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Introduction

Finding character formulas for finite-dimensional representations of a Lie algebra is a classi-
cal and foundational problem in representation theory. Let us be more precise. Let g be a finite-
dimensional simple Lie algebra over C, and let Φ be its associated root system with respect to a fixed
Cartan subalgebra h ⊂ g. Denote by Φ+ the set of positive roots and by ∆ = {α1, . . . ,αn} ⊂Φ+ the set
of simple roots. Let ρ denote the half-sum of the positive roots, and Λ the weight lattice. Finally, let
{ϖ1, . . . ,ϖ1} be the set of fundamental weights.

For each dominant integral weight λ ∈ Λ+, there exists a unique (up to isomorphism) finite-
dimensional irreducible representation V (λ) of g with highest weight λ. The character of V (λ), de-
fined by

chV (λ) = ∑
µ∈Λ

dimV (λ)µ ·eµ,

encodes the multiplicities of the weights µ appearing in V (λ). Determining an explicit formula
for chV (λ) is a central goal in the theory of Lie algebras.

A fundamental breakthrough in this direction is the Weyl character formula, which expresses the
character of V (λ) in terms of the action of the Weyl group W on the weight lattice:

chV (λ) =
∑

w∈W ε(w)ew(λ+ρ)∑
w∈W ε(w)ew(ρ)

,

where ε(w) = (−1)ℓ(w) is the sign of the element w ∈W , and ℓ(w) denotes its length.
Although Weyl’s character formula allows, in principle, the computation of any character, it in-

volves a rather intricate formal quotient, which makes it less suitable for explicit calculations. Never-
theless, it remains an elegant and powerful theoretical result whose significance extends far beyond
character computation itself.

There are several alternative methods for computing characters. Let us briefly list some of them:

(1) Kostant’s multiplicity formula: An explicit expression for the multiplicity of a weight in a
highest weight module, written as an alternating sum over the Weyl group. Although com-
putationally demanding, it gives important structural insight.

(2) Freudenthal’s recursive formula: A recursive method for computing weight multiplicities
by descending from the highest weight, particularly well suited for algorithmic implementa-
tions.

(3) Littelmann path model and crystal bases: These combinatorial models compute characters
using paths or crystal graphs, especially effective in the setting of quantum groups and affine
Lie algebras.

(4) Sahi’s recursive algorithm: For certain types, notably type A, Sahi introduced an efficient
recursive algorithm based on variations of Demazure and divided difference operators, en-
abling symbolic computation of characters.

A q-analog of weight multiplicities was introduced by Lusztig in [13] for geometric applications.
It can be defined via the q-analog of Kostant’s formula:
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mq (λ,µ) = ∑
w∈W

(−1)ℓ(w)Pq
(
w(λ+ρ)−ρ−µ)

,

where Pq is the q-analog of the Kostant partition function. For any weight ξ ∈Λ, this function can
be written as

Pq (ξ) = c0 +c1q + c2q2 +·· ·+ck qk ,

where ci counts the number of ways to write ξ as a nonnegative integral combination of exactly i
positive roots. Specializing at q = 1 recovers the classical multiplicity:

mq (λ,µ)
∣∣

q=1 = dimV (λ)µ.

In type A, the q-weight multiplicities coincide with the Kostka–Foulkes polynomials. These admit
a combinatorial formula in terms of semistandard Young tableaux, where the exponent of q is given
by the charge statistic introduced by Lascoux and Schützenberger [10].

Lascoux also introduced the notion of atomic decomposition, which expresses characters of high-
est weight representations as sums of atomic polynomials. These polynomials form a basis of the ring
of symmetric functions and serve as natural building blocks for Kostka–Foulkes polynomials.

On the other hand, in [13], Lusztig proved that q-weight multiplicities also coincide with certain
Kazhdan–Lusztig polynomials associated with pairs of elements in an affine Weyl group. A shorter
and more conceptual proof was later given by Kato [7].

The Hecke algebra of an affine Weyl group Wa , denoted H, is a q-deformation of the group algebra
Z[Wa]. It admits two distinguished bases: the standard basis {Hw } and the Kazhdan–Lusztig basis
{Hw }. The change-of-basis matrix between them encodes the Kazhdan–Lusztig polynomials, which
have deep geometric and representation-theoretic meaning.

A key ingredient in Kato’s proof is the Satake transform, which establishes an isomorphism be-
tween the spherical Hecke algebra and the ring of symmetric functions (see, e.g., [19]). Under this
isomorphism, the Kazhdan–Lusztig basis corresponds to Weyl characters (Schur functions in type A),
and the standard basis corresponds to Hall–Littlewood polynomials. Moreover, the atomic basis of
Lascoux corresponds to a third basis {Nw } of the Hecke algebra, defined by

Nw = ∑
y≤w

q2(ℓ(w)−ℓ(y))Hy ,

where the sum is over all y ≤ w in the Bruhat order.
In [9], Lascoux showed that in type A, characters expand positively when expressed in terms of

atoms. Alternative proofs were later provided by Shimozono [17] and by Lecouvey and Lenart [11]. In
the Hecke algebra setting, this positivity corresponds to the fact that Kazhdan–Lusztig basis elements
expand with positive coefficients in terms of the Nw basis. The polynomials arising in this expansion
are known as atomic polynomials.

This positivity phenomenon refines both the positivity [3] and monotonicity [16] properties of
Kazhdan–Lusztig polynomials. However, it is important to note that the positivity of atomic polyno-
mials holds only for those elements indexing the spherical basis of the Hecke algebra, and not for
arbitrary elements of Wa .

The main contribution of this thesis is to refine the atomic decomposition in type A by establish-
ing the positivity conjecture for the pre-canonical bases introduced by Libedinsky, Patimo, and Plaza
[12]. The remainder of this introduction is devoted to explaining our main results.

The motivation for introducing the pre-canonical basis originates in the anti-atomic formula es-
tablished in [12], which provides an explicit, elegant, and conceptually simple expression for writing
elements of the N-basis in terms of the Kazhdan–Lusztig basis. Concretely, the formula reads:
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Nλ =
∑

I⊂Φ≥2

(−q)|I |H̃λ−∑
α∈I α

. (0.1)

A few remarks regarding this expression are in order. First, although λ is a dominant weight and
not an element of the affine Weyl group, this abuse of notation is justified: in §2.3, we associate to
each dominant weight a corresponding element of the affine Weyl group. Second, Φ≥2 denotes the set
of positive roots of height at least 2—that is, the positive roots that are not simple. Finally, note that
while λ is dominant, the index λ−∑

α∈I α appearing in the symbol H̃ may fail to be dominant. In such
cases, a straightening rule is applied to associate a dominant weight, and subsequently an element of
the spherical Hecke algebra (see (1.7) and Definition 1.48). If the resulting weight is already dominant,
the hat notation is omitted.

Motivated by the formula in (0.1) the authors in [12] introduce for any i ≥ 2 the i -th pre-canonical
basis as:

Ni
λ =

∑
I⊂Φ≥i

(−q)|I |H̃λ−∑
α∈I α

. (0.2)

We emphasize that the only difference between equations (0.1) and (0.2) lies in the indexing set
of the summation. In the latter case, the sum ranges over all positive roots of height greater than or
equal to i . In particular, we observe that Nλ = N2

λ
. Moreover, if i exceeds the height of the highest

root, then the set Φ≥i is empty, and consequently, Ni
λ
= Hλ.

In this context, the authors of [12] introduced the positivity conjecture for the pre-canonical bases,
which asserts that, in type A and for every dominant weight λ, the expansion of Ni+1

λ
in terms of

the i -th pre-canonical basis involves polynomials with positive coefficients. We view this conjecture
as a refinement of Lascoux’s atomic decomposition. The main result of this thesis is an affirmative
resolution of this conjecture.

We end this introduction by briefly explaining our approach. We begin by defining a total order ⪯
on the set of positive roots as follows. First, among two roots of different height, the one with greater
height is considered larger. Then, the roots of a fixed height h are ordered as

α1,h ≺α2,h+1 ≺ ·· · ≺αn−h+1,n ,

where αi , j =αi +αi+1 +·· ·+α j .
We define the following subsets and elements:

Φ⪰αi , j = {α ∈Φ+ |α⪰αi , j } and M
⪰αi , j

λ
= ∑

I⊂Φ⪰αi , j

(−q)|I | Hλ−∑
α∈I α. (0.3)

The set Φ≻αi , j and the element M
≻αi , j

λ
are defined analogously.

Note that M
⪰α1,h

λ
= Nh

λ
. Therefore, if we know the decomposition of M

≻αi , j

λ
in terms of M

⪰αi , j

λ
, then

we can recover the decomposition of Nh+1
λ

in terms of the h-th pre-canonical basis.
We proceed indirectly by obtaining the reverse decomposition. That is, we provide an expression

for M
⪰αi , j

λ
in terms of the elements M

≻αi , j

λ
. This is the content of Proposition 3.35. We illustrate this

reverse decomposition with an example.

Example 0.1. Let n = 13 and define

[λ1, . . . ,λ13]ϖ =
13∑

i=1
λiϖi .

We recall that when a positive root αi , j ∈Φ≥2 is written in terms of the basis of fundamental weights it
has: a 1 in positions i and j , a −1 in positions i −1 and j +1, and 0 in any other case.

Let λ = [2,1,1,2,0,0,0,0,0,0,1,1,1]ϖ and consider α5,8 ∈Φ≥2. We stress that the height of α5,8 is 4.
Then we have
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M
⪰α5,8

λ
=

M
≻α5,8

λ

−q6M
≻α5,8

λ−α1,8−α4,7−α3,6−α2,5−α1,4

−q3
(
M

≻α5,8

λ−α1,11
−qM

≻α5,8

λ−α1,11−α4,7

)
−q6

(
M

≻α5,8

λ−α1,11−α4,13
−qM

≻α5,8

λ−α1,11−α4,13−α3,6

)
−q9

(
M

≻α5,8

λ−α1,11−α4,13−α3,12
−q2M

≻α5,8

λ−α1,11−α4,13−α3,12−α2,5−α1,4

)
(0.4)

We now explain the occurrence of each term in the above decomposition.

• The term in the first row is indexed by the weight λ and appears with coefficient 1.
• To analyze the term in the second row, we begin by observing that

λ−α5,8 = [2,1,1,3,−1,0,0,−1,1,0,1,1,1]ϖ.

This expression is undesirable due to the negative entries. We first focus on the entry −1 in
position 5. To eliminate it, we subtract the root α1,4, obtaining

λ−α1,8 =λ−α5,8 −α1,4 = [1,1,1,2,0,0,0,−1,1,0,1,1,1]ϖ.

This removes the negative entry in position 5, although the −1 at position 8 remains. The
reason for subtracting α1,4 is that it is the unique positive root of height 4 (as is α5,8) that
precedes α5,8 in the total order ⪯ and makes the component in position 5 non-negative upon
subtraction.

The attentive reader may note that subtracting α1,4 could introduce a new negative entry,
particularly in position 1, if λ1 = 0. This is indeed a possibility. In that case, we shift our
attention from position 5 to position 1, and now α1,4 becomes the starting root in the reduction
process, replacing the role initially played by α5,8. However, since there is no positive root of
height 4 preceding α1,4 in the order ⪯, the procedure terminates, and the corresponding term
does not appear in the decomposition.

We now return to the remaining −1 in position 8. As before, we subtract the unique positive
root of height 4 that precedes α5,8 in the order ⪯ and whose subtraction from λ−α1,8 eliminates
the negative entry in position 8. We obtain:

λ−α1,8 −α4,7 = [1,1,2,1,0,0,−1,0,1,0,1,1,1]ϖ.

This removes the negative entry in position 8 but introduces a new −1 in position 7. We
repeat the process, and at each step the −1 can move one position to the left. After a finite
number of steps, the process either yields a dominant weight (in which case the term appears
in the decomposition) or encounters a configuration where no further reduction is possible
(and the term does not appear).

In our example, we find:

λ−α1,8 −α4,7 −α3,6 −α2,5 −α1,4 = [1,1,1,0,0,0,0,0,1,0,1,1,1]ϖ.

Altogether, six roots were subtracted in this process, which explains the exponent q6 in the
decomposition.

• We now explain the terms in the third row. In this case, there are two elements indexed by
weights that differ by the root α4,7, which appears because it is the predecessor of α5,8 in the
order ⪯. Hence, we only need to explain the occurrence of the root α1,11.
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Starting from λ−α1,8, we subtract the unique positive root of height 3 = 4−1 that succeeds
α6,8 in the order ⪯ and whose subtraction makes the component in position 8 non-negative.
In our example, this root is α9,11, and we obtain:

λ−α1,11 =λ−α1,8 −α9,11 = [1,1,1,2,0,0,0,0,0,0,0,2,1]ϖ.

Three roots were subtracted in total, which justifies the exponent q3 in the decomposition.
Furthermore, the presence of q inside the parentheses reflects the fact that the two weights
involved differ by a single root.

• The terms in the fourth row are similar. There are two weights that differ by the root α3,6,
which appears because it is the predecessor of the predecessor of α5,8 in the order ⪯.

We now explain the weight λ−α1,11 −α4,13. We begin with λ−α1,8 −α4,7, which has a −1
in position 7. Following the same strategy, we subtract the root α8,10 (of height 3), yielding:

λ−α1,8 −α4,7 −α8,10 = [1,1,2,1,0,0,0,−1,1,−1,2,1,1]ϖ.

This eliminates the −1 in position 7, but creates new −1s in positions 8 and 10. To elimi-
nate the latter, we subtract α11,13, giving:

λ−α1,8 −α4,13 =λ−α1,8 −α4,7 −α8,10 −α11,13 = [1,1,2,1,0,0,0,−1,1,0,1,1,0]ϖ.

Finally, we eliminate the −1 at position 8 by subtracting α9,11, and obtain:

λ−α1,11 −α4,13 =λ−α1,8 −α4,13 −α9,11 = [1,1,2,1,0,0,0,0,0,0,0,2,0]ϖ.

In total, six roots were subtracted, which justifies the exponent q6 in the decomposition.
• The pair in the last row is more involved, and we refer to it as a bad pair. The starting point is:

λ−α1,8 −α4,7 −α3,6 = [1,2,1,1,0,−1,0,0,1,0,1,1,1]ϖ,

which contains a −1 at position 6. As in previous steps, we subtract roots of height 3 to
eliminate the negative entries at positions 6, then 7, and finally 8, as shown below:

λ−α1,8 −α4,7 −α3,6

↓
λ−α1,8 −α4,7 −α3,6 −α7,9 −α10,12

↓
λ−α1,8 −α4,7 −α3,6 −α7,9 −α10,12 −α8,10 −α11,13

↓
λ−α1,8 −α4,7 −α3,6 −α7,9 −α10,12 −α8,10 −α11,13 −α9,11.

This final expression equals

λ−α1,11 −α4,13 −α3,12 = [1,2,1,1,0,0,0,0,0,0,0,0,0]ϖ,

and matches the first weight in the pair. Since nine roots were subtracted in total, this
explains the exponent q9 in the decomposition.

The other weight in the pair is, in principle,

λ−α1,11 −α4,13 −α3,12 −α2,5 = [2,1,1,1,−1,1,0,0,0,0,0,0,0]ϖ.

The root α2,5 appears here as it is three steps below α5,8 in the order ⪯. Unlike in earlier
rows, we do not allow negative entries in the second element of a bad pair. Since this weight
has a −1 at position 5, we eliminate it by subtracting α1,4, following the same procedure as
before. We obtain:
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λ−α1,11 −α4,13 −α3,12 −α2,5 −α1,4 = [1,1,1,0,0,1,0,0,0,0,0,0,0]ϖ.

Since the two weights differ by two roots, this justifies the factor q2 inside the parentheses.

The number of pairs that may appear in the decomposition (0.4) is bounded above by h −1. In
the present example, we attain this maximum with three pairs. However, the actual number of pairs
depends heavily on the choice of λ. On one hand, some of the weights involved may not exist due to
negative entries, in which case the corresponding M-term does not appear. On the other hand, the
number of pairs is bounded below by the number of zeros to the left of position j (including position
j itself) and to the right of position i + 1 (including position i + 1 itself). In our example, we have
(i , j ) = (5,8) and since λ6 =λ7 =λ8 = 0, we obtain three pairs.

Although the decomposition given in the Proposition 3.35 exhibits remarkable combinatorial beauty
and elegance, its proof, unfortunately, does not share these qualities. In fact, the entirety of Chapter 2
is devoted to preparing for its demonstration. In that chapter, we establish a series of identities satis-
fied by the M-elements, either to eliminate negative components in the indexing weight or to modify
the indexing set.

With these decompositions at hand, the proof of the positivity conjecture proceeds as follows. To
avoid technicalities in this introduction, we continue within the context of the example, although the
same reasoning applies in the general case.

We begin by isolating the term M
≻α5,8

λ
. Our goal is to show that this term can be written as a

positive linear combination of M-elements indexed by sets of the form Φ⪰α, for some root α of height
4 satisfying α⪯α5,8.

Next, we observe that the term in the second row is indexed by a dominant weight strictly smaller
than λ in the dominance order. Thus, by induction, we may assume that it can also be written posi-
tively in terms of M-elements indexed by sets Φ⪰α, with α of height 4 and α⪯α5,8.

For the pairs appearing in the third and fourth rows, we show that each of them can be expressed
positively in terms of M-elements indexed by the sets Φ⪰α4,7 and Φ⪰α3,6 , respectively.

Finally, we address the most intricate case—the last pair—by proving that it can also be written
as a positive combination of M-elements indexed by sets Φ⪰α, with α of height 4 and α⪯α5,8.

As a final remark, we emphasize that our proof of positivity is combinatorial in nature. Each of
the decompositions described above can be obtained explicitly by reproducing the steps of the proof.
In other words, we provide an algorithm to compute the decomposition of any pre-canonical basis
element in terms of a lower one. This algorithm is implicit throughout the thesis; however, due to
space and time constraints, we do not present it here as a main result.

After completing this thesis, we plan to publish a refined version of the algorithm, which is cur-
rently in a preliminary form and does not account for the cancellations that may occur during the
decompositions. Taking these cancellations into account would allow us to show that the decompo-
sitions of the pre-canonical bases are manifestly positive.



CHAPTER 1

Preliminaries

1. Coxeter Groups

This section will provide an overview of the concepts related to Coxeter groups, with special focus
on the affine Weyl group.

1.1. General theory of Coxeter groups. This section will be based on [6], [1] and [5].

We define a Coxeter system (W,S) as a pair, that consists of a group W and a set of distinguished
generators S ⊂W , subject only to the relations

(st )m(s,t ) = id for all s, t ∈ S,

where m : S ×S → N∪ {∞} is a function satisfying m(s, s) = 1, m(s, t ) = m(t , s) and m(s, t ) ≥ 2 for all
s ̸= t ∈ S. The elements of S are called simple reflections.

Remark 1.1. When m(s, t ) =∞ we say that there are no relation between s and t .

Remark 1.2. The relation (st )m(s,t ) = id for s ̸= t is equivalent to the braid relation

st st · · ·︸ ︷︷ ︸
m(s,t )

= t st s · · ·︸ ︷︷ ︸
m(s,t )

A reduced expression for an element w ∈W is a minimal-length factorization of w in terms of the
generators S.

The length function, ℓ : W →N is a function which associates to each w ∈ W , its length denoted
ℓ(w) that describes the length of such a reduced expression of w .

Example 1.3. The Coxeter system of type An−1 is the group generated by the set S = {s1, . . . , sn−1} and
relations

s2
i = id, for 1 ≤ i ≤ n−1; si si+1si = si+1si si+1, for 1 ≤ i ≤ n−2, and si s j = s j si , for | i − j |> 1.

This group is isomorphic to the symmetric group Sn , where the generators si correspond to the trans-
positions (i , i +1).

Definition 1.4. The Bruhat order ≤ on W is the partial order defined as follows: For w ∈ W , let
(s1, s2, . . . , sp ) be a reduced expression for w . Then v ≤ w if and only if v can be expressed as a product
of a subsequence (si1 , si2 , . . . , sir ) where 1 ≤ i1 < i2 < ·· · < ir ≤ p. In other words, v ≤ w if and only if v
admits a reduced expression that is a subexpression of some reduced expression for w .

Remark 1.5. This definition is equivalent to the standard formulations found in [6] and [1], where
the Bruhat order is often defined via reflection conditions.

Two expressions (s1, s2, · · · , sp ) and (s′1, s′2, · · · , s′p ) are said to be related by braid moves if there is a
sequence of braid moves that takes one expression to the other.

Theorem 1.6. Any two reduced expressions of the same element w ∈W are related by braid moves.

PROOF. A historical proof is available in Matsumoto’s paper [15]. You can read an actual proof in
[1]. □

11



12

Lemma 1.7. Let w ∈ W and s ∈ S. If we assume that w s < w , then there exists a reduced expression
for w of the form (s1, s2, . . . , sp , s). An analog left version result holds.

Proposition 1.8. Let (W,S) be a Coxeter system. If W is finite, there exists an element w0 ∈ W such
that w ≤ w0 for all w ∈W .

PROOF. see [1, prop. 2.3.1]. □

In the symmetric group, the longest element w0 corresponds to the "reversal permutation” i.e.,
the permutation that associates i 7→ n +1− i , that we will exemplify now

Example 1.9. Let S5 the symmetric group on 5 elements. In list notation, the longest element in s5 is
the permutation 54321 while in cyclic notation is (15)(24). We illustrate a diagram for this element
in Figure 1. We interpret this diagram as a way to find the image of a number i by following the
accompanying line, which connects a number i at the bottom to the number w0(i ) at the top:

1 2 3 4 5

1 2 3 4 5

FIGURE 1. Longest S5 element w0 = s2s1s3s2s4s1s3s2s4s1.

1.1.1. Parabolic subgroup. Let J ⊂ S and WJ ≤W be the subgroup of W generated by J (i.e. WJ =
〈J〉). The groups obtained by this description are called parabolic subgroups. In this section, we will
describe some results that will be important for the understanding of the Spherical Hecke algebra.

The next proposition will enumerate some classical results of parabolic subgroups.

Proposition 1.10. Let (W,S) be a Coxeter group with length function ℓ, J ⊂ S with parabolic subgroup
WJ and length function ℓJ , then

(a)
(
WJ , J

)
is a Coxeter group.

(b) ℓJ (w) = ℓ(w), for all w ∈WJ .
(c) WI ∩WJ =WI∩J .
(d)

〈
WI ∪WJ

〉=WI∪J .
(e) WI =WJ ⇒ I = J .



1. COXETER GROUPS 13

PROOF. You can find a proof of this proposition in [1, Proposition 2.4.1]. □

Definition 1.11. For J ⊂ S, We say that J is finitary, if the associated parabolic subgroup WJ is finite.

For finitary parabolic subgroup, we will call w J the longest element in the parabolic subgroup WJ .

Definition 1.12. For I , J ⊂ S be finitary subsets, we define the sets

D J := {w ∈W | w s < w, for all s ∈ J },

J D := {w ∈W | sw < w, for all s ∈ J },
D J := {w ∈W | w s > w, for all s ∈ J },
J D := {w ∈W | sw > w, for all s ∈ J },

I D J := I D ∩D J ,
I D J := I D ∩D J .

(1.1)

With this notation we are able to enounce the following result

Proposition 1.13. Let I , J ⊆ S.

(i) Every w ∈ W has a unique factorization w = uv such that u ∈ D J and v ∈ WJ and ℓ(w) =
ℓ(u)+ℓ(v).

(ii) Every w ∈ W has a unique factorization w = vu such that v ∈ WJ and u ∈ J D and ℓ(w) =
ℓ(v)+ℓ(u).

(iii) Every w ∈ W has a unique factorization w = xuy such that u ∈ WI∩J and x ∈ J D , y ∈ D J and
ℓ(w) = ℓ(x)+ℓ(u)+ℓ(y).

(iv) Every left (resp. right) coset wWJ (resp. WJ w) has a unique representative of minimal length
u ∈ D J (resp. u ∈ J D).

(v) If J is finitary, then every left (resp. right) coset wWJ (resp. WJ w) has a unique representative
of maximal length u ∈ D J (resp. u ∈ J D).

(vi) Every double coset WI wWJ has a unique representative of minimal length u ∈ I D J .
(vii) If J is finitary, then every double coset WI wWJ has a unique representative of maximal length

u ∈ I D J .

PROOF. A proof of this proposition is presented in [1, Proposition 2.2.4, Corollary 2.2.5]. Most of
the results collected in this proposition follows by similar arguments. □

Definition 1.14. We define the Poincaré polynomial of I ⊂ S as

π(I ) = ∑
v∈WI

vℓ(wI )−2ℓ(v). (1.2)

1.2. Root System of type A and affine Weyl group. In this section, we will establish the notation
regarding the root system of type A that we will use throughout this manuscript.

Let (E ,Φ) be a pair composed of a set Φ= {ϵi −ϵ j | 1 ≤ i ̸= j ≤ n+1} called roots and E = spanRΦ⊆
Rn+1. We fix the following sets:

The simple roots
∆= {αi = ϵi −ϵi+1 | 1 ≤ i ≤ n}, (1.3)

the set of positive roots

Φ+ = {αi , j =αi +αi+1 +·· ·+α j = ϵi −ϵ j+1 | 1 ≤ i ≤ j ≤ n}, (1.4)

the root lattice ZΦ= spanZΦ, the weight lattice

X = {λ ∈ E | 〈λ,α∨〉 ∈Z, for allα ∈∆} = spanZ{ϖi | 1 ≤ i ≤ n}, (1.5)

where the fundamental weights ϖi , 1 ≤ i ≤ n are determinate by equation 〈ϖi ,α∨
j 〉 = δi , j , where δi , j is

the Kronecker delta, and finally the X + = spanN{ϖi | 1 ≤ i ≤ n} the dominant weights.
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For α ∈Φ we introduce sα : E → E defined by sα(ν) = ν−〈ν,α∨〉α the reflection with respect to the
hyperplane Hα = {v ∈ E | 〈v,α〉 = 0} in particular for 1 ≤ i ≤ n we define si = sαi the simple reflection
and W = 〈si | 1 ≤ i ≤ n〉 the finite Weyl group. Now let s0 be the reflection thought the hyperplane
defined by x1 + xn +1 = 0 and we call Wa = 〈si | 0 ≤ i ≤ n〉 the affine Weyl group, this group can also
be described by the group generating by reflection sα,k = tkα∨ ◦ sα and therefore Wa = W ⋉ZΦ (see
proposition 1 §2 chapter VI of [2]). Let Hα,k = {v ∈ E | 〈v,α〉 = k} be the hyperplane associated to the
reflection sα,k , we call alcoves to the connected component of E\

⋃
α∈Φ,k∈ZHα,k , in particular we call

C0 = 〈λ ∈ E | −1 < 〈λ,α∨〉 < 0for anyα ∈Φ+〉 the fundamental alcove. On Figure 2 we illustrate some
important concepts defined before in the case of n = 2.

FIGURE 2. root system of type A2

The extended affine Weyl group is defined as We =Wa⋉X , where X acts as translation by weights.
Although We is not a Coxeter group, it does have a length function that is equal to the number of
hyperplanes that separate w(C ) to C . The group Ω = {v ∈ We | ℓ(v) = 0} corresponds to the length 0
elements in We and can be considered as

Ω∼=We /Wa
∼= X /ZΦ (1.6)

In our case, Ω is isomorphic to Z/(n + 1)Z . It acts on the simple roots ∆ = {α1, . . . ,αn} by ω(αi ) =
αi+1 mod n+1, (see [14, p. 2.2.5]). where ω is a generator of Ω. This extends to an automorphism of Wa

via ω(si ) = si+1 (with indices modulo n +1) for simple reflections si .
By the equivalences (1.6) and the fact that the fundamental weights ϖi form a system of representa-
tives of X /ZΦ (see [2]), we can identify ϖi with the associated element σi and with i ∈ Z/(n + 1)Z.
With this identification, we can think of the elements of the group Ω as weights module ZΦ, associ-
ating one weight to the corresponding fundamental weight and the corresponding element in Ω.

For λ ∈ X consider tλ ∈ We the translation by λ. We have that the set w0(C0)+λ is an alcove and
since Wa acts simply transitively in the set of alcoves it follows that there exists some element called
θ(λ) that satisfies

θ(λ)(C0) = w0(C0)+λ. (1.7)

The θ(λ)-elements correspond to the maximal double coset representative elements on W f \Wa/σ(W f ),
where σ is in the class of λ.
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Remark 1.15. Let 1 ≤ i < j ≤ n and 1 ≤ k ≤ n. Then, we have

〈αi , j ,αk〉 =


1, if k = i or k = j ;

−1, if k = i −1 or k = j +1;

0, otherwise.

(1.8)

Example 1.16. Consider n = 2, in this setting, we will describe the before presenting concepts. Every dot
in Figure 3 represents one element of the weight lattice, in particular the sky-blue dots correspond to the
fundamental weights ϖ1 and ϖ2 (left dot and right dot respectively). The yellow triangles correspond
to the θ(λ)-elements. If we notice, the fundamental alcove and the alcoves in the dominant zone have
some colors in their borders.

FIGURE 3. θ(λ) elements in Ã2

These colors are obtained via mapping the fundamental alcove to the others by the action of the
group Wa . In particular, we can understand the group Ω as the group that permute the borders of the
fundamental alcove, if we see Figure 3, there are 3 possible configurations for the colors of the θ(λ)
alcoves, that’s are: blue on the left border, red on the left border or black in the left border. Notice that
each one corresponds to the configuration of the alcove with bottom weight 0, ϖ1 and ϖ2. The elements
of the group omega correspond precisely to the mapping

id :
Left border 7−→ Left border
Right border 7−→ Right border
Top border 7−→ Top border

σ1 :
Left border 7−→ Left border
Right border 7−→ Right border
Top border 7−→ Top border

σ2 :
Left border 7−→ Left border
Right border 7−→ Right border
Top border 7−→ Top border

(1.9)

that’s by the before comment are associated to the color configuration of the alcove with bottom weight
0, ϖ1 and ϖ2.

Let fix a dominant weight λ = ϖ1 +2ϖ2. If we subtract α1 +α2 we get that λ−α1 +α2 = ϖ2. This
implies that the weight λ is congruent to ϖ2 module ZΦ, and then the corresponding θ(λ)-element is
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maximal in the double coset W f θ(λ)σ2(W f ). Consider that the group W f = 〈 , 〉 and thus the group
σ2(W f ) = 〈 , 〉. You can see that at least in the right coset θ(λ)σ2(W f ), the element θ(λ) is the maximal
length element (farthest from 0). The right coset θ(λ)σ2(W f ) can be seen in Figure 4 as the = σ2( )-
Hexagon that it is part of.

θ(λ)

FIGURE 4. Right coset θ(λ)σ2(W f )

2. Hecke algebra

Let (W,S) be a Coxeter system.

Definition 1.17. The Hecke algebra H =H(W,S) is the associative Z[v, v−1]-algebra generated by the
formal symbols {Hs | s ∈ S}, subject to the relations

(1) The quadratic relation: for all s ∈ S

H2
s = (v−1 − v)Hs +1. (1.10)

(2) The braid relation: For all s, t ∈ S with m(s, t ) <∞
HsHt Hs · · ·︸ ︷︷ ︸

m(s,t )

= Ht HsHt · · ·︸ ︷︷ ︸
m(s,t )

(1.11)

Remark 1.18. The quadratic relation 1 can be described in the following equivalent form

(Hs − v)(Hs + v−1) = 0. (1.12)

This presentation is useful to remember, since one term contains an additive inverse of v and the
other contains a multiplicative inverse of v .

Let φ : Z[v, v−1] → Z be a ring homomorphism defined by v 7→ 1. The ring Z get structure of
Z[v, v−1]-algebra and defines the 1 specialization of the Hecke algebra as

Hφ =Z⊗Z[v,v−1] H. (1.13)

It is easy to see that the 1-specialization Hφ is isomorphic to the group algebra Z[W ]. This observa-
tion is the reason for what Hecke algebra is called a deformation of the group algebra.

2.1. Standard basis. In this section we introduce the standard basis for the Hecke algebra H. This
basis will be essential for the rest of the Manuscript.

Definition 1.19. Let w ∈W and (s1, s2, . . . , sp ) be a fixed reduced expression for w . The standard basis
element Hw is defined as

Hw := Hs1 Hs2 · · ·Hsp . (1.14)

Remark 1.20. By Theorem 1.19, the element Hw appears to depend on the choice of reduced expres-
sion for w . However, it follows from Theorem 1.6 and the braid relation (Item 2 of Theorem 1.17) that
Hw is independent of this choice.
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The term “basis” will be justified by the following result.

Proposition 1.21. The Hecke algebra H is a free Z[v, v−1]-module with basis {Hw }w∈W .

PROOF. A detailed proof can be found in [5, Theorem 3.5]. □

We now establish key multiplication rules for the standard basis elements Hw , which are essential
for defining the Kazhdan–Lusztig polynomials.

Let s ∈ S and suppose w < w s. If (s1, . . . , sp ) is a reduced expression for w , then (s1, . . . , sp , s) is a
reduced expression for w s. By (1.14), we have

Hw Hs = Hs1 · · ·Hsp Hs = Hw s . (1.15)

Conversely, if w s < w , Theorem 1.7 implies that w admits a reduced expression of the form
(s1, . . . , sp , s). Applying (1.14) and Item 1 yields

Hw Hs = Hs1 · · ·Hsp H2
s = (v−1 − v)Hw +Hw s . (1.16)

These cases are summarized in the following right multiplication rule:

Hw Hs =
Hw s , if w s > w ;

(v−1 − v)Hw +Hw s , if w s < w.
(1.17)

An analogous left multiplication rule holds:

HsHw =
Hsw , if sw > w ;

(v−1 − v)Hw +Hsw , if sw < w.
(1.18)

2.2. Kazhdan–Lusztig basis. In this section, we will introduce one of our main research objects,
the Kazhdan–Lusztig basis.

Let s ∈ S. Notice that Item 1 leads to

Hs(Hs + v − v−1) = H2
s + (v − v−1)Hs = (v−1 − v)Hs +1+ (v − v−1)Hs = 1. (1.19)

This calculation implies that for any s ∈ S the generators Hs are invertible with inverse

H−1
s = Hs + v − v−1. (1.20)

Combination of this fact and Theorem 1.19 gives that for any w ∈W it follows that the standard basis
elements Hw are invertible.

Definition 1.22. We introduce the Kazhdan–Lusztig involution · : H →H as the ring automorphism
defined by

v = v−1

Hw = H−1
w−1 , for all w ∈W

(1.21)

Now we are in condition to define the Kazhdan–Lusztig basis and Kazhdan–Lusztig polynomials.

Theorem 1.23. [Kazhdan and Lusztig, [8]] There exists a unique element Hw ∈H satisfying

(1) (Self dual) Hw = H w .
(2) Hw = Hw +∑

x≤w hx,w Hx , where hx,w ∈ vZ[v].

The polynomials hx,w are known as the Kazhdan–Lusztig polynomials.

PROOF. You can see the original proof of this result in the Kazhdan and Lusztig paper [8]. An
actual proof can be found in [5]. □

Remark 1.24. Item 2 of Theorem 1.23 implies that the (Hw )w∈W is a Z[v, v−1]-basis for the Hecke
algebra H.
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The objective of the remaining section will be to show how to calculate Kazhdan–Lusztig polyno-
mials.

The next calculation gives a first approach to the calculations of Kazhdan–Lusztig basis elements

Hs + v = H−1
s + v−1 = Hs + v − v−1 + v−1 = Hs + v (1.22)

This implies that the element Hs + v is self dual, satisfying Item 1 of Theorem 1.23. Moreover, notice
that Hs + v has the form described in Item 2 of Theorem 1.23. By these two comments, and the
uniqueness of the Kazhdan–Lusztig basis elements, described in Theorem 1.23, we conclude that
Hs = Hs + v . Therefore, we conclude that Hs = Hs + v for s ∈ S.

Now, we will proceed to calculate Hw by induction on the length of w ∈ W using the fact that
product of self dual elements is still self dual. The next multiplication rule follows directly from (1.17),

Hw Hs =
Hw s + vHw , if w s > w ;

Hw s + v−1Hw , if w s < w.
(1.23)

We will illustrate the next steps in the following example

Example 1.25. Let S3 the symmetric elements and s = (1,2) and t = (2,3) the simple reflections. Addi-
tionally, consider H(S3) the Hecke algebra associated to the Coxeter system (S3, {s, t }). Let

{
Hs ,Ht

}
and{

Hs ,Ht

}
the standard and Kazhdan–Lusztig basis respectively.

The following diagram consists of edges and dots. Each dot in the diagram represents a single sim-
ple reflection and is colored in a pattern of red and blue. In this example, the simple reflection s is
represented by a blue dot, and the simple reflection t by a red dot. The next step is to label each edge
with an element of S3 (starting with the identity e on the bottom of the diagram) that is found by cross-
ing one element on the diagram across the dot and multiplying that element by the right for the simple
reflection that goes with the color.

st

sts

ts

t

e

s

(1.24)

Notice that the length of the elements is increasing if you go from bottom to top.

Now, each edge of this diagram will represent an element of the standard basis indexed by the la-
belled element. For simplifying the writing, we will omit the elements and will use it to express an
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element on the Hecke algebra as follows: Let h = vHs + (v−1 + v)Hst s +3, the following diagram repre-
sents the same element:

h =

v + v−1

3

v

(1.25)

Now, we proceed by induction on ℓ(w) to calculate the Kazhdan–Lusztig element Hst s using (1.23) and
starting with HsHe = Hs

He =

1

−→ He Hs =

v

1

(1.26)

We know by before calculation that the element described by the diagram on the right is Hs and the
polynomials described on the edges are the Kazhdan–Lusztig polynomials. Now, we proceed to multiply
by Ht to be across the red dot above:

Hs =

v

1

−→ HsHt =

1

v

v2

v

(1.27)
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At this point, notice that self duality holds, since each of the elements is obtained by multiplying self
dual elements. So, it is enough to verify that each polynomial on the edges satisfy Item 2 of Theo-
rem 1.23. Since in this case satisfy, we get that HsHt = Hst . Next,

Hst =

1

v

v2

v

−→ Hst Hs =

v

1

v

v2

v3 + v

1+ v2

(1.28)

In this case, notice that the coefficient of Hs is 1+ v2 and 1+ v2 ∉ vZ[v] then we proceed to subtract
a self dual element that arise the 1, that element must be Hs (painted on blue in the diagram above)
naturally the result element will be self dual and will hold Item 2.

Hst Hs −Hs =

v

1

v

v2

v3

v2

= Hst s . (1.29)

In order to calculate the spherical Kazhdan–Lusztig polynomials, the previous example will be
addressed in the following section using the same fundamental concept.

The Kazhdan–Lusztig algorithm consist of multiply and subtract appropriated terms in order to
satisfy both conditions of Theorem 1.23. The disadvantage of this algorithm is that it is necessary to
know all the smallest Kazhdan–Lusztig element to obtain the next, which in higher lengths make
impossible to perform the calculations. Furthermore, it makes obscure the understanding of the
Kazhdan–Lusztig polynomials.

Notice that in the before example, the key of this algorithm consists in determining where could
appear constants numbers in the algorithms. For that we define the following numbers

Definition 1.26. For v, w ∈W we introduce

µv,w := coefficient of v in hv,w . (1.30)

With this notation we are able to enounce the following multiplication rule

Lemma 1.27. For w ∈W and s ∈ S

Hw Hs =


(v + v−1)Hw s , if w s < w ;

Hw s +
∑

v < w,
v s < v

µv,w Hv , if w s > w. (1.31)
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HsHw =


(v + v−1)Hsw , if sw < w ;

Hsw +∑
v < w,
sv < v

µv,w Hv , if sw > w. (1.32)

PROOF. You can find an appropriated proof of this formula in [5, Theorem 3.27]. □

Remark 1.28. Although the algorithm consists of subtracting terms, a surprising fact is that the Kazhdan–
Lusztig polynomials have non-negative coefficients. This was proved by Ben Elias and Geordie Williamson
in [4].

The remaining section will provide an illustration of specific formulas and results for Kazhdan-
Lusztig polynomials on parabolic subgroups. For the remain of this section consider J ⊂ S finitary.

Lemma 1.29. Let v, w ∈W and s ∈ S be such that w s < w and v ≤ w , then

hv,w =
v−1hv s,w , if v s < v ;

vhv s,w , if v s > v.
(1.33)

The analogous left version holds.

PROOF. First, we recall that Hw =∑
v≤w hv,w Hv , so we have by (1.23) that

Hw Hs =
∑

v≤w
hv,w Hv Hs = ∑

v ≤ w
v s < v

hv,w (Hv s + v−1Hv )+∑
v ≤ w
v s > v

hv,w (Hv s + vHv )

= ∑
v ≤ w
v s < v

(v−1hv,w +hv s,w )Hv +∑
v ≤ w
v s > v

(vhv,w +hv s,w )Hv
(1.34)

On the other hand, if w s < w then by comparing of (1.31) and (1.34)

(v + v−1)hv,w =
v−1hv,w +hv s,w , if v s < v ;

vhv,w +hv s,w , if v s < v.
(1.35)

and therefore we conclude that vhv,w = hv s,w if v s < v and v−1hv,w = hv s,w if v s > v .

The left version of (1.33) follows by similar arguments. Concluding the proof as we wanted. □

Lemma 1.30. Let w J the longest element on WJ , then

Hw J
= ∑

v∈WJ

vℓ(w J )−ℓ(v)Hv . (1.36)

PROOF. We will prove that hv,w J = vℓ(w J )−ℓ(v) by induction on d = ℓ(w J )−ℓ(v). Assume that d = 1.
Since w J s < w J for all s ∈ J it follows by Theorem 1.29 for w = w J and s ∈ J that hw J ,w J = v−1hw J s,w J

and given that hw J ,w J = 1 we conclude hw J s,w J = v .

Now, assume that hx,w J = vℓ(w J )−ℓ(x) for all x satisfying ℓ(w J )−ℓ(x) = d −1 > 1 and let to verify for
d . Let v ∈WJ be such that ℓ(w J )−ℓ(v) = d and consider s ∈ J such that v s > v , then by Theorem 1.29
for w = w J and v it follows that hv,w J = vhv s,w J . On the other hand, induction hypothesis for v s gives
that hv s,w J = vℓ(w J )−ℓ(v s) = vℓ(w J )−ℓ(v)−1 and therefore hv,w J = vℓ(w J )−ℓ(v). Obtaining the desired. □

Lemma 1.31. For v, w ∈WJ we have that

Hv Hw J
= v−ℓ(v)Hw J

(1.37)

PROOF. The proof follows by induction on ℓ(v), using the fact that

HsHw J
= HsHw J

− vHw J
= v−1Hw J

, (1.38)

for all s ∈ J , where second equality holds since Hs = Hs + v and third equality holds by (1.32). □



22

Lemma 1.32. Let I ⊂ J ⊂ S be finitary subsets, then

HwI
Hw J

=π(I )Hw J
. (1.39)

PROOF. We proceed to calculate HwI
Hw J

by using Theorem 1.30 and Theorem 1.31.

HwI
Hw J

= ∑
v∈WI

vℓ(wI )−ℓ(v)Hv Hw J
= ∑

v∈WI

vℓ(wI )−ℓ(v)v−ℓ(v)Hw J
= ∑

v∈WI

vℓ(wI )−2ℓ(v)Hw J
=π(I )Hw J

. (1.40)

□

2.3. Spherical Hecke algebra.

Definition 1.33. For I , J be finitary subsets of S. We introduce the spherical modules as
IH := HwI

H,
HJ := HHw J

,
IHJ := IH∩HJ .

(1.41)

The following lemma will establish the criteria for determining whether an element h ∈ H is a
member of IHJ .

Remark 1.34. Let ϕ : H f →Z[v, v−1] defined by Hs 7→ v−1. With this surjection Z[v, v−1] becomes an
H f -bimodule. With this , the module SH can be presented as

SH≃ Z [v, v−1]⊗H f H. (1.42)

Lemma 1.35. Let h =∑
w∈W aw Hw ∈H and I ⊂ S. The following statements are equivalent.

(i) h ∈ IH.
(ii) HwI

h =π(WI )h.

(iii) Hsh = (v + v−1)h for all s ∈ I .
(iv) Fix w ∈W , if s ∈ I satisfying sw < w , then

asw = vaw . (1.43)

PROOF. We start proving (i) =⇒ (ii).
If h ∈ IH, then h = HwI

h′ for certain h′ ∈H, thus

HwI
h = HwI

HwI
h′ =π(I )HwI

h′ =π(I )h, (1.44)

where third equation follows by Theorem 1.32.

(ii) =⇒ (iii).
This implication follows by (ii), Theorem 1.31 and Theorem 1.32 and the following calculation

(v + v−1)π(I )h = (v + v−1)HwI
h = HsHwI

=π(I )Hsh =⇒ (v + v−1)h = Hsh

(iii) =⇒ (iv).
Let s ∈ I ,

Hsh = ∑
w∈W aw HsHw

= ∑
w ∈W
sw > w

aw (Hsw + vHw )+∑
w ∈W
sw < w

aw (Hsw + v−1Hw )

= ∑
w ∈W
sw > w

(vaw +asw )vHw +∑
w ∈W
sw < w

(v−1aw +asw )Hw .
(1.45)

On the other hand, (iii) leads to Hsh = (v + v−1)h = ∑
w∈W (v + v−1)aw Hw . Thus, we conclude by

comparing the coefficients of both that

v−1aw +asw = (v + v−1)aw =⇒ asw = vaw . (1.46)
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Finishing as we wish.

(iv) =⇒ (i).
By Theorem 1.13 it follows that for every w ∈W , w = uv , where u ∈WI and v ∈ I D . Moreover, notice
that by (iv) we have auv = v−ℓ(u)av , by this two results we have

h =∑
w∈W aw Hw = ∑

w∈W auv HuHv

= ∑
u∈WI

∑
v∈I D v−ℓ(u)HuHv

= (
∑

u∈WI vℓ(wI )−ℓ(u)Hu)(
∑

v∈I D v−ℓ(wI )av Hv )
= HwI

h′,

(1.47)

where h′ =∑
v∈I D v−ℓ(wI )av Hv ∈H and HwI

=∑
u∈WI vℓ(wI )−ℓ(u)Hu by Theorem 1.30.

Concluding the proof. □

Lemma 1.36. Let h =∑
w∈W aw Hw ∈H and J ⊂ S. The following statements are equivalent.

(i) h ∈HJ .
(ii) hHw J

=π(WJ )h.

(iii) hHs = (v + v−1)h for all s ∈ J .
(iv) Fix w ∈W , if s ∈ J satisfying w s < w , then

aw s = vaw . (1.48)

PROOF. Theorem 1.36 follows by similar arguments that the used for Theorem 1.35. □

Remark 1.37. Notice that by combination of Theorem 1.35 and Theorem 1.36 we can characterize
when an element h ∈H is part of IHJ throught satisfy both Theorem 1.35 and Theorem 1.36.

Corollary 1.38. For w ∈W and I , J be finitary subgroups, then

Hw ∈ IHJ ⇐⇒ w is maximal in the double coset WI wWJ . (1.49)

PROOF. Assume that Hw ∈ IHJ and let s ∈ J , then by Theorem 1.35 it follows that HsHw = (v +
v−1)Hw , with in combination with Equation (1.32) forgive to sw < w . Concluding that w is the
longest element in WJ w . Similar arguments show w is the longest element in wWI .

On the other side, suppose that w is maximal in the double coset WI \W /WJ . Fix s ∈ S, then
Equation (1.32) gives HsHw = (v + v−1)Hw , and by the equivalence of (i) and (ii) we get that Hw ∈ IH.
Similar arguments gives Hw ∈HJ □

Definition 1.39. Let I , J finitary subsets of S and w ∈W . We define

Hw = ∑
v∈WI wWJ

vℓ(w+)−ℓ(v)Hv (1.50)

Remark 1.40. I HJ
w ∈ IHJ by Item (iv) of Theorem 1.35.

Proposition 1.41. The set (I HJ
w )w∈I D J is a basis for IHJ .

We call to this base, the standard basis of the spherical Hecke algebra. This name is justified by Theo-
rem 1.42.

PROOF. For h =∑
w∈W aw Hw ∈ IHJ , this proof follows by grouping terms in the same p ∈WI \W /WJ

and using Item (iv) in the two possible sides of Theorem 1.35 and Theorem 1.13 to get the appropri-
ated factorization of the elements w . □

Proposition 1.42. Let I , J be finitary subsets of S and w ∈W be maximal in the double coset WI wWJ ,
then

I HJ
w = ∑

v≤w
hv,w

I HJ
v , (1.51)

Where hv,w are the Kazhdan–Lusztig polynomials.
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PROOF. This proof follows by similar arguments than the before, grouping terms in the corre-
sponding double cosets and using Theorem 1.35 and Theorem 1.13. □

Remark 1.43. The corresponding standard basis elements of Z[v, v−1]⊗H f H are the elements (1⊗
Hw )w∈I D .

For the next, consider Wa the affine Weyl group of type Ãn−1 and Sa the set of simple reflection,
W f the finite Weyl group and S ⊂ Sa , his set of finite simple reflection. Let w0 ∈ W f the longest
element of the finite Weyl group.

Let H=H(Wa ,Sa) the affine Hecke algebra over Z[v, v−1] with standard basis (Hw )w∈Wa and Kazhdan–
Lusztig basis (Hw )w∈Wa . Set H f = Hw0

.

Consider the action of Ω on Wa and extend to H by: σ(Hw ) = Hσ(w) for w ∈Wa .
we recall that for σ ∈Ω, defined by σ(si ) = si+ j , then σ(w0) = w J , where J = S \ {s j }. Set q = v2.

Definition 1.44. We define the spherical Hecke algebra as the Ω-graded Z[q, q−1] algebra defined by

H̃= ⊕
σ∈Ω

Hσ, (1.52)

where Hσ = SHσ(S) with multiplication

Hσ×Hτ → Hσ×σ(S)Hστ(S) → Hστ

(x, y) 7→ (x,σ(x)) 7→ 1
π(S) xσ(x).

(1.53)

We define the standard basis of the spherical Hecke algebra (Hλ)λ∈X + as

Hλ := SHσ(S)
θ(λ) , (1.54)

where σ is in the class of λ.

We define the Kazhdan–Lusztig basis of the spherical Hecke algebra (Hλ)λ∈X + as

Hλ := Hθ(λ). (1.55)

Notice that for λ ∈ X +, then

H f Hλ =
π(S)

π(S)
Hλ = Hλ and HλH f = HλHλ =

π(σ(S))

π(S)
Hλ = Hλ. (1.56)

Concluding that H f is the unity of the algebra H̃. Moreover, we have

Hλ =
∑
µ≤λ

hµ,λHµ, (1.57)

where hµ,λ = hθ(µ),θ(λ) the Kazhdan–Lusztig polynomials for the affine Hecke algebra.

Remark 1.45. Similar to the usual Kazhdan–Lusztig polynomials, the corresponding Kazhdan–Lusztig
basis elements of Z[v, v−1]⊗H f H are obtained via self dual elements (although . automorphism is ap-
plied component by component) and with the corresponding triangular decomposition in the spher-
ical standard basis.

The following example, will exemplify how to calculate Kazhdan–Lusztig polynomials in the spher-
ical module SH via an inductive algorithm in base of the multiplication rule: For Mv = 1⊗Hv for
v ∈ SD and s ∈ Sa , then

Mv Hs =


Mv s + v Mv , if v s ∈ SD and v s > v ;

Mv s + v−1Mv , if v s ∈ SD and v s < v ;

(v + v−1)Mv , if v s ̸∈ SD .

(1.58)

This multiplication rule is obtained by similar arguments to made for the before presented rules.
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The following example will present an example of this calculation of Kazhdan–Lusztig polynomi-
als for this presentation (We will call M x element to this Kazhdan–Lusztig elements), this algorithm
simplifies the original when we refer to maximal left coset elements.

Example 1.46. Let Ã2, the Weyl group is presented as Wa =
〈

s, t ,u
s2 = t 2 = u2 = 1,

(st )3 = (tu)3 = (us)3 = 1

〉
In the

following pictures we describe in the same spirit of Theorem 1.25 the dominant zone of the weight
lattice, where we associate to every alcove a corresponding element in the affine Weyl group. Every
alcove is labelled according to the following process: The labeled of an alcove is obtained inductively
from the label of one of the adjacent alcoves through right multiplication of the simple reflection that
corresponds to the line, with this idea, the corresponding θ(λ)-elements are the described in Figure 5.

sust sut su sustustus

sust sustu

↑
sust sust s

↑
sust sut sustustsust sus

sustusust s

sus

FIGURE 5. Some θ(λ)-elements in Ã2.

As in Theorem 1.25 each alcove will represent the Mx element, where x is the label of the alcove.
In the next sequence, we will represent the procedure to obtain the Kazhdan–Lusztig polynomial for

θ(λ) = sust sus or equivalently λ=ϖ1 +ϖ2.

M sus = Msus =

1

−→ MsusHt =
1
v

(1.59)

Notice that the expansion of the product M susHt satisfies both conditions of Kazhdan–Lusztig basis
elements (We recall that the first one is always getting by product of self dual elements) thus M susHt =
M sust .

M sust =
1
v

−→ M sust Hs =
1

v

1+ v2

(1.60)

Notice that in this case, the expansion does not satisfy the non-constant term condition of the Kazhdan–
Lusztig theorem, similar as in the S3 case, we subtract the Kazhdan–Lusztig element M sus to solve this
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problem, getting

M sust Hs −M sus =
1

v

v2

(1.61)

Which now satisfies both conditions, thus M sust Hs −M sus = M sust s . Then we continue with the letter
u

M sust s =
1

v

v2

−→ M sust sHu =
v

1
v

v2

v + v3

(1.62)

Again, this expansion result compatible with the requirement of the Kazhdan–Lusztig basis element,
thus M sust sHu = M sust su . Finally, we multiply this by s, getting

M sust su =
v

1
v

v2

v + v3

−→ M sust suHs =
1

v

v2

v

1+ v2

v+v3

1+ v2 + v2 + v4

(1.63)

In this step we are again the case of non-constant terms, then we proceed to subtract the elements M sus
(colored in blue in the before expansion) and M sust s (colored in red) to get the following Kazhdan–
Lusztig element

M sust suHs −M sus −M sust s =
1

v

v2

v

v2

v3

v2 + v4

(1.64)

which satisfies the desired conditions and therefore under l i neMsust suHs −M sus −M sust s = M sust sus .

One observation of this result is that since sust sus is a θ(λ)-element, it satisfies Item (iv) of The-
orem 1.35, so the orbit of his double coset (the black hexagon) has the v power difference that predict
Theorem 1.35.
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1
v

v2

v

v2

v3

v2 + v4

FIGURE 6. Right coset of the element sust sus and his KL-polynomials

For more information on this topic, readers can look at [18]. Readers interesting to playing with the
diagrams can look at the magnific Joel Gibson webpage.

2.4. Pre-canonical bases.

Definition 1.47. We say that a weight λ ∈ X is singular if there is an element w ∈W f which fixes λ+ρ.
Equivalently, λ is singular if there is a root α such that 〈λ+ρ,α〉 = 0. A non-singular weight is called
regular.
Let λ ∈ X and w ∈W f , we define the dot action (or affine action) w ·λ as

w ·λ= w(λ+ρ)−ρ. (1.65)

We extend the definition of Hλ to non-dominant weights.

Definition 1.48. We define

H̃λ =
(−1)ℓ(wλ)Hwλ·λ, if λ is regular;

0, if λ is singular,

where wλ ∈W f is the unique element such that λ := wλ ·λ ∈ X +

Lemma 1.49. Let i ≥ 2, λ ∈ X + and I ⊂Φ≥i , then

λ−ΣI <λ. (1.66)

PROOF. You can find an appropriated proof in [12, lemma 2.11, item c]. □

We are now ready to define our main object.

Definition 1.50. For i ≥ 1 and λ ∈ X + we define

Ni
λ =

Hλ, if i = 1;∑
I⊂Φ≥i (−q)|I |H̃λ−∑

α∈I α
, if i > 1.

(1.67)

Corollary 1.51. For each i ≥ 1, the sets (Ni
λ

)λ∈X + are basis of H̃.

PROOF. This corollary follows thanks to Theorem 1.49 and unitriangularity of Ni over (Hµ)µ∈X + .
□

Definition 1.52. We call
(
Ni
λ

)
λ∈X +the i th pre-canonical basis.

Theorem 1.53. For λ ∈ X + we have the equation

N2
λ =

∑
µ∈X +
µ≤λ

qht(λ−µ)N1
µ

PROOF. You can see a proof of this fact in [12, Corollary 3.7]. □

https://www.jgibson.id.au/lievis/
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Example 1.54. Let Ã2. Consider the weight λ = 4ϖ1 +3ϖ2 or equivalently θ(λ) = sust sust sust sust s.
Now, we will exemplify how we can calculate Kazhdan–Lusztig polynomials hx,θ(λ) via pre-canonical
bases.

First, we address the decomposition of N3
λ

into the N2-basis. Notice that since the highest root in
Φ+ is α1,2 = α1 +α2, where ht(α1,2) = 2, then the pre-canonical basis N3 = H. Thus, we are working in
the expansion of Hλ = N3

λ
into the N2-basis. In this case, this expansion corresponds to subtracting as

many α1,2 roots as possible, and writing the number of the α1,2 roots subtracted as a power of q.

N3
λ =

1

N3

=

1

q

q2

q3

N2

= N2
λ+qN2

λ−α1,2
+q2N2

λ−2α1,2
+q3N2

λ−3α1,2
(1.68)

This diagram labeled in the botom with the basis correspond to the coefficient and the weights that
appear in the expansion of N3

λ
. This in the same spirit of Theorem 1.25 and Theorem 1.46. Next we

proceed to expand each term that forms par of the before presented expansion into the base N1. This
expansion corresponds to writing all the lower element of the corresponding indexed weight and de-
scribing the power of q as the height of the difference, this en concordance of Theorem 1.53.

1

q

q2

q3

N2

=

1

q q

q2 q2

q3 q3

q4

q5

q6

N1

+
q

q2 q2

q3

q4

q5

N1

+
q2

q4

q5

N1

+

q2

=

1

q q

q2+q q2

q3+q2 q3+q2

q4+q3+q2

q5+q4+q3

q6+q5+q4+q2

N1

(1.69)

As we presented each expansion is marked with a different color, particularly since the N1 basis is the
standard basis, we get the entire expansion of Hλ into the spherical standard basis Hµ. Obtaining the
expansion described in Figure Figure 7 if we replace q = v2.
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1

v2 v2

v4 + v2 v4

v6 + v4 v6 + v4

v8 + v6 + v4

v10 + v8 + v6

v12 + v10 + v8 + v4

H

FIGURE 7. Kazhdan–Lusztig polynomials obtained through pre-canonical bases.

An observation is that the before diagram is not totally filed, but it contains the value of the Kazhdan–
Lusztig polynomial hθ(µ),θ(λ). Although, thanks to Item (iv) of Theorem 1.35, we can complete this dia-
gram via multiplying by some powers of v as you go through the entire corresponding double coset of
each weight µ.

The following conjecture was stated in [12] and represents the main objective of this Thesis.

Conjecture 1.55. If Φ is a root system of type An , for each i ≥ 1 we have

Ni+1
λ ∈ ∑

µ∈X +
N[q]Ni

µ. (1.70)

The idea that this is true will be shown through control the simplifications of negative terms The-
orem 3.47.

Definition 1.56. For A ⊂Φ and µ ∈ X the M-elements are defined as follows:

MA
µ := ∑

I⊂A
(−q)|I |H̃µ−∑

I
(1.71)

Lemma 1.57. Let A ⊂Φ+ and µ ∈ X . Then, for all w ∈W f we have

MA
µ = (−1)ℓ(w)Mw(A)

w ·µ . (1.72)

In particular, if A = sk (A) and µk =−1, we have MA
µ = 0.

PROOF. The proof is by induction on ℓ(w). If ℓ(w) = 0 there is nothing to prove. If ℓ(w) = 1 then
w = sk for some 1 ≤ k ≤ n and the result is [12, Proposition 4.3]. Let w ∈W f with ℓ(w) > 1 and assume
that (1.72) holds for all w ′ ∈W f such that ℓ(w ′) < ℓ(w). We write w = sw ′ for some simple reflection
s and some w ′ ∈W f such that ℓ(w) = ℓ(w ′)+1. By our inductive hypothesis we have

MA
µ = (−1)ℓ(w ′)Mw ′(A)

w ′·µ = (−1)ℓ(w ′)(−1)Msw ′(A)
sw ′·µ = (−1)ℓ(w)Mw(A)

w ·µ , (1.73)

as we wanted to show. The last claim follows from (1.72) applied for w = sk together with the fact that
if µk =−1 then sk ·µ=µ. □

The above lemma has two easy corollaries that shows how we can modify the set indexing a M-
element, while keeping the same weight.
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Corollary 1.58. Let A ⊂ Φ+ and λ ∈ X . Let 1 ≤ r ≤ n and β ∈ Φ+. Suppose that sr (A) = A, 〈λ,αr 〉 = 0
and 〈β,αr 〉 = 1 then

MA
λ = MA∪{β}

λ
. (1.74)

PROOF. By the definition of M-elements we have MA∪{β}
λ

= MA
λ
− qMA

λ−β. Since 〈λ−β+ρ,αk〉 = 0

we conclude by Theorem 1.57 that MA
λ−β = 0, and the result follows. □

Corollary 1.59. Let A ⊆Φ≥2 and 1 ≤ r ≤ n. Suppose that A \ sr (A) = {α} and that β ∉ A. Furthermore,
assume that 〈α,αr 〉 = 〈β,αr 〉 = 1. If λ ∈ X and 〈λ,αr 〉 = 0 then

MA
λ = M(A\{α})∪{β}

λ
. (1.75)

PROOF. We begin by noticing that sr (A \ {α}) = A \ {α} and 〈λ−α+ρ,αr 〉 = 0. Therefore, Theo-
rem 1.57 implies that MA

λ
= MA\{α}

λ
. On the other hand, by applying Theorem 1.58 we obtain MA\{α}

λ
=

M(A\{α})∪{β}
λ

. By comparing the two expressions we get the desired equality. □
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1. Towards the First Inverse Decomposition

In this section, we collect various results concerning M-elements. Specifically, given MA
λ

where
A ⊆ Φ≥2 and λ ∈ X , we present several straightening rules that enable us to rewrite this element by
modifying either the set A or the weight λ. At this point, many of these rules lack clear motivation,
and their proofs involve delicate combinatorial arguments. Consequently, the initial reading might
appear somewhat dense. If this is the case, we encourage the reader to skip the proofs in this sec-
tion during their first pass and proceed directly to the next section where these results are applied.
Nonetheless, it is important for readers to keep in mind that our ultimate goal is to rewrite elements
of the form MA

λ
, where λ is non-dominant, in terms of elements MB

µ for some subset B and dominant
weights µ.

The results in this section pave the way for the First Inverse Decomposition (proved in the next

section) which expresses M
⪰αi , j

λ
as a linear combination of elements of the form M

≻αi , j
µ .

Definition 2.1. Let T ⊂ [1,n] and αi , j ∈Φ≥2. We say that K ⊆Φ≥2 is T -congruent to Φ≻αi , j (we write
K ∼T Φ

≻αi , j ) if the following conditions are satisfied:

(a)
⋃
t∈T

{α ∈Φ≻αi , j | st (α) ̸=α} ⊆ K .

(b) If α ∈ K \Φ≻αi , j then st (α) =α for all t ∈ T .

Example 2.2. Let us illustrate Theorem 2.1. Let n = 10, T = {4,5}, and K ⊆Φ≥2 such that K ∼T Φ
≻α3,6 .

Item (a) in Theorem 2.1 requires that the roots associated with the green boxes in ?? belong to K . On
the other hand, Item (b) requires that the roots associated with the red boxes in ?? do not belong to
K . All the remaining roots may optionally belong to K .

We stress that Φ≻αi , j ∼T Φ
≻αi , j for all T ⊂ [1,n]. The motivation behind Definition 2.1 is that we

need to work with M-elements with superscripts K that behave like Φ≻αi , j under the action of st for
t ∈ T . The following lemma make this statement precise.

Lemma 2.3. Let T ⊂ [1,n], αi , j ∈Φ≥2 and K ∼T Φ
≻αi , j . Then K \ st (K ) =Φ≻αi , j \ st (Φ≻αi , j ), for all t ∈ T .

PROOF. The result follows directly from Definition 2.1. □

For further reference, we write out the set Φ≻αi , j \ st (Φ≻αi , j ) explicitly. Let h = j − i + 1. Since
ht(st (αa,b)) < ht(αa,b) if and only if a = t or b = t , we have

Φ≻αi , j \ st (Φ≻αi , j ) =


{αt−h,t ,αt ,t+h}, if t < i ;
{αt−h,t }, if t = i ;
{αt−h,t , αt ,t+h−1}, if i < t ≤ j ;
{αt−h,t ,αt−h+1,t ,αt ,t+h−1}, if t = j +1;
{αt−h+1,t , αt ,t+h−1}, if j +1 < t .

(2.1)

In the above, if a root does not exist (for example, if t −h < 1) it is neglected.

Lemma 2.4. Let K ⊆Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let (r, p) be a pair of integers such that i < r ≤
p ≤ j , 1 ≤ r −h and p+h−1 ≤ n. Suppose that K ∼T Φ

≻αi , j where T = [r, p]. If λ ∈ X satisfies 〈λ,αt 〉 = 0
for all t ∈ T then

MY
λ = MZ

λ , (2.2)

where Y = K ∪ {αr−h,r−1} and Z =
(
Y \ [αr,r+h−1,αp,p+h−1]

)
∪ [αr−h+1,r ,αp−h+1,p ].

PROOF. We begin by noticing that αr−h,r−1 ∉ K , αt ,t+h−1 ∈ K and αt−h+1,t ∉ K , for all r ≤ t ≤ p.
Therefore, we do add and eliminate the roots that appear in the definition of sets Y and Z .
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We fix r and proceed by induction on p. Suppose p = r . Notice that in this case we have T = {r }
and Z = (Y \ {αr,r+h−1})∪ {αr−h+1,r }. By combining Theorem 2.3 and (2.1) we get

K \ st (K ) = {αt−h,t , αt ,t+h−1}, (2.3)

for all r ≤ t ≤ p.
By applying (2.3) for t = r we get Y \ sr (Y ) = {αr,r+h−1}. By hypothesis we have 〈λ,αr 〉 = 0. Then,

we can apply Theorem 1.59 at position r to the triple (Y ,αr,r+h−1,αr−h+1,r ) in order to obtain (2.2) for
the case p = r . This complete the base of our induction.

We now suppose that p > r and assume that the result holds for p −1. This is, we have MY
λ
= MZ ′

λ
where

Z ′ =
(
Y \ [αr,r+h−1,αp−1,p+h−2]

)
∪ [αr−h+1,r ,αp−h,p−1]. (2.4)

On the other hand, by applying (2.3) for t = p we get K \ sp (K ) = {αp−h,p , αp,p+h−1}. Since we
are assuming p > r , the definition of Y yields Y \ sp (Y ) = {αp−h,p , αp,p+h−1}. Furthermore, the sets
[αr,r+h−1,αp−1,p+h−2] and [αr−h+1,r ,αp−h−1,p−2] are sp -invariant. As sp (αp−h,p ) = αp−h,p−1 ∈ Z ′, we
can conclude that

Z ′ \ sp (Z ′) = {αp,p+h−1}. (2.5)

We stress that 〈λ,αp〉 = 0 and
Z = (Z ′ \ {αp,p+h−1})∪ {αp−h+1,p }. (2.6)

Thus, we can apply Theorem 1.59 at position p to the triple (Z ′,αp,p+h−1,αp−h+1,p ) to obtain MZ ′
λ

=
MZ
λ

. It follows that MY
λ
= MZ

λ
. This completes our inductive step and the proof of the lemma. □

Example 2.5. We illustrate Theorem 2.4 with an example. Consider i = 4 and j = 7, so that h = 4. Let
K = Φ≻α4,7 and r = 5. In the notation of the lemma, the set Y is shown in Figure 1a. Note that the
set Y does not depend on the value of p. We have three possible values for p, namely p = 5,6,7. For
each choice of p, the corresponding set Z is displayed in Figure 1b, Figure 1c, and Figure 1d. Then,
Theorem 2.4 asserts that for any λ ∈ X such that 〈λ,αi 〉 = 0 for each i = 5,6,7, we have

MY
λ = MZ5

λ
= MZ6

λ
= MZ7

λ
. (2.7)

1 2 3 4 5 6 7 8 9 10

(A) Y

1 2 3 4 5 6 7 8 9 10

(B) Z5

1 2 3 4 5 6 7 8 9 10

(C) Z6

1 2 3 4 5 6 7 8 9 10

(D) Z7

FIGURE 1. An example of Theorem 2.4.

Lemma 2.6. Let K ⊂Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let (r, p) be a pair of integers such that either
(r, p) = (i +1, j ) or i +1 < r ≤ p ≤ j . Furthermore, assume that 1 ≤ r −h. Let

T =
d⋃

m=0
[r +m(h −1), p +m(h −1)],

where d is a non-negative integer such that p + (d +1)(h −1) ≤ n. Suppose that K ∼T Φ
≻αi , j . If λ ∈ X

satisfies 〈λ,αt 〉 = 0 for all t ∈ T , then
MY
λ = MYd

λ
, (2.8)

where Y = K ∪ {αr−h,r−1} and

Yd = (Y \ [αr+d(h−1),r+(d+1)(h−1),αp+d(h−1),p+(d+1)(h−1)])∪ [αr−h+1,r ,αp−h+1,p ].
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PROOF. We proceed by induction on d . The case d = 0 is covered by Theorem 2.4. Let d ≥ 1 and
suppose the result holds for d −1. Then, we have MY

λ
= MYd−1

λ
.

Claim 2.7. Let r ′ = r +d(h −1), p ′ = p +d(h −1), i ′ = p + (d −1)(h −1), j ′ = p ′, T ′ = [r ′, p ′] and K ′ =
Yd−1 \ {αr ′−h,r ′−1}. Then K ′ ∼T ′ Φ≻αi ′, j ′ .

PROOF. Throughout the proof of the claim we fix t ∈ [r ′, p ′]. Suppose that α ∈ Φ≻αi ′, j ′ and that
st (α) ̸=α. Since αi , j ≺αi ′, j ′ we have α ∈Φ≻αi , j . As [r ′, p ′] ⊆ T and K ∼T Φ

≻αi , j we conclude that α ∈ K .
We stress that

Yd−1 = (Y \ [αr ′−h+1,r ′ ,αp ′−h+1,p ′])∪ [αr−h+1,r ,αp−h+1,p ]
= (K \ [αr ′−h+1,r ′ ,αp ′−h+1,p ′])∪ [αr−h,r−1,αp−h+1,p ].

(2.9)

Since [αr ′−h+1,r ′ ,αp ′−h+1,p ′]∩Φ≻αi ′, j ′ = ; we conclude that α ∈ Yd−1. As K ′ = Yd−1 \ {αr ′−h,r ′−1} and
αr ′−h,r ′−1 ∉Φ≻αi ′, j ′ we get α ∈ K ′. This proves condition (a) in Theorem 2.1 for K ′, T ′ and Φ≻αi ′, j ′ .

We now prove condition (b) in Theorem 2.1 for K ′, T ′ and Φ≻αi ′, j ′ . Let α ∈ K ′ \Φ≻αi ′, j ′ . Then
α ∈ Yd−1 and α ̸= αr ′−h,r ′−1. We must show that st (α) = α. Suppose that α ∈ [αr−h,r−1,αp−h+1,p ]. If
d > 1 then r+(h−1) < r ′ ≤ t . But p < r+(h−1) holds independently of the value of d . We conclude that
p+1 < t and therefore we have st (α) =α. Similarly, if d = 1 and i+1 < r then we have p+1 < t . Thus in
this case we still have st (α) =α. Finally, suppose that d = 1, r = i+1 and p = j . In this case we can only
guarantee p +1 ≤ t . Therefore, st (α) =α with the exception of the case when t = p +1 = r ′ = j +1 and
α=αp−h+1,p =αi , j . However, we have αr ′−h,r ′−1 =αi , j . Thus the above case must not be considered
as αr ′−h,r ′−1 ∉ K ′. Summing up, if α ∈ K ′ \Φ≻αi ′, j ′ and α ∈ [αr−h,r−1,αp−h+1,p ] we must have st (α) =α.

By the previous paragraph and (2.9) we can assume that α ∈ K \ [αr ′−h+1,r ′ ,αp ′−h+1,p ′]. If α ∉
Φ≻αi , j then st (α) = α since K ∼T Φ

≻αi , j . Therefore we can assume αi , j ≺ α. As α ∉ Φ≻αi ′, j ′ and
α ∉ [αr ′−h+1,r ′ ,αp ′−h+1,p ′] we must have α ∈ [αi+1, j+1,αr ′−h,r ′−1] (we recall that i ′ = p ′ − h + 1 and
j ′ = p ′). Furthermore, we can assume α belongs to the half-open interval [αi+1, j+1,αr ′−h,r ′−1) as
αr ′−h,r ′−1 ∉ K ′ by definition. Since r ′ ≤ t we have that in the interval [αi+1, j+1,αr ′−h,r ′−1) all the roots
are fixed by st . This finishes the verification of condition (b) in Theorem 2.1 and the proof of the
claim. □

Let us return to the proof of the lemma. Applying Theorem 2.4 to K ′, αi ′, j ′ , r ′ and p ′ yields MYd−1
λ

=
MZ
λ

, where

Z = (Yd−1 \ [αr ′,r ′+h−1,αp ′,p ′+h−1])∪ [αr ′−h+1,r ′ ,αp ′−h+1,p ′]. (2.10)

By combining (2.9) and (2.10) it is easy to see that Z = Yd . Therefore, MY
λ
= MYd−1

λ
= MZ

λ
as we wanted

to show. □

Example 2.8. We illustrate Theorem 2.6 with an example. Consider i = 4 and j = 7, so that h = 4.
Let K = Φ≻α4,7 . The sets involved in the two cases are displayed in Figure 2 and fig. 3, depending
on the value of r . For this example, we choose (r, p) = (6,7), which satisfies i + 1 < r , whereas the
alternative case corresponds to (r, p) = (5,7). Using the notation of the lemma, the set Y is depicted
in Figure 2a and Figure 3a. If we set n = 13, then d has two possible values, namely d = 0 and d = 1.
For each choice of d , the corresponding set Yd is shown in Figure 2b and Figure 2c for the first case,
and in Figure 2b and Figure 2c for the second case. Finally, by Theorem 2.6, for any λ ∈ X such that
〈λ,αt 〉 = 0 for all t ∈ {6,7,9,10} in case i +1 < r or 〈λ,αt 〉 = 0 for all t ∈ [5,10] in case (i +1, j ), it follows
that

MY
λ = MY0

λ
= MY1

λ
. (2.11)
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1 2 3 4 5 6 7 8 9 10 11 12 13

(A) Y

1 2 3 4 5 6 7 8 9 10 11 12 13

(B) Y0

1 2 3 4 5 6 7 8 9 10 11 12 13

(C) Y1

FIGURE 2. Case i +1 < r ≤ p ≤ j of Theorem 2.6.

1 2 3 4 5 6 7 8 9 10 11 12 13

(A) Y

1 2 3 4 5 6 7 8 9 10 11 12 13

(B) Y0

1 2 3 4 5 6 7 8 9 10 11 12 13

(C) Y1

FIGURE 3. Case (r, p) = (i +1, j ) of Theorem 2.6.

The following result is a slight variation of Theorem 2.6. The key distinction between both results
lies in the p ′-th coordinate of λ: in Theorem 2.6, it is 0, whereas in Theorem 2.9, it is −1. Another
difference is that Theorem 2.6 modifies the superscript of the corresponding M-element while main-
taining the same weight. In contrast, Theorem 2.9 preserves the superscript but changes the weight
indexing the relevant M-element.

Lemma 2.9. Let K ⊂Φ≥2 and αi , j ∈Φ≥2 and h = j−i+1. Let (r, p) be integers such that i+1 < r ≤ p ≤ j .
Additionally, assume that 1 ≤ r −h. Let

T =
d⋃

m=0
[r +m(h −1), p +m(h −1)],

where d is a non-negative integer such that p ′ := p +d(h −1) ≤ n. Let λ ∈ X satisfying 〈λ,αt 〉 = 0 for
all t ∈ T \ {p ′}, and 〈λ,αp ′〉 =−1. Then, if K ∼T Φ

≻αi , j we have

MY
λ =

qMY
λ−αp′+1,p′+h−1

, if p ′+h −1 ≤ n;

0, otherwise,
(2.12)

where Y = K ∪ {αr−h,r−1}.

PROOF. Let

T0 =
d−1⋃
m=0

[r +m(h −1), p +m(h −1)]. (2.13)

Since T0 ⊂ T we have K ∼T0 Φ
≻αi , j . It follows from Theorem 2.6 that MY

λ
= MYd−1

λ
, where

Yd−1 = (Y \ [αr ′−h+1,r ′ ,αp ′−h+1,p ′])∪ [αr−h+1,r ,αp−h+1,p ],

and r ′ = r +d(h −1).
We split the proof into three cases based on whether r ′+h −1 and p ′+h −1 are less than, equal

to, or greater than n. We stress that r ′+h −1 ≤ p ′+h −1.
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Case 1. p ′+h − 1 ≤ n. Let µ = λ−αp ′+1,p ′+h−1. We have 〈µ,αt 〉 = 〈λ,αt 〉 = 0 for all t ∈ T0. Then,

Theorem 2.6 implies that MY
µ = MYd−1

µ . Let i ′ = p + (d −1)(h −1), j ′ = p ′, T1 = [r ′, p ′], and K ′ = Yd−1 \

{αr ′−h,r ′−1}. Theorem 2.7 implies that K ′ ∼T1 Φ
≻αi ′, j ′ . We notice that we cannot apply Theorem 2.4 to

λ in this setting since 〈λ,αp ′〉 = −1 and p ′ ∈ T1. However, we can consider T2 = T1 \ {p ′} = [r ′, p ′−1].
Since T2 ⊂ T1, we have K ′ ∼T2 Φ

≻αi ′, j ′ . On the other hand, 〈µ,αt 〉 = 〈λ,αt 〉 = 0 for all t ∈ T2. We are

now in a position to apply Theorem 2.4. Consequently, we obtain MYd−1
λ

= MZ
λ

and MYd−1
µ = MZ

µ , where

Z =
(
Yd−1 \ [αr ′,r ′+h−1,αp ′−1,p ′+h−2]

)
∪ [αr ′−h+1,r ′ ,αp ′−h,p ′−1].

=
(
Y \

(
[αr ′,r ′+h−1,αp ′−1,p ′+h−2]∪ {αp ′−h+1,p ′}

))
∪ [αr−h+1,r ,αp−h+1,p ].

(2.14)

This yields MY
λ
= MZ

λ
and MY

µ = MZ
µ .

On the other hand, since K ∼T Φ
αi , j and j < p ′ ∈ T , we conclude via Theorem 2.3 and (2.1) that

K \sp ′(K ) = {αp ′−h+1,p ′ ,αp ′,p ′+h−1}. Furthermore, the set Z is obtained from K by adding and eliminat-
ing a number of roots. Among these roots, the only one that is not fixed by sp ′ is αp ′−h+1,p ′ , and this
root has been eliminated from K to obtain Z . Thus, Z \ sp ′(Z ) = {αp ′,p ′+h−1}. Since sp ′(αp ′,p ′+h−1) =
αp ′+1,p ′+h−1, the set Z ∪ {αp ′+1,p ′+h−1} is sp ′-invariant. Therefore, the fact that 〈λ,αp ′〉 =−1 and Theo-
rem 1.57 imply that

0 = M
Z∪{αp′+1,p′+h−1}

λ
= MZ

λ −qMZ
λ−αp′+1,p′+h−1

= MZ
λ −qMZ

µ . (2.15)

We conclude that MY
λ
= qMY

µ , as desired.

Case 2. p ′+h −1 > n and r ′+h −1 ≤ n.
Let p ′′ = n − h + 1 and T3 = [r ′, p ′′]. Also, consider i ′, j ′, T1 and K ′ as defined in Case 1. By

Theorem 2.7 we obtain K ′ ∼T1 Φ
≻αi ′, j ′ . As T3 ⊂ T1, we conclude that K ′ ∼T3 Φ

≻αi ′, j ′ . By applying Theo-

rem 2.4 with respect to K ′, Φ≻αi ′, j ′ , (r ′, p ′′), and λ, we get MYd−1
λ

= MZ1
λ

, where

Z1 =
(
Yd−1 \ [αr ′,r ′+h−1,αp ′′,n]

)
∪ [αr ′−h+1,r ′ ,αp ′′−h+1,p ′′]

=
(
Y \

(
[αp ′′−h+2,p ′′+1,αp ′−h+1,p ′]∪ [αr ′,r ′+h−1,αp ′′,n]

))
∪ [αr−h+1,r ,αp−h+1,p ].

(2.16)

Thus, MY
λ
= MZ1

λ
.

Let f = p ′−p ′′. We notice that f ≥ 1. For 1 < k ≤ f we inductively define

Zk = Zk−1 ∪ {αp ′′+(k−1)−(h−1),p ′′+(k−1)}. (2.17)

A precise inspection of the definition of set Zk shows that it is sp ′′+k -invariant. Thus Theorem 1.57
and 〈λ−αp ′′+(k−1)−(h−1),p ′′+(k−1),αp ′′+k−1〉 =−1 imply

MZk
λ

= MZk−1
λ

−qMZk−1
λ−αp′′+(k−1)−(h−1),p′′+(k−1)

= MZk−1
λ

. (2.18)

We conclude that MY
λ
= MZ1

λ
= MZ2

λ
= ·· · = M

Z f

λ
. Since Z f is sp ′-invariant (p ′′+ f = p ′) and 〈λ,αp ′〉 =

−1, it follows from Theorem 1.57 that M
Z f

λ
= 0. Therefore, MY

λ
= 0, which completes the proof in this

case.

Case 3. r ′+h −1 > n. Let f = p ′− r ′. We notice that f ≥ 0. We define Z0 = Yd−1 and for 0 < k ≤ f we
inductively define

Zk = Zk−1 ∪ {αr ′+(k−1)−(h−1),r ′+(k−1)}. (2.19)
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The set Zk is sr ′+k -invariant for all 0 ≤ k ≤ f . Thus, 〈λ−αr ′+(k−1)−(h−1),r ′+(k−1),αr ′+(k−1)〉 = −1 and
Theorem 1.57 imply

MZk
λ

= MZk−1
λ

−qMZk−1
λ−αr ′+(k−1)−(h−1),r ′+(k−1)

= MZk−1
λ

, (2.20)

for all 1 ≤ k ≤ f . As before we conclude that MY
λ
= MZ0

λ
= MZ1

λ
= ·· · = M

Z f

λ
. Since Z f is sp ′-invariant

(r ′+ f = p ′) and 〈λ,αp ′〉 = −1, it follows from Theorem 1.57 that M
Z f

λ
= 0. Therefore, MY

λ
= 0, which

completes the proof in this case. □

Example 2.10. For the reader’s convenience we reproduce some relevant steps of the proof of Theo-
rem 2.9 in an example. Consider i = 5 and j = 9, so that h = 5. Let K =Φ≻α5,9 , r = 7, p = 9 and d = 1.
In this case we have

T = [7,9]∪ [11,13], T0 = [7,9] and T2 = [11,12].

Take λ=−ϖ13. We stress that 〈λ,αt 〉 = 0 for t ∈ T \ {13} and 〈λ,α13〉 =−1.
To decide in which case of the proof we are we need to specify the value of n. We set n = 17,

so that we are in Case 1 of the proof. We set µ = λ−α14,17. We have Y = Φ≻α5,9 ∪ {α2,6}. This set is
illustrated in Figure 4a. Then we apply Theorem 2.6 (or even Theorem 2.4 since in this case d = 1) to
obtain the equalities MY

λ
= MY0

λ
and MY

µ = MY0
µ , where Y0 is illustrated in Figure 4b. Graphically, the

set Y0 is obtained from Y by adding the three boxes to the right of the box associated to α2,6 and by
eliminating the three boxes to the right of the box associated to α6,10.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(A) Y

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(B) Y0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(C) Z

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(D) Z ∪ {α14,17}

FIGURE 4. Case 1 in the proof of Theorem 2.9.

We now apply Theorem 2.4 to obtain the equalities MY0
λ

= MZ
λ

and MY0
µ = MZ

µ , where Z is depicted
in Figure 4c. We notice that Z is obtained from Y0 by adding the two boxes to the right of α6,10 and
by eliminating the two roots to the right of α10,14. We finally add the root α14,17 to the set Z . This set
is depicted in Figure 4d. The important thing here is that this set, Z ∪ {α14,17}, is invariant under s13.

Thus we apply Theorem 1.57 to conclude that M
Z∪{α14,17}
λ

= 0. Therefore, MY
λ
= qMY

λ−α14,17
.

To replicate the arguments from case 2, we select n = 15 to satisfy the conditions specific to this
case. The set Y = Φ≻α5,9 ∪ {α2,6} is depicted in Figure 5a for this particular choice of n. By applying
Theorem 2.6, we deduce that MY

λ
= MY0

λ
, similar to the previous case, where the set Y0 is illustrated in

Figure 5b.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(A) Y

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(B) Y0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(C) Z1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(D) Z2

FIGURE 5. Case 2 in the proof of Theorem 2.9.

At this stage, it is not possible to directly apply Theorem 2.4 with T2, as it does not satisfy the
condition 12 + h − 1 = 16 ≤ n. Instead, we select the largest subset of T2 that meets the required
criteria. In this instance, we choose T3 = {11} ⊂ T2. Consequently, it follows that MY0

λ
= MZ1

λ
, where the

set Z1 is represented in Figure 5c. By the construction of Z1 and our choice of n, we observe that it
is s12 - invariant. Thus, applying Theorem 1.57, we obtain MZ1

λ
= MZ2

λ
, where Z2 is derived from Z1 by

adding the root α8,12. Furthermore, the construction of Z2 ensures that it is s13-invariant. Combined
with the condition 〈λ,α13〉 =−1, this allows us to conclude that MZ2

λ
= 0. Therefore MY

λ
= 0.

The arguments in case 3 are very similar to those in case 2, so we omit its example.

Theorem 2.9 marks the first instance where our philosophy begins to emerge: attempting to
eliminate negative coordinates in weights indexing M-elements. Specifically, for λ as defined in the
lemma, we observe that 〈λ,αp ′〉 = −1 and 〈λ−αp ′+1,p ′+h−1,αp ′〉 = 0 (where λ−αp ′+1,p ′+h−1 is the
weight appearing on the right-hand side of (2.12)). However, if 〈λ,αp ′+h−1〉 = 0, this would intro-
duce a −1 in the p ′+h −1 coordinate of λ−αp ′+1,p ′+h−1. The significance here is that this new −1
coordinate is positioned to the right of the original one, suggesting a potential resolution to this issue.

Lemma 2.11. Let K ⊂Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let (r, p) be integers with i +1 < r ≤ p ≤ j . Let
d be a positive integer such that p + (d +1)(h −1) ≤ n. Let

T =
d⋃

m=0
[r +m(h −1), p +m(h −1)].

Let 0 ≤ k ≤ d and set p ′ = p+k(h−1). Let λ ∈ X satisfying 〈λ,αt 〉 = 0 for all t ∈ T \{p ′} and 〈λ,αp ′〉 =−1.
Then, if K ∼T Φ

≻αi , j , we have

MY
λ = qd−k+1MY

λ−αp′+1,p′+(d−k+1)(h−1)
, (2.21)

where Y = K ∪ {αr−h,r−1}.

PROOF. We fix d and proceed by induction on d −k. The base case d = k is Theorem 2.9. We now
assume that 0 < d−k and that the result holds for all k ′ such that d−k ′ < d−k. We apply Theorem 2.9
using the set

T ′ =
k⋃

m=0
[r +m(h −1), p +m(h −1)].

We obtain MY
λ
= qMY

µ , where µ = λ−αp ′+1,p ′+(h−1). Then, we apply our inductive hypothesis to k ′ =
k +1, T and µ to obtain

MY
µ = qd−k ′+1MY

µ−αp′+h,p′+h−1+(d−k′+1)(h−1)
= qd−k MY

λ−αp′+1,p′+(d−k+1)(h−1)
. (2.22)

Therefore, MY
λ
= qd−k+1MY

λ−αp′+1,p′+(d−k+1)(h−1)
as we wanted to show. □
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Example 2.12. We proceed to illustrate Theorem 2.11 with an example. Consider i = 3, j = 6, (r, p) =
(5,6), and k = 1. Additionally, let K =Φ≻α3,6 . The value of d must be chosen to be at least k, with its
upper limit determined by the value of n. Suppose n = 18, and let us illustrate, the different results
obtained for various values of d . Under this setting, d = 1,2,3. Thus, for T = {5,6,8,9,11,12,14,15}
and λ ∈ X satisfying 〈λ,αt 〉 = 0 for t ∈ T \ {9} and 〈λ,α9〉 =−1, we have, by Theorem 2.11,

MY
λ = qMY

λ−α9,12
= q2MY

λ−α9,15
= q3MY

λ−α9,18
. (2.23)

The following lemma represents a minor variation of Theorem 2.11. In the notation of this lemma,
we set r = i +1 and adjust the set T to allow the application of Theorem 2.6 in this context. The proof
follows a similar approach to that of Theorem 2.11; therefore, we omit it for brevity.

Lemma 2.13. Let K ⊂Φ≥2, αi , j ∈Φ≥2, and set h := j − i +1. Let p be an integer with i +1 ≤ p ≤ j , and
assume i −h +1 ≥ 1. Let d be a positive integer such that p +d(h −1) ≤ n, and define

T = [ i +1+d(h −1), p +d(h −1)] ∪
d−1⋃
m=0

[ i +1+m(h −1), j +m(h −1)]. (2.24)

Let 0 ≤ k ≤ d and set p ′ := p +k(h −1). Let λ ∈ X satisfy

〈λ,αp ′〉 =−1 and 〈λ,αt 〉 = 0 for all t ∈ T \ {p ′}. (2.25)

If k < d , additionally assume 〈λ,αp ′+1〉 = 1. Suppose K ∼T Φ
≻αi , j . Then

MY
λ =

q d−k+1 MY
λ−αp′+1, p′+(d−k+1)(h−1)

, if p + (d +1)(h −1) ≤ n,

0, otherwise,
(2.26)

where Y = K ∪ {α i−h+1, i }.

Lemma 2.14. Let K ⊂Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let p be an integer such that i −h +1 ≤ p ≤ i
and

T =
d⋃

m=0
[p −mh, i −mh],

where d is a positive integer such that p ′ := p−dh ≥ 1. Let λ ∈ X satisfying 〈λ,αt 〉 = 0 for all t ∈ T \{p ′},
and 〈λ,αp ′〉 =−1. Then, if K ∼T Φ

≻αi , j we have

MK
λ =

qMK
λ−αp′−h,p′−1

, if p ′−h ≥ 1;

0, otherwise.
(2.27)

PROOF. We first treat the case p ′−h ≥ 1. In this case αp ′−h,p ′−1 exists. Furthermore, since K ∼T

Φ≻αi , j and p ′ ∈ T we have αp ′−h,p ′−1 ̸∈ K . Therefore,

M
K∪{αp′−h,p′−1}

λ
= MK

λ −qMK
λ−αp′−h,p′−1

. (2.28)

Thus it suffices to show that M
K∪{αp′−h,p′−1}

λ
= 0. Set K0 = K ∪ {αp ′−h,p ′−1} and

βm =
αi , j , if m = 0;

αi−mh,i−(m−1)h , if 1 ≤ m ≤ d +1.
(2.29)

We also define Km = (Km−1 \ {βm})∪ {βm−1} for 1 ≤ m ≤ d +1. By combining the fact that K ∼T Φ
≻αi , j

together with Theorem 2.3 and (2.1) we conclude that Km \ si−mh(Km) = {βm+1} for 0 ≤ m < d . There-
fore, a successive application of Theorem 1.59 for m = 0,1, . . . ,d − 1 at position i −mh to the triple
(Km ,βm+1,βm) yields

MK0
λ

= MKd
λ

. (2.30)
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We proceed by induction on i −p. If p = i then p ′ = i −dh and Kd = sp ′(Kd ). Since 〈λ,αp ′〉 =−1 it

follows by Theorem 1.57 that MKd
λ

= 0, which proves the lemma when p = i .
We now assume that p < i . In this case, Kd \ si−dh(Kd ) = {βd+1}. Then another application of

Theorem 1.59 at position i −dh to the triple (Kd ,βd+1,βd ) yields

MK0
λ

= MKd
λ

= MKd+1
λ

. (2.31)

We stress that Kd+1 = (K0\{βd+1})∪{β0} = (K \{αi−(d+1)h,i−dh})∪{αp ′−h,p ′−1,αi , j }. Using this description
and the fact that K ∼T Φ

≻αi , j it is easy to see that Kd+1 \ {αp ′−h,p ′−1} ∼T ′ Φ≻αi−1, j−1 , where

T ′ =
d⋃

m=0
[p −mh, i −1−mh].

Since (i−1)−p < i−p we can apply our inductive hypothesis to conclude that MKd+1
λ

= 0. This finishes
the proof in the case p ′−h ≥ 1.

The case p ′ −h < 1 is dealt with similarity. Indeed, we repeat the same argument but with K
playing the role of K0 = K ∪ {αp ′−h,p ′−1}, as the root αp ′−h,p ′−1 does not exist in this case. For the sake
of brevity we leave the details to the reader. □

Lemma 2.15. Let K ⊂Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let p be an integer such that i −h +1 < p ≤ i .
Let d be a positive integer such that p − (d +1)h ≥ 1. Let

T =
d⋃

m=0
[p −mh, i −mh]. (2.32)

Let 1 ≤ k ≤ d and set p ′ = p −kh. Let λ ∈ X satisfying 〈λ,αt 〉 = 0 for all t ∈ T \ {p ′} and 〈λ,αp ′〉 = −1.
Then, if K ∼T Φ

≻αi , j , we have

MK
λ = qd−k+1MK

λ−αp′−(d−k+1)h,p′−1
. (2.33)

PROOF. For a fixed d , we proceed by induction on d − k. The base case d = k corresponds to
Theorem 2.14. Now, suppose that d −k > 0 and that the result holds for all k ′ such that d −k ′ < d −k.
We apply Theorem 2.14 to K , λ, αi , j , p, and k, obtaining MK

λ
= qMK

µ , where µ= λ−αp ′−h,p ′−1. Next,
using the inductive hypothesis on K , µ, αi , j , k ′ = k +1, and d , we have

MK
µ = qd−k ′+1MK

µ−αp′−h−(d−k′+1)h,p′−h−1
= qd−k MK

λ−αp′−(d−k+1)h,p′−1
. (2.34)

Thus, we conclude that MK
λ
= qd−k+1MK

λ−αp′−(d−k+1)h,p′−1
, as required.

□

Definition 2.16. Let Z ⊆ Φ≥2 and I = (i1, i2, . . . , ip ) be a sequence of positive integers such that 1 ≤
i1 < i2 < ·· · < ip ≤ n. Let

Iα =
p−1⋃
a=1

{αia ,ia+1 }. (2.35)

For 1 ≤ b ≤ p, we say that I is (Z , ib)-admissible if the following conditions hold.

(a) Iα ⊆ Z .
(b) For 1 ≤ a ≤ p −1 if ia+1 − ia = 1 then we have a = p −1 and b ̸= p.
(c) siq (Z \ Iα) = Z \ Iα for all 2 ≤ q ≤ p −1 and q = b.

Remark 2.17. Notice that the condition q = b in Theorem 2.16(c) is redundant unless b = 1 or b = p.

Lemma 2.18. Let Z ⊆Φ≥2 and I = (i1, i2, . . . ip ) be a sequence of positive integers such that I is (Z ,b)-
admissible for some 1 ≤ b ≤ p. Let λ ∈ X such that 〈λ,αiq 〉 = 0 for all 2 ≤ q ≤ p −1 with q ̸= b, and



1. TOWARDS THE FIRST INVERSE DECOMPOSITION 41

〈λ,αb〉 =−1. Then, we have

MZ
λ =



qb−1MZ
λ−αi1,ib−1

+q p−bMZ
λ−αib+1,ip

−q p−1MZ
λ−αi1,ib−1−αib+1,ip

, if 2 ≤ b ≤ p −1;

q p−1MZ
λ−αi1,ip−1

, if b = p;

q p−1MZ
λ−αi1+1,ip

, if b = 1.

(2.36)

PROOF. By definition of M-elements we have

MZ
λ = ∑

J⊂Y
(−q)|J |MZ \Y

λ−ΣJ
. (2.37)

We first treat the case 2 ≤ b ≤ p −1. Set Y = Iα. We will study each one of the terms occurring in
the sum of the right-hand side of (2.37). We claim that

MZ \Y
λ−ΣJ

=



(−1)p−2MZ \Y
λ−αi1,ib−1−αib+1,ip

, if J = Y ;

(−1)b−1MZ \Y
λ−αi1,ib−1

, if J =
b−1⋃
a=1

{αia ,ia+1 };

(−1)p−bMZ \Y
λ−αib+1,ip

, if J =
p−1⋃
a=b

{αia ,ia+1 };

0, otherwise.

(2.38)

If J = Y then by applying Theorem 1.57 for w = si2 si3 · · · sip−1 we get

MZ \Y
λ−∑

Y
= (−1)p−2Mw(Z \Y )

w ·(λ−∑
Y ) = (−1)p−2MZ \Y

w ·(λ−∑
Y ), (2.39)

where the last equality follows by the fact that I is a (Z ,b)-admissible set.
We now compute w · (λ−ΣY ). We notice that for 2 ≤ j ≤ p −1 we have〈

λ−ΣY ,αi j

〉
=

{
−2, if j ̸= b;
−3, if j = b.

(2.40)

Therefore,

si j · (λ−ΣY ) =
{
λ−ΣY +αi j , if j ̸= b;
λ−ΣY +2αib , if j = b.

(2.41)

On the other hand, by Item (b) of Theorem 2.16 we have si j (αik ) =αik for j ̸= k. Then, we obtain

w · (λ−ΣY ) =λ−ΣY +αib +
p−1∑
j=2

αi j =λ−αi1,ib−1 −αib+1,ip . (2.42)

By combining (2.39) and (2.42) we obtain the first row of (2.38).

For J =
b−1⋃
a=1

{αia ,ia+1 } we apply Theorem 1.57 for w = si2 · · · sib in order to obtain

MZ \Y
λ−ΣJ

= (−1)b−1Mw(Z \Y )
w ·(λ−ΣJ ) = (−1)b−1MZ \Y

w ·(λ−ΣJ ). (2.43)
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In this case notice that 〈λ−ΣJ ,αi j 〉 = −2 for all 2 ≤ j ≤ b. Thus the second row in (2.38) follow from
the equality

w · (λ−ΣJ ) =λ−ΣJ +
b∑

j=2
αi j =λ−αi1,ib−1. (2.44)

The case J =
p−1⋃
a=b

{αia ,ia+1 } is dealt with similarity. Indeed, we apply Theorem 1.57 for w = sib sib+1 · · · sip−1

and compute

w · (λ−ΣJ ) =λ+
p−1∑
j=b

(−αi j ,i j+1 +αi j ) =λ−αib+1,ip , (2.45)

which gives the third row in (2.38).
It remains to show the last row of (2.38). Let J ⊂ Y be such that αi j−1,i j ∈ J but αi j ,i j+1 ̸∈ J for some

j ̸= b. We have 〈λ−ΣJ ,αi j 〉 =−1. Thus Theorem 1.57 and si j (Z \ Y ) = Z \ Y implies

MZ \Y
λ−ΣJ

= 0. (2.46)

Finally, if J =; then 〈λ,αib 〉 =−1, so MZ \Y
λ

= 0 by Theorem 1.57. This finishes the proof of (2.38).
By combining (2.37) and (2.38) we obtain

MZ
λ = qb−1MZ \Y

λ−αi1,ib−1
+q p−bMZ \Y

λ−αib+1,ip
−q p−1MZ \Y

λ−αi1,ib−1−αib+1,ip
. (2.47)

Although (2.47) looks like very similar to the first row of (2.36), we still have a big discrepancy,
namely, the superindex of the M-elements. To deal with this we expand MZ

µ in terms of MZ \Y -
elements for µ being each one of the three subindexes occurring in (2.47).

Claim 2.19. The following equalities hold.

MZ
λ−αi1,ib−1

= MZ \Y
λ−αi1,ib−1

−q p−1MZ \Y
λ−αi1,ib−1−αi1,ip

. (2.48)

MZ
λ−αib+1,ip

= MZ \Y
λ−αib+1,ip

−q p−1MZ \Y
λ−αib+1,ip −αi1,ip

. (2.49)

MZ
λ−αi1,ib−1−αib+1,ip

= MZ \Y
λ−αi1,ib−1−αib+1,ip

−qb−1MZ \Y
λ−αi1,ib−1−αi1,ip

−q p−bMZ \Y
λ−αi1,ip −αib+1,ip

. (2.50)

PROOF OF THEOREM 2.19. We first prove (2.48). We begin by noticing that

MZ
λ−αi1,ib−1

= ∑
J⊆Y

(−q)|J |MZ \Y
λ−αi1,ib−1−ΣJ

. (2.51)

Thus, (2.48) follows from

MZ \Y
λ−αi1,ib−1−ΣJ

=


MZ \Y
λ−αi1,ib−1

, if J =;;

(−1)p−2MZ \Y
λ−αi1,ib−1−αi1,ip

, if J = Y ;

0, otherwise.

(2.52)

If J = ; there is nothing to prove. For J = Y we notice that 〈λ−αi1,ib−1 −ΣY ,αi j 〉 = −2 for all
2 ≤ j ≤ p −1. Let w = si2 · · · sip−1 . Arguing as before, we obtain

w · (λ−αi1,ib−1 −ΣY ) =λ−αi1,ib−1 −ΣY +
p−1∑
j=2

αi j =λ−αi1,ib−1 −αi1,ip . (2.53)

Therefore, by applying Theorem 1.57 for the element w we get

MZ \Y
λ−αi1,ib−1−ΣY

= (−1)p−2Mw(Z \Y )
w ·(λ−αi1,ib−1−ΣY ) = (−1)p−2MZ \Y

λ−αi1,ib−1−αi1,ip
. (2.54)
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Now if J ̸= ; and J ̸= Y there is an index 2 ≤ j ≤ p −1 such that αi j−1,i j ∈ J and αi j ,i j+1 ∉ J . It follows
that

〈λ−αi1,ib−1 −ΣJ ,αi j 〉 =−1. (2.55)

Therefore, by applying Theorem 1.57 to the element si j we conclude that MZ \Y
λ−αi1,ib−1−ΣJ

= 0. This

finishes the proof of (2.52) and (2.48).
The proofs of (2.49) and (2.50) follow by the identities

MZ \Y
λ−αib+1,ip −ΣJ

=


MZ \Y
λ−αib+1,ip

, if J =;;

(−1)p−2MZ \Y
λ−αib+1,ip −αi1,ip

, if J = Y ;

0, otherwise;

(2.56)

and

MZ \Y
λ−αi1,ib−1−αib+1,ip −ΣJ

=



MZ \Y
λ−αi1,ib−1−αib+1,ip

, if J =;;

(−1)b−2MZ \Y
λ−αi1,ib−1−αi1,ip

, if J =
b−1⋃
a=1

{αia ,ia+1 };

(−1)p−b−1MZ \Y
λ−αi1,ip −αib+1,ip

, if J =
p−1⋃
a=b

{αia ,ia+1 };

0, otherwise.

(2.57)

Both (2.56) and (2.57) are proved using computations similar to the ones used in the proof of
(2.52). For the sake of brevity we omit the details. This completes the proof of Theorem 2.19. □

Using Theorem 2.19 it is now straightforward to see that (2.47) is equivalent to the first row of
(2.36). This finishes the proof of this case.

We now prove the case b = p. Equation (2.37) still holds but the role of (2.38) is played by the
following

MZ \Y
λ−ΣJ

=
 (−1)p−1MZ \Y

λ−αi1,ip−1
, if J = Y ;

0, otherwise.
(2.58)

Let us prove this equality. If J = Y . Considering w = si2 · · · sip and that in this case 〈λ−ΣY ,αi j 〉 = −2
for all 2 ≤ j ≤ p, we can compute

w · (λ−ΣY ) =λ−αi1,ip−1. (2.59)

This calculation give us by Theorem 1.57 the first row of (2.58).
We now assume that J ̸= Y . If αip−1,ip ̸∈ J , then 〈λ−ΣJ ,αip 〉 =−1. Thus, MZ \Y

λ−ΣJ
= 0 by Theorem 1.57.

Then we can assume that αip−1,ip ∈ J . Since J ̸= Y there is an index 2 ≤ j < p such that αi j−1,i j ̸∈ J
but αi j ,i j+1 ∈ J . In this situation we have 〈λ−ΣJ ,αi j 〉 = −1. Once again Theorem 1.57 implies that

MZ \Y
λ−ΣJ

= 0. This proves the second row of (2.58). A combination of (2.37) and (2.58) yields

MZ
λ = q p−1MZ \Y

λ−αi1,ip−1
. (2.60)

On the other hand, we claim that

MZ \Y
λ−αi1,ip−1−ΣJ

=
{

MZ \Y
λ−αi1,ip−1

, if J =;;

0, otherwise.
(2.61)

We notice that 〈λ−αi1,ip−1,αi j 〉 = 0 for all 2 ≤ j ≤ p. If J =;, there is nothing to prove. If J ̸= ; then
there exist some index 2 ≤ j ≤ p such that 〈λ−αi1,ip−1 −ΣJ ,αi j 〉 =−1. By Theorem 1.57 it follows that

MZ \Y
λ−αi1,ip−1−ΣJ

= 0. This proves (2.61).
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By applying (2.37) to the weight λ−αi1,ip−1 and (2.61) we obtain

MZ
λ−αi1,ip−1

= MZ \Y
λ−αi1,ip−1

. (2.62)

Finally, the case b = p in (2.36) follows by combining (2.60) and (2.62).

Case b = 1 is similar to case b = p, which we shall omit for brevity. □
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2. Towards the Second Inverse Decomposition

In this section we develop the tools for refining the decomposition Theorem 3.15.
We begin by introducing some notation.

Definition 2.20. Let u ≥ 1, h ≥ 2 and (v, x) be a pair of non-negative integers. For λ ∈ X we define

Ru(λ) =−〈λ,αu〉, Ru,v (λ) =−〈λ,αu,u+v〉, Ru,v,x(λ) =
x∑

m=0
Ru,v+hm(λ). (2.63)

We stress that Ru,0(λ) = Ru(λ), Ru,v,0(λ) = Ru,v (λ) and Ru,0,0(λ) = Ru(λ).

Definition 2.21. Let h ≥ 2 and A ⊂ Φ≥h . We say that A is a trapezoid at height h if A satisfies the
following conditions:

(1) If α,β ∈ A are roots of the same height and α ≺ β, then every root γ with α ≺ γ ≺ β also
belongs to A.

(2) If αi , j ∈ A and ht(αi , j ) > h, then the adjacent roots αi , j−1 and αi+1, j also lie in A.

The name trapezoid reflects the fact that the set of squares associated with the roots in A forms a
shape resembling a trapezoid, as illustrated in Figure 6a.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

(A) Trapezoid at height 3.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

(B) Set Y7,4 = Y7,4(α23,25)

FIGURE 6. Examples of sets in Theorem 2.21 and Theorem 2.26.

Definition 2.22. Let k ≥ 0 and αi , j ∈Φ+. We define

Sk (αi , j ) = {αi−m, j | 0 ≤ m ≤ k}. (2.64)

Lemma 2.23. Let Y ⊂ Φ+, αi , j ∈ Φ≥2 and k ≥ 0. Assume that Y \ Sk (αi , j ) is st -invariant for every
i −k ≤ t ≤ i . Let λ ∈ X be such that Rt (λ) = 0 for i −k ≤ t < i and that Ri (λ) = r for some 0 ≤ r ≤ k +1.
Then we have

MY
λ = qr M

Y \Sk (αi , j )

λ−rαi+1, j
. (2.65)

PROOF. Let S = Sk (αi , j ). By definition of M-elements, we have

MY
λ = ∑

I⊂S
(−q)|I |MY \S

λ−ΣI
. (2.66)

We first treat the case r = 0. Let ; ̸= I ⊂ S. Let m0 = min{0 ≤ m ≤ k |αi−m, j ∈ I }. By the minimality
of m0 we have Ri−m0 (λ−ΣI ) = 1. As Y \S is sb−m0 -invariant, Theorem 1.57 yields MY \S

λ−ΣI
= 0. Therefore,

the only term that contributes to the sum in (2.66) is the one corresponding to I = ;. Thus, MY
λ
=

MY \S
λ

, which is the claim of the lemma for r = 0.

We now treat the case r ≥ 1. Arguing as in the previous paragraph, it is easy to see that MY \S
λ−ΣI

= 0
unless I = Su(αi , j ) for some 0 ≤ u ≤ k. We claim that in fact u = r − 1. Indeed, if u > r − 1 then
〈λ−ΣI +ρ,αi−r,i 〉 = 0. Therefore, sαi−r,i ·(λ−ΣI ) =λ−ΣI , and Theorem 1.57 implies that MY \S

λ−ΣI
= 0. On

the other hand, if u < r −1 then 〈λ−ΣI +ρ,αi−r+1,i 〉 = 0, and once again, Theorem 1.57 would force
MY \S
λ−ΣI

= 0. All in all, we have shown that the only term that contributes to the sum in (2.66) is the
one associated to J := Sr−1(αi , j ).



46

It follows that
MY
λ = (−q)r MY \S

λ−ΣJ
= (−q)r (−1)r MY \S

λ−ΣJ+µ (2.67)

where µ =
r−1∑
m=0

(r −m)αi−m . We stress that to obtain the last equality we have applied Theorem 1.57

for w = si−(r−1) · · · si−1si . Finally, the result follows by noticing that ΣJ −µ= rαi+1, j . □

Corollary 2.24. Let αi , j ∈Φ≥2 and set h = j − i +1. Let A ⊂Φ≻αi , j be a trapezoid at height h. Denote
by αx,y and αu,v the roots corresponding to the top-left and bottom-right vertices of A, respectively. Let
B be the trapezoid obtained by pushing A one unit to the right. Let h′ = ht(αx,y ) and notice that h =
ht(αu,v ). Let λ ∈ X be such that Rt (λ) = 0 for y−(h′−h) ≤ t < y and Ry (λ) = r for some 0 ≤ r ≤ h′−h+1.
If y = u +1 then

MΦ
≻αi , j \A

λ = qr MΦ
≻αi , j \B

λ−rαy+1,y+(h−1)
. (2.68)

PROOF. The condition y = u+1 guarantees that the set (Φ≻αi , j \ A)\Sh′−h(αy,y+(h−1)) is st -invariant
for y − (h′−h) ≤ t ≤ y . Thus, Theorem 2.23 yields

MΦ
≻αi , j \A

λ = qr M
(Φ

≻αi , j \A)\Sh′−h (αy,y+(h−1))

λ−rαy+1,y+(h−1)
. (2.69)

On the other hand, we have

B = (A∪Sh′−h(αy,y+(h−1))) \ {αx,y−m | 0 ≤ m ≤ h′−h}. (2.70)

Therefore, the result follows by a repeated application of Theorem 1.58 and (2.69). □

Example 2.25. We now illustrate Theorem 2.24 with a concrete example. Let αi , j =α1,4, so that h = 4.
Consider the trapezoid A at height 4 with top-left corner α3,8 and bottom-right corner α7,10. Then
h′ = ht(α3,8) = 6, so that h′−h = 2.

Let λ = [1,−2,1,3,2,0,0,−3,0,−1,5,−2,0]ϖ. We observe that R6(λ) = R7(λ) = 0 and R8(λ) = 3 ≤
h′−h +1 = 3. Applying Theorem 2.24, we obtain

MΦ≻α1,4 \A
λ = q3 MΦ≻α1,4 \B

λ−3α9,11
, (2.71)

where B is obtained from A by shifting it one unit to the right. This is depicted in Figures 7a and 7b,
where the corresponding weights are shown below the pyramids.

We now apply Theorem 2.24 once more to shift the trapezoid an additional unit to the right. The
height conditions remain unchanged, and the required vanishing conditions are automatically satis-
fied. The only point to verify is that

R9(λ−3α9,11) ≤ h′−h +1. (2.72)

Indeed,
λ−3α9,11 = [1,−2,1,3,2,0,0,0,−3,−1,2,1,0]ϖ, (2.73)

so R9(λ−3α9,11) =−3, and therefore the inequality holds. Applying the corollary again yields

MΦ≻α1,4 \B
λ−3α9,11

= q3 MΦ≻α1,4 \C
λ−3α9,11−3α10,12

, (2.74)

where C is obtained from B by shifting it one further unit to the right.

We could continue applying the corollary as long as the inequality in the 10-th coordinate remains
valid. However, in this case

R10(λ−3α9,11 −3α10,12) = 4 > h′−h +1 = 3, (2.75)

so the corollary can no longer be applied.
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1 2 3 4 5 6 7 8 9 10 11 12 13
1 −2 1 3 2 0 0 −3 0 −1 5 −2 0

(A) Set Φ≻α1,4 \ A

1 2 3 4 5 6 7 8 9 10 11 12 13
1 −2 1 3 2 0 0 0 −3−1 2 1 0

(B) Set Φ≻α1,4 \ B

1 2 3 4 5 6 7 8 9 10 11 12 13
1 −2 1 3 2 0 0 0 0 −4 2 −2 3

(C) Set Φ≻α1,4 \C

FIGURE 7. Illustrating Theorem 2.24

Definition 2.26. Let αi , j ∈Φ≥2 and h = j − i +1. Let a and k be integers satisfying

0 ≤ k ≤ i

h
−2 and 1 ≤ a ≤ i − (k +1)h +1. (2.76)

For x ≥ 0 we define bx = a + (x +1)h −2 and ax = bx −x. Furthermore,

• If a > h, we define the set

Ya,k = Ya,k (αi , j ) =
(
Φ≻αi , j \

(
k⋃

m=0
[αak−h+2,ak+2+m ,αbk−m,bk+h]

))
∪ [αa−h,a−1,αak−h+1,ak ]. (2.77)

• Otherwise, we define

Ya,k = Ya,k (αi , j ) =
(
Φ≻αi , j \

(
k⋃

m=0
[αak−h+2,ak+2+m ,αbk−m,bk+h]

))
∪ [α1,h ,αak−h+1,ak ]. (2.78)

Example 2.27. Let αi , j = α23,25, so that h = 3. We choose the parameters (a,k) = (7,4). We have
a4 = 16 and b4 = 20. The set Y7,4 is depicted in Figure 6b. To save space, we only displayed roots of
height at most 9. All the non-displayed roots belong to Y7,4.

Lemma 2.28. Let αi , j ∈ Φ≥2 and set h = j − i +1. Let a be an integer such that 1 ≤ a ≤ i +1−h. Let
λ ∈ X and suppose that Ra,t (λ) ∈ {0,1} for all t ∈ [0,h −2]. Furthermore, we define

d =
h−2∑
t=0

Ra,t (λ), µ=
h−2∑
t=0

Ra,t (λ)αa+t+1,a+t+h , Y =
Φ≻αi , j ∪ {αa−h,a−1}, if a > h;

Φ≻αi , j , otherwise.
(2.79)

Then, we have

MY
λ = qd M

Ya,0

λ−µ. (2.80)

PROOF. We only prove the case a > h, the case 1 ≤ a ≤ h is proved in a similar fashion.
For 0 ≤ t ≤ h −2 we define

Ct =
(
Φ≻αi , j \ [αa,a+h ,αa+t ,a+t+h]

)∪ [αa−h,a−1,αa+t−h+1,a+t ],

µt =
t∑

m=0
Ra,m(λ)αa+m+1,a+m+h .

(2.81)

We first prove the following:

MY
λ = qRa (λ)MC0

λ−µ0
. (2.82)

Since sa(αa−h,a−1) = αa−h,a and a < i , it follows from eq. (2.1) that Y \ {αa,a+h} is sa-invariant.

Then, Theorem 2.23 applied to S0(αa,a+h) = {αa,a+h} yields MY
λ
= qRa (λ)M

Y \{αa,a+h }
λ−Ra (λ)αa+1,a+h

. On the other
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hand, since Ra(λ−Ra(λ)αa+1,a+h) = 0 we can apply Theorem 1.58 to obtain

M
Y \{αa,a+h }
λ−Ra (λ)αa+1,a+h

= M
(Y \{αa,a+h })∪{αa−h+1,a }
λ−Ra (λ)αa+1,a+h

= MC0
λ−µ0

. (2.83)

This proves (2.82). We now prove the following.

Claim 2.29. For all 0 ≤ t < h −2 we have MCt
λ−µt

= qRa,t+1(λ)MCt+1
λ−µt+1

.

PROOF. We fix 0 ≤ t < h −2 and set α=αa+t+1,a+t+h+1 and β=αa+t+2,a+t+h+1. We first notice that
one can use eq. (2.1) to see that Ct \{α} is sa+t+1-invariant. On the other hand, by using Theorem 1.15
and the fact that t < h−2, it is easy to see that Ra+t+1(λ−µt ) = Ra,t+1(λ). By Theorem 2.23 applied to
S0(α) we obtain

MCt
λ−µt

= qRa,t+1(λ)MCt \{α}
λ−µt−Ra,t+1(λ)β = qRa,t+1(λ)MCt \{α}

λ−µt+1
. (2.84)

Another application of Theorem 1.15 yields Ra+t+1(λ−µt+1) = 0. Thus, Theorem 1.58 and the defi-
nition of the sets Ct yield MCt \{α}

λ−µt
= MCt+1

λ−µt+1
. Finally, a combination of this with eq. (2.84) proves the

claim. □

On the other hand, we have Ya,0 =Ch−2 and µ=µh−2. Therefore, the lemma follows by (2.82) and
a repeated application of Theorem 2.29. □

Example 2.30. Let λ= [2,1,0,0,−1,0,0,0,0,1,0,0]ϖ, a = 5 and αi , j =α8,11. We have h = 4 and R5,0(λ) =
R5,1(λ) = R5,2(λ) = 1. Hence, µ=α6,9 +α7,10 +α8,11.Then, we have MY

λ
= q3M

Y5,0

λ−µ, where the sets Y and

Y5,0 are depicted in Figure 8, moreover the weights are presented on the bottom of the pyramids. We
stress that the main difference between λ and λ−µ is the position of the first negative component.

1 2 3 4 5 6 7 8 9 10 11 12
2 1 0 0 −1 0 0 0 0 1 0 0

(A) Y

1 2 3 4 5 6 7 8 9 10 11 12
2 1 0 0 0 0 0 −1−1 1 0 1

(B) Y5,0

FIGURE 8. Illustrating Theorem 2.28

The next lemma is of a technical nature. Its proof is straightforward, but it reduces to a somewhat
tedious case-by-case inspection of the indices of the roots in the relevant subsets, and we therefore
omit the details. Instead, we provide a geometric example that makes the underlying idea more trans-
parent.

Lemma 2.31. Let αi , j ∈Φ≥2, h = j − i +1, a ≥ 1 and k ≥ 0. Let I = [ak +1,bk +1]. Then,

(1) If bk < i −1 then the set Ya,k \ Sk (αbk+1,bk+h+1) is st -invariant for all t ∈ I .
(2) If bk = i −1 then the set Ya,k is st -invariant for all t ∈ I = [i −k, i ].

Lemma 2.32. Let αi , j ∈Φ≥2, h = j − i +1, a ≥ 1, k ≥ 0 and λ ∈ X . Suppose that

(a) bk < i −h.
(b) Rt (λ) = 0, for ak +1 ≤ t ≤ bk .
(c) 0 ≤ Rbk+1(λ) ≤ k +1.
(d) 0 ≤ Rbk+1,t (λ) ≤ k +2, for 1 ≤ t < h.
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Furthermore, we define µ=
h−1∑
t=0

Rbk+1,t (λ)αbk+t+2,bk+t+h+1 and R =
h−1∑
t=0

Rbk+1,t (λ) Then, we have

M
Ya,k

λ
= qR M

Ya,k+1

λ−µ . (2.85)

PROOF. By combining item (b), item (c) and Theorem 2.31, we can apply Theorem 2.23 to Sk (αbk+1,bk+1+h)
in order to obtain

M
Ya,k

λ
= qRbk+1(λ)MZ0

λ−µ0
, (2.86)

where µ0 := Rbk+1(λ)αbk+2,bk+1+h and Z0 := Ya,k \ Sk (αbk+1,bk+h+1).

We proceed to iteratively transform MZ0
λ−µ0

until reaching M
Ya,k+1

λ−µ . To do this we need to introduce

a bit more of notation. We define

As+1 = {αak+s−(h−2),ak+s+m+1 | 0 ≤ m ≤ k +1}, (0 ≤ s < h −1)

Zs+1 =
(
Zs \ Sk+1(αbk+s+2,bk+s+h+2)

)
∪As+1, (0 ≤ s < h −1)

µs =
s∑

u=0
Rbk+1,u(λ)αbk+2+u,bk+h+1+u , (1 ≤ s ≤ h −1).

(2.87)

Claim 2.33. For all 0 ≤ s ≤ h −1 we have

(a) Zs is st -invariant for ak + s +1 ≤ t ≤ bk + s +1.
(b) Zs \ Sk+1(αbk+s+2,bk+s+h+2) is st -invariant for ak + s +1 ≤ t ≤ bk + s +2.

PROOF. The proof uses induction on s. The case s = 0 for item (a) is Theorem 2.31. Then, we
prove that if item (a) holds for s then also item (b) holds for s, and that if item (b) holds for s then
item (a) holds for s +1. For the sake of brevity we omit the details. □

Claim 2.34. For all 0 ≤ s < h −1 we have

(a) Rt (λ−µs) = 0, for t ∈ [ak + s +1,bk + s +1].
(b) Rbk+s+2(λ−µs) = Rbk+1,s+1(λ).
(c) Rt (λ−µs+1) = 0, for t ∈ [ak + s +1,bk + s +2].

PROOF. We fix 0 ≤ s < h−1 and t ∈ [ak +s+1,bk +s+1]. Let us first suppose that ak +s+1 ≤ t ≤ bk .
Theorem 1.15 implies that 〈αbk+2+u,bk+h+1+u ,αt 〉 = 0 for all 0 ≤ u ≤ s. Then, item (b) in the hypothesis
of the lemma allows us to conclude Rt (λ−µs) = 0, as we wanted to show.

We now assume that t = bk +1. By using Theorem 1.15 we obtain

Rbk+1(λ−µs) = Rbk+1(λ)−Rbk+1(µs) = Rbk+1(λ)−Rbk+1,0(λ) = 0. (2.88)

Finally, we suppose that bk +2 ≤ t ≤ bk + s +1. In this case we have

Rt (λ−µs) = Rt (λ)−Rt (µs) = Rt (λ)+
s∑

u=0
Rbk+1,u〈αbk+2+u,bk+h+1+u ,αt 〉. (2.89)

Since s < h −1, Theorem 1.15 implies that the only two terms that contribute to the above sum
are for u = t −bk −2 and u = t −bk −1. Rewriting this and using the definition of the numbers R we
get

Rt (λ−µs) = Rt (λ)+Rbk+1,t−bk−2(λ)−Rbk+1,t−bk−1(λ) = Rt (λ)−Rt (λ) = 0. (2.90)

This finishes the proof of item (a).
The two remaining items are dealt with similarity, so we omit the details. We finish by highlighting

that the difference between item (a) and item (c) is that we do not know the value of Rak (λ−µ0). □
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By combining item (b) in Theorem 2.33, items (a) to (b) in Theorem 2.34 and item (d) in the
hypothesis of the lemma, we can apply Theorem 2.23 to Sk+1(αbk+s+2,bk+s+h+2), for each 0 ≤ s < h−1.
We recall that by definition we have µs+1 =µs +Rbk+1,s+1(λ)αbk+s+3,bk+s+2+h . Thus we get

MZs
λ−µs

= qRbk+1,s+1(λ)M
Zs \Sk+1(αbk+s+2,bk+s+h+2)

λ−µs+1
. (2.91)

We now aim to replace the set indexing the M-element on the right-hand side of (2.91) with Zs+1.
This can indeed be done by invoking item (b) of Theorem 2.33 together with item (c) in Theorem 2.34.
With this in place, we may apply Theorem 1.58 (k +2)-times in order to add each root of As+1 to the
set Zs \ Sk+1(αbk+s+2,bk+s+h+2). It is important to note that the addition of these roots must be carried
out in order—from the highest root to the lowest root in As+1. Otherwise, the invariance would be
affected, preventing us from applying Theorem 1.58 as intended. In summary, we obtain

MZs
λ−µs

= qRbk+1,s+1(λ)MZs+1
λ−µs+1

. (2.92)

Finally, by combining (2.86) and (2.92) we get M
Ya,k

λ
= qR MZh−1

λ−µh−1
and the lemma follows since

µ=µh−1 and Zh−1 = Ya,k+1. □

Example 2.35. We illustrate Theorem 2.32 and its proof for λ = [1,0,0,0,0,0,0,0,−1,−1,0,1]ϖ, αi , j =
α13,15, and (a,k) = (4,1) in Figure 9. Here a1 = 7 and b1 = 8. To save space we draw only positive roots
of height ≤ 7 (higher ones belong to any set but omitted). Roots deleted at a step are shown in red;
roots inserted are outlined in thick black.

(a) Start with Y4,1, which is s8-stable. (b) To also get s9-stability, delete α9,12; this breaks s8-
stability, so delete α8,12 as well. The result is Z0. (c) Enforce s8, s9, s10-stability by passing to Z0 \ S10,2

(further deletions). (d) Insert successively α6,10, α6,9, and α6,8 (by Theorem 1.58); after each insertion
the set remains stable as required, yielding Z1 (stable under s9, s10). (e) Delete α9,14, α10,14, and α11,14

to also achieve s11-stability, obtaining Z1 \ S11,2. (f ) Finally, insert α7,11, α7,10, and α7,9 to obtain Y4,2.
The weight rows below the pyramids record these changes: (a) → (b): subtract α10,12; (b) → (c):

subtract 2α11,13 (the 10th coordinate equals −2); (d) → (e): subtract 2α12,14.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 −1−1 0 1 0 0 0 0

(A) Y4,1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 −2 0 0 1 0 0 0

(B) Z0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 0 −2 0 −1 2 0 0

(C) Z0 \ S10,2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 0 −2 0 −1 2 0 0

(D) Z1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 0 0 −2−1 0 2 0

(E) Z1 \ S11,2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 0 0 −2−1 0 2 0

(F) Y4,2

FIGURE 9. Illustrating the proof of Theorem 2.32.

Lemma 2.36. Let αi , j ∈Φ≥2, h = j − i +1, a ≥ 1, k ≥ 0 and λ ∈ X . We suppose that

(a) bk < i .
(b) 0 ≤ Ra,t (λ) ≤ 1, for 0 ≤ t ≤ h −2.
(c) 0 ≤ Ra,h−1,x(λ) ≤ x +1, for 0 ≤ x ≤ k −1.
(d) 0 ≤ Ra,t ,x(λ) ≤ x +1, for 0 ≤ x ≤ k and 0 ≤ t < h −1.
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Furthermore, we define

µx =
(

x∑
ℓ=0

h−1∑
m=0

Ra,m,ℓ(λ)αbℓ+2+m−(h−1),bℓ+2+m

)
−Ra,h−1,x(λ)αbx+2,bx+2+(h−1).

Rk =
(

k∑
ℓ=0

h−1∑
m=0

Ra,m,ℓ(λ)

)
−Ra,h−1,k (λ)

Y =
Φ≻αi , j ∪ {αa−h,a−1}, if a > h;

Φ≻αi , j , otherwise.

(2.93)

Then, we have

MY
λ = qRk M

Ya,k

λ−µk
. (2.94)

PROOF. We begin by proving the following.

Claim 2.37. We have

Rt (λ−µk ) =


0, if t ∈ [a,bk ];

Ra,h−1,k (λ), if t = bk +1;

k+1∑
m=0

Rt−mh(λ), if t ∈ [bk +2,bk+1].

(2.95)

PROOF. By Theorem 1.15 the only term in µk that contributes to the computation of Ra(λ−µk ) is
the one associated to ℓ= 0 and m = 0. Therefore, we have

Ra(λ−µk ) = Ra(λ)−Ra(µk ) = Ra(λ)−Ra,0,0(λ) = 0. (2.96)

We now assume that a + 1 ≤ t ≤ bk and write t − a − 1 = ℓh +m for unique non-negative integers
0 ≤ ℓ≤ k and 0 ≤ m ≤ h −1. By Theorem 1.15 we get

Rt (µk ) =


Ra,m+1,0(λ)−Ra,m,0(λ), if ℓ= 0 and m < h −1;

Ra,0,1(λ)−Ra,0,0(λ)−Ra,h−1,0(λ), if ℓ= 0 and m = h −1;

Ra,m+1,ℓ(λ)−Ra,m,ℓ(λ)−Ra,m+1,ℓ−1(λ)+Ra,m,ℓ−1(λ), if ℓ> 0 and m < h −1;

Ra,0,ℓ+1(λ)−Ra,h−1,ℓ(λ)−Ra,0,ℓ(λ)+Ra,h−1,ℓ−1(λ), if ℓ> 0 and m = h −1.

(2.97)

By looking at the definition of the R-numbers we can see that for all ℓ and m we have

Rt (µk ) = Ra+ℓh+m+1,0,0(λ) = Ra+ℓh+m+1(λ) = Rt (λ). (2.98)

Consequently, Rt (λ−µk ) = 0 and the first case in eq. (2.95) follows.
We now assume that t = bk +1. Observe that, a priori, the term corresponding to ℓ = k and m =

h−1 in the sum defining µk contributes to Rt (µk ). However, this term is canceled by the one outside
the sum. We introduce µk in this way solely for the sake of a more compact expression. With this in
mind, and using Theorem 1.15, we obtain

Rbk+1(λ−µk ) = Rbk+1(λ)−Ra,h−2,k−1(λ)+Ra,h−1,k−1(λ)+Ra,h−2,k (λ)
= Rbk+1(λ)−Ra,h−2,k−1(λ)+Ra,h−1,k−1(λ)+Ra,h−2,k−1(λ)+Ra,h−2+kh(λ)
= Rbk+1(λ)+Ra,h−1,k−1(λ)+Ra,h−2+kh(λ)
= Ra,h−1+hk (λ)+Ra,h−1,k−1(λ)
= Ra,h−1,k (λ),

(2.99)

as we wanted to show.
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We now assume that t = bk +2. By Theorem 1.15 and by recalling that bk +2 = a + (k +1)h, we
obtain

Rbk+2(λ−µk ) = Rbk+2(λ)−Ra,h−1,k−1(λ)+Ra,0,k (λ) = Rbk+2(λ)+
k∑

m=0
Ra+mh(λ) =

k+1∑
m=0

Ra+mh(λ). (2.100)

Finally, we assume bk +2 < t ≤ bk +h. In this case we have

Rt (λ−µk ) = Rt (λ)+Ra,t−bk−2,k (λ)−Ra,t−bk−3,k (λ) = Rt (λ)+
k∑

m=0
Ra+t−bk−2+mh(λ) =

k+1∑
m=0

Rt−mh(λ).

(2.101)
This finishes the proof of the claim. □

We now return to the proof of the lemma. The argument proceeds by induction on k. By item (a)
and item (b) we have that a ≤ i +1−h and that Ra,t (λ) = {0,1} for all 0 ≤ t ≤ h −2, respectively. Thus,
we are in position to apply Theorem 2.28 to αi , j , a, λ and µ=µ0. We obtain

MY
λ = qR0 M

Ya,0

λ−µ0
. (2.102)

This establishes the initial step of the induction.
Assume now that the lemma holds for some k, and let us verify the case k +1. By the inductive

hypothesis, we obtain

MY
λ = qRk M

Ya,k

λ−µk
. (2.103)

We now want to apply Theorem 2.32 in order to rewrite M
Ya,k

λ−µk
. To do this we need to check that

αi , j , a, k and λ−µk satisfy the hypothesis of that lemma, assuming that αi , j , a, k +1 and λ satisfy
the hypothesis of the current lemma. We need to verify

(I) bk < i −h.
(II) Rt (λ−µk ) = 0 for ak +1 ≤ t ≤ bk .

(III) 0 ≤ Rbk+1(λ−µk ) ≤ k +1.
(IV) 0 ≤ Rbk+1,t (λ−µk ) ≤ k +2 for 1 ≤ t < h.

Item (I) follows from item (a) applied to k +1, since bk+1 = bk +h < i . Item (II) is a direct conse-
quence of Theorem 2.37. On the other hand, the same claim implies that Rbk+1(λ−µk ) = Ra,h−1,k (λ).
This together with item (c) in the hypothesis (applied to k +1) verifies item (III). Finally, using Theo-
rem 2.37 and the definition of the numbers R, we get

Rbk+1,t (λ−µk ) = Ra,t−1,k+1(λ), (2.104)

for all 1 ≤ t < h. Therefore, by using item (d) in the hypothesis (applied to k +1) we obtain item (IV).
This verify that αi , j , (a,k), λ−µk satisfy the hypothesis of Theorem 2.32. By applying this lemma

in this context we get

M
Ya,k

λ−µk
= qR M

Ya,k+1

λ−µk−µ, (2.105)

where

R =
h−1∑
t=0

Rbk+1,t (λ−µk ) and µ=
h−1∑
t=0

Rbk+1,t (λ−µk )αbk+t+2,bk+t+h+1. (2.106)

A direct computation, using Theorem 2.37 and the definition of the numbers R, shows that µk+1 =
µk +µ and Rk+1 =Rk +R. Therefore, a combination of (2.103) and (2.105) yields the result. □

Corollary 2.38. Let αi , j ∈Φ≥2 and h = j −i +1. Let (a,b) be a pair of integers such that h+1 ≤ a < b < i
with a ≡ b ≡ i +1 mod h. Let λ ∈ X be such that Rt (λ) = 0 for t ∈ [a, i ]\{b} and Rb(λ) = 1. Furthermore,
we define Y =Φ≻αi , j ∪ {αa−h,a−1}. Then, we have MY

λ
= 0.
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PROOF. Let

k = i +1−a

h
−1 ≥ 0. (2.107)

We begin by checking that the triple (a,k,λ) satisfies the hypothesis of Theorem 2.36. This is, we need
to verify items (a) to (d) in that lemma.

We first notice that bk = a + (k +1)h −2 = i −1 < i . This gives item (a).
We now notice that a+h ≤ b < i , since a < b and a ≡ b (mod h). It follows that for 0 ≤ t ≤ h−2 we

have

Ra,t (λ) =
a+t∑

m=a
Rm(λ) = 0, (2.108)

which gives item (b). To check item (c), for 0 ≤ x < k, we compute

0 ≤ Ra,h−1,x(λ) =
x∑

m=0

(
a+h(m+1)−1∑

t=a
Rt (λ)

)
≤

x∑
m=1

1 = x (2.109)

Let us explain the inequality. By the hypothesis on the numbers Rt (λ), the internal sum in eq. (2.109)
is 1 if b occurs in the sum range and 0 otherwise. Furthermore, if m = 0 then b does not occur in the
corresponding internal sum. This verifies item (c).

Finally, item (d) is verified in a similar fashion. Concretely, for 0 ≤ x ≤ k and 0 ≤ t < h − 1, we
expand Ra,t ,x as in eq. (2.109). The only difference in this case is that if t ≥ 1 then b might occur in
the internal sum corresponding to m = 0. It follows that 0 ≤ Ra,h−1,x(λ) ≤ x+1, as we wanted to show.

Having checked the hypothesis of Theorem 2.36 for the triple (a,k,λ), we can apply it in order to
obtain

MY
λ = qRk M

Ya,k

λ−µk
, (2.110)

where µk and Rk are defined as in Theorem 2.36.

We claim that M
Ya,k

λ−µk
= 0, and this would give the result. We recall that our choice of k gives

bk = i − 1. Therefore, by Theorem 2.31 we conclude that Ya,k is invariant under st for t ∈ [i − k, i ].
On the other hand, Theorem 2.37 and a direct computation yield Rbk+1(λ−µk ) = Ra,h−1,k = k − c +1,
where c := (b −a)/h ≥ 1. Thus, using Theorem 2.37 once again, we deduce that

〈λ−µk ,αak+c,bk+1〉 =−(k − (c −1)). (2.111)

Finally, by applying Theorem 1.57 with w = sαak+c,bk+1 we obtain that M
Ya,k

λ−µk
= 0. This proves our claim

and the corollary. □
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1. First inverse decomposition

Let λ ∈ X +. Our goal in this section is to express M
⪰αi , j

λ
as a linear combination of terms of the

form M
≻αi , j
µ . Since Φ⪰αi , j =Φ≻αi , j ∪ {αi , j }, we have

M
⪰αi , j

λ
= M

≻αi , j

λ
− q M

≻αi , j

λ−αi , j
. (3.1)

If λ−αi , j ∈ X + then this equality already gives the desired decomposition. Otherwise, a refinement is
required for proving the positivity conjecture. In Theorem 3.15 we provide an initial decomposition,
and a sharper form is established in Section 2 (see Theorem 3.35). The latter is the version best suited
for proving the positivity conjecture.

1.1. P and Q operators. In this section, we introduce the notation needed to express the first of
the aforementioned decompositions. The main tools are the P and Q operators, which act on the set
of weights X .

Definition 3.1. Let λ ∈ X and h be an integer greater than 2. We say that

(a) λ is L-dominant at position r and height h if 〈λ,αk〉 ≥ 0 for all 1 ≤ k ≤ r with k ≡ r mod h.
(b) λ is R-dominant at position r and height h if 〈λ,αk〉 ≥ 0 for all r ≤ k ≤ n with k ≡ r mod h−1.
(c) λ is L-dominant at position r if 〈λ,αk〉 ≥ 0 for all 1 ≤ k ≤ r .
(d) λ is R-dominant at position r if 〈λ,αk〉 ≥ 0 for all r ≤ k ≤ n.

We denote by X +
r,h(L) (resp. X +

r,h(R)) the set of all weights L-dominant (resp. R-dominant) at position
r and height h. Similarly, we denote by X +

r (L) (resp. X +
r (R)) the set of all weights L-dominant (resp.

R-dominant) at position r .

Definition 3.2. Let λ ∈ X , 1 ≤ i < j ≤ n and h = j − i +1. We define

ϱ= ϱ j ,h(λ) = max{1 ≤ k ≤ i | k ≡ i mod h and λ−αk, j ∈ X +
i ,h(L)}

ϑ=ϑ j ,h(λ) = min{ j < k ≤ n | k ≡ j mod (h −1) and λ−α j+1,k ∈ X +
j ,h(R)}.

(3.2)

(a) If ϱ exists we define P j ,h(λ) =λ−αϱ, j . Otherwise, we say P j ,h(λ) is not defined.
We call ϱ the integer associated to P j ,h(λ).

(b) If ϑ exists we define Q j ,h(λ) =λ−α j+1,ϑ Otherwise, we say Q j ,h(λ) is not defined.
We call ϑ the integer associated to Q j ,h(λ).

In order to simplify notation, if h is clear for the context, we just write P j (λ) = P j ,h(λ) and Q j (λ) =
Q j ,h(λ).

Example 3.3. Let n = 9, λ= [1,1,0,0,0,0,0,1,1], j = 7 and h = 3. Then, ϱ= 2, ϑ= 9, P7,3(λ) =λ−α2,7 =
[2,0,0,0,0,0,−1,2,1] and Q7,3(λ) =λ−α8,9 = [1,1,0,0,0,0,1,0,0].

Definition 3.4. Let λ ∈ X , 1 ≤ j ≤ n and h ≥ 2. For k ≥ 1 we define

P k
j ,h(λ) = P j−k+1,hP j−k+2,h · · ·P j−1,hP j ,h(λ).

Qk
j ,h(λ) = Q j ,hQ j−1,h · · ·Q j−k+1,h(λ).

Q−k
j ,h(λ) = Q j+k−1,hQ j+k−2,h · · ·Q j+1,hQ j ,h(λ).

vk
j ,h(λ) = Qk

j ,hP k
j ,h(λ).

(3.3)

By convention, we define all these operators for k = 0 simply as λ.

Remark 3.5. Observe that in Theorem 3.4, the definitions of the operators Qk
j ,h and Q−k

j ,h are equiva-
lent up to a shift in the index. More precisely, one has

Qk
j ,h(λ) =Q−k

j−k+1,h(λ). (3.4)

Throughout the text, we will freely use both notations depending on convenience of reading or con-
text.
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We stress that the operators defined before correspond to a sequence of compositions of P and Q
operators. Throughout these sequence it may well be the case that one of the elements involved in
the composition is not defined. In this case, we simply say that the whole operator is not defined in
a given weight.

Example 3.6. Let (i , j ) = (6,9). If λ= [0,2,1,4,3,0,1,0,0,2]ϖ then (P 2v2)(6,3)(λ) exists, and its value is

(P 2v2)(6,3)(λ) = [0,2,0,3,3,3,0,0,1,0,1]ϖ.

On the other hand, if λ= 2ϖ2+ϖ11 then (P 2v2)(6,3)(λ) does not exist since P7,4(Q9,4Q8,4P8,4P9,4(λ)) =
P7,4(ϖ2) is not defined.

The following lemma shows certain relationship between the integers associated to the different
P operators that occur in the composed operator P k .

Lemma 3.7. Let λ ∈ X +
j (L), αi , j ∈ Φ≥2 and h = j − i + 1. For r ≥ 0 we set λr = P r

j ,h(λ) and ϱr =
ϱ j−r+1,h(λr−1). Suppose that λk is defined for some k ≥ 1 and that ϱk ≥ 2. Then, λk+1 is defined and
ϱk+1 ≥ ϱk −1. In particular, if λk is defined but λk+1 is not then ϱk = 1.

PROOF. By definition ϱk ≡ i −k +1 mod h. It follows that ϱk −1 ≡ i −k mod h. Since λ ∈ X +
j (L)

and λk−1 is defined we have λk−1 ∈ X +
j−k+1(L). In particular, 〈λk−1,αϱk−1〉 ≥ 0. It follows that

〈λk ,αϱk−1〉 = 〈λk−1 −αϱk , j−k+1,αϱk−1〉 = 〈λk−1,αϱk−1〉−〈αϱk , j−k+1,αϱk−1〉 = 〈λk−1,αϱk−1〉+1 ≥ 1. (3.5)

Thus λk −αϱk−1, j−k+1 ∈ X +
j−k,h(L). We conclude that λk+1 is defined and ϱk+1 ≥ ϱk −1. □

Corollary 3.8. Let λ ∈ X +
j (L) and αi , j ∈ Φ≥2 and h = j − i +1. For r ≥ 0 we set λr = P r

j ,h(λ) and ϱr =
ϱ j−r+1,h(λr−1). Suppose that λk is defined for some 1 ≤ k ≤ h. Then, we have 〈λk−1,αt 〉 = 0, for all

t ∈Ud :=
d⋃

m=0
[i −k +1−mh, i −mh], where d is the unique integer such that ϱk = i −k +1− (d +1)h.

PROOF. If d =−1 then Ud =; and the statement is empty, so assume d ≥ 0.
We argue by contradiction. Suppose that there exists t ∈Ud with 〈λk−1,αt 〉 ̸= 0. Since Ud ⊆ [ϱk +

h, i ], we have
ϱk +h ≤ t ≤ i . (3.6)

Because λ ∈ X +
j (L), we have λk−1 ∈ X +

j−k+1(L). Moreover, since k ≤ h, it follows that t ≤ i ≤ j −k+1,

and hence 〈λk−1,αt 〉 > 0. The inequality ϱk +h ≤ t and the maximality of ϱk imply that t ̸≡ i −k +1
(mod h). Since t ∈Ud , there exists 0 ≤ s < k −1 such that t ≡ i − s (mod h). By maximality of ϱs+1 we
have t ≤ ϱs+1. Applying Theorem 3.7 repeatedly gives

ϱs+1 ≤ ϱk + (k − s −1) < ϱk +h. (3.7)

Therefore, t < ϱk +h, contradicting (3.6). This contradiction proves the lemma. □

Both Theorem 3.7 and Theorem 3.8 have their Q-counterpart that we now enunciate. In both
cases we omit the proof as it is almost identical to the one of its P-counterpart.

Lemma 3.9. Let µ ∈ X + and αi , j ∈ Φ≥2 and h = j − i + 1. For r ≥ 0 we set µr = Qr
i ,h(µ) and ϑr =

ϑi+r,h(µr−1). Suppose that µk is defined for some integer k ≥ 1 and ϑk ≤ n −1. Then, µk+1 is defined
and ϑk+1 ≤ϑk +1. In particular, if µk is defined but µk+1 is not then ϑk = n.

Corollary 3.10. Let αi , j ∈ Φ≥2 and h = j − i + 1. Let r be an integer such that i + 1 ≤ r ≤ j . Let µ ∈
X +

r+1(R). For x ≥ 0, we set µx = Q−x
r,h(µ). Suppose µk is defined for some 1 ≤ k < h. Then, we have

〈µk−1,αt 〉 = 0, for all t ∈Ud , where

Ud =
d⋃

m=1
[r +m(h −1),r +k −1+m(h −1)] (3.8)

and d is the unique integer satisfying ϑr+k−1,h(µk−1) = r +k −1+ (d +1)(h −1).



58

The following lemma provides the integers associated to the Q operators involved in the operator
vh−1

j ,h .

Lemma 3.11. Let λ ∈ X + and αi , j ∈Φ≥2 and h = j − i +1. Suppose vh−1
j ,h (λ) is defined. We define

ϑr =
 ϑi+1,h(P h−1

j ,h (λ)), if r = 1;

ϑi+r,h(Qr−1
i+r−1,h(P h−1

j ,h (λ))), if 2 ≤ r ≤ h −1.
(3.9)

Then, ϑr = j + r , for 1 ≤ r ≤ h −1.

PROOF. We begin by noticing that

P h−1
j ,h (λ) =λ−

h−1∑
r=1

αϱr , j−r+1, (3.10)

where ϱr = ϱ j−r+1,h(P r−1
j ,h (λ)), for 1 ≤ r ≤ h −1. Using this, we can compute the following:

〈P h−1
j ,h (λ),α j+1〉 = 〈λ,α j+1〉−

h−1∑
r=1

〈αϱr , j−r+1,α j+1〉 = 〈λ,α j+1〉+1 ≥ 1, (3.11)

where the last inequality follows since λ ∈ X +.
We recall that ϑ1 is, by definition, the minimal integer satisfying P h−1

j ,h (λ)−αi+1,ϑ1 ∈ X +
i+1,h(R) and

ϑ1 ≡ i +1 mod h −1. As j +1 = i +1+h −1, (3.11) implies that ϑ1 = j +1, which is our claim for the
case r = 1.

On the other hand, Theorem 3.9 yields ϑr ≤ϑr−1+1 for all 2 ≤ r ≤ h−1. Furthermore, by eq. (3.9),
i + r +h −1 ≤ϑr . By combining these two inequalities with the definition of h, we obtain

j + r ≤ϑr ≤ϑr−1 +1. (3.12)

Finally, and inductive argument with the equality ϑ1 = j+1 yields ϑr = j+r , as we wanted to show. □

We now define the degree of the action of a P or Q operator on a weight λ.

Definition 3.12. Let λ ∈ X , 1 ≤ j ≤ n and h ≥ 2.

• If P j ,h(λ) is defined, then D(P, j ,h)(λ) = d+1, where d is the unique integer satisfying ϱ j ,h(λ) =
i −dh.

• If Q j ,h(λ) is defined, then D(Q, j ,h)(λ) = d , where d is the unique integer satisfying ϑ j ,h(λ) =
j +d(h −1).

We adopt the convention that D(P, j ,h)(λ) (resp. D(Q, j ,h)(λ)) is defined only when P j ,h(λ) (resp.
Q j ,h(λ)) is.

We refer to D(P, j ,h)(λ) (resp. D(Q, j ,h)(λ)) as the degree of the operator P j ,h (resp. Q j ,h) evaluated
at λ.

Remark 3.13. Roughly speaking, D(P, j ,h)(λ) measures the cost of passing from λ to P j ,h(λ) in the
following sense. Recall that P j ,h(λ) = λ−αϱ, j , where ϱ = ϱ j ,h(λ). Thus, obtaining P j ,h(λ) from λ

amounts to subtracting αϱ, j . We can write

αϱ, j =
d∑

k=0
αi−kh, j−kh , (3.13)

with d as in Theorem 3.12. Consequently, the degree corresponds to the number of summands in
eq. (3.13); equivalently, it quantifies how many roots of height h must be subtracted from λ to reach
P j ,h(λ). Similar considerations hold for D(Q, j ,h), with the role of h replaced by h −1.

Lastly, we have a notational remark. To simplify notation one might be tempted to write the
degree as D(P j ,h(λ)) rather than D(P j ,h)(λ). We avoid this, because it would misleadingly suggest
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that we are assigning a degree to the weight P j ,h(λ) itself, rather than to the “passage” λ→ P j ,h(λ)
encoded by D(P, j ,h)(λ).

We can extend the definition of degree for any composition of P and Q operators.

Definition 3.14. Let λ ∈ X . Let Y = (Y1, . . . ,Yℓ) be a sequence of P and Q operators. Suppose that
Yℓ · · ·Y1(λ) is defined. We set λ0 =λ and λk = Yk · · ·Y1(λ), for 1 ≤ k < ℓ. Then, we define the degree of
the operator Y evaluated at λ is defined as

D(Y )(λ) =
ℓ∑

k=1
D(Yk )(λk−1). (3.14)

We are now in position to state the decomposition mentioned at the beginning of this section.

Proposition 3.15. Let λ ∈ X +, αi , j ∈Φ≥2 and h = j −i +1 . Let k be an integer with 1 ≤ k < h satisfying
〈λ,αr 〉 = 0, for all j −k +1 ≤ r ≤ j . Then, we have

M
⪰αi , j

λ
=M

≻αi , j

λ
−q

D(P k
j ,h )(λ)+1M

≻αi , j

P k
j ,h (λ)−αi−k, j−k

−
k∑

r=1
q

D(v r
j ,h )(λ)

(
M

≻αi , j

v r
j ,h (λ)

−qM
≻αi , j

v r
j ,h (λ)−αi−r, j−r

)
. (3.15)

Remark 3.16. We emphasize that if any P-operator or v r -operator is not defined, the corresponding
M-element is set equal to zero.

1.2. Identities involving P and Q operators. In this section, building on the results of Section 1,
we develop the tools required to prove Theorem 3.15. That proof is presented at the end of this
section section.

Lemma 3.17. Let K ⊂Φ≥2, αi , j ∈Φ≥2, and h = j − i +1. Let (r, p) be integers such that i +1 < r ≤ p ≤ j
and h+1 ≤ r . Let k ≥ 0 be such that p ′ := p +k(h−1) ≤ n. Let Y = K ∪ {αr−h,r−1} and λ ∈ X +

p ′+h−1,h(R).

(a) Suppose that Qp ′,h(λ) is defined and let ϑ :=ϑp ′,h(λ) be the integer associated to Qp ′,h(λ).
We define d to be the unique integer satisfying ϑ= p + (d +1)(h −1).

(b) Suppose that Qp ′,h(λ) is not defined.
We define d to be the largest integer such that p +d(h −1) ≤ n.

In both cases we define

T =
d⋃

m=0
[r +m(h −1), p +m(h −1)],

and assume that 〈λ,αt 〉 = 0 for all t ∈ T \ {p ′} and 〈λ,αp ′〉 =−1. Then, if K ∼T Φ
≻αi , j , we have

MY
λ =

 qD(Q,p ′,h)(λ)MY
Qp′,h (λ), if Qp ′,h(λ) is defined;

0, if Qp ′,h(λ) is not defined.
(3.16)

PROOF. We first address case (a). This is, we assume that Qp ′,h(λ) is defined. By definition,
Qp ′,h(λ) =λ−αp ′+1,ϑ, and λ−αp ′+1,ϑ ∈ X +

p ′,h Moreover, by the definition of D(Q, p ′,h)(λ), we obtain

D(Q, p ′,h)(λ) = ϱ−p ′

h −1
= d −k +1. (3.17)

Applying Theorem 2.11 to K , αi , j , (r, p,k) and d , it follows that

MY
λ = qd−k+1MY

λ−αp′+1,ϑ
= qD(Q,p ′,h)(λ)MY

Qp′,h (λ), (3.18)

We now treat case (b). So that, we assume that Qp ′,h(λ) is not defined. By definition, k ≤ d . If
k = d , then the maximality of d and the second case of (2.12) in Theorem 2.9 imply that MY

λ
= 0.

Thus, we may assume that k < d . In this situation, we apply Theorem 2.11 to K , λ, k, and d −1,
yielding MY

λ
= qd−k MY

µ , where µ=λ−αp ′+1,p ′+(d−k)(h−1) and p ′+(d −k)(h−1) = p+d(h−1) . Observe
that via a simple calculation we have that 〈µ,αp+d(h−1)〉 =−1 and 〈µ,αt 〉 = 0 for t ∈ T \ {p +d(h −1)}.
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By the maximality of d and the second case of Theorem 2.9 applied to K , αi , j , (r, p), µ and T ′, we
obtain MY

µ = 0. Therefore, MY
λ
= 0, as required. □

Lemma 3.18. Let K ⊂ Φ≥2, αi , j ∈ Φ≥2 and let h = j − i + 1. Suppose that 1 ≤ i + 1−h. Let p be an
integer such that i +1 ≤ p ≤ j . Let k ≥ 0 be such that p ′ := p +k(h −1) ≤ n. Let Y = K ∪ {αi−h+1,i } and
λ ∈ X +

p ′+h−1,h(R).

(a) Suppose that Qp ′,h(λ) is defined. Let ϑ :=ϑp ′,h(λ) be the integer associated to Qp ′,h(λ).
We define d to be the unique integer satisfying ϑ= p + (d +1)(h −1).

(b) Suppose that Qp ′,h(λ) is not defined.
We define d to be the largest integer such that p +d(h −1) ≤ n.

In both cases we define

T =
(

d−1⋃
m=0

[i +1+m(h −1), j +m(h −1)]

)
∪ [i +1+d(h −1), p +d(h −1)] (3.19)

and assume that 〈λ,αt 〉 = 0 for all t ∈ T \ {p ′}, 〈λ,αp ′〉 =−1.
Furthermore, if k < d we also assume that 〈λ,αp ′+1〉 = 1. If K ∼T Φ

≻αi , j then we have

MY
λ =

 qD(Q,p ′,h)(λ)MY
Qp′,h (λ), if Qp ′,h(λ) is defined;

0, if Qp ′,h(λ) is not defined.
(3.20)

PROOF. The result follows by mimicking the proof of Theorem 3.17, using Theorem 2.13 instead
of Theorem 2.11. □

Lemma 3.19. Let K ⊂Φ≥2, αi , j ∈Φ≥2 and h = j − i +1. Let p be an integer such that i −h +1 < p ≤ i .
Let k ≥ 0 be such that p ′ := p −kh ≥ 1. Let λ ∈ X +

p ′−h,h(L).

(a) Suppose that Pp ′−1,h(λ) is defined and let ϱ= ϱp ′−1,h(λ) be the integer associated to Pp ′−1,h(λ).
We define d to be the unique integer satisfying ϱ= p − (d +1)h.

(b) Suppose that Pp ′−1,h(λ) is not defined.
We define d to be the largest integer such that p −dh ≥ 1.

In both cases, we define T =
d⋃

m=0
[p−mh, i−mh] and assume that 〈λ,αt 〉 = 0 for all t ∈ T \{p ′}, 〈λ,αp ′〉 =

−1.
If K ∼T Φ

≻αi , j then we have

MK
λ =

 qD(P,p ′−1,h)(λ)MK
Pp′−1,h (λ), if Pp ′−1,h(λ) is defined;

0, if Pp ′−1,h(λ) is not defined.
(3.21)

PROOF. We first address case (a). Assume that Pp ′−1,h(λ) is defined. By definition, Pp ′−1,h(λ) =
λ−αϱ,p ′−1, and λ−αϱ,p ′−1 ∈ Xp ′−h+1,h(L) Moreover, by the definition of d , we deduce that D(P, p ′−
1,h)(λ) = d −k +1. Applying Theorem 2.15, it follows that

MK
λ = qd−k+1MK

λ−αϱ,p′−1
. (3.22)

We now consider case (b). Assume that Pp ′−1,h(λ) is not defined. By definition, k ≤ d . If k = d
then the maximality of d and the second case of (2.27) in Theorem 2.14 applied to K , αi , j , p, λ and d
imply that MK

λ
= 0. Thus, we may assume that k < d . In this setting we apply Theorem 2.15 to K , αi , j ,

λ, k, and d−1, yielding MK
λ
= qd−k MK

µ , where µ=λ−αp ′−(d−k)h,p ′−1 and p ′−(d−k)h = p−dh. Observe
that via a simple calculation we have that 〈µ,αp−dh〉 = −1 and 〈µ,αt 〉 = 0 for t ∈ T \ {p −d(h −1)}. By
maximality of d and the second case of Theorem 2.14 applied to K , αi , j , p µ, d and T it follows that

MK
µ = 0. (3.23)
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Therefore, MK
λ
= 0, as required. □

Lemma 3.20. Let αi , j ∈Φ≥2 and h = j−i+1. Let r and x be integers such that i+1 ≤ r ≤ j , h+1 ≤ r and
1 ≤ x ≤ j − r +1. Let λ ∈ X +

r+1(R) be such that 〈λ,αt 〉 = 0 for t ∈ [r +1, j ], 〈λ,αr 〉 =−1 and 〈λ,α j+1〉 ≥ 1.
If Y =Φ≻αi , j ∪ {αr−h,r−1} then

MY
λ =

 qD(Q−x
r,h )(λ)MY

Q−x
r,h (λ), if Q−x

r,h(λ) is defined;

0, if Q−x
r,h(λ) is not defined.

(3.24)

PROOF. We only prove the statement when Q−x
r,h(λ) is defined, the other case being analogous.

For 0 ≤ m ≤ x we define µm = Q−m
r,h (λ). For 1 ≤ m ≤ x we define ϑm = ϑr+m−1,h(µm−1) and dm to

be the unique integer satisfying ϑm = r +m −1+ (dm +1)(h −1).
We split the proof in two cases.

Case A: r > i +1.
We proceed by induction on x. If x = 1 then Q−x

r,h(λ) =Qr,h(λ). Thus, the result reduces to
Theorem 3.17 applied to K =Φ≻αi , j and p ′ = p = r . Indeed, using the notation in that lemma
we have

T =
d1⋃

m=0
{r +m(h −1)}. (3.25)

Since λ ∈ X +
r+1(R), the minimality of ϑ1 implies 〈λ,αt 〉 = 0 for all t ∈ T \{r }. Thus we are under

the hypothesis of Theorem 3.17, which allows us to conclude.
We now assume that x ≥ 2 and suppose that (3.24) holds for x −1. This is,

MY
λ = qD(Q−(x−1)

r,h )(λ)MY
µx−1

. (3.26)

Let

T =
dx⋃

m=0
[r +m(h −1),r +x −1+m(h −1)]. (3.27)

By definition, we have µx−1 =λ−
x−1∑
m=1

αr+m,ϑm . A direct computation, using Theorem 1.15,

together with Theorem 3.10 applied to µx , imply that 〈µx−1,αr+x−1〉 = −1 and 〈µx−1,αt 〉 = 0,
for all t ∈ T \ {r + x −1}. Then, we can apply Theorem 3.17 to K =Φ≻αi , j , r , p = r + x −1 = p ′
and µx−1 to get

MY
µx−1

= qD(Qr+x−1,h )(µx−1)MY
Qr+x−1,h (µx−1) = qD(Qr+x−1,h )(µx−1)MY

µx
. (3.28)

We conclude by combining (3.26), (3.28) and D(Q−x
r,h)(λ) = D(Q−(x−1)

r,h )(λ)+D(Qr+x−1,h)(µx−1).
Case B: r = i +1.

Using the assumption 〈λ,α j+1〉 ≥ 1 and an inductive argument (similar to the one in the
proof of Theorem 3.11), we obtain ϑm = j +m for all 1 ≤ m ≤ x. With this in hand, the result
follows by the same inductive method as in the proof of Case A, replacing Theorem 3.17 with
Theorem 2.13.

□

Corollary 3.21. Let λ ∈ X +, αi , j ∈Φ≥2 and h = j −i +1 . Let s be an integer with 1 ≤ s ≤ h−1 satisfying
〈λ,αt 〉 = 0, for all j − s +1 ≤ t ≤ j . Set λs = P s

j ,h(λ). If λs is defined then we have

M
≻αi , j

λs
=

 qM
≻αi , j

λs−αi−s, j−s
+q

D(Q−s
j−s+1,h )(λs )

(
M

≻αi , j

v s
j ,h (λ)

−qM
≻αi , j

v s
j ,h (λ)−αi−s, j−s

)
, if v s

j ,h(λ) is defined;

qM
≻αi , j

λs−αi−s, j−s
, otherwise.

(3.29)
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PROOF. By definition of λs and the hypothesis on λ we have 〈λs ,α j−s+1〉 = −1 and 〈λs ,αt 〉 = 0 for
all t ∈ [ j − s +2, j ]. Furthermore, since λ ∈ X + it follows that λs ∈ X +

j−s+2(R).
We recall that

v s
j ,h(λ) =Q s

j ,hP s
j ,h(λ) =Q s

j ,h(λs) =Q−s
j−s+1,h(λs). (3.30)

In particular, Q−s
j−s+1,h(λs) is defined if and only if v s

j ,h(λ) is.

Let Y =Φ≻αi , j ∪ {αi−s, j−s}. By applying Theorem 3.20 to αi , j , (r, p) = ( j − s +1, s) and λs , it follows
that

MY
λs

=
 q

D(Q−s
j−s+1,h )(λs )MY

v s
j ,h (λ), if v s

j ,h(λ)) is defined;

0, if v s
j ,h(λ)) is not defined.

(3.31)

Then, the corollary follows by expanding according to the rule MY
µ = M

≻αi , j
µ −qM

≻αi , j
µ−αi−s, j−s

□

Lemma 3.22. Let λ ∈ X +, αi , j ∈Φ≥2 and h = j − i +1 . Let s be an integer with 0 ≤ s < h −1 satisfying
〈λ,αt 〉 = 0, for all j − s ≤ t ≤ j . Let λs = P s

j ,h(λ) and λs+1 = P s+1
j ,h (λ). We also define

u = D(P, j − s,h)(λs)+1 and v = D(Q−s
j−s+1,h)(λs)+D(P, j − s,h)(λs).1 (3.32)

If λs is defined then

qM
≻αi , j

λs−αi−s, j−s
=


quM

≻αi , j

λs+1−αi−(s+1), j−(s+1)
+q v

(
M

≻αi , j

v s+1
j ,h (λ)

−qM
≻αi , j

v s+1
j ,h (λ)−αi−(s+1), j−(s+1)

)
quM

≻αi , j

λs+1−αi−(s+1), j−(s+1)

0,

(3.33)

where the three cases correspond to: v s+1
j ,h (λ) is defined, λs+1 is defined but v s+1

j ,h (λ) is not, and λs+1

is not defined, respectively.

Remark 3.23. Since v s
j ,h(λ) = Q s+1

j ,h P s+1
j ,h (λ) = Q s+1

j ,h (λs+1), it follows that if λs+1 is not defined then

v s
j ,h(λ) is not defined.

PROOF. Suppose λs+1 = P j−s,h(λs) is defined. We begin by noticing that if 〈λs ,αi−s〉 ≥ 1, then by

definition of P-operator, it follows that λs+1 = λs −αi−s, j−s . Therefore, M
≻αi , j

λs−αi−s, j−s
= M

≻αi , j

λs+1
and the

result follows by Theorem 3.21.
Thus, we assume that 〈λs ,αi−s〉 = 0. By Theorem 3.8 applied to λ ∈ X +, αi , j and k = s +1 < h we

get

〈λs ,αt 〉 = 0 for all t ∈ T =
d⋃

m=0
[i − s −mh, i −mh], (3.34)

where d is the unique integer satisfying ϱ j−s,h(λs) = i − s− (d +1)h. It follows from Theorem 1.15 that

〈λs −αi−s, j−s ,αt 〉 =
0, if t ∈ T \ {i − s};

−1, if t = i − s.
(3.35)

Hence, we can apply Theorem 3.19 to K =Φ≻αi , j , αi , j , p = p ′ = i − s, T and λs −αi−s, j−s , to get

qM
≻αi , j

λs−αi−s, j−s
= qD(P,i−s−1,h)(λs−αi−s, j−s )+1M

≻αi , j

Pi−s−1,h (λs−αi−s, j−s ) = qD(P, j−s,h)(λs )M
≻αi , j

λs+1
, (3.36)

where the second equality holds since

Pi−s−1,h(λs −αi−s, j−s) = P j−s,h(λs) and D(P, i − s−1,h)(λs −αi−s, j−s)+1 = D(P, j − s,h)(λs). (3.37)

1If the right-hand side is defined.
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Thus, using Theorem 3.21 for s+1 to expand the right-hand side of (3.36) we obtain the first two cases
of eq. (3.33).

We now suppose that λs+1 is not defined. By Theorem 3.8 applied to λ, αi , j and k = s it follows
that 〈λs−1,αt 〉 = 0 for all t ∈ T , where

T =
d⋃

m=0
[i − s +1−mh, i −mh], (3.38)

and d is the unique integer satisfying ϱs = ϱ j−s+1,h(λs−1) = i − s + 1− (d + 1)h. On the other hand,
since λs+1 is not defined, it follows by Theorem 3.7 that ϱs = 1. In other words, λs = λs−1 −α1, j−s+1.
By Theorem 1.15 we conclude that 〈λs ,αt 〉 = 0 for all t ∈ T . Moreover, given that λs+1 is not defined,
by the definition of the P operator we have 〈λs ,αt 〉 = 0 for all t ∈ {i − s −mh | 0 ≤ m ≤ d}. Thus, we
conclude that 〈λs ,αt 〉 = 0 for all t ∈ T ′, where

T ′ =
d⋃

m=0
[i − s −mh, i −mh]. (3.39)

Using Theorem 1.15 we obtain (3.35) for all t ∈ T ′. As before, we can apply Theorem 3.19 to K =
Φ≻αi , j , αi , j , p = p ′ = i − s, T ′ and λs −αi−s, j−s , to get M

≻αi , j

λs−αi−s, j−s
= 0, thus proving the third case in

Equation (3.33). □

We are now in position to prove the First Inverse Decomposition given in Theorem 3.15.

Proof of Theorem 3.15. We begin by emphasizing that in eq. (3.15) the M-elements indexed by un-
defined weights are set equal to 0 by convention. Let 1 ≤ k < h satisfying the hypothesis of the Theo-
rem 3.15, i.e. 〈λ,αr 〉 = 0 for all j −k +1 ≤ r ≤ j . We proceed by induction on k. Consider first the case
k = 1. By the definition of M-elements, we have

M
⪰αi , j

λ
= M

≻αi , j

λ
−qM

≻αi , j

λ−αi , j
. (3.40)

By applying Theorem 3.22 for s = 0 to rewrite qM
≻αi , j

λ−αi , j
we obtain (3.15) for k = 1, as we wanted.

We now assume that eq. (3.15) holds for some 1 ≤ k < h −1. Let λs = P s
j ,h(λ) for 1 ≤ s ≤ k +1. We

also let RHk and RHk+1 be the right-hand side of (3.15) for k and k +1, respectively. We must show

that M
⪰αi , j

λ
= RHk+1. By our inductive hypothesis, this amounts to show that RHk = RHk+1. This

turns out to be equivalent to

qM
≻αi , j

λk−αi−k, j−k
= quM

≻αi , j

λk+1−αi−(k+1), j−(k+1)
+q v

(
M

≻αi , j

vk+1
j ,h (λ)

−qM
≻αi , j

vk+1
j ,h (λ)−αi−(k+1), j−(k+1)

)
, (3.41)

where u = D(P j−k )(λk )+1 and v = D(Qk+1
j ,h )(λk+1)+D(P j−k,h)(λk ).

Due to the conventions mentioned at the beginning of this proof, eq. (3.41) follows by Theo-
rem 3.22. This completes the induction and the proof of the First Inverse Decomposition. □

We now state a refined version of Theorem 3.15 that isolates the dominant term P k
j ,h(λ). This

term, which will later be denoted by P j ,h(λ) (cf. Theorem 3.28), is essential for proving several cases
of the positivity conjecture in Section 3.

Proposition 3.24. Let λ ∈ X +, αi , j ∈Φ≥2, and h = j −i +1. Let k be an integer with 1 ≤ k < h satisfying
〈λ,αr 〉 = 0 for all j −k ≤ r ≤ j , and 〈λ,α j−k+1〉 ≥ 1. Set βm =αi−m, j−m . Then, we have

M
⪰αi , j

λ
=M

≻αi , j

λ
−q

D(P k
j ,h )(λ)+1M

≻αi , j

P k
j ,h (λ)

−
k−1∑
m=1

q
D(vm

j ,h )(λ)
(

M
≻αi , j

vm
j ,h (λ)

−qM
≻αi , j

vm
j ,h (λ)−βm

)
. (3.42)
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PROOF. Applying Theorem 3.15 to λ, αi , j and k −1, we obtain:

M
⪰αi , j

λ
=M

≻αi , j

λ
−q

D(P k−1
j ,h )(λ)+1M

≻αi , j

P k−1
j ,h (λ)−βk−1

−
k−1∑
m=1

q
D(vm

j ,h )(λ)
(

M
≻αi , j

vm
j ,h (λ)

−qM
≻αi , j

vm
j ,h (λ)−βm

)
. (3.43)

Comparing this with the target equality (3.42), the proposition will be proven if we can establish the
following identity:

M
≻αi , j

P k−1
j ,h (λ)−βk−1

=

q
D(P j−k+1,h )(P k−1

j ,h (λ))−1M
≻αi , j

P k
j ,h (λ)

, if P k
j ,h(λ) is defined;

0, otherwise.
(3.44)

We proceed by analyzing these two cases.

Case P k
j ,h(λ) is defined. We must establish the top line of (3.44).

If 〈λ,αi−k+1〉 ≥ 1, then by the definition of the P-operator, P k
j ,h(λ) = P k−1

j ,h (λ)−βk−1. The result

follows via substituting this directly into (3.44) and noticing that D(P j−k+1,h)(P k−1
j ,h (λ)) = 1.

We now prove the equality under the assumption 〈λ,αi−k+1〉 = 0. By applying Theorem 3.8 to λ,
αi , j , and k, we get

〈P k−1
j ,h (λ),αt 〉 = 0 for all t ∈ T =

d⋃
m=0

[i −k +1−mh, i −mh], (3.45)

where d is the unique integer satisfying ϱ j−k+1,h(P k−1
j ,h (λ)) = i −k +1− (d +1)h. From this, it follows

that

〈P k−1
j ,h (λ)−βk−1,αt 〉 =

0, if t ∈ T \ {i −k +1};

−1, if t = i −k +1.
(3.46)

We can now apply Theorem 3.19 to K =Φ≻αi , j , αi , j , p = p ′ = i −k +1, the set T , and P k−1
j ,h (λ)−βk−1.

This yields:

qM
≻αi , j

P k−1
j ,h (λ)−βk−1

= q
D(P,i−k,h)(P k−1

j ,h (λ)−βk−1)+1M
≻αi , j

Pi−k,h (P k−1
j ,h (λ)−βk−1)

= q
D(P, j−k+1,h)(P k−1

j ,h (λ))M
≻αi , j

P k
j ,h (λ)

, (3.47)

where the second equality holds because

Pi−k,h(P k−1
j ,h (λ)−βk−1) = P j−k+1,h(P k−1

j ,h (λ)) = P k
j ,h(λ)

D(P, i −k,h)(P k−1
j ,h (λ)−βk−1)+1 = D(P, j −k +1,h)(P k−1

j ,h (λ)).
(3.48)

It establishes the first case of (3.44).

Case P k
j ,h(λ) is not defined. We must show that M

≻αi , j

P k−1
j ,h (λ)−βk−1

= 0. We consider two subcases.

First, if P k−1
j ,h (λ) is also not defined, then by Theorem 3.16, the term MP k−1

j ,h (λ)−βk−1
in (3.43) is zero.

This trivially satisfies the second case of (3.44).
Second, assume P k−1

j ,h (λ) is defined, but P k
j ,h(λ) is not. Applying Theorem 3.8 to λ, αi , j , and k −1

gives 〈P k−2
j ,h (λ),αt 〉 = 0 for all t ∈ T , where

T =
d⋃

m=0
[i −k +2−mh, i −mh], (3.49)

and d is the unique integer satisfying ϱk−1 = ϱ j−k+2,h(P k−2
j ,h (λ)) = i−k+2−(d+1)h. Since P k

j ,h(λ) is not

defined, Theorem 3.7 implies ϱk−1 = 1. In other words, P k−1
j ,h (λ) = P k−2

j ,h (λ)−α1, j−k+2. By Theorem 1.15,

we conclude that 〈P k−1
j ,h (λ),αt 〉 = 0 for all t ∈ T .
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Furthermore, the condition that P k
j ,h(λ) is not defined also implies, by the definition of the P-

operator, that 〈P k−1
j ,h (λ),αt 〉 = 0 for all t ∈ {i−k+1−mh | 0 ≤ m ≤ d}. Combining these zero-conditions,

we conclude that 〈P k−1
j ,h (λ),αt 〉 = 0 for all t ∈ T ′, where

T ′ =
d⋃

m=0
[i −k +1−mh, i −mh]. (3.50)

Using Theorem 1.15 again, we obtain

〈P k−1
j ,h (λ)−βk−1,αt 〉 =

0, if t ∈ T ′ \ {i −k +1};

−1, if t = i −k +1.
(3.51)

As in the first case, we apply Theorem 3.19 to K = Φ≻αi , j , αi , j , p = p ′ = i − k + 1, the set T ′, and

P k−1
j ,h (λ)−βk−1, to obtain M

≻αi , j

P k−1
j ,h (λ)−βk−1

= 0.

Both cases of (3.44) are now established, which completes the proof. □



66

2. Second Inverse Decomposition

In this section we refine the First Inverse Decomposition from Theorem 3.15. This version is best
suited for establishing ?? in the following section.

2.1. The v-operator.

Definition 3.25. Let λ ∈ X + and ( j ,h) be a pair of integers such that 2 ≤ h ≤ j . Suppose that 〈λ,αt 〉 = 0
for all j − (h −2) ≤ t ≤ j . Let Å be the smallest non-negative integer such that Q−Å

j+1,h(vh−1
j ,h (λ)) ∈ X +.

• If such an integer exists then we define v j ,h(λ) =Q−Å
j+1,h(vh−1

j ,h (λ)).

• Otherwise, we say that v j ,h(λ) is not defined.

In the first case we call Å= Å j ,h(λ) the integer associated to v j ,h(λ).

Remark 3.26. We stress that if vh−1
j ,h (λ) ∈ X + then Å = 0 and v j ,h(λ) = vh−1

j ,h (λ). On the other hand, if

vh−1
j ,h (λ) is not defined, then v j ,h(λ) is automatically not defined.

The following lemma asserts that, under repeated application of Q-operators, the weight vh−1
j ,h (λ)

either transforms into the dominant weight v j ,h(λ), yielding an identity between the corresponding
M-elements, or else vh−1

j ,h (λ) fails to reach the dominant chamber, in which case the associated M-
element vanishes.

Lemma 3.27. Let αi , j ∈ Φ≥2 and h = j − i + 1. Let λ ∈ X + satisfying 〈λ,αr 〉 = 0, for all i + 1 ≤ r ≤ j .
Suppose that vh−1

j ,h (λ) is defined and set Y =Φ≻αi , j ∪ {αi−h+1,i }. Then, we have

MY
vh−1

j ,h (λ)
=

qÅMY
v j ,h (λ), if v j ,h(λ) is defined;

0, otherwise.
(3.52)

PROOF. We first assume that v j ,h(λ) is defined. If Å = 0 then there is nothing to prove. So that
we can assume Å > 0. For 0 ≤ k ≤ Å we define µk = Q−k

j+1,h(vh−1
j ,h (λ)). By combining Theorem 3.9 and

Theorem 3.11 we obtain for all 1 ≤ k ≤ Å that

µk =µk−1 −α j+k+1, j+k+h−1, (3.53)

or in words, the Q-operator needed to pass from µk−1 to µk consists of a unique root of height h −1.
On the other hand, Theorem 3.11 also implies that

µ0 = vh−1
j ,h (λ) = P h−1

j ,h (λ)−
h−1∑
r=1

αi+r+1, j+r = P h−1
j ,h (λ)+ϖi+1 −2ϖ j+1 +ϖ j+h . (3.54)

Furthermore, by definition of P h−1
j ,h (λ) and the assumptions on λ we have

〈P h−1
j ,h (λ),αt 〉 =


−1, if t = i +1;

0, if t ∈ [i +2, j ];

〈λ,α j+1〉+1, if t = j +1.

〈λ,αt 〉, if t ∈ [ j +2,n];

(3.55)

Thus, combining (3.53), (3.54), and (3.55) with Theorem 1.15, we obtain, for all 0 ≤ k < Å, that

〈µk ,αt 〉 =
0, if t ∈ [i +1, j +k];

−1, if t = j +k +1.
(3.56)
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Hence, for 0 ≤ k ≤ Å−1, we can apply Theorem 3.18 to K =Φ≻αi , j , αi , j , T = Tk = [i +1, j +k +1],
µk , p ′ = j +k +1 and p be the unique integer such that i +1 ≤ p ≤ j and p ≡ p ′ mod h −1 to get

MY
µk

= qMY
µk+1

. (3.57)

Therefore, MY
vh−1

j ,h (λ)
= MY

µ0
= qÅMY

µÅ
= qÅMY

v j ,h (λ), as we wanted to show.

We now assume that v j ,h(λ) is not defined. Although this weight is not defined, the weight µn− j−h+1

does exist. Furthermore, it can be computed using eq. (3.53) and eq. (3.56) still holds. Thus, arguing
as in the previous case we obtain

MY
vh−1

j ,h

= qn− j−h+1MY
µn− j−h+1

. (3.58)

On the other hand, by Theorem 3.18 applied to K =Φ≻αi , j , αi , j , T = [i +1,n−h+2], µn− j−h+1 ∈ X ,
p ′ = n −h +2, and p be the unique positive integer such that i +1 ≤ p ≤ j and p ≡ p ′ mod h −1, we
conclude that

MY
µn− j−h+1

= 0. (3.59)

Therefore, the result follows by combining eq. (3.58) and (3.59). □

2.2. The P-operator.

Definition 3.28. Let (h,k) be a pair of integers such that 2 ≤ h ≤ k ≤ n. Let λ ∈ X +
k (L). Let x be the

smallest positive integer such that P x
k,h(λ) ∈ X +

k (L). If such an integer exists, then we define Pk,h(λ) =
P x

k,h(λ). Otherwise, we say that Pk,h(λ) is not defined.

The main goal of this section is to prove the next lemma.

Lemma 3.29. Let αi , j ∈Φ≥2 and h = j − i +1. Let λ ∈ X +
j (L) and µ= P h

j ,h(λ). If 〈µ,αi 〉 =−1, then

M
≻αi , j
µ =

{
qD(Pi−1,h )(µ)M

≻αi , j

Pi−1,h (µ), if Pi−1,h(µ) is defined;

0, otherwise.
(3.60)

Before embarking in the proof of Theorem 3.29 we need some preparatory results.

Lemma 3.30. Let αi , j ∈Φ≥2 and h = j − i +1. Suppose that i +1 ≡ 0 mod h. Let b be an integer such
that h ≤ b ≤ i and b ≡ 0 mod h. Let µ ∈ X +

h−1(L) be such that 〈µ,αt 〉 = −δt ,b for t ∈ [h, i ]. Then we
have

M
≻αi , j
µ−αi , j

= 0. (3.61)

PROOF. We proceed by induction on m = 〈µ,αh−1〉. If m = 0 then 〈µ−αi , j ,αt 〉 = 0 for all 1 ≤ t ≤ i−h
and t ≡ i −h ≡ −1 mod h. By definition of the Pi−1,h-operator, it follows that Pi−1,h(µ−αi , j ) is not
defined. Then, by Theorem 3.19 applied to K = Φ≻αi , j , αi , j , p = i = p ′ and the weight µ−αi , j we

obtain M
≻αi , j
µ−αi , j

= 0.
We now suppose that m ≥ 1 and assume that (3.61) holds for m −1. In this case Pi−1,h(µ−αi , j ) is

defined. In fact, we have

µ′ := Pi−1,h(µ−αi , j ) =µ−αi , j −αh−1,i−1 =µ−αh−1, j = P j ,h(µ). (3.62)

Then, applying Theorem 3.19 with the same parameters as before, we get

M
≻αi , j
µ−αi , j

= qD(Pi−1,h )(µ−αi , j )M
≻αi , j

µ′ = qD(P j ,h )(µ)−1M
≻αi , j

µ′ . (3.63)

On the other hand, by the conditions imposed on b and µ it is easy to see that Pb−1,h(µ′) is not
defined. Therefore, another application of Theorem 3.19, but now for the parameters

K =Φ≻αi−1, j−1 , αi−1, j−1, p = i −h +1, p ′ = b, k = i −b +1

h
−1 and µ′, (3.64)
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yields M
≻αi−1, j−1

µ′ = 0. By the definition of M-elements we have

0 = M
≻αi−1, j−1

µ′ = M
≻αi , j

µ′ −qM
≻αi , j

µ′−αi , j
. (3.65)

Thus, by combining (3.63) and (3.65), we obtain

M
≻αi , j
µ−αi , j

= qD(P j ,h )(µ)M
≻αi , j

µ′−αi , j
. (3.66)

Finally, since µ′ satisfies the hypothesis of the lemma and 〈µ′,αh−1〉 = m − 1 we can apply our
inductive hypothesis to conclude that the right-hand side of eq. (3.66) vanishes, which completes the
proof. □

Lemma 3.31. Let αi , j ∈ Φ≥2 and h = j − i + 1. Let λ ∈ X +
j (L) and for x ≥ 0 we set λx = P x

j ,h(λ). Let

k ≥ h +1 be an integer such that λk is defined and λu ∉ X +
j (λ) for h ≤ u < k. Then, we have

〈λk−1,αt 〉 = 0, for all t ∈ [ϱk +h, i ] \ { j − (k −2)}, (3.67)

where ϱk = ϱ j−(k−1),h(λk−1).

PROOF. This result follows by an inductive argument on k that combines Theorem 3.7, Theo-
rem 3.8 and the definition of the P-operator. We left the details to the reader. □

Lemma 3.32. Let αi , j ∈ Φ≥2 and h = j − i +1. Let λ ∈ X +
j (L) and set λx = P x

j ,h(λ) for x ≥ 0. Let u be

an integer such that h ≤ u ≤ i −1. Suppose that λu is defined and λx ∉ X +
j (λ) for h ≤ x < u. Then, we

have

M
≻αi , j

λu
=

{
qD(P, j−u,h)(λu )M

≻αi , j

λu+1
, if λu+1 is defined;

0, otherwise.
(3.68)

PROOF. Let b = i −u +h. We remark that b −1 = j −u. We split the proof in four cases.

Case A. λu+1 is defined and b ≡ i +1 mod h.

We recall that λu+1 = Pb−1,h(λu). Let ϱu+1 = ϱb−1,h(λu) be the integer associated to Pb−1,h(λu).
By Theorem 3.31 applied to k = u +1 we obtain 〈λu ,αt 〉 = 0 for all t ∈ T := [ϱu+1 +h, i ] \ {b}. Fur-

thermore, since λu ∉ X +
j (L) we have 〈λu ,αb〉 =−1.

We proceed by induction on D = D(P,b −1,h)(λu).
Suppose that D = 1. In this case we have ϱu+1 = i −u = b −h and T = [b +1, i ]. Therefore, we can

apply Theorem 2.14 to αi , j , K =Φ≻αi , j , p = i −h +1, p ′ = b and λu to get

M
≻αi , j

λu
= qM

≻αi , j

λu−αb−h,b−1
= qM

≻αi , j

λu+1
, (3.69)

which proves the lemma for D = 1.
We now suppose that D > 1 and that the lemma holds for D − 1. Let a := ϱu+1 +h. We notice

that a ≡ i −u mod h and therefore a ≡ b mod h. Furthermore, since D > 1 we have a < b and since
b ̸= i we have b < i . Thus, we can apply Theorem 2.38 to αi , j , a and b to obtain MY

λu
= 0, where

Y =Φ≻αi , j ∪ {αa−h,a−1}. By definition of M-elements we have

M
≻αi , j

λu
= qM

≻αi , j

λu−αa−h,a−1
. (3.70)

On the other hand, we recall that

λu+1 = Pb−1,h(λu) =λu −αϱu+1,b−1 =λu −αa−h,b−1 = (λu −αa−h,a−1)−αa,b−1. (3.71)

Since 〈λu −αa−h,a−1,αa〉 = 1 we conclude that Pb−1,h(λu −αa−h,a−1) = λu+1. Furthermore, we have
D(Pb−1,h)(λu −αa−h,a−1) = D −1. Therefore, our inductive hypothesis gives

M
≻αi , j

λu
= qM

≻αi , j

λu−αa−h,a−1
= qqD−1M

≻αi , j

λu+1
= qD M

≻αi , j

λu+1
. (3.72)
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Case B. λu+1 is not defined and b ≡ i +1 mod h.

Since λu is defined and λu+1 is not, Theorem 3.7 implies ϱu = ϱb,h(λu−1) = 1. In particular, we
have b ≡ 0 mod h. In addition, by definition of the P-operator we have 〈λu ,αt 〉 = 0 for all 1 ≤ t ≤ b−h
with t ≡ b −h ≡ 0 mod h. In particular, 〈λu ,αh〉 = 0.

On the other hand, by Theorem 3.31 applied to k = u we obtain 〈λu−1,αt 〉 for all t ∈ [h+1, i ]\{b+1}.
Furthermore, λu−1 ∉ X +

j (L) implies 〈λu−1,αb+1〉 =−1. Since λu =λu−1−α1,b we obtain 〈µu ,αt 〉 = 0 for
all t ∈ [h +1, i ] \ {b} and 〈λu ,αb〉 =−1.

Summing up, we obtain that 〈λu ,αt 〉 = 0 for all t ∈ [h, i ]\{b} and 〈λu ,αb〉 =−1. Then, we can apply
Theorem 3.19 to αi−1, j−1, K =Φ≻αi−1, j−1 , p = i+1−h, p ′ = b and λu to obtain M

≻αi−1, j−1

λu
= 0. We remark

that our use of Theorem 3.19 is justified since we use αi−1, j−1 rather than αi , j , so that our p belongs

to the admissible range. By decomposing M
≻αi−1, j−1

λu
= 0 we get

M
≻αi , j

λu
= qM

≻αi , j

λu−αi , j
. (3.73)

Since b ≡ 0 mod h, Theorem 3.30 applied to µ = λu yields M
≻αi , j

λu−αi , j
= 0. Therefore, the result

follows by replacing this in (3.73).

Case C. λu+1 is defined and b ̸≡ i +1 mod h.

As in Case A we obtain 〈λu ,αt 〉 = 0 for all t ∈ [ϱu+1+h, i ]\{b} and 〈λu ,αb〉 =−1. Let p be the unique
integer such that i −h+1 < p ≤ i and p ≡ b mod h. Let d be the integer defined by ϱu+1 = p−(d+1)h
and define

T =
d⋃

m=0
[p −mh, i −mh] ⊂ [ϱu+1 +h, i ]. (3.74)

We apply Theorem 3.19 to K =Φ≻αi , j , αi , j , T , λ j−b+1, p ′ = b and p to obtain

M
≻αi , j

λu
= qD(Pb−1,h )(λu )M

≻αi , j

Pb−1,h (λ j−b+1) = qD(Pb−1,h )(λu )M
≻αi , j

λu+1
, (3.75)

as we wanted to show.

Case D. λu+1 is not defined and b ̸≡ i +1 mod h.

As in Case B we get ϱu = 1, 〈λu ,αt 〉 = 0 for all t ∈ [h + 1, i ] \ {b} and 〈λu ,αb〉 = −1. Let p be the
unique integer such that i −h +1 ≤ p ≤ i and p ≡ b mod h. Then, by Theorem 3.19 applied to αi , j ,

K =Φ≻αi , j , λu , p ′ = b and p we obtain that M
≻αi , j

λu
= 0. □

We are now in position of proving the main result in this section.

Proof of Theorem 3.29. For x ≥ 0, set λx = P x
j ,h(λ). We stress that µ=λh .

We first consider the case when Pi−1,h(µ) is defined. By hypothesis we have λh ∉ X +
j (L). Let

s ≥ h + 1 be the integer such that λs = Pi−1,h(µ). Let h + 1 ≤ u < s. By the minimality of s we have
λu ∉ X +

j (L).
Then, by Theorem 3.32 we have

M
≻αi , j

λu
= qD(P j−u,h )(λu )M

≻αi , j

λu+1
(3.76)

for all h ≤ u < s. It follows that

M
≻αi , j
µ = M

≻αi , j

λh
= qD M

≻αi , j

λs
= qD(Pi−1,h )(µ)M

≻αi , j

Pi−1,h (µ), (3.77)

where D =
s−1∑
u=h

D(P j−u,h)(λu). This proves the lemma when Pi−1,h(µ) is defined.
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We now address the case when Pi−1,h(µ) is not defined. Let s ≥ h +1 be the smallest integer such
that λs is not defined. Arguing as in the previous paragraph we obtain

M
≻αi , j
µ = M

≻αi , j

λh
= qE M

≻αi , j

λs−1
, (3.78)

for some integer E . Then another application of Theorem 3.32 yields M
≻αi , j

λs−1
= 0, which proves the

lemma in this case. □

2.3. Mixed operators. In this section we establish a relation between the weights P h−1
j ,h (λ), v j ,h(λ),

P h
j ,h(λ) and Pi ,hv j ,h(λ) (when all or some of them exist). This is the key to pass from the First Inverse

Decomposition to the Second Inverse Decomposition.

Lemma 3.33. Let λ ∈ X +, αi , j ∈Φ≥2 and h = j − i +1. Suppose that 〈λ,αr 〉 = 0, for all i ≤ r ≤ j . and let

d1 = D(P h−1
j ,h )(λ)+1 d2 = D(v j ,h)(λ)+1

d3 = D(P h
j ,h)(λ) d4 = D(Pi ,hv j ,h)(λ)

(3.79)

(a) Suppose that P h
j ,h(λ) and v j ,h(λ) are defined, then

qd1 M
≻αi , j

P h−1
j ,h (λ)−αi−h+1,i

−qd2 M
≻αi , j

v j ,h (λ)−αi−h+1,i
= qd3 M

≻αi , j

P h
j ,h (λ)

−qd4 M
≻αi , j

Pi ,h v j ,h (λ). (3.80)

(b) Suppose that v j ,h(λ) is defined, but P h
j ,h(λ) is not, then

qd1 M
≻αi , j

P h−1
j ,h (λ)−αi−h+1,i

−qd2 M
≻αi , j

v j ,h (λ)−αi−h+1,i
= 0. (3.81)

(c) Suppose that P h
j ,h(λ) is defined, but v j ,h(λ) is not, then

M
≻αi , j

P h−1
j ,h (λ)−αi−h+1,i

= q
D(Pi ,h )(P h−1

j ,h (λ))M
≻αi , j

P h
j ,h (λ)

. (3.82)

(d) Suppose that P h
j ,h(λ) and v j ,h(λ)are not defined, then

M
≻αi , j

P h−1
j ,h (λ)−αi−h+1,i

= 0. (3.83)

PROOF. We only prove eq. (3.80), the other three cases being analogous.
We notice that P h

j ,h(λ) = Pi ,h(P h−1
j ,h (λ)). Let ϱ= ϱi ,h(P h−1

j ,h (λ)). By definition if d = D(Pi ,h)(P h−1
j ,h (λ))

then ϱ = i −dh + 1. Furthermore, we have the d1 +d = d3 + 1. We also notice that 〈P h−1
j ,h (λ),αt 〉 =

〈v j ,h(λ),αt 〉 for all 1 ≤ t ≤ i . It follows that ϱ= ϱi ,h(v j ,h(λ)) and that d2 +d = d4 +1.
On the other hand, let Å= Å j ,h(λ). Then, by definition of v j ,h(λ) we have

v j ,h(λ) = P h−1
j ,h (λ)−

h−1+Å∑
u=1

αi+1+u,i+1+u+(h−2). (3.84)

It follows that d2 = d1 +Å+h −1 and d4 = d3 +Å+h −1. We prove the following.

Claim 3.34. For all ϱ< a ≤ i −h +1 with a ≡ i +1 mod h we have

M
≻αi , j

P h−1
j ,h (λ)−αa,i

−qÅ+h−1M
≻αi , j

v j ,h (λ)−αa,i
= q

(
M

≻αi , j

P h−1
j ,h (λ)−αa−h,i

−qÅ+h−1M
≻αi , j

v j ,h (λ)−αa−h,i

)
. (3.85)
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PROOF. Let µ= P h−1
j ,h (λ)−αa,i and µ′ = v j ,h(λ)−αa,i . By combining Theorem 3.31, the hypothesis

on λ in the lemma, the inequality ϱ≤ a −h and the definition of Å we obtain

Rt (µ) =


1, if t = a;
0, if a +1 ≤ t < i ;
1, if t = i ;
0, if i +1 ≤ t ≤ j +Å, and t ̸= j +1;

−1, if t = j +1 ≤ j +Å.

Rt (µ′) =


1, if t = a;
0, if a +1 ≤ t < i ;
1, if t = i ;

−1, if t = i +1;
0, if i +2 ≤ t ≤ j +Å.

(3.86)

Let Y = Φ≻αi , j ∪ {αa−h,a−1} and k ≥ 0 defined by the equality i −h + 1− a = kh. We notice that
both µ and µ′ satisfies the hypothesis of Theorem 2.36 with a and k as above. Therefore, using the
notation in that lemma, we obtain

MY
µ = qRk M

Ya,k
µ−µk

and MY
µ′ = qRk M

Ya,k

µ′−µk
. (3.87)

We stress that both the weight µk and the integer Rk depends heavily on some of the components of
µ and µ′. However, in our setting the components of µ and µ′ involved in the computation of µk and
Rk coincide. More precisely, we have

µ0 =
h−2∑
t=0

αi−t , j−t , µs =µs−1 +
(s+1)h−2∑

t=0
αi−t , j−t and Rk = k +1

2
(i −a +h −1). (3.88)

In particular, we have

〈µ−µk ,αi−s〉 = 〈µ′−µk ,αi−s〉 =
{

−(k +2), if s = 0;
0, if 0 < s ≤ k.

(3.89)

Then, using (3.87) and Theorem 1.57 for the element si−k · · · si−1si , we obtain

MY
µ = (−1)k+1qRk M

Ya,k
µ−µk+γk

and MY
µ′ = (−1)k+1qRk M

Ya,k

µ′−µk+γk
, (3.90)

where γk =
k∑

s=0
(k +1− s)αi−s .

To simplify notation we set Υk :=µ−µk +γk and Υ′
k

:=µ′−µk +γk . We have

〈Υk ,αt 〉 =


0, if i −k ≤ t ≤ i ;

−(k +2), if t = i +1;
0, if i +2 ≤ t ≤ j +Å and t ̸= j +1;

k +2, if t = j +1 ≤ j +Å.

(3.91)

and

〈Υ′
k ,αt 〉 =


0, if i −k ≤ t ≤ i ;

−(k +1), if t = i +1;
0, if i +2 ≤ t ≤ j +Å and t ̸= j +1;

k +1, if t = j +1 ≤ j +Å.

(3.92)

On the other hand, we observe that since bk = i −1 we have Ya,k =Φ≻αa−h,a−1 \ Ak , where Ak is the
trapezoid at height h with top-left corner αi−(h+k)+1,i+1 and right-bottom corner αi , j . We emphasize
that h′ := ht(αi−(h+k)+1,i+1) = h +k +1. So that h′−h = k +1.

Therefore we are in position to apply Theorem 2.24. We obtain

M
Ya,k

Υk
= qk+2MΦ

≻αa−h,a−1 \Ak (1)
Υk−(k+2)αi+2,i+2+(h−2)

and M
Ya,k

Υ′
k

= qk+1MΦ
≻αa−h,a−1 \Ak (1)

Υ′
k−(k+1)αi+2,i+2+(h−2)

, (3.93)

where Ak (1) is the trapezoid Ak shifted by one unit to the right.
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We can repeat this process. Let us be more precise. If we set Υk (1) =Υk − (k +2)αi+2,i+2+(h−2) and
Υ′

k (1) = Υ′
k − (k +2)αi+2,i+2+(h−2) then the conditions in (3.91) and (3.92) are “shifted by one unit to

the right”. Concretely, we have

〈Υk (1),αt 〉 =


0, if i +1−k ≤ t ≤ i +1;

−(k +2), if t = i +2;
0, if i +3 ≤ t ≤ j +Å and t ̸= j +2;

k +2, if t = j +2 ≤ j +Å.

(3.94)

and

〈Υ′
k (1),αt 〉 =


0, if i +1−k ≤ t ≤ i +1;

−(k +1), if t = i +2;
0, if i +3 ≤ t ≤ j +Å and t ̸= j +2;

k +1, if t = j +2 ≤ j +Å.

(3.95)

So that we can apply Theorem 2.24 again. We get

MΦ
≻αa−h,a−1 \Ak (1)

Υk (1) = qk+2MΦ
≻αa−h,a−1 \Ak (2)

Υk (1)−(k+2)αi+3,i+3+(h−2)
,

MΦ
≻αa−h,a−1 \Ak (1)

Υ′
k (1)

= qk+1MΦ
≻αa−h,a−1 \Ak (2)

Υ′
k (1)−(k+1)αi+3,i+3+(h−2)

,
(3.96)

where Ak (2) is the trapezoid Ak shifted by two units to the right.
By continuing this way, we eventually obtain

MY
µ = (−1)k+1qRk q (k+2)(h−1+Å)MΦ

≻αa−h,a−1 \Ak (h−1+Å)
Υk−ζk

,

MY
µ′ = (−1)k+1qRk q (k+1)(h−1+Å)MΦ

≻αa−h,a−1 \Ak (h−1+Å)
Υ′

k−ζ′k
,

(3.97)

where Ak (h −1+Å) is the trapezoid Ak shifted by h −1+Å units to the right,

ζk = (k +2)
h−1+Å∑

u=1
αi+1+u,i+1+u+(h−2) and ζ′k = (k +1)

h−1+Å∑
u=1

αi+1+u,i+1+u+(h−2). (3.98)

Equation (3.84) yields

(Υk −ζk )− (Υ′
k −ζ′k ) =µ−µ′−

h−1+Å∑
u=1

αi+1+u,i+1+u+(h−2)

= P h−1
j ,h (λ)−v j ,h(λ)−

h−1+Å∑
u=1

αi+1+u,i+1+u+(h−2)

= 0.

(3.99)

Thus, MY
µ = qh−1+ÅMY

µ′ . Finally, by the definition of Y =Φ≻αi , j ∪ {αa−h,a−1} and the equality αa−h,i =
αa−h,a−1 +αa,i , we get

M
≻αi , j

P h−1
j ,h (λ)−αa,i

−qM
≻αi , j

P h−1
j ,h (λ)−αa−h,i

= qh−1+Å
(

M
≻αi , j

v j ,h (λ)−αa,i
−qM

≻αi , j

v j ,h (λ)−αa−h,i

)
, (3.100)

which is equivalent to our claim. □

The lemma now follows by a repeated application of the claim. □



2. SECOND INVERSE DECOMPOSITION 73

2.4. The second inverse decomposition. We now turn to the proof of the Second Inverse Decom-
position (SID), the central result of this section. Before stating the result, let us make a few preliminary
remarks.

First, in contrast with the situation for the First Inverse Decomposition (FID), the SID only exists
for those weights λ and roots αi , j satisfying

〈λ,αr 〉 = 0 for all i +1 ≤ r ≤ j . (3.101)

For all other weights, the FID is sufficient in order to establish positivity, although the positivity is not
automatic from the formula itself.

Second, let us explain why the SID is needed in the present situation. If we apply the FID to
a weight λ with the vanishing conditions above, we find that some of the weights indexing the M-
elements in the decomposition may fail to be dominant (disregarding the subtracted roots). More
precisely, the problematic terms are P h−1

j ,h (λ) and vh−1
j ,h (λ).

The SID addresses this issue by replacing these non-dominant weights with dominant ones. This
ensures that all weights involved remain dominant, which will be essential in the proof of ??.

Proposition 3.35. Let λ ∈ X +, αi , j ∈Φ≥2 and h = j − i +1. Suppose that 〈λ,αr 〉 = 0, for all i +1 ≤ r ≤ j .
Furthermore, write βr =αi−r, j−r . Then, we have

M
⪰αi , j

λ
= M

≻αi , j

λ
−qd M

≻αi , j

P j ,h (λ) −
h−2∑
r=1

qdr

(
M

≻αi , j

v r
j ,h (λ)

−q M
≻αi , j

v r
j ,h (λ)−βr

)
−qe1

(
M

≻αi , j

v j ,h (λ) −qe2 M
≻αi , j

Pi ,h v j ,h (λ)

)
, (3.102)

where d = D(P j ,h)(λ), dr = D(v r
j ,h)(λ), e1 = D(v j ,h)(λ) and e2 = D(Pi ,h)(v j ,h(λ)).

Remark 3.36. We emphasize that if any P-operator, v r -operator or v-operator is not defined, the
corresponding M-element is set equal to zero.

PROOF. We only prove the case when all the weights involved in (3.102) exist, the other cases
follow in a similar fashion.

By Theorem 3.15 applied to k = h −1 we have

M
⪰αi , j

λ
= M

≻αi , j

λ
−q

D(P h−1
j ,h )(λ)+1M

≻αi , j

P h−1
j ,h (λ)−βh−1

−
h−1∑
r=1

qdr

(
M

≻αi , j

v r
j ,h (λ)

−qM
≻αi , j

v r
j ,h (λ)−βr

)
. (3.103)

By comparing (3.102) and (3.103) it is easy to note that both formulas differ by three terms. We work
with these terms. We have

q
D(P h−1

j ,h )(λ)+1M
≻αi , j

P h−1
j ,h (λ)−βh−1

+qdh−1

(
M

≻αi , j

v r
j ,h (λ)

−qM
≻αi , j

v r
j ,h (λ)−βh−1

)
= q

D(P h−1
j ,h )(λ)+1M

≻αi , j

P h−1
j ,h (λ)−βh−1

+qe1

(
M

≻αi , j

v j ,h (λ) −qM
≻αi , j

v j ,h (λ)−βh−1

)
= q

D(P h
j ,h )(λ)M

≻αi , j

P h
j ,h (λ)

+qe1 M
≻αi , j

v j ,h (λ) −qD(Pi ,h v j ,h )(λ)M
≻αi , j

Pi ,h v j ,h (λ)

= qd M
≻αi , j

P j ,h (λ) +qe1 M
≻αi , j

v j ,h (λ) −qe1+e2 M
≻αi , j

Pi ,h v j ,h (λ).

(3.104)

Let us briefly indicate the origin of these equalities. The first equality is a consequence of The-
orem 3.27. The second equality follows from Theorem 3.33. The last equality is implied by Theo-
rem 3.29. Finally, let us note that the equalities appearing in the exponents come directly from the
definition of the operators involved and their corresponding degrees.

Then, (3.102) is obtained by replacing (3.104) in (3.103).
□
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3. Positivity

Lemma 3.37. Let λ ∈ X +, αi , j ∈Φ≥3 and I ⊊ [αi−h+2,i+1,αi , j ]. Set h = ht(αi , j ) and Y =Φ≻αi , j ∪ I . Let
(a,b) be a pair of integers such that i + 1 ≤ a < j , a < b ≤ j + 1, αa−h+1,a ,αb−h+1,b ∈ Y and are the
smallest integers that satisfy αa−h+2,a+1,αb−h,b−1 ̸∈ I . If 〈λ,αt 〉 = 0 for t ∈ [a +1,b −1] then

MY
λ−∑b−1

m=a+1αm−h+1,m
=

 MY
(vb−a−1)b−1(λ), if (vb−a−1)b−1(λ) is defined;

0, otherwise.
(3.105)

PROOF. We will start by proving the following claim

Claim 3.38. For Y and (a,b) as in the statement of the lemma we have that

(a) Y \ {αa−h+1,a} ∼S Φ
≻αb−h,b−1 , for S = [a +1,n] \ [b +1, j +1].

(b) Y ∼J Φ
≻αb−h,b−1 , for J = [1,b −h] \ [i −h +1, a −h +1].

PROOF. We will start proving the following:

Y \ {αa−h+1,a} ∼T Φ
≻αb−h,b−1 , for T = [1,n] \ ([i −h +1, a −h]∪ [b −h +1, a]∪ [b +1, j +1]).

To prove this, we have to verify the conditions of Theorem 2.1 as follow

• First, we will verify Item (a) of Theorem 2.1. We recall that Y =Φ≻αi , j ∪I . Let α ∈ Y \{αa−h+1,a}
such that st (α) ̸= α for some t ∈ T . Notice that since αb−h+1,b ⪯ αi+1, j+1, we have that
Φ≻αi , j ⊂ Φ≻αb−h,b−1 . If α ≻ αi , j , then α ∈ Φ≻αi , j and then, α ∈ Y . So, we can assume that
α ∈ [αb−h,b−1,αi , j ], but in this case, since i +1 ≤ a < b ≤ j +1 then st (α) =α for all t ∈ T .

• Now, we continue proving Item (b) of Theorem 2.1. Let α ∈ Y \Φ≻αb−h,b−1 . Notice that

(Y \ {αa−h+1,a}) \Φ≻αb−h,b−1 = [αp−h+1,p ,αa−h,a−1],

for some i +1 ≤ p ≤ a. Thus, we conclude that α ∈ [αp−h+1,p ,αa−h,a−1]. Since i +1 ≤ p ≤ a <
b ≤ j +1 we have that st (α) =α for all t ∈ T .

This prove that Y \{αa−h+1,a} ∼T Φ
≻αb−h,b−1 and since S ⊂ T we conclude that Y \{αa−h+1,a} ∼S Φ

≻αb−h,b−1 ,
proving Item (a).

Now, notice that J ⊂ T , so we conclude that Y \{αa−h+1,a} ∼J Φ
≻αb−h,b−1 . Since αa−h+1,a ≺αb−h,b−1,

then if α ∈Φ≻αb−h,b−1 , and st (α) ̸=α, then α ∈ Y \ {αa−h+1,a} ⊂ Y . This implies Item (a) of Theorem 2.1.
Now, Item (b) of Theorem 2.1 follow since αa−h+1,a is st -invariant for t ∈ J and Y \ {αa−h+1,a} ∼J

Φ≻αb−h,b−1 . Finishing the proof of the claim. □

Let λ0 =λ and define λr = Pb−r,h(λr−1). Fix r with 1 ≤ r ≤ b−a−1. First, notice that if 〈λr ,αb−r−h〉 >
0, then Pb−r−1,h(λr ) =λr −αb−r−h,b−r−1. Moreover〈

λr −
b−r−1∑
m=a+1

αm−h+1,m ,αb−r−h+1

〉
= 〈λr ,αb−r−h+1〉 (3.106)

Thus, we have that λr −∑b−r−1
m=a+1αm−h+1,m =λr+1 −∑b−r−2

m=a+1αm−h+1,m and

MY
λr −∑b−r−1

m=a+1αm−h+1,m
= MY

λr+1−∑b−r−2
m=a+1αm−h+1,m

. (3.107)

So, we can assume that 〈λr ,αb−h〉 = 0.

Next, suppose that Pb−r−1,h(λr ) is defined. Let Tr = ⋃d
m=0[b − r − (m +1)h,b − (m +1)h], where d

is the unique integer defined by ϱr = ϱb−r−1,h(λr ) = b − r −h − (d +1)h. Given that Tr ⊂ J = [1,b −h] \
[i −h +1, a −h +1], Theorem 3.38 leads to Y ∼Tr Φ

≻αb−h,b−1 . Moreover,〈
λr −

b−r−1∑
m=a+1

αm−h+1,m ,αt

〉
=

{ 〈λr ,αt 〉−1, if t = b − r −h;

〈λr ,αt 〉, if t ∈ Tr \ {b − r −h}.
=

{ −1, if t = b − r −h;

0, if t ∈ Tr \ {b − r −h},
(3.108)
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where the second equality is given by Theorem 3.8 applied to λ, αb−h,b−1 and r . Henceforth, we can
apply Theorem 3.19 for K = Y , αb−h,b−1 ∈Φ≥2, Tr , p = b − r −h, k = 0 and λr −∑b−r−1

m=a+1αm−h+1,m to
get

qMY
λr −∑b−r−1

m=a+1αm−h+1,m
= qD(P,b−r−1,h)(λr )MY

λr+1−∑b−r−2
m=a+1αm−h+1,m

. (3.109)

On the other hand, if Pb−r−h,h(λr ) is not defined. Let Tr =⋃d
m=0[b − r − (m +1)h,b − (m +1)h], where

d is the largest integer such that b − r − (d +1)h ≥ 1. Given that Tr ⊂ J = [1,b −h] \ [i −h +1, a −h +1],
Theorem 3.38 leads to Y ∼Tr Φ

≻αb−h,b−1 . Moreover, by Theorem 3.8 applied to λ, αb−h,b−1, r −1 and
minimality of the integer d we have that〈

λr −
b−r−1∑
m=a+1

αm−h+1,m ,αt

〉
=

{ −1, if t = b − r −h;

0, if t ∈ Tr \ {b − r −h}.
(3.110)

Henceforth we can apply Theorem 3.19 for K = Y , αb−h,b−1 ∈ Φ≥2, Tr , p = b − r −h, k = 0 and λr −∑b−r−1
m=a+1αm−h+1,m to get

qMY
λr −∑b−r−1

m=a+1αm−h+1,m
= 0. (3.111)

Therefore, if λb−a−1 is defined, we have by (3.109) that

qb−a−1MY
λ−∑b−1

m=a+1αm−h+1,m
= ·· · = qD(P b−a−1,b−1,h)(λ)MY

λb−a−1
. (3.112)

If λb−a−1 is not defined, let r ′ the smallest integer such that λb−r ′−2 is not defined. We have by (3.109)
and (3.111) that

qb−a−1MY
λ−∑b−1

m=a+1αm−h+1,m
= ·· · = qD(P b−r ′−1,b−1,h)(λ)+b−a−r ′−1MY

λr ′−
∑b−r ′−2

m=a+1αm−h+1,m
= 0. (3.113)

Now, Set µ0 = λb−a−1 and define µr =Qa+r,h(µr−1) for 1 ≤ r ≤ b −a −1. Fix r with 0 ≤ r ≤ b −a −2
Suposse that µr is defined. Let Tr = ⋃d

m=0[a +1+mh, a + r +1+mh], where d is the unique positive
integer defined by ϑr = ϑa+r,h(µr ) = a + r + 1+ (d + 1)h. Given that Tr ⊂ S = [a + 1,n] \ [b + 1, j + 1],
Theorem 3.38 leads to Y ∼Tr Φ

≻αb−h,b−1 . Moreover, by Theorem 3.10 applied to λ, αb−h,b−1, and r +1
we get that 〈

µr ,αt
〉={ −1, if t = a + r +1;

0, if t ∈ Tr \ {a + r +1}.
(3.114)

Then, by Theorem 3.19 applied to Y , λ, Tr we have that

MY
µr

= qD(Q,a+r+1,h)(λ)MY
µr+1

(3.115)

On the other hand, suppose that µr+1 is not defined. Let Tr =⋃d
m=0[a+1+m(h−1), a+r−11+m(h−1)],

where d is the largest positive integer such that a+r+1+d(h−1) > 1. Given that Tr ⊂ S = [a+1,n]\[b+
1, j +1], Theorem 3.38 leads to Y ∼Tr Φ

≻αb−h,b−1 . Moreover, by the maximality of d and Theorem 3.10
applied to λ, αb−h,b−1, and r we get that

〈
µr ,αt

〉={ −1, if t = a + r +1;

0, if t ∈ Tr \ {a + r +1}.
(3.116)

Then, by Theorem 3.19 applied to Y , λ, Tr we have that

MY
µr

= 0. (3.117)

Henceforth if µb−a−2 is defined, then by (3.115) we get that

qD(P b−a−1,b−1,h)(λ)MY
λb−a−1

= ·· · = qD(vb−a−1,b−1,h)(λ)MY
µb−a−2

. (3.118)
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This prove the first line of (3.105). on the other hand, if µb−a−2 is not defined. Let r ′ the smallest
integer such that µr ′+1 is not defined. Then, by (3.115) and (3.117) we get that

MY
λb−a−1

= ·· · = qD(Q−r ′ ,a+r ′+1,h)(µ0)MY
µr ′ = 0. (3.119)

This prove the second line of (3.105) finishing the proof as we wanted. □

Lemma 3.39. Let λ ∈ X +, αi , j ∈Φ≥2 and I ⊊ [αi−h+2,i+1,αi , j ]. Let (r, p) be a pair of integers such that
αr−h+1,r ,αp−h+1,p ∈ I and are the smallest integers that satisfy αr−h+2,r+1,αp−h,p−1 ̸∈ I . If 〈λ,αt 〉 = 0
for t ∈ [r +1, p −1], then for B = [αr−h+2,r+1,αp−h,p−1] we have

MY
λ = ∑

J⊂B

∑
x

qdx MY ∪J
µx,J

, (3.120)

where k(q) ∈N[q]∪ {0} and µJ ∈ X + satisfying µJ <λ and Y =Φ≻αi , j ∪ I .

PROOF. By definition of M-elements, it follows that

MY
λ = MY ∪B

λ +
p−1∑

a=r+1
qMY ∪Ba

λ−αa−h+1,a
, (3.121)

where Ba = [αr−h+2,r+1,αa−h,a−1]. Moreover, by definition of M-elements we have that

qMY ∪Ba
λ−αa−h+1,a

=
p−1∑

b=a+1
qb−aM

Y ∪Ba,b

λ−∑b−1
m=a αm−h+1,m

, (3.122)

where Ba,b = Ba ∪ {αb−h+1,b}. By Theorem 3.37 we conclude that

qb−aM
Y ∪Ba,b

λ−∑b−1
m=a αm−h+1,m

= qD(vb−a ,b−1,h)(λ)M
Y ∪Ba,b

(vb−a )b−1(λ). (3.123)

Notice that each (vb−a)b−1(λ) ∈ X + and by definition of the v-operator (vb−a)b−1(λ) < λ. completing
as we had requested. □

Theorem 3.40. Let λ ∈ X +, αi , j ∈ Φ≥3 and k be a integer such that 1 ≤ k < h −1. Set h = ht(αi , j ). If
〈λ,αt 〉 = 0 for t ∈ [ j −k +1, j ] then,

M
≻αi , j

λ
−qM

≻αi , j

λ−α j−k−h+1, j−k
∈ ∑
µ∈X +
µ≤λ

N[q]M
⪰α j−k−h+1, j−k
µ . (3.124)

PROOF. The proof is found by using recursion with Theorem 3.39. □

Lemma 3.41. Let λ ∈ X and αi , j ∈Φ≥2. Suppose that λ is L-dominant at position j . Set µ= (P h−1) j ,h(λ)
Suppose that ν= Pi ,h(µ) is defined. If (P a)b,h(ν) is defined, then Pi ,h((P a)b,h(µ)) is defined, where a,
b are integers such that i +1 ≤ b −a +1 ≤ j and i +1 ≤ b ≤ j .

PROOF. This proof follows by contrapositive arguments, using the fact that each P-operator con-
tributes with an 1 to a congruent h-module numbers that in this case differ to the chosen for Pi ,h . □

Corollary 3.42. Let λ ∈ X and αi , j ∈ Φ≥2. Suppose that λ is L-dominant at position j . Set µ =
(P h−1) j ,h(λ) Suppose that ν= Pi ,h(µ) is defined. If (P h−1) j ,h(ν) is defined, then P j ,h(µ) is defined.

PROOF. It follows by Theorem 3.41 for a = h −1 and b = j . □

Lemma 3.43. Let λ ∈ X and αi , j ∈Φ≥2. Suppose that λ is L-dominant at position j . Set µ= (P h−1) j ,h(λ)
Suppose that ν= Pi ,h(µ) is defined, then

(P a)b,h(Pi ,h(µ)) = Pi ,h((P a)b,h(µ)), (3.125)

where a, b are integers such that i +1 ≤ b −a +1 ≤ j and i +1 ≤ b ≤ j .
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PROOF. This proof follows by using the fact that each operator P j ,h commutes with blocks of h−1
consecutive P-operators by independence of the ϱ numbers and given that Pi ,h is the largest se-
quence of P-operator, the commutativity holds. □

Corollary 3.44. Let λ ∈ X and αi , j ∈ Φ≥2. Suppose that λ is L-dominant at position j . Set µ =
(P h−1) j ,h(λ) Suppose that ν= Pi ,h(µ) is defined, then

(P h−1) j ,h(Pi ,h(µ)) = P j ,h(µ), (3.126)

PROOF. It follows by Theorem 3.43 for a = h −1 and b = j . □

Corollary 3.45. Let λ ∈ X and αi , j ∈ Φ≥2. Suppose that λ is L-dominant at position j . Set µ =
(P h−1) j ,h(λ) Suppose that ν = Pi ,h(µ) is defined. If (va)b,h(ν) is defined, then Pi ,h((va)b,h(µ)) is de-
fined, where a, b are integers such that i +1 ≤ b −a +1 ≤ j and i +1 ≤ b ≤ j .

PROOF. It follows by Theorem 3.41 for λ−∑a
m=1αb−m+2,ϑm , where ϑm =ϑb−m+1,h((P m)b,h(λ)). □

Corollary 3.46. Let λ ∈ X and αi , j ∈ Φ≥2. Suppose that λ is L-dominant at position j . Set µ =
(P h−1) j ,h(λ) Suppose that ν= Pi ,h(µ) is defined, then

(va)b,h(Pi ,h(µ)) = Pi ,h((va)b,h(µ)), (3.127)

where a, b are integers such that i +1 ≤ b −a +1 ≤ j and i +1 ≤ b ≤ j .

PROOF. It follows by Theorem 3.43 for λ−∑a
m=1αb−m+2,ϑm , where ϑm =ϑb−m+1,h((P m)b,h(λ)). □

Theorem 3.47. Let λ ∈ X +, αi , j ∈Φ≥2. Set h = ht(αi , j ). If 〈λ,αt 〉 = 0 for t ∈ [i +1, j ] then,

M
≻αi , j

λ
∈ ∑
µ∈X +
µ≤λ

1≤k≤i

N[q]M
⪰αk,k+h−1
µ . (3.128)

PROOF. We will proceed by induction on the dominance order of λ. Assume that λ= 0, then

M
≻αi , j

λ
= 0 = M

⪰αi , j

λ
. (3.129)

Which corresponds to the desired positive expansion.

Now, assume that (3.128) holds for any µ ∈ X + satisfying 0 ≤µ<λ and let us verify for λ.
By Theorem 3.35 it follows that

M
≻αi , j

λ
= M

⪰αi , j

λ
+qD(P, j ,h)(λ)M

≻αi , j

P j ,h (λ) +
h−2∑
r=1

qD(vr , j ,h)(λ)
(

M
≻αi , j

(vr ) j ,h (λ) −qM
≻αi , j

(vr ) j ,h (λ)−αi−r, j−r

)
+qD(v, j ,h)(λ)

(
M

≻αi , j

v j ,h (λ) −qD(P,i ,h)(λ)M
≻αi , j

Pi ,h v j ,h (λ)

)
.

(3.130)

The proof will be supported by a term-by-term analysis of (3.130).

(A) The term M
⪰αi , j

λ
is part of the desired expansion since it satisfies the desired set superscript

and has coefficient 1 ∈ N[q] in (3.130). concluding this term’s analysis.
(B) If P j ,h(λ) is defined, then the coefficient for the term M

≻αi , j

P j ,h (λ) is qD(P, j ,h)(λ) ∈ N[q]. Further-

more, since P-operator definition results in P j ,h(λ) < λ, it follows by induction hypothesis

that M
≻αi , j

P j ,h (λ) has a positive expansion. In the opposite case, the term M
≻αi , j

P j ,h (λ) is zero by theo-

rem 3.36. Concluding this case.
(C) For every 1 ≤ r ≤ h−2, the difference M

≻αi , j

(vr ) j ,h (λ)−qM
≻αi , j

(vr ) j ,h (λ)−αi−r, j−r
is zero (by theorem 3.36 in

case that (vr ) j ,h(λ) is not defined) or it has a positive expansion by Theorem 3.40, and since
it has coefficient qD(vr , j ,h)(λ) ∈N[q], we conclude that this term has the desired expansion.
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(D) Finally, the pair M
≻αi , j

v j ,h (λ) −qD(P,i ,h)(λ)M
≻αi , j

Pi ,h v j ,h (λ) has coefficient qD(v, j ,h)(λ) ∈N[q], so it remains

to verify that it has the desired expansion. First, suppose that v j ,h(λ) is not defined, then
by Theorem 3.36 it follows that the mentioned difference is zero and by the before items,
we have the desired expansion. Similarly, if v j ,h(λ) is defined, but Pi ,hv j ,h(λ) is not, then the

term M
≻αi , j

Pi ,h v j ,h (λ) is zero by Theorem 3.36 and since M
≻αi , j

v j ,h (λ) is positive in (3.130) and v j ,h(λ) <λ
it follows by induction hypothesis that the term M

≻αi , j

v j ,h (λ) has a positive expansion. Finally, we

regard the case when both v j ,h(λ) and Pi ,hv j ,h(λ) are defined.

We will prove first the following claim.

Claim 3.48. Let αi , j and αi ′, j ′ be such that αi−h+1,i ≺ αi ′, j ′ ⪯ αi , j . Let λ ∈ X + be such that
〈λ,αt 〉 = 0 for t ∈ [i +1, j ]. Suppose that v j ,h(λ) and Pi ,hv j ,h(λ) are defined, then

M
≻αi ′, j ′
v j ,h (λ) −qD(P,i ,h)(λ)M

≻αi ′, j ′
Pi ,h v j ,h (λ) =M

⪰αi ′, j ′
v j ,h (λ) −qD(P,i ,h)(λ)M

⪰αi ′, j ′
Pi ,h v j ,h (λ) +Hi ′, j ′

+ ∑
µ<v j ,h (λ)

i≤s≤ j ′

Bs,µ,v j ,h (λ)

(
M

≻αs−h+1,s

vs,h (µ) −qD(P,s,h)(µ)M
≻αs−h+1,s

Ps,h vs,h (µ)

)
, (3.131)

where Hi ′, j ′ ∈∑
µ∈X +
µ≤λ

1≤k≤i

N[q]M
⪰αk,k+h−1
µ and Bs,µ,λ ∈N[q].

PROOF. We proceed by induction on i + 1 ≤ j ′ ≤ j . Suppose first that j ′ = i + 1. Since
λ1 = v j ,h(λ) ∈ X + it follows by Theorem 3.35 that

M
≻αi ′, j ′
λ1

= M
⪰αi ′, j ′
λ1

+qD(P, j ′,h)(λ1)M
≻αi ′, j ′
P j ′,h (λ1) +

h−2∑
r=1

qD(vr , j ′,h)(λ1)
(

M
≻αi ′, j ′
(vr ) j ′,h (λ1) −qM

≻αi ′, j ′
(vr ) j ′,h (λ1)−αi ′−r, j ′−r

)
+qD(v, j ′,h)(λ1)

(
M

≻αi ′, j ′
v j ′,h (λ1) −qD(P,i ′,h)(λ1)M

≻αi ′, j ′
Pi ′,h v j ′,h (λ1)

)
.

(3.132)

On the other side, it follows by definition of M-elements and Theorem 3.19 applied to Φ≻αi ′, j ′ ,
αi ′, j ′ , p = i −h +2 = p ′ and Pi ,h(λ1)−αi−h+2,i+1 that

M
≻αi ′, j ′
Pi ,h (λ1) = M

⪰αi ′, j ′
Pi ,h (λ1) +qD(P ,i+1,h)(Pi ,h (λ1))M

≻αi ′, j ′
Pi+1,h (Pi ,h (λ1)) (3.133)

Notice that by Theorem 3.42 and Theorem 3.44 it follows that the second term of the right
side of (3.132) cancels the second term of the right side of (3.133) in the expansion of

M
≻αi ′, j ′
λ1

−qD(P,i ,h)(λ1)M
≻αi ′, j ′
Pi ,h (λ1).

Moreover, by Theorem 3.40 applied to λ1, αi ′, j ′ and k = r that

Hi ′, j ′ = M
≻αi ′, j ′
(vr ) j ′,h (λ1) −qM

≻αi ′, j ′
(vr ) j ′,h (λ1)−αi ′−r, j ′−r

∈ ∑
µ∈X +
µ≤λ1

N[q]M
⪰αi ′−r, j ′−r
µ . (3.134)

Concluding that

M
≻αi ′, j ′
λ1

−qD(P,i ,h)(λ1)M
≻αi ′, j ′
Pi ,h (λ1) =M

⪰αi ′, j ′
λ1

+qD(P, j ′,h)(λ1)M
≻αi ′, j ′
P j ′,h (λ1) +Hi ′, j ′

+qD(v, j ′,h)(λ1)
(

M
≻αi ′, j ′
v j ′,h (λ1) −qD(P,i ′,h)(λ1)M

≻αi ′, j ′
Pi ′,h v j ′,h (λ1)

)
.

(3.135)

Finishing the base of our induction.
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Assume that (3.131) holds for all x with i +1 ≤ x < j ′ ≤ j and let us verify for j ′. We will
start by expanding each term that fits the subtraction of the left side of (3.131). Then, we
will group together all the elements that satisfy the condition of H and the elements with the
forms of the included in the sum.

Since λ1 = v j ,h(λ) ∈ X + it follows by Theorem 3.35 that

M
≻αi ′, j ′
λ1

= M
⪰αi ′, j ′
λ1

+qD(P, j ′,h)(λ1)M
≻αi ′, j ′
P j ′,h (λ1) +

h−2∑
r=1

qD(vr , j ′,h)(λ1)
(

M
≻αi ′, j ′
(vr ) j ′,h (λ1) −qM

≻αi ′, j ′
(vr ) j ′,h (λ1)−αi ′−r, j ′−r

)
+qD(v, j ′,h)(λ1)

(
M

≻αi ′, j ′
v j ′,h (λ1) −qD(P,i ′,h)(λ1)M

≻αi ′, j ′
Pi ′,h v j ′,h (λ1)

)
.

(3.136)

On the other side, it follows by Theorem 3.15 for Pi ,h(λ1) and k = j ′− i −1 and Theorem 3.19
applied to Φ≻αi ′, j ′ , αi , j , p = i −h +2 = p ′ and (P j ′−i−1) j ′,h(Pi ,h(λ1))−αi−h+2,i+1 that

M
≻αi ′, j ′
Pi ,h (λ1) =M

⪰αi ′, j ′
Pi ,h (λ1) +qD(P h+ j ′− j−2, j ′,h)(Pi ,h (λ1))M

≻αi ′, j ′
(P j ′−i ) j ′,h (Pi ,h (λ1))

+
j ′−i−1∑

r=1
qD(vr , j ′,h)(Pi ,h (λ1))

(
M

≻αi ′, j ′
(vr ) j ′,h (Pi ,h (λ1)) −qM

≻αi ′, j ′
(vr ) j ′,h (Pi ,h (λ1))−αi ′−r, j ′−r

)
.

(3.137)

Notice that by Theorem 3.42 and Theorem 3.44 it follows that the second term of the right
side of (3.136) cancels the second term of the right side of (3.137) in the expansion of

M
≻αi ′, j ′
v j ,h (λ) −qD(P,i ,h)(λ)M

≻αi ′, j ′
Pi ,h v j ,h (λ).

Now, notice that for each j ′− i ≤ r ≤ h − 2, it follows by Theorem 3.40 applied to αi ′, j ′ ,
(vr ) j ′,h(λ1) and k = r that

M
≻αi ′, j ′
(vr ) j ′,h (λ1) −qM

≻αi ′, j ′
(vr ) j ′,h (λ1)−αi ′−r, j ′−r

= ∑
µ≤(vr ) j ′,h (λ1)

mµ,(vr ) j ′,h (λ1)M
⪰αi ′−r, j ′−r
µ , (3.138)

where mµ,(vr ) j ′,h (λ1) ∈N[q]. Thus, this term will be part of Hi ′, j ′ .

Now, for each 1 ≤ r ≤ j ′−i −1, it follows by Theorem 3.40 applied to αi ′, j ′ , (vr ) j ′,h(λ1) and
k = r that

M
≻αi ′, j ′
(vr ) j ′,h (λ1) −qM

≻αi ′, j ′
(vr ) j ′,h (λ1)−αi ′−r, j ′−r

= ∑
µ≤(vr ) j ′,h (λ1) mµ,(vr ) j ′,h (λ1)M

⪰αi ′−r, j ′−r
µ

M
≻αi ′, j ′
(vr ) j ′,h (Pi ,h (λ1)) −qM

≻αi ′, j ′
(vr ) j ′,h (Pi ,h (λ1))−αi ′−r, j ′−r

= ∑
µ′≤(vr ) j ′,h (Pi ,h (λ1)) mµ,(vr ) j ′,h (Pi ,h (λ1))M

⪰αi ′−r, j ′−r

µ′

(3.139)
Here, notice that by the proof of Theorem 3.40 the weights µ′ are equal to some sequence of
operator (vr )p,h , for i + 1 ≤ p ≤ j ′ applied on Pi ,h(λ1), thus it follows by Theorem 3.45 and
Theorem 3.46 that there exist some µ in the first sum that satisfies µ′ = Pi ,h(µ). Then, for
each 1 ≤ r ≤ j ′− i it follows by induction hypothesis that

M
≻αi ′−r−1, j ′−r−1
µ −qD(P,i ,h)(µ)M

≻αi ′−r−1, j ′−r−1

Pi ,h (µ) =M
⪰αi ′−r−1, j ′−r−1
µ −qD(P,i ,h)(µ)M

⪰αi ′−r−1, j ′−r−1

Pi ,h (µ) +Hi ′−r−1, j ′−r−1

+ ∑
ν<µ

i≤s≤ j ′−r−1

Bs,ν,µ

(
M

≻αs−h+1,s

vs,h (ν) −qD(P,s,h)(µ)M
≻αs−h+1,s

Ps,h vs,h (ν)

)
.

(3.140)
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Notice that by v-operator µ< v j ,h(λ), then we can rewrite the before equation as follows

M
≻αi ′−r−1, j ′−r−1
µ −qD(P,i ,h)(µ)M

≻αi ′−r−1, j ′−r−1

Pi ,h (µ) =Hi ′−r−1, j ′−r−1

+ ∑
ν≤µ

i≤s≤ j ′−r−1

Bs,ν,µ

(
M

≻αs−h+1,s

vs,h (ν) −qD(P,s,h)(µ)M
≻αs−h+1,s

Ps,h vs,h (ν)

)
, (3.141)

where B j ′−r,µ,µ = 1 ∈N[q]. These terms will be part of the sum.
Theorem 3.48 follows by combination of (3.136), (3.137), (3.138), (3.139), (3.141). □
By Theorem 3.35 applied to αi−h+1,i and v j ,h(λ) and Theorem 3.40 we have that the dif-

ference M
≻αi−h+1,i

v j ,h (λ) −qD(P,i ,h)(λ)M
≻αi−h+1,i

Pi ,h v j ,h (λ) can be written as

M
≻αi−h+1,i

v j ,h (λ) −qD(P,i ,h)(λ)M
≻αi−h+1,i

Pi ,h v j ,h (λ) =M
⪰αi−h+1,i

v j ,h (λ) +
h−2∑
r=1

qd1

(
M

≻αi−h+1,i

(vr )i ,h (v j ,h (λ)) −qM
≻αi−h+1,i

(vr )i ,h (v j ,h (λ))−αi−h+1−r,i−r

)
+qd2

(
M

≻αi−h+1,i

vi ,h (λ1) −qD(P,i−h+1,h)(v j ,h (λ))M
≻αi−h+1,i

Pi−h+1,h vi ,h (v j ,h (λ))

)
,

(3.142)

where d1 = D(vr , i ,h)(v j ,h(λ)) and d2 = D(v, i ,h)(v j ,h(λ)). Here we know by Theorem 3.40
that the second term of (3.142) has a positive decomposition, meanwhile the third term is
lower, therefore we get by successive application of Theorem 3.48 that

M
≻αi , j

v j ,h (λ) −qD(P,i ,h)(λ)M
≻αi , j

Pi ,h v j ,h (λ) = M
⪰αi−h+1,i

v j ,h (λ) +H+ lower terms, (3.143)

where H ∈∑
µ∈X +
µ≤λ

1≤k≤i

N[q]M
⪰αk,k+h−1
µ . Concluding by recurrence on the lower terms.

□

Theorem 3.49. [Positivity for pre-canonical bases] Let λ ∈ X + and i ≥ 2, then

Ni+1
λ ∈ ∑

µ≤λ
N[q]Ni

µ. (3.144)

PROOF. This proof follows by recursive arguments for i ≤ j ≤ n on the expansions described in
Theorem 3.47. □
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