pj and Ry are defined as in Theorem [2.36

We claim that Mi‘jk L= 0, and this would give the result. We recall that our choice of k gives

by = i — 1. Therefore, by Theorem we conclude that Y, is invariant under s; for ¢ € [i — k, i].
On the other hand, Theorem and a direct computation yield Ry, 11(A— i) = Rgp-1x=k—c+1,
where c¢:= (b—a)/h = 1. Thus, using Theorem once again, we deduce that

(A=, Xgpse,pp+1) = —(k—(c—1)). (2.111)

Finally, by applying Theorem [1.57|with w = Sy seprr W€ obtain that Mi‘f’; =0 This proves our claim
and the corollary. U
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1. First inverse decomposition

. . . . za . . .
Let A € X*. Our goal in this section is to express M, " as a linear combination of terms of the
> i . . ..
form M,,""'. Since ®=%j = ®%.i U {a; ;}, we have
>ai,j

> i > ;
L] _ M _ CIM L]

Mﬂ - A /l—afl',]"

(3.1)

If A\—a; ;€ X" then this equality already gives the desired decomposition. Otherwise, a refinement is
required for proving the positivity conjecture. In Theorem we provide an initial decomposition,
and a sharper form is established in Section 2| (see Theorem . The latter is the version best suited
for proving the positivity conjecture.

1.1. P and Q operators. In this section, we introduce the notation needed to express the first of
the aforementioned decompositions. The main tools are the P and Q operators, which act on the set
of weights X.

Definition 3.1. Let A € X and h be an integer greater than 2. We say that

(@) Ais L-dominant at position r and height h if (1,ay)=0for all 1 <k <r with k=r mod h.
(b) Ais R-dominant at position r and height h if (A,ar) =0forall r < k < nwith k=r mod h-1.
(c) Ais L-dominant at position r if (A,ar) =0forall 1<k <r.
(d) Ais R-dominant at position r if (A,ar) =0 forall r < k< n.

We denote by Xr+h (L) (resp. X;Lh (R)) the set of all weights L-dominant (resp. R-dominant) at position

r and height h. Similarly, we denote by X (L) (resp. X/ (R)) the set of all weights L-dominant (resp.
R-dominant) at position r.
Definition 3.2. let le X, 1<i<j<mnand h=j—i+1. We define

e=0;M)= max{lsk<ilk=i modh and A-ay;eX;, (L)}
9=0,,)= min(j<k=nlk=j mod(h-1) and A-ajiceX ,(RY. OO

(a) If p exists we define Pj (1) = A — a,p, ;. Otherwise, we say P; ,(A) is not defined.
We call p the integer associated to P; ,(A).

(b) If 9 exists we define Q; (1) =1 —a 11,9 Otherwise, we say Q; (A) is not defined.
We call 9 the integer associated to Q; ;(A).

In order to simplify notation, if & is clear for the context, we just write P;(1) = Pj (1) and Q;(A) =

Qjn(A).

Example 3.3. Let n=9, 1=11,1,0,0,0,0,0,1,1], j =7 and h=3. Then, p=2,9=9, P;3()) =A-az7=

(2,0,0,0,0,0,-1,2,1] and Q73()) =A-ag9=1(1,1,0,0,0,0,1,0,0].

Definition 3.4. Let L€ X, 1< j<nand h=2. For k=1 we define
P;-C'h(ﬂl)= Pj ki1,nPj—k+2,n " Pj-1,nPjn(A).
th(/l)= QjnQj-1,n " Qj—k+1,n (V).
Q;'fl(/l)= Qj+k-1,hQj+k-2,n" Qj+1,nQj,n ().
vi, = QF, Pk (.

(3.3)

By convention, we define all these operators for k =0 simply as A.
Remark 3.5. Observe that in Theorem the definitions of the operators Q;.C, p and Q]_’;l are equiva-
lent up to a shift in the index. More precisely, one has

Q¥ =Q . (3.4)

Throughout the text, we will freely use both notations depending on convenience of reading or con-
text.
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We stress that the operators defined before correspond to a sequence of compositions of P and Q
operators. Throughout these sequence it may well be the case that one of the elements involved in
the composition is not defined. In this case, we simply say that the whole operator is not defined in
a given weight.

Example 3.6. Let (i, j) = (6,9). If A =10,2,1,4,3,0,1,0,0,2] then (P2 V2)6,3)(A) exists, and its value is
(PZ U2)(6,3) (A') = [0)2) 0) 3) 3) 3) 0) 0) 1) 0: 1](7)'

On the other hand, if A = 2@,+®;, then (P? V2)6,3)(A) does not exist since P;4(Qg,4Qg 4Pg 4Pga(A)) =
P7 4(@>) is not defined.

The following lemma shows certain relationship between the integers associated to the different
P operators that occur in the composed operator P¥.
Lemma 3.7. Let A € X].+(L), a;j € ®>2 and h = j—i+1. Forr =0 we set A, = P]Th(ﬂt) and o, =
Qj-r+1,n(Ar-1). Suppose that Ay is defined for some k = 1 and that px = 2. Then, A, is defined and
Qk+1 = 0k — L. In particular, if Ay is defined but Ay, is not then gy = 1.

PROOE. By definition px =i —k+1 mod k. It follows that g —1=i—-k mod h. Since 1 € X]+ (L)

and Aj_; is defined we have A;_; € X}L—kﬂ

Ak @pp—1) = A1 — A, j—k+1) Xp—1) = k1, Xpp—1) —(App j—k+1, Xpr—1) = (Ag-1, @p-1) +1 = 1. (3.5)

Thus A —ap,-1,j-k+1 € X]“.L_kyh(L). We conclude that Ay, is defined and gi;+1 = pr — 1. O

(L). In particular, {(Ax_1, ap,-1) = 0. It follows that

Corollary 3.8. Let A € X;.“(L) and a;j € ®>2 and h=j—i+1. Forr =0 we set A, = P]’.,h(/l) and o, =
Qj-r+1,n(Ar-1). Suppose that Ay is defined for some 1 < k < h. Then, we have (Ai_1,a;) = 0, for all
d
teUg:= |Jli—k+1-mh,i—mhl], whered is the unique integer such that gy =i —k+1-(d+1)h.
m=0
PROOE. If d = -1 then U; = ¢ and the statement is empty, so assume d = 0.
We argue by contradiction. Suppose that there exists ¢t € Uy with (Ax_;, @) # 0. Since U, < [px +
h,i], we have
prth=st<i. (3.6)
Because 1 € X]JF (L), we have Aj_; € X;F_kﬂ (L). Moreover, since k < h, it follows that t<i < j—k+1,
and hence (A;_1,@;) > 0. The inequality gi + h < ¢ and the maximality of g; imply that t Zi -k +1
(mod h). Since t € Uy, there exists 0 < s < k—1 such that t =i —s (mod h). By maximality of ps;; we
have t < ps+1. Applying Theorem [3.7|repeatedly gives

Ps+1 =Pk +(k—=s-1)<pr+h. (3.7)
Therefore, t < gy + h, contradicting (3.6). This contradiction proves the lemma. U

Both Theorem and Theorem [3.8| have their Q-counterpart that we now enunciate. In both
cases we omit the proof as it is almost identical to the one of its P-counterpart.

Lemma 3.9. Let p€ X* and a;j € ®** and h = j—i+1. Forr =0 we set y, = Q/, (u) and 9, =
Divrn(r-1). Suppose that uy is defined for some integer k = 1 and 9y < n—1. Then, i, is defined
and 941 < O + 1. In particular, if uy is defined but py, is not then 9y = n.

Corollary 3.10. Let a; ; € ®*2 and h = j—i+1. Let r be an integer such that i+1<r <j. Let ue
X[ (R). For x =0, we set uy = Q_7(u). Suppose y is defined for some 1 < k < h. Then, we have
(Uk-1,a:) =0, forall t € Uy, where
d
U= U[r+m(h—1),r+k—1+m(h—1)] (3.8)

m=1

and d is the unique integer satisfying O, x-1,n(x-1) =1+ k—=1+(d+1)(h-1).
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The following lemma provides the integers associated to the Q operators involved in the operator
h 1
] h

Lemma3.11. Let A€ X* and a; j € ®** and h = j—i+ 1. Suppose v]}.’,;ll(/l) is defined. We define

) iy, h(P '), ifr=1; 3.9)
T mh(Qm PN, if2s<r<h-1. -
Then, O, =j+r, forl<sr<h-1.
PROOF. We begin by noticing that
h-1
P =2~ Zl g, j-r+1) (3.10)
r=
where o, =041, h(P]’.;l1 (1), for 1 < r < h—1. Using this, we can compute the following:
. h-1
<P]';ll(ﬂ/)) aj+l> = (ll) aj+1> - Z (agr,j—r+1» aj+l> = <A! aj+1> + ]- = 1) (311)
r=1
where the last inequality follows since 1 € X™.
We recall that 9, is, by definition, the minimal integer satisfying Ph I(M @it1,0, € Xl 1 h(R) and

91=i+1 modh—-1.As j+1=i+1+h-1, (3.11) implies that 9, = ]+1 which is our claim for the
case r =1.

On the other hand, Theorem 3.9)yields 9, < 9,_; +1 for all 2 < r < h—1. Furthermore, by eq. (3.9),
i+7r+h—-1<49,. By combining these two inequalities with the definition of /, we obtain

JHr<9,<9,1+1. (3.12)
Finally, and inductive argument with the equality 9; = j+1 yields 9, = j+r, as we wanted to show. [J
We now define the degree of the action of a P or Q operator on a weight A.

Definition 3.12. et Ale X, 1<j<nand h=2.
o If Pj 1(A) is defined, then D(P, j, h)(A) = d+1, where d is the unique integer satistying ¢ (1) =

i—dh.
o If Qj (1) is defined, then D(Q, j, h)(A) = d, where d is the unique integer satisfying 9; (1) =
j+dh-1).

We adopt the convention that D(B, j, h)(A) (resp. D(Q, j,h)(A)) is defined only when P; () (resp.
Qjn(A) is.

We refer to D(P, j, h)(A) (resp. D(Q, j, h)(A)) as the degree of the operator P;, (resp. Q;,) evaluated
at A.

Remark 3.13. Roughly speaking, D(P, j, h)(1) measures the cost of passing from A to P; (1) in the
following sense. Recall that P;,(A) = A — a,,j, where o = p; ,(A). Thus, obtaining P; (1) from A
amounts to subtracting a,, ;. We can write

d
Qp,j = D Ai—kh, j—kh» (3.13)

k=0
with d as in Theorem Consequently, the degree corresponds to the number of summands in
eq. ; equivalently, it quantifies how many roots of height # must be subtracted from A to reach

P;j p(A). Similar considerations hold for D(Q, j, h), with the role of & replaced by i — 1.

Lastly, we have a notational remark. To simplify notation one might be tempted to write the
degree as D(P; (7)) rather than D(P;)(A). We avoid this, because it would misleadingly suggest
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that we are assigning a degree to the weight P; (A) itself, rather than to the “passage” A — P; (1)
encoded by D(B, j, h)(A).

We can extend the definition of degree for any composition of P and Q operators.

Definition 3.14. Let A € X. Let Y = (Y3,...,Yy) be a sequence of P and Q operators. Suppose that
Yy---Y1(A) is defined. We set Ao = A and Ay = Yi--- Y1 (A), for 1 < k < . Then, we define the degree of
the operator Y evaluated at A is defined as

I3
D(Y)(A) =Y DY) (A1) (3.14)
k=1

We are now in position to state the decomposition mentioned at the beginning of this section.

Proposition 3.15. Let A€ X*, a; ; € ®>2 and h= j—i+1. Let k be an integer with 1 < k < h satisfying
(A,aryy=0,forall j—k+1<r<j. Then, we have

=a;,j

M,

k
>aij _ DPY)M)+1y >aij B D] ) (6= wr>Gij
A q MP]’?h(/l)—ai,k,j,k Zq Mvjr-yh(/l) qMV}yh(/l)—a’i—r,j—r ) (3.15)

=M
r=1
Remark 3.16. We emphasize that if any P-operator or v"-operator is not defined, the corresponding
M-element is set equal to zero.

1.2. Identities involving P and Q operators. In this section, building on the results of Section
we develop the tools required to prove Theorem That proof is presented at the end of this
section section.

Lemma 3.17. Let K c®>?, a; j € ®>2, and h= j—i+1. Let (r, p) be integers such that i+ 1<r<p <
and h+1<r.Letk=0besuchthat p''=p+k(h—-1)<n.LetY =Ku{a,_j,-1} and 1€ X;,+h_1 B (R

(a) Suppose that Q. (1) is defined and let 9 := 9,y (1) be the integer associated to Q, (7).
We define d to be the unique integer satisfying 9= p+(d+1)(h—1).

(b) Suppose that Q. (A1) is not defined.
We define d to be the largest integer such that p+d(h-1) < n.

In both cases we define ,

T=Jlr+mh-1,p+mh-1),
m=0

and assume that (1, a;) =0 for all te T\ {p'} and (A, ap)=—1. Then, if K~ O~ %j, we have

{ qD(Q,p,m(A)MgWW if Q1 (A) is defined;

M) =
A 0, if Qpr (1) is not defined.

(3.16)

PROOF. We first address case This is, we assume that Qs (1) is defined. By definition,
Qp M) =A-api19, and A—ap 1 9€ X;, , Moreover, by the definition of D(Q, p’, h)(A), we obtain

DO, o' _e-p _
Q,p,h)(/l)—m—d—k+l. (3.17)
Applying Theoremto K, a;j, (r,p, k) and d, it follows that
Y _ _d—k+lngY _ DQ,p V)Y
M/1 — q + Ma_apu_lyﬂ — q Q p MQp’yh(/l), (3.18)

We now treat case So that, we assume that Q, ;(A) is not defined. By definition, k < d. If
k = d, then the maximality of d and the second case of in Theorem [2.9|imply that M}[ =0.

Thus, we may assume that k < d. In this situation, we apply Theorem to K, A, k,and d -1,
yielding M} = g%~*M,, where g =A—ap41,p+@-tyn-1 and p'+(d—k)(h—1) = p+d(h-1) . Observe
that via a simple calculation we have that (u, @p+qn-1)) = -1 and {(u,a;) =0 for t€ T\ {p+d(h—1)}.
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By the maximality of d and the second case of Theorem applied to K, a;,j, (r, p), p and T', we
obtain M}; = 0. Therefore, M}{ =0, as required. U

Lemma 3.18. Let K ¢ 2, @; ; € ®>? and let h = j— i+ 1. Suppose that 1 <i+1—h. Let p be an
integer such that i + 1< p < j. Let k=0 be such that p’:=p+k(h—1)<n. Let Y = Ku{a;_p+1,;} and

AeX i p (B,

(a) Suppose that Q,,,(A) is defined. Let 9 := 3, (1) be the integer associated to Q,,,(A).
We define d to be the unique integer satisfying 9= p+(d+1)(h—1).

(b) Suppose that Q, (1) is not defined.
We define d to be the largest integer such that p+d(h—-1) < n.

In both cases we define

m=0

d-1
T:(U i+1+mh-1),j+mh-DI|uli+1+d(h-1),p+d(h-1)] (3.19)

and assume that (1, a;)=0forall te T\{p'}, (1, ay) =-L.
Furthermore, if k < d we also assume that (A, ,1) =1. If K ~7 ®~%.j then we have

DQ,p ,hMnY : ; .
{ qgPr MQp/,h(/l)’ if Qu,n(A) is defined;

MY =
A 0, if Q n(A) is not defined.

(3.20)

PROOE. The result follows by mimicking the proof of Theorem [3.17} using Theorem [2.13|instead
of Theorem 2.111 O

Lemma 3.19. Let K < ®>?, ; j € ®>? and h= j—i+1. Let p be an integer such that i—h+1< p <i.
Let k=0 be such that p':=p—kh=1. Let 1€ X;,_h (D).

(a) Suppose that Py ;(A) is defined and let p = ;1 5, (A) be the integer associated to P,_q,,(A).
We define d to be the unique integer satisfying o = p — (d + 1) h.

(b) Suppose that P,y (A) is not defined.
We define d to be the largest integer such that p—dh = 1.

d
In both cases, we define T = U [p—mh, i—mh] and assume that (1, a;) =0forall te T\{p'}, (A, Ap) =

m=0
—1.
If K ~7 ®”%.i then we have
D(Bp' -1, W) pK £ p, - :
ME = q Mpr_l,h(/U’ if Py 4(A) is defined; (3.21)
A 0, if Pr_1 4(A) is not defined.

PROOF. We first address case Assume that Py ,(A) is defined. By definition, Py _1 ,(A) =
A—=ap -1, and A —ap ,—1 € Xpy_pi1,n(L) Moreover, by the definition of d, we deduce that D(P,p' -
1,h)(A) =d - k+ 1. Applying Theorem it follows that

ME = g7 *1mK : (3.22)

/l_ag,p’—l

We now consider case Assume that P, ,(A) is not defined. By definition, k <d. If k=d
then the maximality of d and the second case of in Theorem applied to K, «; j, p, A and d
imply that Mf = 0. Thus, we may assume that k < d. In this setting we apply Theorem to K, a;,j,
A, k, and d-1, yielding M§ = g *M, where u=A—ap_q-iynp-1 and p'—(d—k)h = p—dh. Observe
that via a simple calculation we have that (u,a@p_g5) = —1 and (u,a;) =0 for t € T\ {p —d(h—1)}. By
maximality of d and the second case of Theorem 2.14|applied to K, @;,j, p , d and T it follows that

M{f =0. (3.23)
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Therefore, Mff =0, as required. OJ

Lemma 3.20. Let a; j € ®>2 and h = j—i+1. Let r and x be integers such that i+1<r < j, h+1 <r and
lI<x<j-r+1.Let A€ X'  (R) be such that (A, a;) =0 for t€ [r+1,j], (A, a,) =-1and Aajr) =1

r+1
If Y =®>%ju{a, i} then

q (1) if Qr‘;l“ (A1) is defined;
rh ’
0, if QT‘Z(A) is not defined.

D@ MppY
M) = Q (3.24)
PROOF. We only prove the statement when Q7 (1) is defined, the other case being analogous.
For 0 < m < x we define y,, = Qr_}’;”()t). For 1 <= m < x we define 9, = 0,4 m-1,n(Um-1) and d,, to
be the unique integer satistying 9,, =r+m—-1+(d;; +1)(h—-1).
We split the proof in two cases.
CaseA: r>i+1.
We proceed by induction on x. If x =1 then Q7 (1) = Q5 (A). Thus, the result reduces to
Theorem applied to K = ®~ % and p’ = p = r. Indeed, using the notation in that lemma

we have
dy
T=J{r+mMh-1}. (3.25)
m=0
Since A € Xj .1 (R), the minimality of 9; implies (A, a;) = 0 for all # € T\ {r}. Thus we are under

the hypothesis of Theorem [3.17, which allows us to conclude.
We now assume that x = 2 and suppose that (3.24) holds for x — 1. This is,

—-(x-1)
M =" @ MMy (3.26)
Let
dy
T=Jlr+mh-1),r+x-1+m(h-1)]. (3.27)
m=0
x-1

By definition, we have p,_; = 1— Z Qr+m,9,,- A direct computation, using Theorem|1.15}

m=1
together with Theorem [3.10applied to piy, imply that (uy_1,@r+x-1) = —1 and (ux_1,a;) =0,
for all € T\ {r+x—1}. Then, we can apply Theorem[3.17/to K = ®”%i, r, p=r+x-1=p'
and py_; to get

MY :qD(Qr+x—1,h)(Mx—1)MY

_ ,DQrs —l,h)(ﬂx—l) Y
Hx-1 Qr+x-1,n(Hx-1) — q ! M/Jx' (328)

We conclude by combining (3.26), and D(Q;;)(/l) = D(Q;;lx_l))(ﬁ) +D(Qrsx-1,1) (Hx—1)-
CaseB: r=i+1.

Using the assumption (A, ;1) = 1 and an inductive argument (similar to the one in the
proof of Theorem [3.11)), we obtain 9,, = j + m for all 1 < m < x. With this in hand, the result
follows by the same inductive method as in the proof of Case A, replacing Theorem 3.17|with
Theorem [2.13]

O

Corollary 3.21. Let A€ X*, a; j€e ®** and h= j—i+1. Let s be an integer with 1 < s < h—1 satisfying
(A,aypy=0,forall j—s+1=<t=<j.Set A;= Pjs.h(/l). If A, is defined then we have

>a, DQ7S A (=i > e s . .
M = R Mvjh(/l) qMth(/l)—ai_s,j_s , if Vj,h()t) is defined; (3.29)
As >a,j ' ’ .

otherwise.
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PROOF. By definition of A; and the hypothesis on A we have (A, a;_s1) = —1 and (A, a;) = 0 for

all te [j—s+2,j]. Furthermore, since A € X™ it follows that A5 € X]+ 52 (R).
We recall that
v; ) = QjP; (M) = Qj (A9 = Q2 (A (3.30)

In particular, ] o+, h(ﬂs) is defined if and only if v ] h(/l) is.

Let Y = ® %.j U{a;_ ). By applying Theorem to a; j, (r,p) = (j —s+1,s) and Ay, it follows
that

- qD(Qj s+1h)(/ls)MYS o if V]S',h(/l)) is defined; (3.31)
A . . :
s 0, if v; h(/l)) is not defined.
Then, the corollary follows by expanding according to the rule MZ = M;ai‘j - qM;i’;’;ﬂ‘H U

Lemma 3.22. Let A€ X*, a; je®** and h=j—i+1. Let s be an integer with 0 < s < h— 1 satisfying
(A,ap =0,forall j—s<t<j. Let A;= Pjs.h(/l) and A, = P;*hl(/l). We also define

u=D(Pj-sh)(Aj)+1and v= D(Q;_SHM)(/%) +D(Bj-s,h) (/’LS)H (3.32)
If A is defined then

>ai,j

u >, j _ >, j

A + qy s+1 s+1
SH1 T Xi—(s+1),j—(s+1) l/j " 1) l)j " (ﬂ)—ai,(s+1),j,(5+1)

Meigjs ) g"MS ' (3.33)

0,

>O¥i,]'

As+1= @i (s+1),j—(s+1)

where the three cases correspond to: vs“(ﬂt) is defined, A, is defined but vs“(ﬂt) is not, and A
is not defined, respectively.

Remark 3.23. Since vjs.,h(/l) QS“PSH(A) QS“()LsH), it follows that if As,; is not defined then
v; , () is not defined.

PROOF. Suppose Asy1 = Pj_;(As) is defined. We begin by noticing that if (As,ai—s) = 1, then by

a”

definition of P-operator, it follows that Asy; = A — aj—s j—s. Therefore, M =M, . and the

As 0‘1 5,j-s
result follows by Theorem [3.21]
Thus, we assume that (A5, a;_s) = 0. By Theorem applied to A € X™, a;jand k=s+1<hwe

get
d
(As,a;y=0 forallte T= | [i—s—mh,i—mh], (3.34)

m=0

where d is the unique integer satisfying ¢ (As) = i —s—(d + 1) h. It follows from Theorem that

r sy od®  TEETVE=S) 5.3
N S W T 2 S ’

Hence, we can apply Theorem to K=0"%i, a;;, p=p'=i—-s Tand A;—a;_ ;s to get

>ai,j _ DBPi-s-1,h)(As—a;_ Sj— $+1 >, j D(Pj- s,h)(As) >al]
As—ai- s,j-s =4 MPl s-1,h(As—ai- 5,j-s) =4 M As+1 (336)

where the second equality holds since

Pi_s 1 n(As—a@jsj-s) =Pj_sp(ds) and DPi-s-1,h)As—aisj-s)+1=D(j-sh)(As). (3.37)

1f the right-hand side is defined.
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Thus, using Theorem 3.21]for s+1 to expand the right-hand side of we obtain the first two cases
of eq. (3.33).

We now suppose that A, is not defined. By Theorem applied to A, a;,; and k = s it follows
that (As_1,a;) =0 for all ¢t € T, where

d
T=Jli-s+1-mh,i—mhl, (3.38)
m=0

and d is the unique integer satisfying o5 = @j_s41,n(As-1) = i —s+1—(d +1)h. On the other hand,
since Ay is not defined, it follows by Theorem that g = 1. In other words, A; = A5-1 — @1,j-s+1.
By Theorem we conclude that (15, a;) =0 for all £ € T. Moreover, given that As;; is not defined,
by the definition of the P operator we have (As,a;) =0 for all t € {i —s—mh |0 < m < d}. Thus, we
conclude that (15, a;) =0 for all € T', where

d
T'= Jli—s—mh,i—mh]. (3.39)
m=0
Using Theorem we obtain (3.35) for all # € T'. As before, we can apply Theorem to K =
> i / . ! >, j . . .
7%, ajj, p=p =i—s, T and A;— aj—s j-s, to get M)1 o =0, thus proving the third case in
sT®j—s,j-s
Equation (3.33). 0]

We are now in position to prove the First Inverse Decomposition given in Theorem

Proof of Theorem We begin by emphasizing that in eq. the M-elements indexed by un-
defined weights are set equal to 0 by convention. Let 1 < k < h satisfying the hypothesis of the Theo-
rem ie. (A,a,)=0forall j—k+1<r< j. We proceed by induction on k. Consider first the case
k = 1. By the definition of M-elements, we have

Eal’,]’ _ >a,-’j >a,-‘j
M, =M, " — gM

f Amar;” (3.40)

By applying Theorem [3.22|for s = 0 to rewrite qMZi’x’l _we obtain for k=1, as we wanted.

We now assume that eq. ﬁp holds for some 1 éjk <h-1.Let A, = P]s.'h(/l) forl<ss<k+1. We
also let RH and RH 1 be the right-hand side of for k and k + 1, respectively. We must show
that M:ai‘j = RH+1- By our inductive hypothesis, this amounts to show that RH; = RH4+1. This

turns out to be equivalent to

>al~yj u >ai,j v >oc,~,j >ai,j

M=k jk Akl Qi (k41), j—(k+1) q vﬁl )

aM , (3.41)

Uf’zl(l)_ai—(kﬂ),j—(kﬂ]
where u = D(Pj_)(Ax) +1 and v = D(Qﬁl)mkﬂ) +D(Pj_i,n) k).

Due to the conventions mentioned at the beginning of this proof, eq. (3.41) follows by Theo-
rem This completes the induction and the proof of the First Inverse Decomposition. |

We now state a refined version of Theorem [3.15| that isolates the dominant term P]’.C h(/l). This

term, which will later be denoted by P; (1) (cf. Theorem [3.28), is essential for proving several cases
of the positivity conjecture in Section

Proposition 3.24. Let L€ X*, a; ; € ®*%, and h= j—i+1. Let k be an integer with 1 < k < h satisfying
(Layy=0forall j—k<r<j, and (A, aj_g+1) = 1. Set By, = &j—m,j—m- Then, we have

k-1
=Qij_ae>@ij  DPE M+ > D)) (> Fij @i
M, =M, g i MP]’?,,(A) mz=1q j Mv;.’jhm) Mv;f’hw—ﬁm' (3.42)
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PROOE. Applying Theorem to A, a;j and k-1, we obtain:
k-1
zaij_ o> DPFH+1y >aij D)) [pr>%ij ~aj
M, =M, - joh M " - M —gM . 3.43
A A4 PEI =B mzzl q9 v~ TV, )=, (349
Comparing this with the target equality (3.42), the proposition will be proven if we can establish the
following identity:

D(Pj_i1,n) (KT AN -1 o> i j
WP
> J _ q MP;Ch(A),

PEI-pr

if pk ,(A) is defined;
I (3.44)

0, otherwise.

We proceed by analyzing these two cases.

Case P;.‘ , () is defined. We must establish the top line of (3.44).
If (A,aj_k+1) = 1, then by the definition of the P-operator, P]’.C pA) = Pk 1()L) Bi-1.- The result
follows via substituting this directly into and noticing that D(Pj_j41, h)(P]. hl A) =1.

We now prove the equality under the assumption {1, a;_r+1) = 0. By applying Theorem to A,
a; j, and k, we get

(P hl()t) a)y=0 forallteT= U [i—k+1—mh,i—mh), (3.45)
m=0
where d is the unique integer satisfying p ;- k+1,h(Pj;ll A)=i—-k+1-(d+1)h. From this, it follows
that

0, ifreT\{i—k+1};
Pkl/l L) = 3.46
¢ W) = Pr-v @n) -1, ift=i-k+1. (3.46)

We can now apply Theorem [3.19|to K = ®~%iJj, @i j, p= p'=i—-k+1, the set T, and P;.“;ll(/l) — Br-1-
This yields:
>ai,; _  DRi-kh)(PF D) =Pr1)+1y > i D(Pj=k+1,h)(P} ;! () >a”
k-1 = » M k-1 = M
Py =P Pign (P, (M =Pr-1) Pr,

(3.47)

where the second equality holds because
Pi_kh(P}, () = Br-1)
D(Ri~k (P}, () = Pr-1) +1
It establishes the first case of (3.44).

Case P¥ h(ﬂt) is not defined. We must show that M UL) p = 0. We consider two subcases.
k-1

First, if P]’.C hl (A) is also not defined, then by Theorem 3.16, the term M PEI () in (3.43) is zero.
, H _

This trivially satisfies the second case of (3.44).
Second, assume P]’.C,;ll (A) is defined, but P]’.C, h(/1) is not. Applying Theorem to A, ajj, and k-1

gives (P;.C;lz(/l), a. =0forall t e T, where

Pike1,n(Pf, () = PF, (D)

(3.48)

D(P,j—k+1,h)(Pk L.

d
T=\Jli-k+2-mh,i—mhl, (3.49)

m=0
and d is the unique integer satisfying px_1 = 0 j_x12,n(P k_z(ﬂt)) =i—k+2-(d+1)h. Since P’?h(}L) is not
defined, Theoremimplies Pk-1 = 1. In other words, P’C 1()L) Pk 2()L) @1,j-k+2- By Theorem|1.15)
we conclude that (P]’.C;l1 AV),a;y=0forall teT.
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Furthermore, the condition that P}C »(A) is not defined also implies, by the definition of the P-
operator, that (P]’?;ll A),apy=0forall te{i—k+1-mh|0< m < d}. Combining these zero-conditions,
we conclude that (P]’?;ll (A),a;) =0 for all t€ T’, where

d
T'= |Jli-k+1-mh,i—mhl]. (3.50)

m=0

Using Theorem again, we obtain

0, ifreT'\{i—k+1};
Pl ) =By, a) =4 ’ 3.51
Pjw V= Pr-van 1, ift=i—k+1. (3:51)

As in the first case, we apply Theorem m to K = @7 %j, Qi j, P = p'=i—-k+1, the set T', and
P;.‘;ll (1) — Br_1, to obtain M,/

P Bi
Both cases of (3.44) are now established, which completes the proof. O
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2. Second Inverse Decomposition

In this section we refine the First Inverse Decomposition from Theorem This version is best
suited for establishing ?? in the following section.

2.1. The v-operator.

Definition 3.25. Let A € X™ and (j, h) be a pair of integers such that2 < h < j. Suppose that (1, a;)=0
forall j—(h—2) <t <j. Let x be the smallest non-negative integer such that Q-* ZI(A)) e Xt.

RURIEOE

j+1, h

o If such an integer exists then we define v; ,(1) =
o Otherwise, we say that v; (1) is not defined.

]+1

In the first case we call x =« (1) the integer associated to v; ;(A).

Remark 3.26. We stress that if vh 1(/1) € X* then x = 0 and vjn(A) = v (/1) On the other hand, if
h '(A) is not defined, then v;, h(iL) is automatically not defined.

The following lemma asserts that, under repeated application of Q-operators, the weight v]}.‘,;ll(/l)
either transforms into the dominant weight v; (1), yielding an identity between the corresponding
M-elements, or else vﬁlm) fails to reach the dominant chamber, in which case the associated M-
element vanishes.

Lemma 3.27. Let «;,; € ®=2 and h = j—i+1. Let A€ X* satisfying (A,a,) =0, foralli+1<r <.
Suppose that v]}.’;ll(/l) is defined and set Y = ®”%.j U{a;_p+1 ;}. Then, we have

v qKMY ) if v; ,(A) is defined;

_ = (3.52)
i o, otherwise.

PROOF. We first assume that v; ,(A) is defined. If K 0 then there is nothing to prove. So that
we can assume « > 0. For 0 < k < x we define y; = Q7% ;11(/1)). By combining Theorem and
Theorem [3.11] we obtain for all 1 < k <« that

j+1, h

Hi = Hk-1—~ Xjik+1,j+k+h-1 (3.53)

or in words, the Q-operator needed to pass from pi_; to pi consists of a unique root of height 1 —1.
On the other hand, Theorem [3.11]also implies that

Ho= U]h (/1) hl(/l)_ Z Qivr+1,j+7 :Pﬁzl(/l)+@i+l_2@j+l+@j+h- (3.54)
r=1

Furthermore, by definition of P]’.’;ll (A1) and the assumptions on A we have

-1, ift=i+1;
(Ph_l()t) @) = 0, ifreli+2,j]; (3.55)
h ' Aajy+1, ift=j+1.
A, gy, iftelj+2,nl;

Thus, combining (3.53), (3.54), and (3.55) with Theorem [1.15, we obtain, for all 0 < k < «, that

ey = 0, ifreli+1,j+k]; (3.56)
Hier Ge) = —1, ift=j+k+1. ’
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Hence, for 0 < k <« —1, we can apply Theorem to K=0 %, a;;, T=Te=1[i+1,j+k+1],
Uk, p'=j+k+1and p be the unique integer such that i+ 1<p<jand p=p’ modh-1 to get
M) =qgM, (3.57)

Hi+1®

Therefore, MY

h-1
vip )
We now assume that v; ,(A) is not defined. Although this weight is not defined, the weight p;,—j_p+1
does exist. Furthermore, it can be computed using eq. (3.53) and eq. (3.56) still holds. Thus, arguing
as in the previous case we obtain

MY — <MY — kY
=M, =q"M,, =q Mvj,h(/l)’ as we wanted to show.

Y _ n—j—h+1lyzgY
Mv;’;ll =4 Mﬂn—j—h+1' (3.58)

On the other hand, by Theorem applied to K = @™ %, a; j, T=[i+1,n—h+2], gp_j_ps1 € X,
p'=n—-h+2, and p be the unique positive integer such that i+1<p < jand p=p’ mod h—1, we
conclude that

My, | =0 (3.59)
Therefore, the result follows by combining eq. (3.58) and (3.59). O

2.2. The P-operator.

Definition 3.28. Let (h, k) be a pair of integers such that2<h<k<n. Let A€ X]“CL (L). Let x be the
smallest positive integer such that P, (1) € X;'(L). If such an integer exists, then we define Py, (1) =
P;C‘ h(/l). Otherwise, we say that Py ; (A1) is not defined.

The main goal of this section is to prove the next lemma.

Lemma 3.29. Leta; je®*?and h=j—i+1. Let A€ X]T(L) and u = P]’?h(/l). If (u,a;) = —1, then

Mu = i-1,n (1)’

sap; | qPPE WM if P;_; () is defined; .
0, otherwise. '

Before embarking in the proof of Theorem we need some preparatory results.

Lemma 3.30. Let a; ; € ®>2 and h= j—i+1. Suppose that i +1 =0 mod h. Let b be an integer such
that h<b<iand b=0 modh. Let pe X;_l(L) be such that (u,a;) = =6, for t € [h,i]. Then we

have
>ai,j
H—a,j

M =0. (3.61)

PROOFE. We proceed by induction on m = (u, a_1). f m=0then (u—a; j,a;) =0foralll<t<i-h
and t=i-h=-1 mod h. By definition of the P;_; j-operator, it follows that P;_; (1 — a; ;) is not
defined. Then, by Theorem applied to K = ®”%J, a; j, p =i = p' and the weight p—a; ; we
obtain M;ffx’” =0.

We now suppose that 7 =1 and assume that holds for m — 1. In this case P;_y ,(u— a; ;) is
defined. In fact, we have

p=Pigp(p—a; ) =p—a;j—ap1,i-1 = f—ap-1,j = Pj p(). (3.62)
Then, applying Theorem with the same parameters as before, we get
el N e (3.63)

On the other hand, by the conditions imposed on b and p it is easy to see that P,_1 (1) is not
defined. Therefore, another application of Theorem [3.19} but now for the parameters
i-b+1

K=0 %1 a; 4,4, p=i-h+l, p'=b k= — ! and (3.64)
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yields M;,a 1771 = 0. By the definition of M-elements we have

>a,-_lyj_1 >0‘i,j >0c,~,j

0=M =M —gM (3.65)
M M K=,
Thus, by combining (3.63) and (3.65), we obtain
M, 4 = qD(Pj,h)(H)M;,Oiigi‘j. (3.66)

Finally, since pu’ satisfies the hypothesis of the lemma and (u’,a;_;) = m—1 we can apply our
inductive hypothesis to conclude that the right-hand side of eq. (3.66) vanishes, which completes the
proof. U

Lemma 3.31. Let a;j € ®*?> and h=j—i+1. Let A € X;F(L) and for x = 0 we set 1, = P;Fh(/l). Let
k = h+1 be an integer such that A is defined and A, ¢ X;F (A) for h < u < k. Then, we have

Ak-1, a1y =0, forall telpr+h,il\{j—(k-2)} (3.67)
where o = 0 (k-1),n(Ar-1).

PROOE. This result follows by an inductive argument on k that combines Theorem Theo-
rem [3.8/and the definition of the P-operator. We left the details to the reader. 0

Lemma 3.32. Let a; j € ®>* and h=j—i+1. Let A € X]JF(L) and set Ay = P;.Ch(ﬂt) for x = 0. Let u be
an integer such that 7 < u <1i-1. Suppose that 1, is defined and A, ¢ X].+ (A) for h < x < u. Then, we
have

M = +1 (3.68)

~ aij . .
Sa;; qD(R]_”’hM“)MA:”, if 1,41 is defined;
Au 0, otherwise.

PROOE. Let b=1i—u+ h. We remark that b—1 = j — u. We split the proof in four cases.
Case A. 1, isdefined and b=i+1 mod h.

We recall that 1,41 = Pp_1,,(A,). Let oyus1 = pp-1,n(1,) be the integer associated to Pp_; j,(A,).

By Theorem [3.31] applied to k = u+ 1 we obtain (A,,a;) =0 for all t € T := [py+1 + h,i]\ {b}. Fur-
thermore, since 1, ¢ X]Jf (L) we have (1, ap) = —1.

We proceed by induction on D = D(Pb—-1, h)(A,).

Suppose that D = 1. In this case we have g, =i—u=b—h and T = [b+1,i]. Therefore, we can
apply Theorem 2.14to a; j, K= ®” i, p=i—h+1, p'= b and A, to get
>aij >a;,j
A

>ai,j

M

(3.69)

Au—Qp_pp-1 Aus1’
which proves the lemma for D = 1.

We now suppose that D > 1 and that the lemma holds for D —1. Let a := p,+1 + h. We notice
that a =i — u mod h and therefore a = b mod h. Furthermore, since D > 1 we have a < b and since
b # i we have b < i. Thus, we can apply Theorem to @; j, a and b to obtain ML = 0, where

Y =®7%iU{a,_pq-1}. By definition of M-elements we have

>a1~,j _ >ai,j
M, =qM (3.70)
On the other hand, we recall that
Aus1 = Pb—l,h(/lu) =Au— Aoyi,b-1= Au— Aag—hb-1= (Au— Qa-ha-1) — Xa,b-1- 3.71)

Since (A, — @g—p,a-1,a4) = 1 we conclude that P,_y (1, — @g—p,a—1) = Ay+1. Furthermore, we have
D(Py_1,n)(Ay — @g—p,a—1) = D—1. Therefore, our inductive hypothesis gives
>0‘i,j _ >a,-,j

M, " =qM = gq" ™M = ¢"M

Au A—Qa_pa-1 Au+1 Auvt ”

>(Xi,j

(3.72)
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Case B. 1,,; isnotdefined and b=i+1 mod h.

Since A, is defined and A,.; is not, Theorem implies o, = pp,n(Ay-1) = 1. In particular, we
have b =0 mod h. In addition, by definition of the P—operator we have (A, a;)=0foralll<t<b-h
with t=b—-h=0 mod h. In particular, (1,,ap) =

On the other hand, by Theorem [3.31]applied to lc u we obtain (1,1, a,) forall t € [h+1,i]\{b+1}.
Furthermore, 1, ¢ X]+ (L) implies {(A,-1,@p+1) = —1. Since A, = A1 — a;,, we obtain {u,, a;) =0 for
all te[h+1,i]\{b} and (A, ap) = —

Summing up, we obtain that (1,,a;) =0 for all # € [h,i]\{b} and (1, ap) = —1 Then, we can apply
Theorem3.19/to @;_1,j-1, K ®”%-1j-1, p=ji+1—h, p'=band A, to obtalnM #1=Li-1 = ), We remark
that our use of Theorem is justified s1nce we use @;_1,j-1 rather than a; j, so that our p belongs

11]1

to the admissible range. By decomposing M, 1 =0 we get
>ai,j _ >(Xi,j
M, = inLu—ai,j' (3.73)

Since b = 0 mod h, Theorem [3.30| applied to u = 1, yields MZ:ifx = 0. Therefore, the result

i,j

follows by replacing this in (3.73).
Case C. A, isdefined and b#i+1 mod h.

As in Case A we obtain (1,,a;) =0forall f € [p,+1+h,i]1\{b} and (1,, ap) = —1. Let p be the unique
integer such thati—h+1<p<iand p=b mod h. Let d be the integer defined by p,,+1 = p—(d+1)h
and define

d
T=JIp-mh,i—mh]clpys1 +h,il. (3.74)

We apply Theorem to K=® %, a;j, T, Aj_p+1, p' = b and p to obtain

M>ai'j _ qD(Pb—l,h)(/lu)M

D(Pp_1,)) M) pg~Yirj
A Py 1h(/1] o)~ 4 M (3.75)

/1u+l
as we wanted to show.

CaseD. 1, isnotdefinedand b#i+1 mod h.

As in Case B we get o, =1, (A,,a;) =0 forall t € [h+1,i]\{b} and (1,,ap) = —1. Let p be the
unique integer such that i—h+1<p<iand p=b mod h. Then, by Theorem applied to a; ;,
K =®>%.i, A,, p'=b and p we obtain that M>a” 0. O

We are now in position of proving the main result in this section.

Proof of Theorem @I. For x =0, set Ay = P}, (A). We stress that p= Aj.

We first consider the case when P;_; j,(u) is defined. By hypothesis we have A}, ¢ X]JF (L). Let
s = h+1 be the integer such that A; =P;_; ;(u). Let h+1 < u < s. By the minimality of s we have
Aué X]+ (L).

Then, by Theoremwe have

M, = gP Py (3.76)
for all h < u < s. It follows that
M, =M = gPM T = PR (3.77)

s—1
where D = Z D(Pj_y,n)(Ay). This proves the lemma when P;_; j,(u) is defined.
u=h
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We now address the case when P;_; j,(u) is not defined. Let s = 1+ 1 be the smallest integer such
that A is not defined. Arguing as in the previous paragraph we obtain

>06,',j

>al~,j _ >06,‘,j _ E
M, =M = gt (3.78)
for some integer E. Then another application of Theorem [3.32| yields M;iiij = 0, which proves the
lemma in this case. O

2.3. Mixed operators. In this section we establish a relation between the weights P]}.’;ll ), vjn(A),

P]’.lh(/l) and P; v ,(A) (when all or some of them exist). This is the key to pass from the First Inverse
Decomposition to the Second Inverse Decomposition.

Lemma3.33. Let Ae X*, a; j € ®>2 and h = j—i+1. Suppose that (,a,) =0, forall i < r < j. and let

d; =DP"H(N) +1 dy =DV, p)(N) +1
jh g (3.79)
dz=D(P/)(A) dy = D(P; pvj,n)(A)
(a) Suppose that P;.‘ h()L) and v; (1) are defined, then
dl >ai,j _ d2 >al-,j _ d3 >ai,]~ _ d4 >a,-,]-
q MPﬁl(/l)—ai_hHJ q Vin) =i, q Mpﬁh(A) PipvinA) (3.80)
(b) Suppose that v; ,(A) is defined, but P;l, ,A) is not, then
dl >Qj,j _ dz >Qj,j _
P;?’;ll(/l)—ai_hﬂyi q VinM=aipiri 0. (3.81)
(c) Suppose that P]}.l h()l) is defined, but v; (A1) is not, then
>ai,j _ D) (P ) g~ i j
= ) M . .82
P]’,f;ll(/l)—a,-_hﬂ,i ! P]’{h(it) (3.82)
(d) Suppose that P]}.l ,(A) and v; ,(A)are not defined, then
g =0. (3.83)

Pl D=aiope

PROOE. We only prove eq. (3.80), the other three cases being analogous.
We notice that P]f.{ L) = Pi,h(P]’.f;ll (A). Let p = gi,h(P]’{;l (A)). By definition if d = D(Pi,h)(P;.f;ll(/l))
then p =i —dh+ 1. Furthermore, we have the d; + d = d3 + 1. We also notice that (P]}.l;ll(/l),at) =

(vjn(A),a;) forall 1 < ¢ <i. It follows that p = p; (v ,(A)) and that d + d = ds + 1.
On the other hand, let « =« ,(A). Then, by definition of v; ,(1) we have
et h—1+x
Vj,h(/l) = Pj,;z A) - Z QAir1+u,i+1+u+(h-2)- (3.84)

u=1

It follows that d» = dy +x+ h—1 and d4 = d3s + x + h — 1. We prove the following.

Claim 3.34. Forallp<a<i—h+1witha=i+1 mod h we have

>, j _ k+h-1 >Qi,j _ >Qi,j _ . k+h-1 >ai,j 3.85
Pl N-aq, 9 vin-ag; ~ 7 PI V=g, Vi) =@a-ni |* (3-85)
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PROOE. Let u= Pﬁl(/l) —ag,; and p' =v; (1) — agi. By combining Theorem 3.31} the hypothesis
on A in the lemma, the inequality p < a— h and the definition of x we obtain

1, ift=a 1, ift=a
0, ifa+l=<t<i; 0, ifa+l=<t<i;
Ri(w) = 1, ifr=i; R/(u) = 1, ift=i; (3.86)
0, ifi+l<st<j+x,andt#j+1; -1, ifr=i+1;
-1, ifr=j+1<j+x. 0, ifi+2<t=<j+x.

Let Y = ®™%Jj U{a,_pq-1} and k = 0 defined by the equality i — h+ 1 —a = kh. We notice that
both u and ' satisfies the hypothesis of Theorem with a and k as above. Therefore, using the
notation in that lemma, we obtain
Ya,k

. (3.87)

M = qm’cMZ‘i'Lk and MZ, = ¢g"*M

We stress that both the weight pj and the integer iy depends heavily on some of the components of

u and p'. However, in our setting the components of u and p’ involved in the computation of yj and
<R coincide. More precisely, we have

h-2 (s+1)h-2 k+1
o= ) Qi-tj-t, Ms=Hs—1+ ., Qi—gj—¢ and %k:T(i—cH h-1). (3.88)
t=0 t=0
In particular, we have
o ) —(k+2), ifs=0;
(/J_,U’k) ai—s) - <IJ' _,uk’ai—s> - { O, lfO <s< k (389)

Then, using (3.87) and Theorem for the element s;_---s;_15;, we obtain

Y _ k+1 ‘R Yok Y _ k+1 ‘R Yok
M) = (DM L, and MY = (DR gTRMEE (3.90)
k
where yr =) (k+1-s)a;s.
s=0
To simplify notation we set Y := u— ur +yr and Y} =y’ — ur +yr. We have
0, ifi-k=<t=i
) —(k+2), ifr=i+1;
Y @) =4 0, ifi+2<t<j+xandt#j+1; (8.91)
k+2, ift=j+1<j+x.
and
0, ifi-k=st=<i;
' ) —(k+D), ifr=i+1;
N @ =9 0, ifi+2<t<j+xandt#j+1; (3.92)
k+1, ift=j+1<j+x.

On the other hand, we observe that since by =i — 1 we have Y, = ®”%-ha-1\ Ay, where Ay is the
trapezoid at height h with top-left corner a;_(+)+1,i+1 and right-bottom corner «; ;. We emphasize
that i’ :==ht(a;_(p+p+1,i+1) =h+k+1. Sothat ' —h=k+1.

Therefore we are in position to apply Theorem [2.24] We obtain

q)>aa—hva—1\Ak(l) and MYa’k _ qk+1Mq>>aa—h,a—1 \Ar(1) (3 93)
YT '

Y= (k+2)@iy2,i124(h-2) i Y, —(k+D@j1zir24(h-2)

Y,
MYak,k — qk+2M

where A (1) is the trapezoid A shifted by one unit to the right.
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We can repeat this process. Let us be more precise. If we set Y (1) = Y — (k+2)a;42,i+2+(h-2) and
Y, (1) =Y} - (k+2)a;2,i12+n-2 then the conditions in (3.91) and (3.92) are “shifted by one unit to

the right”. Concretely, we have

0,
—(k+2),
0,

k+2,

<Yk(1)) at) =

and

0,
—(k+1),
0,

k+1,

(D), @) =

ifi+l-k<t<i+1;
ift=i+2;
ifi+3<t<j+xand t#j+2;
ifr=j+2<j+x.

ifi+l-k<t<i+1;
ift=i+2;
ifi+3<t<j+xand t#j+2;
ifr=j+2<j+x.

So that we can apply Theorem again. We get

@>aa—hﬂ—l\Ak(D _
Y1) -

q)>“a—h,a—1\Ak(1) _
Y, N

qk+lM

12 a @ Fa-ha-1\ A;(2)

qk
Y (D)= (k+2)a;43,i43+(h-2)

O~ %a-ha-1\A;(2)
Y (= (k+D)@143,143+(n-2)

where A (2) is the trapezoid Ay shifted by two units to the right.
By continuing this way, we eventually obtain

MY = (—1)k+! quq(k+2)(h—1+K)M<D>"“*h,a*1 \Ay (h—14K)
u

Yi—Ck ’

MY = (_1)k+1quq(k+1)(h—1+;<)M<I>>"‘a—h,a—1 \Ap(h=1+x)
IJ,

Iy ’
Yk_(k

where Ay (h—1+x) is the trapezoid Ay shifted by h — 1+« units to the right,

h—1+x

Cr=(k+2) Z ®j+1+u,i+1+u+h-2)
u=1

Equation (3.84) yields

h-1+x

and (;C:(k‘Fl) Z ®it1+u,i+1+u+(h-2)-

u=1

h—1+x

Yk—=C) = (Y =C) =p—H'~ Y Qislsuivlus(i-2)

u=1
h—1+x

h—-1
:Pj,h (A)—Vj,h(ﬂ)— Z @it l+u,i+1+u+(h-2)

=0.

u=1

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

Thus, M)} = qh‘“’(Mg,. Finally, by the definition of Y = ®~%./ U{a,_j 4 1} and the equality a, p; =

Ag_na-1+agi, we get

>a,‘,j >ai,j

P]f.f;ll()L)—au,i

which is equivalent to our claim.

PR N =agni

h=1+x | ng~ %0 — M G
q VinD—aq,i q VinM—ag-pi|’

The lemma now follows by a repeated application of the claim.

(3.100)
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2.4. The second inverse decomposition. We now turn to the proof of the Second Inverse Decom-
position (SID), the central result of this section. Before stating the result, let us make a few preliminary
remarks.

First, in contrast with the situation for the First Inverse Decomposition (FID), the SID only exists
for those weights A and roots a; ; satisfying

A,a;)y=0 foralli+1=<r<j. (3.101)

For all other weights, the FID is sufficient in order to establish positivity, although the positivity is not
automatic from the formula itself.

Second, let us explain why the SID is needed in the present situation. If we apply the FID to
a weight A with the vanishing conditions above, we find that some of the weights indexing the M-
elements in the decomposition may fail to be dominant (disregarding the subtracted roots). More
precisely, the problematic terms are Pﬁzl(ﬁ) and vﬁ;l(i).

The SID addresses this issue by replacing these non-dominant weights with dominant ones. This
ensures that all weights involved remain dominant, which will be essential in the proof of #2.

Proposition 3.35. Let A€ X*, a; ;€ ®** and h= j—i+1. Suppose that (A,a;) =0, foralli+1<r < j.
Furthermore, write f; = a;_r,j—r. Then, we have

= > i al dr > j e >a; e >a;
M = MA - ] Z q qMU;,h(JA)_,Br) -4 1 (MVj,h(]/U -q ZMPi,h\ijyh(/’l) ’ (3.102)
where d = D(P; p)(A), dr = D(vj,h)(ﬂt), e = D(vj,h)(/l) and e; = D(P; ) (vj ,(A)).

Remark 3.36. We emphasize that if any P-operator, v”-operator or v-operator is not defined, the
corresponding M-element is set equal to zero.

PROOF. We only prove the case when all the weights involved in (3.102) exist, the other cases
follow in a similar fashion.
By Theorem applied to k= h—1 we have

h—-1
=ai,j _ aa>@ij  DPTH)+1y i dr |\~ %0 Z i
M, =M "~ ioh M - M, —gM’, . 3.103

A 9 Pl M=Pr 2 v~ T -, G109

By comparing (3.102) and (3.103) it is easy to note that both formulas differ by three terms. We work
with these terms. We have

r=1

DPEY M) +1 >, j d a; >
jh h—-1 ! — ’
q MPh ()P 1+C/ ’h(/l) qMU;‘h(M_ﬁh—l
DPP (M) +1, >0 e > j >a;,j
=q " it +g° M, —gM
P vin(A) Vi h(M)=Pp_1
M =Pp-1 j j (3.104)
_ D)) eizy Y _ aDPunvi ) Mg Y
—4 MPh o T ™9 M, Vi)
_ d el e1+esng” %ij
=4 M (/1)+‘7 Mvjh(/l) q P, n (D)’

Let us briefly indicate the origin of these equalities. The first equality is a consequence of The-
orem The second equality follows from Theorem The last equality is implied by Theo-
rem Finally, let us note that the equalities appearing in the exponents come directly from the
definition of the operators involved and their corresponding degrees.

Then, is obtained by replacing (3.104) in (3.103).

O
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Lemma 3.37. Let A€ X, a; j € ®=3 and I C [@i—n+2,i+1,@j]. Set h=ht(a; ;) and Y = @~ %/ U I. Let
(a,b) be a pair of integers such that i+1<a<j,a<b=<j+1, ag_ps1,00@p-n+1,» € Y and are the
smallest integers that satisfy a,_p+2,4+1, ¥p-np-1 ¢ 1. If (A, a;) =0 for t€ [a+1,b—1] then

MY if (vp—4-1)p—1(A) is defined;

MY ) — Wp-a-1p-11)’ (3.105)
A= a1 @i 0, otherwise.

PrROOF. We will start by proving the following claim

Claim 3.38. For Y and (a, b) as in the statement of the lemma we have that

(@ Y \{ag—p+1,4} ~s @ %-nb-1, for S=[a+1,n\[b+1,j+1].
(b) Y~]<I)>“b*hvb*1,f0r]= (1,b—h]\[i-h+1,a—h+1].

PROOE. We will start proving the following:
Y\{ag-p+1,a} ~7 @ %101 for T=[l,n]\(i—h+1,a—hlulb—h+1,alulb+1,j+1]).

To prove this, we have to verify the conditions of Theorem as follow
e First, we will verify Item of Theorem We recall that Y =@~ %jul. Let @ € Y \{@q-p+1.4}
such that s;(a) # a for some ¢ € T. Notice that since ap_ps1,p =< @;41,j+1, We have that
O~%.j c @~%-nb-1 If @ > a; j, then a € @™/ and then, @ € Y. So, we can assume that
@ € [@p—p,p-1,; j, butin this case, since i+1<a<b<j+1then s;(a) =a forall teT.
e Now, we continue proving Item of Theorem Let a € Y \ @~ %b-nb-1_ Notice that

(Y\ {aa—h+l,a}) \ @~ b-hb-1 = [ap—]’l+l,pr aa—h,a—l]»
for some i +1 < p < a. Thus, we conclude that a € [@,_p+1,p, Xg-p,a-1]. Since i+1<p=<a<
b< j+1 wehave that s;(a)=a forall te T.
This prove that Y\{a,_p+1,4} ~7 @ %101 and since S c T we conclude that Y\{a,_j11, 4} ~s @~ *-hb-1,
proving Item [(a)}

Now, notice that J c T, so we conclude that Y \{a,_j1,4} ~7 @ %-1b-1. Since ag—p+1,a < Ab—h,b-1,
then if @ € ®”%-nb-1, and s;(a) # @, then @ € Y \ {@4_p+1,4} Y. This implies Item [(a)] of Theorem 2.1]
Now, Item of Theorem follow since @,_jp11,4 is S;-invariant for ¢t € J and Y \{@g-p+1.4} ~J
®~%-nb-1, Finishing the proof of the claim. U

Let Ao = A and define A, = Py_,,,(A,-1). Fix r with 1 < r < b—a-1. First, notice thatif (A, ap_,_p) >
0, then Py_,_y ,(A;) =Ar — @p—r—p,p—r—1. Moreover

b-r-1
Adr= Y Cmeh1,m Xb—r—h+1 ) = Ar, @p—r_pe1) (3.106)
m=a+1
b-r-1 b-r-2
Thus, we have that A, =Y " "5 @ pt,m = Ars1 — Xl i) @m—h+1,m and
MY =MY . 3.107
Ar—Zﬁ;’;ll Em—h+1,m Ar+1—Zf’,,;r;+21 Em—h+1,m ( )

So, we can assume that (1,,a,_y) =0.
Next, suppose that Pj,_,_; ,(A,) is defined. Let T, = Ufnzo[b— r—(m+1h,b—(m+1)h], where d

is the unique integer defined by o, = gp—r—1,h(A;) =b—-r—h—(d+1)h. Given that T, c J=[1,b - h] \
[i—h+1,a—h+1], Theorem 3.38|leads to Y ~7, ®%-hb-1, Moreover,

b Il </1r;at>—1, if t=b—l‘—h; —1, if t:b—r—h;
/lr_ Z Am-h+1,m At ) = . = .
m=a+1 Ar,ay, if teT,\{b—r—h}. 0, if teT \{b—r—-nh}

(3.108)
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where the second equality is given by Theorem applied to A, @p_p p—1 and r. Henceforth, we can
apply Theorem for K=Y, ap_pp-1 € =2, T,, p=b-r—h,k=0and A, — qu_:ra_:l Am—h+1,m O
get

Y _ _D®b-r-1,A)nY
qMﬂr—qu’{:r;ll Xm—-h+1,m B q MAHI‘Z?,:L;E a’m—h+1,m. (3109)
On the other hand, if P,_,_j, ,(A;) is not defined. Let T, = quiqzo[b_ r—(m+1)h,b— (m+1)h], where

d is the largest integer such that b—r—(d+1)h=1. Given that T, c J=[1,b—-h]\[i-h+1,a-h+1],
Theorem leads to Y ~7, ®~%>-hb-1. Moreover, by Theorem [3.8/ applied to A, ap_p,-1, r —1 and
minimality of the integer d we have that

1 b—zr—l -1, ift=b-r-h; (3.110)
- & y— , = .
rT L, CmheLm S 0, ifreT.\{b—r—h}.

Henceforth we can apply Theorem for K=Y, ap_pp1€®? T, p=b—r—h, k=0and A, —
qu_:r;.&l Am-h+1,m to get
gMm¥ _, =0. (3.111)

/lr_zm:mq Xm—h+1,m

Therefore, if 1,_,_ is defined, we have by (3.109) that

b-a-1pngY — .. _ D" b1 (D)nY

q MA—qu_zlm—l Cm-h+1,m h h q M/lb—a—l : (3112)
If Ap_4-1 is not defined, let r’ the smallest integer such that A;,_,/_5 is not defined. We have by (3.109)
and (3.111) that

b—a—1zqY
M) 5 = =q

D(Pb”"l,b—l,h)(A)+b—a—r’—1MY
A_Zm;a-ﬁ—l Xm—h+1,m

b-r'-2
/lr’_zmzt,wl Am-h+1,m

q =0. (3.113)

Now, Set o = Ap—4—1 and define p, = Qi p(pir—1) forlsr<b-a-1. FixrwithO<sr<b-a-2
Suposse that u, is defined. Let T} = ngzo[“ + 1+ mh,a+r+1+ mh], where d is the unique positive
integer defined by 9, = 9,4, n(u;) =a+r+1+(d+1)h. Given that T, c S=[a+1,n]\[b+1,j+1],
Theorem leads to Y ~7, ®~%-hb-1, Moreover, by Theorem applied to A, ap_pp-1, and 7 +1
we get that

< > -1, ift=a+r+1; G114
Qp) = .

o 0, ifte T \fa+r+1}.

Then, by Theorem applied to Y, A, T, we have that

M) =qgP@Qarrthdpyl (3.115)

On the other hand, suppose that y,; is not defined. Let T, = Ufnzo[a+1+m(h— 1),a+r-11+m(h-1)],
where d is the largest positive integer such that a+r+1+d(h-1) > 1. Given that T, c S=[a+1, n]\[b+
1, j+1], Theorem leads to Y ~7, ®%-hb-1, Moreover, by the maximality of d and Theorem [3.10]
applied to A, ap_p,p-1, and r we get that

-1, ift=a+r+1;
<“”at>:{ 0, ifre T, \{fa+r+1}. (5.116)
Then, by Theorem applied to Y, A, T, we have that
M) =0. (3.117)
Henceforth if yj,_,_, is defined, then by we get that

DPP=4 L h—1, M) na Y — i — ADWp—g-1,b-1L,W) Mg Y
. M] =z Pl M (3.118)
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This prove the first line of (3.105). on the other hand, if y;_,_» is not defined. Let r’ the smallest
integer such that p,/; is not defined. Then, by (3.115) and (3.117) we get that

M}{b—a—l e qD(Q’r’ya+r’+1,h)(/~l0)MZrl =0. (3119)
This prove the second line of (3.105) finishing the proof as we wanted. 0

Lemma 3.39. Let L€ X, aij€ ®=2 and I C [@i—n+2,i+1,@;,j]. Let (r, p) be a pair of integers such that
@r—p+1,r Xp-n+1,p € I and are the smallest integers that satisfy a, 42 r+1,@p-np-1 € 1. If (A, ;) =0
for re[r+1,p—1], then for B =[&;_p42r+1,&p-pn,p-1] We have

My =) Y ™M/, (3.120)
JcB x

where k(q) e N[g] U {0} and u; € X™ satisfying yuy <A and Y =@ % U .

PROOE. By definition of M-elements, it follows that

p-1
Ml =MIB4 Y gm) P (3.121)

A=aq_pi1,a’
a=r+1

where B, = [&;_p12,r+1) Xq—h,a—1]. Moreover, by definition of M-elements we have that

p-1
YUB b—angYYBab
M “ = M ’ , 122
q A=Qa-n+1,a b=§+l q A‘Z?y[_:la Xm—h+1,m (3 )
where B, , = BoU{a@p_p+1,p}. By Theorem we conclude that
b-angYYBab _ _DWp_g,b=1,R)(M)ng Y YBa,b
MA—Z%_:la Xm—h+1,m - q (Vh—a)b—l(/l)' (3123)

Notice that each (vp_4)p-1(A) € X' and by definition of the v-operator (vp_4)p-1(A) < A. completing
as we had requested. U

Theorem 3.40. Let A € X*, @; ; € ®3 and k be a integer such that 1 < k < h—1. Set h = ht(a;,;). If
(A,aypy=0for te[j—k+1,j] then,

> j > @i, ZQj_f-h+1,j-k
My - qM}L_aj—k—hH,j—k € §+ NigIM,, : (3.124)
usA
PROOE. The proof is found by using recursion with Theorem [3.39 U

Lemma3.41. Let \e X and a;,; € =2, Suppose that A is L-dominant at position j. Set u = (Ph_l)j,h(/l)
Suppose that v =P; j,(u) is defined. If (P%)} ;,(v) is defined, then P; ,,((P%),, (1)) is defined, where a,
b are integers such that i+ 1<b-a+1<jandi+1<b<j.

PrOOE This proof follows by contrapositive arguments, using the fact that each P-operator con-
tributes with an 1 to a congruent h-module numbers that in this case differ to the chosen for P; ;,. U

Corollary 3.42. Let A € X and «a; ; € ®>2, Suppose that A is L-dominant at position j. Set y =
(P"71); n(A) Suppose that v =P; (1) is defined. If (P"71); ,(v) is defined, then P; j, (1) is defined.

PROOE. It follows by Theorem [3.41|fora=h—1and b= j. O

Lemma3.43. Let L€ X and «;,; € D=2, Suppose that A is L-dominant at position j. Set u = (Ph_l)j,h(/l)
Suppose that v =P; ;,(u) is defined, then

PYpn®Pi (W) =P; n(PYp 0 (W), (3.125)

where a, b are integers such thati+1<b-a+1<jandi+1<b<]j.
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PROOF. This proof follows by using the fact that each operator P; , commutes with blocks of 7—1
consecutive P-operators by independence of the p numbers and given that P;; is the largest se-
quence of P-operator, the commutativity holds. U

Corollary 3.44. Let 1 € X and «a; ; € ®>2, Suppose that A is L-dominant at position j. Set y =
(Ph_l)j,h(it) Suppose that v =P; ;,(u) is defined, then

(PP p (W) =P 1 (W), (3.126)
PROOE. It follows by Theorem [3.43|for a=h—1 and b = j. O

Corollary 3.45. Let 1 € X and «a; ; € ®>2, Suppose that A is L-dominant at position j. Set y =
(Ph‘l)j,h(ﬂt) Suppose that v = P; j,(p) is defined. If (v4)p,(v) is defined, then P; ,((v4)p,n (W) is de-
fined, where a, b are integers suchthati+1<b—-a+1<jandi+1<b<]j.

PROOF. It follows by Theorem [3.41|for A— Y% _, ap_m+2,0,,, Where 9, = Op_ i1, (P™)pp(A). O

Corollary 3.46. Let 1 € X and «a; ; € ®>2, Suppose that A is L-dominant at position j. Set y =
(Ph_l)j,h(it) Suppose that v =P; ;,(u) is defined, then

Wa)b,nPin (W) =Pi (V) b,n (1)), (3.127)

where a, b are integers such thati+1<b-a+1<jandi+1<b<j.
PROOF. It follows by Theorem [3.43|for A~ Y% _, ap_m+2,6,,, Where 9, = Op_ i1, (P™)pp(A). O
Theorem 3.47. Let Ae X¥, a; j € ®=2. Set h = ht(a; ;). If (A, a;) = 0 for t € [i + 1, j] then,

> j ZQk k+h—
M, “e ) NlgIM, ““"" (3.128)
uext
JIEY)
1<k<i

PrROOE. We will proceed by induction on the dominance order of A. Assume that A =0, then

>CK,]

T =0=M, . (3.129)
Which corresponds to the desired positive expansion.

Now, assume that (3.128) holds for any pu € X* satisfying 0 < u < A and let us verify for A.
By Theorem it follows that

M

h—2
Qi _ ap=%j D@, j,R)A)pg” % Dy, j,m) [\~ %0d > Qi j

M, "=M, "+¢q Mp .t Z q My = M) -ai -,

r=1 (3.130)
Dw,j,mA) [wg~%ii _ D®,i,h)Mpng~%ir
+q (MVj,h(/l) q MPi,th,h(/l) ’
The proof will be supported by a term-by-term analysis of (3.130).
(A) The term M ! is part of the desired expansion since it satisfies the desired set superscript

and has coefﬁment 1 €N[gq] in (8.130). concluding this terms analysis.

(B) If P; 4(A) is defined, then the coefficient for the term M ( /1) is gP®JPW e N[q]. Further-
more, s1nce P-operator definition results in P; (1) < A, 1t follows by induction hypothesis
that M ( /’l) has a positive expansion. In the opposite case, the term M
rem Concludlng this case.

(C) For every 1 < r < h—2, the difference M( iy h(/l) qM:}:;‘j’;h( N=irjor
case that (v;);,,(A) is not defined) or it has a positive expansion by Theoremw and since
it has coefficient gP*»/PW e N[g], we conclude that this term has the desired expansion.

P ( /1) is zero by theo-

is zero (by theorem [3.36in
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_ D®,i,)(D)pg~Y.j
(D) Finally, the palrM (/1) q MPi,th,h(/l)

to verify that it has the desired expansion. First, suppose that v; (1) is not defined, then
by Theorem it follows that the mentioned difference is zero and by the before items,
we have the desired expansion. Similarly, if v; ,(7) is deﬁned but P; ,v; (1) is not, then the

is zero by Theorem [3.36/and since M ( /1) is positive in (3.130) and v; (1) < A

has coefficient qD W/, mA) ¢ N[g], so it remains

term M

P; V(D)
it follows by induction hypothesis that the term M

( /1) has a positive expansion. Finally, we

regard the case when both v; ;(A) and P; ,v; 1 (1) are defined.
We will prove first the following claim.

Claim 3.48. Let a;,j and a;y,ji be such that a;_py1; < ajyj < ;. Let L € X" be such that
(AL,ay) =0 for t€li+1,jl. Suppose thatv; (1) and P; ,v; ,(A) are defined, then

>(Il/ j, D(P i h)(l) >al! ]/ ﬂil/ j, D(P i h)(/l) >all ]I i/ jl
— g "0 M — — g %t M +H"
Vi, n(A) Pz,hvj,h(/l) Vi, n(A) Pt,hV],h(/l)
ZQs—h+l,s _  DP,s,h) (W) g~ Fs—h+1,s 3.131
+ Z BS,IJ,Vj,h(/U (Mvs,h(ﬂ) q MPs,th,h(,U)) , ( )
u<v;jpd)
iss<j’

where HJ' € Y pext l\.l[q]Mzak"‘”“1 and By, 5 € N[q].

JTEY)
1<k<i

PROOF. We proceed by induction on i +1 < j' < j. Suppose first that j' = i + 1. Since
A =vj (1) € X* it follows by Theorem that

>a; i r D(P,] h)(/ll) >a; i r D(l/r,] h)(ll) > il r >alr]/
M, ‘M +q My, rhml) Z q M, ot~ M An-an_ i,
Dw,j\nM) [z~ %" _ D@ AN i
+tq (Mv a4 M, Vi |
(3.132)

On the other side, it follows by definition of M-elements and Theorem 19/applied to @~ %"/
al 7.] ’ p - l - h +2 - p and Pl,h(ﬂ'l) - afl_h+2,l+] that

> i = i >a. il
i _ i'j D(P,i+1,h)(P; 5, (A1)
PinA) Py T M, s ) (3.133)

Notice that by Theorem and Theorem it follows that the second term of the right
side of (3.132) cancels the second term of the right side of (3.133) in the expansion of

=it D®,i,h)(A)ng %
M/ll q M l,l’l(ﬂ’l)

Moreover, by Theorem [3.40]applied to A1, a;7 j» and k = r that

> i >a//

i/,j'_ JJ _ JJ Qi _pjl—r
H/ =M, ) qM(vr)/,,(h)—aﬂ_,j/ € 2 NI q]M (3.134)
' ’ ’ peXx+
usAy
Concluding that
@it D@L ADN Y = D®,j",m)A)pg~ %1 ij'
M q M P; n(A1) _M/h +tq M /h(/h) +H
(3.135)
4P WA [z D@ A\ S
q v~ 9 P Vi) |

Finishing the base of our induction.
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Assume that holds for all x with i +1 < x < j' < j and let us verify for j'. We will
start by expanding each term that fits the subtraction of the left side of (3.131). Then, we
will group together all the elements that satisfy the condition of H and the elements with the
forms of the included in the sum.

Since A, =v; (1) € X" it follows by Theorem that

> o =Q;r i ./ ><x/ i >a; j! >Q s oz
injh _ i'j DP®,j’,h)(A1) D(vy,j, 1) (A1) i'j
MM - M/ll +q MP rh(/ll) Z qa- (M(Ur) it (A1) —q (vr) lyh(ll)_aﬂ_r’j/_r)
Dv,j W) [z~ %" _ D@ A ng %
+q (M v 4 M, Vi A |
(3.136)

M

>
i

On the other side, it follows by Theorem for P; (1) and k= j'—i—1 and Theoremm

applied to %"/, a; ;, p=i—h+2=p’and (P77 1 4(P; 4 (A1) = @;_ps2,i+1 that
>a’lr]/ _ _al/]/ D(Ph+j,_j_2vj,;h)(Pi,h(/ll))M>a’/],
P; n(A1) P; (A1) ' =1 Pi (D)
j—i-1 (3.137)
Y gPwrd ) M Y
(vr) /,h(Pi,h(M)) (vr); ’,}’l(Pivh(/ll))_ai’—r,j’—r :

Notice that by Theorem [3.42] and Theorem [3.44] it follows that the second term of the right
side of (3.136) cancels the second term of the rlght side of (3.137) in the expansion of

> ]/ D(P,l,h)(l) >Clil/ j,
vj, n) —4q MPl,hV],h(/l).

Now, notice that for each j'—i < r < h -2, it follows by Theorem applied to a; j,
(vr)j,n(A1) and k = r that

>al/j/ >(Xl/]/ _ _a A rj’—r
M(Vr) 'h(/ll) - qM(yr) ’h(ll)_ai’—rj’—r = Z my, v, rh(h)M ’ (3.138)
' ' ' IJS(VV)]",;,(A'])

where My, (wp) 1 () € N[g]. Thus, this term will be part of H"/.

Now, for each 1 <r < j'—i~1, it follows by Theorem [3.40]applied to @ jr, (/) j7,»(A1) and
k =r that

>Ocl/]/ _ >al/]/ _ =a;r —nj'-r

) jr (M) IV, P AD=ay o T Zu<(m i n ) M, (vy) fh(M)M
>0Ll/]/ >ocl/]/ _ =a;r —nj'-r
W) jr p P p(A)) ¥ v,) @A) =y ZIJ <) j1 5 ®iAD) M, (vy) ), (P, h(/h))M

(3.139)
Here, notice that by the proof of Theorem [3.40| the weights i’ are equal to some sequence of
operator (v;),,p, for i+1 < p < j’ applied on P; 5 (1), thus it follows by Theorem and
Theorem that there exist some p in the first sum that satisfies y’ = P; j,(u). Then, for
each 1 <r < j'—i it follows by induction hypothesis that

Ver-Ljior-l _ D) (g 47 -1 1 erev-r- _ DL ()= LT -1 g =L -1
q Mp, ‘M q Mp, ,w +H
>@s—h+l,s _ D(P,s,h) (1) ng~ Fs—h+1,s )
+ % Bsv,u (Mvsyh(v) q MPS,hvs,h(v) .

i<s<j'-r-1

(3.140)
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Notice that by v-operator u <v; (1), then we can rewrite the before equation as follows

M;“i’—r—l,j’—r—l _ qD(P’i’h)(mMﬂh( r) 1j'-r-1 —Hl -r=1,j'-r-1
lh 12

>As—n+l,s _  DP,s,h) (Wng~ Fs—h+1,s (3.141)
- ;ﬂ B (ML = My )

iss<j'-r-1
where Bj_;,, , =1 €N[g]. These terms will be part of the sum.
Theorem follows by combination of (3.136), (3.137), (3.138), (3.139), (3.141). O
By Theorem applied to @;_p+1,; and v; ,(1) and Theorem we have that the dif-

>®i-h+1,i _  DP,i,h)(A)ng~ Fi-h+1,i .
ference M W q MPi wvin(h) €N be written as
>®i-p+l,i _  DP,LRA) g~ Fi-h+li _pzgZFi-h+li di >06i—h+1,i _ >Qi—h+l,i
viay 4 Pvinh =My ) T Z q ( Winvi ) 4 (vr)i,h(vj,hm))—a,-_h+1_r,,-_r)
do Z®i-h+1,i _  DP,i-h+1,)(vj (M) p\g~ Fi-h+1i
+q Vi n(A1) q MPi—h+1,hVi,h(Vj,h()1)) !

(3.142)

where d, = D(v;,i,h)(v; (1) and d» = D(v,i,h)(v; (). Here we know by Theorem W
that the second term of (3.142) has a positive decomposition, meanwhile the third term is
lower, therefore we get by successive application of Theorem [3.48| that

:jif‘(ﬁ) — gP®W ;“hvfjh = M—“'( A1+ H + lower terms, (3.143)
where HE Y e x+ N[q]MZ“"”“*h‘l. Concluding by recurrence on the lower terms.
U
Theorem 3.49. [Positivity for pre-canonical bases] Let A € X* and i > 2, then
N/ e Y NIgIN]. (3.144)

usA

PROOE. This proof follows by recursive arguments for i < j < n on the expansions described in
Theorem [3.471 O
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