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Introduction

0.1 A brief history of this thesis’ journey

Before getting into the formal part of the introduction, we would like to tell the story
of how the research behind this thesis unfolded. To do so, we will adopt a less formal
tone than that of mathematical prose. After all, we consider this the story of an
adventure, and telling it in a flat, impersonal manner would not do it justice. We
choose this approach because we cannot conceive of mathematics as something devoid
of emotion; passion lies at the very heart of the mathematical activity. Without a
deep and persistent desire, the endeavor would simply be too demanding to sustain.

We begin by stating that the central focus of this thesis is the study of the m-
symmetric Schur functions, {sx(z;t)}a and {s}(z;t)}r, which are indexed by m-
partitions denoted by A, and were introduced in [I9] by my advisor Luc Lapointe.
These functions are one of the main components of the theory of m-symmetric Macdon-
ald polynomials, a framework designed to provide deeper insight into the ¢, t—Kostka
polynomials in the pursuit of finding a combinatorial interpretation. The keen reader
probably has noticed that we considered two sets of {sx(z;t)}a and {s}(z;t)}a of
m-symmetric functions. The former, which appear in the positivity conjecture, are
defined via duality with the latter, which instead admit a purely combinatorial defi-
nition.

One of the main obstacles Lapointe faced while developing the theory of m-
symmetric functions was finding a workable characterization of the m-symmetric Schur
functions, one malleable enough to prove its elementary properties and in doing so,
establish a solid foundation for this theory. The families of functions {sx(z;t)}a and
{s}(z;t)}a that appear in this thesis were in fact discovered during my Ph.D. studies.
In the early stages of this work, however, we considered a different pair of families,
which I denote here by {Sx(z;t)}a and {S}(x;t)}a. Their definition can be found in
the first version of the article [19)].

During the research that eventually bore fruit to this thesis, the first result we
obtained was a combinatorial characterization of {S}(z;1)}a. Shortly after, we con-
jectured that Sk (z;1) = Si(x;0) when A is dominant.

The proof itself does not appear in this thesis, for reasons that will soon become
clear. This suggested that S} (x;t) might actually be independent of ¢ when A was
dominant, which would have been an exciting result. To give the reader a sense of why
this felt so exciting, let me say this much: if true, the conjecture would imply that the
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notion of charge introduced in the first version of [19] on arXiv, when restricted to the
non-symmetric setting would naturally yield the long-sought nonsymmetric charge,
satisfying the identity

Z Hweight(T) (I, t)tchargea(T) = ’Ca(l‘) <011)
K4 (T)<K(a)

which itself extends the well-known identity

S Hueignaen ()90 = 5, ()
sh(T)=X\

At this point in the research, I spent months stuck at a single roadblock, and despair
began to loom. The problem felt utterly out of reach-impossible, even. It was as if |
had reached the limit of my mathematical abilities, and any hope of proving the result
seemed misplaced.

After accumulating a lot of effort and insight, I eventually regained my confidence
and even had faith that I would be able to prove the conjecture. The irony is that, at
the very moment I finally felt it was within reach, I ended up disproving it. This is not
a dramatic exageration, the timeframe was of only 3 days. I found a counterexample,
and I had so much faith in the conjecture that I carried it to my advisor, hoping he
would point out the mistake I must have made. Instead, he stared at me in disbelief
and I decided that the best course of action was to sleep on it before jumping to a con-
clusion. Studying that counterexample more closely, Lapointe found a counterexample
to another conjecture, the most precious one, the m-symmetric Macdonald conjecture.
And, as in most good stories, when I regained faith, he lost his. Fortunately, hope
resurfaced. A new path opened up when we realized that redefining the m-symmetric
Schur polynomials so that they were constant]l| for dominant A was the right direction
to pursue.

I hope this story has convinced the reader that this journey is both interesting and
genuinely exciting. If at any point it falls flat, the responsibility lies entirely with the
author of this thesis—storytelling has never been his strongest talent. As a small aside
to this tale, let me share another story that unfolded during roughly the same period.

None of this was affected by the previous story, since the old and new definitions
of m-symmetric polynomials coincide when t = 0 or ¢t = 1. To achieve this character-
ization, we had to make use of key polynomials. And this is where a story begins in
which I am the villain.

During the pandemic, I found it incredibly difficult to read new material, so I
focused instead on getting my hands dirty—attacking problems directly and doing lots,
and lots of examples. My advisor recommended that I read [2], and I did, but its
importance completely escaped me at the time. As a result, I spent a year and a
half building a whole machinery of my own, only to eventually prove that it coincided

Lapointe defined s} (z;t) = Si(z;1) for A dominant.
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perfectly with key tableaux. With this machinery in hand, I proved that:

Zx sa(x;0) Zx sx(x;0)

TeS(A TeS*(A

where the m-partitions S(A) and S*(A) are tightly connected to key tableaux. Luckily,
everything aligned, and I managed to prove a characterization of these objects in terms
of the supremum over certain sets, which in turn allowed me to establish the following
identity

1 1

I ](1 TiY;) Hi+j§m+1(1 — 2Y;)

1,

D si(w;0)sa(y; 0) = (0.1.2)
A
which generalized?] the following two identities-the first symmetric, the second non-

symmetric:
1

\ Hz’,j(l — iy;)
(0.1.3)

- 1
Kao(2)Kaly) =
; (2)Kalt) Hi+j§m+1(1 — Y5
The first identity is the classical Cauchy identity for Schur functions (see [28]). The
second can be viewed as its non-symmetric analogue, interpreting key polynomials as
non-symmetric counterparts of Schur functions (see [20, 2]).

0.2 Macdonald positivity conjecture and general-
ization for m-symmetric polynomials

Macdonald polynomials are a family of symmetric functions on variables x1, xs,...,zx
which depends upon two parameters ¢,t [23]. They simultaneously generalize several
important families of orthogonal symmetric functions, including Jack polynomials,
Hall-Littlewood polynomials, Schur functions, and monomial symmetric functions.
Macdonald polynomials play a central role in many areas of mathematics, with appli-
cations ranging from representation theory and algebraic geometry to mathematical
physics.

In 10} [14], it was proved that the expansion of a modified form of the Macdonald
polynomials in the Schur basis satisfies

(29,1 Z (@ D)su(x)  with K, (g,t) € Njg, {] (0.2.1)

where j,\(x; q,t) denotes the modified Macdonald polynomial indexed by A, and the
coefficients K ,5(q,t) are the (g, t)-Kotska coefficients.

2We employ two sets of variables y and 7 in the proof, when we restrict to y the proof becomes
a proof of the first identity of and when we restricted to § it becomes a proof of the second
identity.
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A non-symmetric version of Macdonald Polynomials, denoted E,(z;¢,t) was intro-
duced in [6l 24]. These polynomials are indexed by compositions, and form a basis of
the polynomial ring Q(q, t)[z1, ..., zx]. One of the aims of the theory of m-symmetric
Macdonald polynomials is to extend the Macdonald positivity conjecture to the non-
symmetric case, thereby providing a richer framework in which to seek a combinatorial
interpretation of the (g,t)-Kosta coefficients.

Symmetric Macdonald polynomials can be obtained by fully t-symmetrizing the
non-symmetric ones:

Ia(z5q,t) Si__.NEn(a:; q,t) (0.2.2)

where A\ is the partition obtained by sorting the composition 7 into decreasing order.
Symmetric Macdonald polynomials can be obtained by partially ¢-symmetrizing
the non-symmetric ones:

JA($§qat) X S1§1+1,...NETI($;Q71;> (0~2-3)

In context, the t-symmetrization acts only on the variables x,,.1,...,zy. As a
consequence, these polynomials lie in the subring of Q(q,t)[z1, ..., zy] consisting of
functions symmetric in the variables x,,.1,..., 2y, while remaining unrestricted in
X1, .., Ty,. We refer to this subring as the ring of m-symmetric functions.

The m-symmetric Macdonald polynomials were introduced in [I9]. They form a
basis of the ring of m-symmetric functions, indexed by m-partitions A = (a, A\) where
A is a partition and a a composition.

In that work, Macdonald’s positivity conjecture is generalized to the m-symmetric
setting. A key difficulty in constructing this theory was finding an appropriate gener-
alization of the Schur functions sy(z). The resulting objects, the m-symmetric Schur
functions sj(x;t), also depend on the parameter t. They were an essential component
to formulate the m-symmetric positivity conjecture:

Ta(z:q,t) =Y Kaalg,t)sa(z;t)  with Koy € Nlg, 1] (0.2.4)
Q

The construction of sj(x;t) is indirect and proceeds in several steps. First, an
inner product is defined so that the functions

Ky (x5t) = Ho(x1, ..., 2m; t)sa(x),

form an orthogonal basis. Here Hy(z1,...,%,;t) denotes a non-symmetric Hall-
Littlewood polynomial.

Next an intrincate combinatorial construction is used to define a basis s} (z;t),
when a is a partition.

The definition is then extended to arbitrary A by iterating the Hecke algebra

operators
tﬂ?i — T
Ty=t+ —— (K — 1),
Ty — Tip1
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where K ;11 swaps the variables x; and z;4,. This step is performed inductively on
the number of inversions of a. If s§(x;t) with A = (\,a), ' = (\,d’),d’ = (i,i + 1)a
with a; > a1, then one sets s} (z;t) = s}, (z;t).

Finally sj(x;t) is defined as the dual basis of s} (x;t).

This multi-step construction is long and indirect, making the study of s, (z;t)
basis quite difficult. It is therefore desirable to develop more direct combinatorial
descriptions of the functions sa(z;t) and s} (z;t).

My research focuses on obtaining such direct combinatorial descriptions. The case
t = 0 have now been fully resolved for both bases, and the case ¢ = 1 has been resolved
for the basis s} (z;1).

0.3 Original contributions of the thesis

Chapter [2| The basis of the m-symmetric functions {sx(z;0)}, is defined by duality
with the basis {s}(x;0)}a. For this reason, we study both bases simultaneously.
These bases admit well-structured combinatorial descriptions in terms of right key
tableaux, closely paralleling the descriptions of the Demazure atoms {l@ (x)}q and the
Key Polynomlalf] {Ka(z)}q. The latter satisfy the following Cauchy kernel identity:

A 1
Ka(2)Kaly) = (0.3.1)
Z Hi+j§m+1(1 — 2Y;)

Using right key tableaux, we obtain analogous descriptions for {sx(x;0)}s and
{s)(z;0)}a. In order to establish the combinatorial characterization of {s,(x;0)}x,
we must prove the identity

1 1
; sa(z;0)s4(y) = [T (= i) T, (1= 7a1) (0.3.2)

where s, (y) is obtained from a limit involving s} (x;¢) when ¢t — 0.

Somewhat surprisingly, the bijection underlying this identity is given by the clas-
sical RSK algorithm. The only difference with the standard RSK bijection for Schur
functions lies in the introduction of restrictions on the set of biwords in the domain
and on the set of tableau pairs in the image. Consequently, the main difficulty does
not lie in constructing the bijection itself, but rather in proving that restricting the
domain forces the codomain to restrict to the corresponding set.

To this end, we introduce an alternative characterization of right key tableaux.
For a tableau P with ¢ columns, this description is obtained by defining certain sets of
words W,.(P), for 1 < r < ¢, and equipping them with a partial order. The columns
of the right key tableau are then given by sup W,.(P) for 1 <r < c.

The entire theory of right key tableaux can be developed starting from this char-
acterization via suprema without any difficulty. In fact, this is the approach we would

3 Also known as Demazure characters.
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have taken had we written the thesis at the time the results were obtained, since it
was only several months after completing the original research objectives that we dis-
covered that these tableaux already existed, were called right key tableaux, and were
also used to describe key polynomials. The original research was carried out under the
myopic assumption that these objects did not exist, as we had conceived them specifi-
cally to describe the m-symmetric Schur functions. Nevertheless, every definition and
proof in the article [22] has a direct counterpart obtained by replacing Lascoux’s ac-
tion on tableau columns—defined in terms of jeu de taquin—with the operation of taking
suprema. In a sense, taking the supremum may be viewed as the accumulation of all
jeu de taquin moves performed simultaneously in a single step. From this perspec-
tive, jeu de taquin corresponds to a local comparison of column words, whereas the
supremum provides a global comparison of all column words involved in the process.

The supremum-—based characterization is conceptually deep; it is not merely a
global reformulation of jeu de taquin. Indeed, it yields a completely combinatorial
and self-contained proof of identities [0.3.1] and [0.3.2 and it fits very naturally within
the original Schensted theory and the theory of Knuth equivalence. This is because,
within the RSK algorithm, the relevant comparisons take the form

sup W,.(P) < (sup W, (Q))”

where sup denotes a slight modification of the supremum function that we will not
describe in this section. In the inductive step, we assume that for a pair of tableaux
(P, Q) the inequality sup W,.(P) < sup W,.(Q) holds, and we wish to show that the
corresponding inequality holds for the next pair (P’, Q).

It is possible to prove that (sup W,.(Q)) < (sup W,.(Q'))* using either character-
ization of right key tableaux. However, it is not true in general that sup W,.(P’) <
sup W,.(P). To complete the proof, we therefore show that for any v € W,.(P’) there
exists a w € W,(Q') such that v < w*, which implies that sup W,.(P’) < sup* W,.(Q').
While this algorithm is straightforward to describe in terms of suprema, it is far from
clear how to interpret it in terms of the action used by Lascoux to define right key
tableaux. Nevertheless, this approach allows us to prove identity [0.3.2}

In conclusion, we regard the characterization of right key tableaux via suprema
as the principal contribution of this thesis to the classical theory of nonsymmetric
polynomials. Moreover, the application of these methods to the theory of m-symmetric
Schur functions illustrates the strength and versatility of this approach. It is also
worth noting that the methods showed on the proof of also provide a novel,
self-contained proof of [0.3.1] once the set of admissible pairs of tableaux is suitably
modified.

Chapter We begin by studying the m-symmetric Schur bases in the case t = 1.
The operator T;(t) specializes to m; when ¢ = 0, whereas when ¢ = 1 it becomes
the operator K41, which simply swaps the variables x; and z;4;. Consequently, the
description of s (x;1) extends naturally to the description of

sialz; 1) = Tosy(x; 1).
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Therefore, the description for A dominant extends to any A.

Using the definition given in the first version of [19], we prove that s}(z;0) =
si(z;1) when A is dominant, and we conjectured that, in general, s} (x;t) is constant
whenever A is dominant. This conjecture turned out to be false, and the study of
the counterexample led in turn to a counterexample to the m-symmetric Macdonald
conjecture stated in the first vesion of [19]. The new definition of s} (x;¢) for dominant
A is designed so that the function is constant and coincides with the original definition
whent =0ort=1.

Nevertheless, the study of the case ¢t = 1 was not fruitless, since it allowed us to
prove that

lim Jp [L, q,t} = Z Kaon(g, 1), sq(x; 1), with Kqx € Nig]. (0.3.3)
t—1 1—1¢ 5
As sq(x; 1), stayed the same when the new definition replaced the old.

The case t = 1 in the m-symmetric setting is analogous to the case ¢ = 1 in
the symmetric setting. The interpretation of the coefficients Kqx(g,1) is obtained by
extending the maj statistic to the m-symmetric setting, in a manner analogous to the
interpretation of K, (1,t) in terms of the classical major index. Since the maj statistic
is defined on standard tableaux, in this chapter we focus on the relationship between
standard tableaux and m-symmetric functions, whereas in the previous chapter we
studied the relationship between semistandard tableaux and m-symmetric functions.
When g =t = 1, Kqa(1,1) is the number of standard tableaux of certain family of
tableaux. This suggests that the positivity conjectures in the m-symmetric case could
still be connected to the representation theory of the symmetric group.

Chapter The introduction of Macdonald polynomials in the 1980s stimulated
research in many directions and eventually gave rise to several robust theories. The
article [4] seeks to unify two of these developments. The first is the theory of Macdon-
ald polynomials, which is the subject of the two preceding parts. Garsia and Haiman,
in [11], approached this problem by constructing modules M, whose Frobenius char-
acteristic is H .(7;q,t), the plethystically modified Macdonald polynomial. This work
initiated a broad research program centered on the study of the space of diagonal
harmonics DH,,, an &,-module containing all the M,,.

Investigations of the Frobenius characteristic F(DH,,) employed both algebraic
and combinatorial methods. Haiman [I8] proved that

F(DH,) = Ve,,

where V is the operator defined by its diagonal action on }N[M. Haglund et al.[12]
formulated the shuffle conjecture, an identity giving a positive expansion of Ve, in
terms of the combinatorial LLT basis. This expansion is inherently combinatorial,
relying on parking functions and two associated statistics: area and dinv.

In this part, we study parking functions with secondary dinv equal to zero, through
their relationship with ordered disjoint cycles. From this analysis, we derive a charac-
terization of the space of arbitrary parking functions.
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0.4 A summary of each chapter content

This thesis will be structured as follows.

Chapter 0: Introduction. We begin with a brief overview of the theorem
formerly known as the Macdonald positivity conjecture. This result states that the
expansion coefficients K,(g,t) of the normalized Macdonald polynomials J)(z; ¢, t)
in the Schur basis s,(x) are nonnegative; equivalently, K,(g,t) € Nig, t].

Chapter 1: Symmetric functions. In this chapter we present the basics defi-
nitions and tools of the theory of symmetric functions in variables x1, x9, x3,.... We
introduce several important families of bases for the ring of symmetric functions, all
indexed by partitions. We begin with the complete homogeneous basis hy(x) and
elementary basis e, (z), which are needed to state the Jacobi-Identities, a pair of for-
mulas that play an important role in the main chapter of the thesis. The protagonist
of our story, the Schur functions s, (x) is introduced too. We also introduce the power
sums basis py(z) as they play a pivotal role in the definition of plethysm for Mac-
donald m-symmetric polynomials. Schur functions have very important combinatorial
properties, the most relevant one to this thesis is their expansion in terms of a com-
binatorial object called tableaux. Then we introduce two versions of the Jacobi-Trudi
identity: the first one expresses s,(x) as a determinant of a matrix whose entries are
members of the complete homogeneous basis hy(x), while the second one is an analo-
gous formula in terms of the elementary basis e, (z). Finally, we conclude the chapter
with the introduction of the Robinson-Schensted-Knuth algorithm, which will play a
fundamental role at the very heart of one of our main results.

Chapter 2: The m-symmetric functions. We begin this chapter by introduc-
ing the row-flagged Schur polynomials and their column-flagged counterparts. These
functions admit two equivalent characterizations-one as determinantal formulas and
one as sums over sets of tableaux. We reproduce, with a slight modification suitable
for our purposes, the proof of this equivalence found in [29].

Next, we introduce the notion of an m-partition, denoted A and 2. For dominant
A, we define the m-symmetric Schur polynomials s} (2) and s (2). We then take a brief
detour to study key tableaux, which will be necessary for describing the combinatorics
of the basis s} (z) and s, (x) for arbitrary A. Our approach uses a characterization of
key tableaux different from the one introduced in [22], which the author thinks, its
one of the main contributions to the thesis to the current bibliography.

With these components in place, we prove that s3(z) and s, (z) satisfy a Cauchy
kernel identity and therefore form dual bases. As a corollary, we obtain the identity

sp(x) = sa(x;0).

where the right side is the specialization of m-symmetric Schur functions at ¢ = 0.
We then turn to Milo’s construction of the Almost Symmetric Schur functions
shilo(z) and show that

s\(z) = ) sa(w)

Q>A
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with respect to a certain partial order on m-partitions. Following this, we demonstrate
how one can establish inclusion and restriction results for m-symmetric functions when
t=0.

Finally, we close the chapter with a brief study of the functions s} (z;1).

Chapter 3: A Proof of the m-Symmetric Macdonald Positivity at ¢t = 1.
This chapter presents a detailed exposition of the results from the article of the same
title. We begin by introducing an m-symmetric analogue of the tableau statistic mayj,
and then use this statistic to establish the m-Macdonald positivity conjecture in the
specialization t = 1.

The material in this chapter reproduces and expands upon the content of the
forthcoming article “A Proof of the m-Symmetric Macdonald Positivity att =1".

Chapter 4: Parking Functions. We begin this chapter by introducing the
Garsia-Haiman modules and the n!-Conjecture, together with their connection to the
Macdonald positivity conjecture. We then discuss the space of diagonal harmonics
and its relationship with the (n + 1)"! theorem.

Next, we introduce parking functions, which play a role analogous to that of stan-
dard tableaux in the context of the Macdonald positivity conjecture. Parking functions
carry two important statistics: area and dinv. The dinv statistic arises from diagonal
inversion pairs, which are further divided into primary and secondary diagonal inver-
sion pairs.

We then present the statement that the number of parking functions with zero
secondary dinv, denoted 1 (n), is equal to ¢(n), where ¢(n) is the number of ordered
cycle decompositions of [n]. This result is proved by showing that ¥ (n) and ¢(n)
satisfy the same recursion, following the argument in [27]. Finally, we give a simplified
version of the proof-still inspired by this recursion but more transparent-which yields
an explicit bijection between the set of parking functions with n cars and the set of
ordered cycle decompositions of [n].
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Chapter 1

Symmetric functions

In this chapter we follow the conventions of [28]. Our main goal here is to establish
notation; we refer the reader to [28] for all proofs.

1.1 Partitions and Compositions

To define the standard basis of the ring of symmetric functions, we begin by recalling
the notions of partitions and compositions, which will serve as indexing sets.

Definition 1.1.1. Let n = (,...,m) € N¥ be a sequence of nonnegative integers
whose sum is n =n; + - - - + 1. We say that n is a composition of n of length k.

We do not distinguish between two compositions that differ only by trailing zeros.
For example, n = (3,4) and v = (3,4,0,0,0) will be regarded as the same composition.
After making this identification, we may view compositions as elements of N“ that are
eventually zero. In the literature, the objects we call compositions are often referred
to as weak compositions, but we will not make this distinction.

Definition 1.1.2. Let A = (A, Xs,..., ) € N* be a composition of n satisfying
AL > Ao > ... > M. We call X\ partition of n.
We denote by Par(n) the set of all partitions of n, with Par(0) = {0} and we let

Par = U Par(n)

n>0
There are three partial orders on partitions that will be useful in what follows.

Definition 1.1.3. Given two partitions A = (Ay, ..., \g) and p = (p1, ..., ie), wWe
define:

L. ADpif k> /¢ and \; > p; for all 1 < i < ¢ (equivalently, if the Young diagram
of u is contained in that of \).

19
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2. A > pif X is greater than p in lexicographic order; that is, if there exists a
minimal index j such that

A = 1, -y >\j—1 = i1 and )‘j > -

3. A > u (the dominance order) if

AMF N = e for all ¢ > 1.
It is straightforward to verify that (Par, > ) is an extension of the dominance order
(Par, )
To represent partitions visually, we introduce the notion of a Young diagram.

Definition 1.1.4. Given a partition A = (Ay,...,\,), the Young diagram of X is the
set of unit squares whose south—east corners lie at the points

Ww={(\, -1 <i</l}.

Definition 1.1.5. Given two partitions A, x with A O u the Young diagram of \/pu
will be the set of squares of side 1 with it’s south-east vertex on the set V) — V), as on
the previous definition.

For example, the Young diagram of A/ for A = (5,3,1) and u = (2,2) is

[ ]

i

1.2 Classic bases for symmetric functions

Given a set of indeterminates {x1,..., 73} and a composition a = (ay,...,a;) € N¥
we will denote
x® =Pl

Definition 1.2.1. Let z = (x1,22,...) be a set of indeterminates and let n € N. A
homogeneous symmetric function of degree n over Q if the formal power series

flx) = Z CaT®

where a ranges over all weak compositions a € N“ of n and we have ¢, = ¢, whenever
there exists a permutation o of N, such that a = o(b).

We denote by Ag the vector space of all homogeneous symmetric functions of
degree n, and we denote
Ag=Ay@ A ...
where @ is the direct sum of vector spaces. Thus Ag the space of symmetric functions
on Q. Although we work over Q for convenience, most combinatorial arguments remain
valid over Z.
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Example 1.2.1. Next, some examples of symmetric functions in 3 variables.

hy(x1, 22, 23) = 21 + T2 + X3

2 2 2
hg(!ﬂl, X, :1:3) =T + Lo + T3 + T1To + T1T3 + ToX3
2 2 2
pa(@1, T2, 23) = 27 + x5 + 73

63(351,1'2,333) = T17273

Definition 1.2.2. Let A be a partition. The monomial symmetric function my(zx) €
Aq is defined by
my(z) = Z x?,

where the sum runs over all compositions a whose parts can be rearranged to form .

Example 1.2.2. Consider A = (1, 1) and restrict to the ring Ag) of symmetric poly-
nomials in x1, x9, 3, x4. Then

m(11)(T) = 122 + 103 + 124 + ToTg + Toky + T3T4.
If instead A = (2,1), then

2 2 2 2 2 2
M2,1)(T) = 2722 + XT3 + T521 + X5T3 + T3x1 + X5To.

Example 1.2.3. If A = (1,1) and 1,29, 3, ... are infinitely many indeterminates,
then
m)(z) = Zx,x]
i<j

Definition 1.2.3. Let £ € N be a nonnegative integer. The elementary symmetric
function ex(x) € Ag is defined by

and we set eg(z) = my(z) = 1.
For the first few values, we have

e1(x) = sz =mq)(z),

i>1

ex(z) = Z ;v = m) (),

1<j
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es(z) = Z TiTjT) = m(1,1,1)($)-

1<j<k

If A= (A, ..., \) is a partition, we define

This highlights a key difference between the elementary symmetric functions and
the monomial symmetric functions: the elementary functions are defined multiplica-
tively from the single-indexed family (ex(2))g>0-

Example 1.2.4. Let us compute e 1)(2) = ex(x)ei(x) using three indeterminates
X1, T2, X3!

ea(x)er(x) = (zywg + x5 + o3 (11 + T2 + 3)
= x%xz + .T%.Z';), + :ngl -+ xgxg -+ 513:2;)271 -+ mgxg + 2x17223

= m(271)(x) + 2m(17171)(9c).

Definition 1.2.4. Let £ € N be a nonnegative integer. The complete homogeneous
symmetric function hg(x) € Ag is defined by

hi(x) = Z Tiy - Ty k>1,
11 < <ig
and we set ho(z) = mg(x) = 1.
Example 1.2.5. For instance, with three variables z, 9, 3 we have
hy(x1, 22, 23) = 1 + 2 + 3 = €1(x),
ho (21, To, T3) = X% + 2129 + 1173 + 5 + w3 + T3,

Definition 1.2.5. Analogously to the case of elementary symmetric functions, if
A = (A,...,\¢) is a partition, we define the corresponding complete homogeneous
symmetric function multiplicatively:

14

ha(z) = [ b (2).

=1

In the sequel, we will employ the following recursive identities for the elementary
and complete homogeneous symmetric functions.

Proposition 1.2.1. Let x1, ...,z be indeterminates. Then, for every i > 1:

1.
ei(xl, Ce ,LCk) = T 61',1(33'1, R ,$k71> -+ ei(xl, Ce ,:Ckfl). (121)
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hi(l‘h c. ,l’k) = Tk hi—l(l‘la PN ,C(fk) + hi(l'l, PN ,J]k_l). (122)

Proof. Both identities follow immediately from the respective definitions of e; and
h;. O

We now introduce one additional family of symmetric functions.

Definition 1.2.6. For a nonnegative integer k, the power-sum symmetric function is
defined by

pk(xlv"wxn>:$lf+'--+xfl.

As in the case of elementary symmetric functions and complete homogeneous sym-
metric functions:
A= (A1,..., ) is a partition, we set

¢
pa(z) = HPAi(lv)-

1.3 Tableaux and a Schur Basis

Let A be a partition. A semistandard Young tableau (SSYT) of shape A is a filling
of the Young diagram of A with positive integers such that the entries are weakly
increasing along each row and strictly increasing down each column.

Example 1.3.1. Consider A = (4,3, 1) then

1[1]2]3]
T'=|4]5|5
15
is an SSY'T of shape A.
Example 1.3.2. Consider
1[1]2]3]
T'=1]5|5
5]

This is not an SSYT, since the first column contains two equal entries (1 below 1),
violating the strict column-increase condition.

Now let A, be partitions with A O u. A semistandard Young tableau of skew
shape A/p is a filling of the skew diagram A\/p with positive integers that is weakly
increasing in each row and strictly increasing down each column.
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Example 1.3.3. For A = (4,3,1) and p = (2, 1),

2[3]
T= [5]5

5]

is an SSYT of skew shape \/pu.

Definition 1.3.1. Given a tableau T, define weight(T') = a with @ = (a1, as, . ..) such
that a, is the number of times that ¢ appears on 7T'.

Example 1.3.4. The tableau of the example (1.3.1]) has weight (2,1,1,1,3) and the
skew tableau of the example (|1.3.3)) has weight (0,1,1,0,3).

Definition 1.3.2. Given A, p two partitions (with possibly g = ), in which case
A/p = )), define the Schur basis as

Sy/ulr) = Z g weight(T) (1.3.1)
T

where T runs over all SSYT of shape \/p.

Example 1.3.5. For A = (2,1), the SSYTs of shape A with entries in 1,2,3 are

1] (] [1]2] [1]3] [2]2] [2]3] [1]2] [1]3]
2 3 2 3 3 3 3 2

Thus,
_ 2 2 2 2 2 2
sx(x1, Ta, 3) = T{Te + T{T3 + T3X1 + T3X3 + T3] + T3T2 + T1T2T3 + T1T2X3

Example 1.3.6. For A = (2,1) and u = (1), the SSYTs of skew shape \/u are

][] ] 2] [2] _[2] [3] [3] [3]
ENI P F1 FU R 1 R E1 R FU RS FIRRN )

Therefore

Sx/u(T1, 2, 23) = r? + a3+ x% + 22129 + 22123 + 2T073

1.4 Jacobi-Trudi identity

The Jacobi-Trudi identity is well known expression of Schur basis in terms of com-
pletely homogeneous basis, as a determinant. This formulation will serve as a starting
point for introducing flagged Schur polynomials Sy 4 as defined in ([2I]). These flagged
Schur polynomials will later be used in this thesis to define the m-symmetric general-
ization of Schur functions.
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Theorem 1.4.1. Jacobi-Trudi identity. Let X = (A1,..., ) and p = (p1, ..., pin)
with A O u. Then

Sk/u(l‘) = det(hki—ﬂj—i-i-j(x));fj:l? (1‘4‘1>
where we set ho(x) = 1 and hy(x) =0 for k < 0.

Example 1.4.1. Let A = (5,3,1), p = 0. Then by Jacobi-Trudi identity:

hs(x)  he(x)  ha ()
S)\(l’) = det hQ(SL’) h3(27) h4(l’)

This identity will play a key role in defining the m-symmetric Schur functions.
Theorem 1.4.2. Dual Jacobi-Trudi identity. Let X = (A1,...,\n) and pp = (p, ..., fin)
with A D . Then

Sx/ult) = det(ekg—%—iﬂ(x))zfj:h (1.4.2)

where we set eq(x) =1 and ex(z) =0 for k < 0.

Example 1.4.2. Let A = (3,3,2,2) and u = 0, then X = (4,4,2) then by Dual
Jacobi-Trudi identity:

es(r) es(z) eg(x)
sx(x) =det [ es(z) eq(z) e5(x)
1 e(x) exx)

1.5 RSK Algorithm

This section will closely follows section [7.11] of [28§].

The RSK algorithm gives a bijection between the set of pairs of semistandard
Young tableaux (P, Q) of the same shape A and the set of N—matrix A of finite
support. An intermediate step is to prove a bijection between the set of biwords.

Definition 1.5.1. Let A be a N x N matrix whose entries sum k for £ € N. The
biword w4 associated to to A is the two-row matrix

i
wa=(" . 1.5.1
. (Jl ]k) (L5.1)

which satisfies the following conditions

1.4 < i < ... < 1g, and if 7, = 5 then j,. < js. In other words, the columns
(i,,j,)T are arranged in lexicographic order.

2. The column (4,7)" appears exactly a;; times.
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These conditions uniquely determine wy,. Conversely, every byword w determines
uniquely a matrix A, giving a bijection between matrices of finite support and bi-
words.

Given a biword w4 we associate a pair (P, Q) of SSYT of the same shape as follows.
Start with (P, Qo) = (0, (), where () denotes the empty SSYT. If ¢ < k and (P(t), Q(t))
are defined, then we let use the following recursion to construct (P(t+ 1), Q(t + 1)):

2. Let A\¢, \ey1 be the shapes of P(t) and P(t + 1) respectively. Since (P(t), Q(t))
have the same shape, the tableau Q(t 4+ 1) is obtained from Q(t) placin i;y; in
the unique box in A;y1/A;. This ensures that P(¢ + 1) and Q(t + 1) have the
same shape.

After we insert the last pair (i, j) on (P(k—1),Q(k —1) we obtain (P(k), Q(k)) and
the process ends.
We denote this correspondence by A REK, (P, Q) and call it the RSK algorithm.

In the m symmetric case, we will use this algorithm to prove that {s,(x)}s and
{si(z;0)}a are dual bases, and therefore s5(x) = sa(z;0). Here {sx ()} denotes one
of the m-symmetric Schur functions introduced in the following chapter, and s, (z;0)
is the specialization at ¢ = 0 of the Schur functions appearing on [19].

We will employ a modified version of the classical RSK correspondence. Instead
of billetters (7, 5) € N we allow

(i,7) withi € Nand j e NU{1,...,m}

with the following order

~ ~

1<2<3<...<1l<2<...<m

On order-theoric terms, this alphabet has the order type of the ordinal w + m.
Instead of a single N x N-matrix A we will work with a pair (A, B), where

1. A a N x N-matrix, encoding all the biletters (i, 7) € N x N. This matrix encodes
the symmetric part of P.

2. B is an m x m matrix corresponding to the biletters (i,5) € N x {1,...,m}.
This matrix will be subject to the restriction that b;; = 0 if i +j > m+ 1. Thus
B has zeros below the diagonal running from the southwest to the northeast
corner. This matrix encodes the non-symmetric part of P.



Chapter 2

The m-symmetric functions at ¢ = 0.

2.1 Introduction

The starting point of this chapter is the following generalization of the Cauchy identity

1 et
[Hiﬂgmﬂ(l _xiyj)} [Hm(l —xz‘yj)] ) ZA: (#:0) 48

where sy (z;0) is the m-symmetric Schur function at ¢ = 0, and where s} (y) is the
limit ¢ — 0 of a slightly modified version of a dual m-symmetric Schur function. As
we will see, this identity easily follows from a reproducing kernel for a natural scalar
product in the ring R, of m-symmetric functions.

A very common proof way of proving the usual Cauchy identity

1
T = ) _ sx(x) sx(y)
IL,; (1 —ziy;) ;
is through the RSK correspondence, which establishes a bijection between biwords
and pairs of tableaux (P, Q) of the same shape. This proves the identity because it is

well known that
sx(x) = Z ot
T

where the sum is over all tableaux 1" of shape A.

The goal of this chapter is to prove our generalization of the Cauchy identity along
the same lines. Fortunately, the functions s (x) turn out to be key polynomialsﬂ and
as such, have an expansion as a sum over tableaux. On the other hand, the definition
of the m-symmetric Schur functions s, (x;t) is not very explicit, and does not yield
such a tableau expansion for the functions sy (z;0). To circumvent this problem, we
define a new family of m-symmetric Schur functions s, (z) as a sum over tableaux,

Key polynomials are also known as Demazure characters

27
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which will be related to dual key polynomials or Demazure atomsﬂ and then prove a
new version of our generalization of the Cauchy identity:

1
[Hi+j§m+1(1 - fz‘yj)] [Hi,j(l - xz‘yj)}

=Y a@si) (@1

By comparing the two generalizations, it is then immediate that s (x) = sx(2;0). This
is important because it gives the characterization of sj(x;0) as a sum over tableaux
that we were seeking.

In order to prove the identity , we need to obtain a bijection between families
of biwords that we call admissible and pairs of tableaux (P, Q) of the same shape
that satisfy a certain admissibility condition. The bijection is quite easy to get as it
is provided by the usual RSK insertion (leading to the RSK correspondence). But
proving that it is indeed the correct bijection turns out not to be straightforward at
all.

Given the connection with key polynomials mentioned earlier, it is not surprising
that the key tableaux play a fundamental role in our proof of identity . As
their usual definition is not very amenable to proving our bijection, we will have to
introduce a new characterization (in terms of a supremum of a set of decreasing words)
better suited for our purposes. It is only once equipped with this new definition that

we will be able to prove (2.1.1)).

2.2 The (dual) m-symmetric Schur functions

We will introduce in this section the (dual) m-symmetric Schur functions. We will
first define the dual m-symmetric Schur functions, and then, by duality, obtain the
m-symmetric Schur functions. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = z; + x5 + -+ -, we
let f[X] = f(z) = f(z1,22,...). More generally, we have using this notation that
f[X+ZL’1 + - +l‘k] = f(xl,...,xk,xl,xg,...).

Let v be a partition of length /. For a sequence of alphabets Xi,..., X,, where
¢ = {(v), the multi-Schur function (or flagged Schur function) s, (X7, ..., X) is defined
as [13]

s(X1,. .., X)) = det (huz._iﬂ- [XZ-]> (2.2.1)

1<i <t

Observe, from (1.4.1)), that s, (X7, ..., X,) is equal to the usual Schur function s, (z)
whenever X = X; = Xo=--- = X.

2Dual key polynomials were introduced on [22] as Standard Bases, they are also known as De-
mazure atoms.
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Example 2.2.1. The diagram associated to (2,1;3,1) is

|
@)
@

from which we deduce that

hs[X] ha[ X] hs[X] heX]
st (ait) = hlX +a]  ho[X + ] hs| X + @1] haX + 4]
2,1;3,1 ’ 0 hQ[X + T —|— IQ} hl[X + I —|— [L’Q] hQ[X —|— I —I— $2]
0 0 ho[X+$1+.’L’2] hl[X+331+$2]

In order to define the dual m-symmetric Schur functions, we need to define the
Hecke algebra Hy. Let the exchange operator K ; be such that

Ki’jf(...,flfi,...,l'j,...> :f(...,lfj7...,.1}i,...)
We then define the generators T; of the Hecke algebra as

lx; — Tipq (

,I’z:t—.— Ki,i+1_1); ’izl,...,N—l, (222)

Ty — Tig1

More generally, given a reduced decomposition w = oy, ---0;, of the permutation
w € Sy, we let T, =T, ---T;,. This is well-defined due to the relations:

(T~ 1)(T: +1) =0

LTinTi =Tip Ty, t=1,...,N =2
The operator T} is seen to be invertible from the quadratic relation (7; —t)(7;+1) = 0.
Explicitly, we get can check that

Ty=T" =t = 1+t7'Ty,
We can now define the dual m-symmetric Schur functions for non-dominant m-

partitions.

Definition 2.2.1. The dual m-symmetric Schur functions s} (z;t) are defined recur-
sively in the following way. If A = (a; \) is dominant then

Sj\(l'? t) = 5,/<X1, ce ,Xg),

where v = A® = a U ), and where X; stands for the alphabet X + 21 + -+ + 2
with k& the number of circles weakly above row ¢ in the diagram corresponding to A.
Otherwise, if a; < a;;1 then

sy(z;t) = Tisi (w3 t), (2.2.3)

where A = s;A, and where T} is a Hecke algebra generator. This amounts to saying
that
sy(z;t) = T,-183+ (23 1), (2.2.4)

where ¢ is the shortest permutation such that o(a) = (a,-1¢1), ..., s-1(m)) = a*.
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The non-symmetric Hall-Littlewood polynomials Hg(x1, . .. .xy;t) can be constructed
recursively as follows. If @ is dominant then H,(x;t) = 2% Otherwise, T;Hq(z;t) =
Hgo(z;t)if a; > a;q (with s;,@ = (aq ..., @441, a4, - - -, apy) ). Combining a non-symmetric
Hall-Littlewood polynomial and a Schur function, we define for A = (a; \) the function

ka(z;t) = Ho(x1, ... .y t)sx(2)

The ka(x)’s provide a natural basis for the ring R, of m-symmetric functions.
A bilinear scalar product (-, -),,, on R,, is defined by requiring that the {ka(x;t)}a
basis be such that
<]€A(x;t),kg($;t>>m = 5AQtInv(a), (2.2.5)

where we recall that Inv(a) is the number of inversions in a. It can be shown that the
dual m-symmetric Schur functions form a basis of R, [10]. The m-symmetric Schur
functions sy (z;t) can thus be defined as the unique basis of R, such that

(sa(z;t), 55 (1)) = Opot™@ (2.2.6)

We will now give a reproducing kernel for the scalar product (2.2.5)). It was estab-
lished in [25] that

— txy;)

—Z(wm)T( y) Hl+3<m( vd] t—Inv )H ( -t

o => yit)
Hz+]<m+1(1 - Zy] a ¢

where w,, = [m,m—1,..., 1] is the longest permutation in &,,, and where Tu(,i/n) stands
for T, ~acting on the variables v, ..., ¥y,. Adding the Cauchy kernel

Hi,j(l Jhyy Z
to the previous equation then leads, using kj(x;t) = Hgy(x;t)sx(x), to

—l(wm) () Hz+]<m(1 - tl‘iyj)
o Hz+]<m+1(1 - xly])

Hi,j(l — Tiy;)

where the new product can be located to the right given that it commutes, by sym-
metry in the y variables, with 7). Comparing with (2.2.5)), we see immediately that
(2.2.7) is the reproducing kernel that we were seeking. As such, we have by (2.2.6))
that

[ 1 ] _ Z thnv(a)kA(,L.; t)k/\<y§ t) (227)

t(Ei i
-t Lisienll = 1205 = 3@ (w3 )5 (35 )

1
T ijemn (U= ziy)) [H”(l - x’yﬂ)] A

To consider the limit ¢ — 0, it proves convenient to rewrite the previous equation as

Hi+j§m(1 — txiy;)

E L(w nv
— S x: t t ( m) I (a) ] ( ) t
1TIsm g 1,7

- xzy])] I\
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where T, = (T, )"!. Taking the limit + — 0, we then obtain the following general-
ization of the Cauchy identity

1
[Hi+j§m+1(1 - xly])} [H”(l - xiyj)]

=Y s@m0se) (228

where )
54 (z) = lim t{@m) "IV @ o (g2 1) (2.2.9)

t—0

We will refer to these functions as the dual m-symmetric Schur functions at ¢ = 0.

The goal of this chapter is to provide a combinatorial proof of the identity .
As we will soon see, the functions s%(x) will turn out to be key polynomials. As
such, they will have a natural combinatorial interpretation. On the other hand, we
will not be able to give directly a combinatorial interpretation for the m-symmetric
Schur functions at t = 0, sx(z;0). Remarkably, such a combinatorial interpretation
will emerge as a corollary of our combinatorial proof of .

We now introduce key polynomials. We have that lim, ,o T; = 7;, where
. Tit1
Ty = L(1 - Ki,z’+1)
Ti — Tit1

We also have that lim;_, (tT,) = 7;, where m; = m; + 1. Note that it is easy to check

that 77 = —#; and 72 = ;. Using these operators, we can define the Key polynomials
Ko(z1,...,xy) and Kq(z1, ..., xN) recursively as:
~ x® if @ is dominant
Ko(x) = Ho(2;0) =< | -~ )
a(?) a(730) { TiKsa(z) if a; < a;qq
and
x® if a is dominant
Kq(z) = .
a(?) { TiKsa(z) if a; < aiq
where a is the composition a = (ay,...,ay).

When A is dominant, we have that s} (z;t), being a flagged Schur function, is a
Key polynomial (see [20], theorem 23).

Proposition 2.2.1. Suppose that A = (a; \) is dominant and that \ is of length (.
For any N > {(\) we have that

Sj\(xl’ o3 Ty Tl -+ - TN, t) = K(ON%/\““’M7a17_“7am)(ml, ey TN, T, ,xm)
(2.2.10)
In the general case, we are interested in the functions s} (z). We thus have that if
o(a) = (ag-11) - - - ,afl(m)) =at, then

sy(z) = 11_{% lom)=Ivl@p T st (2;t) = g% tlema™ st () = w18 (2 t)

We thus get from Proposition that the functions s} (x) are still Key polynomials
when the number of variables is finite. The next proposition will give this relation
explicitly.
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Proposition 2.2.2. Suppose that A = (a; \) (not necessarily dominant) is such that
A= (A1,...,N). For any N > {(\) we have that

B*A(.Z’l,...,.CEN) :K(ON—Z,M 7777 Ay al)(xl,...,l'N,iL'l,...,iEm) (2211)

Proof. We have just seen that s} (x) = 7,,,-15,+(2;t). Supposing that o(a) =
(ag-1(1)s - - - Go-1(m)) = @™, we thus have from Proposition that

*
5A($17"'7xN) :ﬂwmoﬁlK(ON—e,)\g ..... Al,ag_l(l) ..... aa_l(m>)(x17'"7$N7x1a"'7xm)
Since (0N=¢, Ny, ..., A1) is weakly increasing, we have that
K(ON*Z ALy ALl =1 (1) el — 1 ))(xw(l)a y Lw(N)s L1, 7$m)

X1y s TN L1y e ey Tin)

for any w € Gy. The operator 7, ,—1 thus only acts on the last m entries of the Key
polynomial and we get

*
SA(T1, .., TN) = T o1 Kon—cy,, . ALy -1 (1) aofl(m))(ld’ TN Ty ey )
= K(ON_z Aoy A1 o (1)5++ an<m))((L'1,...,fL‘N,ZL’1, ,xm)
:K(ONfe,)\g ..... AL,Gmyeeny al)(x17"'7IN7x17"'7xm)

2.3 Right key tableaux and their different charac-
terizations

2.3.1 Classical characterization

Key polynomials where introduced in ([7] and [8]). In ([22]) a combinatorial formula
using key tableaux was discovered. We will use the latter characterization.

For any totally ordered alphabet B, let Tabg be the set of semi-standard Young
tableaux in the alphabet B. The elements of Tabg will simply be called tableaux. In
the remainder of this section, we will only use the alphabet B =N = {1,2,3,...}. We
will denote by Tabg(A) the set of semi-standard tableaux of shape A in the alphabet
B.

Definition 2.3.1. Let T be a tableau with ¢ columns, and let C4,Cs, ..., C, be the
columns of 7" from left to right. The tableau 7" is said to be a key tableau if C; 2 C}
forall 1 <1<y <V,

Example 2.3.1. The tableau 2[2]isa key tableau because {1,2,3} D {2,3} D

wo]=
w

{2}
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Example 2.3.2. The tableau | 1|3 | is not a key tableau because {1,2} does not

contain {3}.

Given a tableau T' of shape A with column lengths ¢ = (¢y,c¢q,...,¢), for each
permutation o we are interested in the skew tableau S with column lengths oc =
(Co-1(1), Co-1(2)s - - - » Co—1(r)) Whose rectification is 7. In the appendix A5 of [9] it is
shown that one can find S using an action of the symmetric group on the columns of
T. We will use the jeu de taquin construction found in appendix A1.2 of [28].

Example 2.3.3. The action of the symmetric group on consecutive columns is as
follows. We start by adding a hole at the bottom of the column to the right. We then
use jeu de taquin slides to move the hole to the top of the column to the left as follows:

1]3 1]3 1]3 1[3]  [1]3 x[3] 3]
4]7 4[7 417 4] x| 4 14 14
5/8 58 5| x 5]7 5]7 517 5]7
6] 6] 6/8] [6]8 68 68 68
7] 7] 7] 7] 7] 7] 7
9] 9] 9] 9] 9] 9] 9]

We repeat the process until the column lengths have been switched. In this example,
this corresponds to the following steps:

13 3] 3] 3]
1|7 1[4 1 1
AE 5|7 15 5
6  [els]  [el7]  [1[7
7 7 dE 63
9 9 9 79

This defines an action of &, on the columns. We can focus on the skew tableaux S
such that two adjacent columns either start or end on the same row (this is called the
compact form of o(7")). This is because all skew tableaux produced from the action of
S, have an equivalent skew tableau representative of this kind. The following example
was extracted from ([9]).

Example 2.3.4. Given the tableau

1[1]2]2]
T=2[3]3
4]

the two skew tableau S and S” have column lengths (2,3,2, 1) and rectify to 71"

3]

112]2] 1]2

S=[1[3]3 S'= [3]3
2[4 1]4
2]
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But only S is in compact form.

Example 2.3.5. The full action of G5 on the tableau

1]3]4]
T=[2]6
5]
is given by
1]4] %
243 213]6
5(6 -
1]3]4] 1]
2[6 3[4
H 12]5]6
7] /
136 aE
2
5 1215

where the blue lines denote the action which switches the first column with the second
one, and the red lines denote the action which switches the second column with the
third one.

The following property is important [9].

Proposition 2.3.1. Let T be a tableau with ¢ columns and let &,(T) be the set of
tableauz obtained from the action of &, on tableauzr described earlier. If T' € &,(T)
and C' is the rightmost (leftmost) column of T', then C' depends only on the length of
C.

It is thus natural to define R.(T") (resp. L.(T')) as the rightmost (resp. leftmost)
column of 7" € &, (T) whenever such column is of length c.

Proposition 2.3.2. If ¢ < d, then R.(T) C R4(T) and L.(T) C L4(T).
We are now in a position to define left and right keys.

Definition 2.3.2. Given a tableau 7" with columns of length (cy,...,¢), its right
key tableau K (T') (resp. left key tableau K_(T")) is the tableau whose columns are
Re(T), ..., Re,(T) (resp. Lo (T),...,L.,(T))

s ~cy
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Example 2.3.6. We see from Example that the right and left key tableaux of

113]4]
T=2|6
9]
are respectively
1]4]4] 1]2]2]
K. (T)=\|46 and K (T)=|2|5
6 5

2.3.2 A new characterization of right key tableaux

We will derive in this section a new characterization of right key tableaux based on
the supremum of a certain set of words.

In this chapter, we will use the ordered sets A = {1,2,..., N} U{L,...,m} and
A= {1,...,m}, with the order

l<2<---<N<l<2<---<m
We will add and subtract the elements of A as if they were usual integers. For instance
3—1=2 and 2+ 4 = 6 (supposing that 6 € A, that is that 6 < m).

Definition 2.3.3. Let W (.A) be the set of decreasing words on A. Given v,w € W (A),
with v =v; ... v5,w =w; ... w, we say that v < w iff s <t and v; < w; for 1 <7 <s.
We will use the notation v C w to say that v is a subword of w.

We first prove two simple propositions.
Proposition 2.3.3. Ifv and w are two decreasing words such that v C w, then v < w.
Proof. Let w = w; ... ws. Since v C w, we have that v = w;, ... w;, for some 1 <4y <
ig < ... <1, <s. Hence j <i; for all 1 < j < r, which implies that w; > w;; = v;
given that w is decreasing. O]
Proposition 2.3.4. Suppose that v and w are two distinct decreasing words such that
v Cw. Ifi > vy and i > wy (v; and wy are the largest letters in v and w respectively),

then
sup{iv,w} = iu

where u is the subword of w obtained by deleting the highest letter of w not in v.
Proof. Suppose that w;; is the largest letter of w not in v, and let v = vy - - - v;0" and
w = vy - - vjw;w’. This gives us that u = vy - - - v;w’. We now need to prove that

s = sup{iv,w} = iu

Since v € w, we have that v C w’ which implies that v" < w’ from the previous
proposition. Hence iv < ¢u. We also have that w < iu since v; - - - vjwj1; < vy -+ - vy,
which yields s < iu. It is easy to check that if s > v and s > w then s > iu, which
proves the proposition. O
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Recall that Tabg stands for the set of semi-standard tableaux in the alphabet B. In
the remainder of this chapter, a tableau T" will always be such that either T" € Tab 4 or
entries of T" from left to right and from bottom to top. We then let W (T') be the set
of decreasing subwords of w (7). We will also let 7, be the subtableau of T" obtained
by considering only the columns of T" weakly to the right of column r. Finally, if
T € Taby, we will let W(T') be the set of decreasing subwords of w(T)) that only have
letters in A.

Example 2.3.7. Let

—>
w

Then w(T) = 2131332, and

W(T) = {32,33,31,13,11,21,3,2,1, 3,2, 1},

W(T) = {32,3,2,1}.

Recall that the words w and u are said to be Knuth equivalent if w can be obtained
from u by a sequence of elementary Knuth transformation (K’) or (K”):

(K"): yrz=yzx, forz<y<z
(K"): xzy=zay, forx <y<z

Lemma 2.3.5. If wi = w», then
sup W (wi) = sup W (w,)

Proof. 1t suffices to prove the lemma for w; and wy only differing by an elementary
Knuth transformation.

First suppose that w; and wy differ by an elementary Knuth transformation (K'),
that is, that wy = u-yzz - v, and wy = w-yza - v with z <y < z. If w € W(wy), it is
immediate that w € W (w,). Hence,

sup W (wi) < sup W(wy).

Now suppose that w € W(wsy). If w does not contain the subword zz, then it is
obvious that w € W (wy). Therefore, assume that w contains the subword zx, and let
w = uyzrv; with u; a subword of v and v; a subword of v. In this case, we have that
wyxvy and ugz both belong to W(wy). Since sup{ujyzvy, u1z} = w, we thus get that
w < sup W (wy). This implies that

sup W (wa) < sup W(wy).

and we have proven that sup W(w;) = sup W (ws) when w; and ws differ by an ele-
mentary Knuth transformation (K”).
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It remains to consider the case where w; and wy differ by an elementary Knuth
transformation (K”), that is, w3 = u - zzy - v, we = w - zay -v with z <y < z. If
w € W(wy), it is again immediate that w € W (wy). Hence

sup W(w;) < sup W (ws)

Suppose the w € W(ws). If w does not contain the subword zx, then w also belongs
to W(wy). We thus assume that w contains the subword zz. We let w = u;yzxv; with
uy a subword of u and v; a subword of v. We have in this case that w < u;zyv; with
urzyvy € W(wy). Therefore

sup W (wy) < sup W(wy),

and we have proven that sup W(w;) = sup W(ws) when w; and ws differ by an ele-
mentary Knuth transformation (K”). This concludes the proof. O

In Proposition [2.3.2] R.(T') corresponds to the set of all entries in any column of
length ¢ of K, (7). It will be more convenient for our purposes to use descending
words instead of sets, and to index according to the columns of K (7') instead of to
their lengths.

Definition 2.3.4. Suppose that T" has [ columns. For i = 1,...,1, we let C;(T) be
the decreasing word whose letters are the entries in column i of K (7).

Example 2.3.8. Let

1[3]4]
T=]2|6
15|
as in example [2.3.6, Then
1]4]4]
K. (T)=|4|6]| |,
6

hence C;(T') = 641, Co(T) = 64 and C3(T) = 4.
Proposition 2.3.6. For any tableau T, we have that
sup W(T') = sup K, (T') = C,(T)

Proof. 1t is obvious that sup K, (7)) = C(T') given that every column of K (T is
contained in the first column of K (7).

Let ¢i,...,¢ be the lengths of the columns of T (in weakly decreasing order).
Consider the unique skew tableau S € &,(7T) in compact form whose column lengths
are ¢;,...,c; (that is, in weakly increasing order). Since S rectifies to T', we have
that w(T) = w(S). By Lemma we thus have that sup W (T) = sup W(9).
Therefore, we only have left to prove that C;(T) = sup W (S). Now, by definition
of K,(T), the rightmost column of S is R., (7). But since S is in compact form
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and ¢, ..., c; is a weakly increasing sequence, we have that the bottom entry in each
column of S lies in the same row as the bottom entry of its rightmost column R, (T)
(considered as a column instead of as a set), that is, S is a counter-tableau (refer to
Example [2.3.5). Since the rows are weakly increasing in S, it is then obvious that
sup R, (T) = sup W (S). The proposition follows immediately given that C,(7T) =
sup R, (T). O

Let c1, ..., ¢ be the lengths of the columns of T' (in weakly decreasing order). By
definition of K (T), the first column of 7" does not play any role in how the right keys
Rey(T), ..., Re(T) are constructed. Hence, we also have that sup W(T3) = Co(T).
Generalizing this idea, we get the following proposition.

Proposition 2.3.7. Let T be a tableau with | columns. We have that

sup W(Ty) = Cp(T)  for every 1 <k <1

2.4 Key tableaux and (dual) m-symmetric Schur
functions at ¢ = 0.

Given a composition a = (a1, ...,ay), let o be the shortest permutation in &y such
that
o = (1), - -, Ao(n))
is dominant. We can associate a right key tableau K, («a) of shape a™ in the following
way: if column k of K («) is of length r, then it is filled with the entries (1), ..., 0(r).
We say that two tableaux P and () of the same shape A are such that P < @ iff

P(i,7) < Q(i,j) for any (i,7) € A. It is known that the key polynomials have the
following expansion:

Ky(z1,...,zn) = ZxT
T

.....

K (). In view of Proposition [2.2.2) we have that the dual m-symmetric Schur func-
tions at t = 0 are given by

5R(ZE1,...,ZL’N) :K(ON*Z,/\g 77777 A,am al)(ZEl,...,{L‘N,"%h...,i‘m”A _ (241)

7777 m17331,---757m:3’/'m
It is thus natural to define, for A = (aq, ..., an; \), the key tableau
K3 (A) = K (7)

where v = (0N \s, ..., AL, @, ..., a;). In this case, v© = A which is the partition
corresponding to the diagram of A without its circles. This way, after defining

S*(A) = {T € Tabs(A") : K (T) < K% (A)} (2.4.2)
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we get that the dual m-symmetric Schur function at ¢ = 0 is given by

52(1’1,...,1‘]\[): Z xT‘fmzm

TeS*(A)

(2.4.3)

~~~~~ Tm=Tm

Note that it is understood in the previous equation that, in 7', to an entry ¢ € A
corresponds a factor #; in 27. It is also understood that if N — ¢ < 0, then the key
tableau K (A) does not exist for that N and the corresponding dual m-symmetric
Schur function is equal to 0.

In the definition (2.4.2)) of S*(A), the condition K (7') < K} (A) can never be
violated in any position of K% (A) occupied by a letter that does not belong to A. It

~

is thus sufficient to restrict ourselves to the positions occupied by the letters 1, ...,
in K% (A), which we write as

S*(A) = {T € Taba(A©) : K,(T) < K1(M)|; m}} (2.4.4)
In order not to lose any generality, we will also define
SA(T1, N T, Tm) = K (0N, aamsa) (T - TN DL ) = Z !
TeS*(A)
(2.4.5)

It is not too difficult to see that the key tableau K7 (A) can be easily extracted
from the m-partition A.

Lemma 2.4.1. The key tableau K7 (A) is the unique tableau such that, for | =
1,...,m, every column to the left of the circle filled with an m + 1 — | contains a
letter | € A and such that the remaining cells (supposing that there are k of them in
a giwven column) are filled with the letters NN —1,..., N —k+1 (if N—k+1<0,

then the key tableau K% (A) does not exist for that N ).

We also need to introduce another key tableau associate to A. As we will see, it is
essentially dual to K7 (A).

Definition 2.4.1. The key tableau K, (A) is the unique tableau such that, for ¢ =
1,...,m, every column to the left of the circle filled with an ¢ contains a letter ¢ and
such that the remaining cells (supposing that there are k of them in a given column)
are filled with the letters NN —1,..., N —k+1 (if N —k+ 1 < 0, then the key
tableau K (A) does not exist for that V).

Example 2.4.1. Let m = 4 and

[ 3
)
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Then
N|N|N[2|2]|2
N|li[2|4
Ki(A)=]1]2]4
214
14 ]
and
1[1]1]1]3]3]
3(3
K. (A)=[4]4]|N
N[N
N

where N = N — 1.

Remark 2.4.1. 1t is immediate that if the entries in column & of K (A) are {ly, ..., I}
then those in column £ of K73 (A) are {If,...,07}, where I* =m+1-1lifl € {1,...,m}
and [* = [ otherwise. The map x : {1,...,N} — A,l — [* will be called the x-

operation.

The following set will prove to be important:

-----

S(A) = {T € Taby, ny(A?) + K (T)| =K. (A)] } (2.4.6)

where Q|,, refers to the skew tableau obtained from @) by only considering the letters
1,...,m. From this set, we define the functions

sp(zy,...,xN) = Z zl (2.4.7)

TEeS(A)

The relevance of the functions s, (x1,...,xy) will become clear later when we prove
that they correspond to the case t = 0 of the m-symmetric Schur function sy (x1, ..., xN;t).

Remark 2.4.2. Suppose that T' € Tabyg .y has a; occurrences of the letter ¢, for
i = 1,...,m. Observe that there is a unique key tableau in Taby ) with such
occurrences of the letter ¢, for ¢ = 1,...,m, and that this key tableau corresponds to
A(T), such that K+(T)|m = K+(A)‘m. The m-partition A(T') can also be obtained
explicitly in the following way. Suppose that 7" has shape p. For v =1,... m, let q;
be the number of ¢’s in the key tableau K (T"). We define A(T) to be the m-partition
whose diagram is obtained from p by adding a circle filled with a 1 in the uppermost
row of size ay, and then adding a circle filled with a 2 in the uppermost row of size
as that does not already contain a circle, and so on until the m circles have been
added. It is indeed possible to do this process because K, (T), being a key tableau,
has columns that are contained into each other. Therefore, if the letter ¢ appears
a; times in K, (7)), then they have to occur in the first a; columns of K (T"), which
implies that column a; + 1 of K (T) is shorter than column a,.
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From the previous remark, we immediately get that S(A) can be rewritten in a
simplified form as
S(A) = {T € Tabyy__ny : A(T) = A} (2.4.8)

.....

Example 2.4.2. Let N =2, m =1 and

then the tableaux contributing to s} (x) are:

1]1] [1]2]
2

1] [1]2] [2]2]

(2.4.9)

’b—b (N}

1
1]

’n—> [

SO
sh (71, To; 1) = 239 + 1123 + 223 + 1208y + 232, and

_ cr ) — 92 2 .3
s (a1, x9) = 83 (21, x5 1) = 20720 + 22125 + 2

And there is a single tableau

1]2]
2

contributing to s5(z), so s5(x) = z;23. On the other hand, if we let N = 3, the
tableaux contributing to sa(z) are

2] [1]3] [1]3]
2 2 3

(2.4.10)

SO
_ 2 2
sp (21, Te, T3) = X105 + T1X2T3 + T125

2.4.1 Admissible pairs

As we seek to prove that

1
= ZEA(fEh e 7$N)57\(?/1, S YNS UL - 7@771)
[Lijcm (1 — l’z@j)} [ngzl(l - xz‘yj)] A
(2.4.11)
the elements in
Gm = (S(A) x §*(A)) (2.4.12)

A

will prove fundamental. We will say that the pair of tableaux (P, Q) is admissible if
(P,Q) € G,,. We will now establish some notation.

For a € Taby, . ny, we let K7 (Q) € Taby be the tableau obtained by applying
the x-operation described in Remark on the entries in the columns of K, (Q)
(and then reordering the entries so that the columns are that of a tableau).
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Recall that C.(T") is the descending word corresponding to column r of the key
tableau K (7).

For a tableau P € Taby, we let C,(P) be the subword of C,(P) obtained by keeping
only the letters in A.
the x-operation on the letters of C.(Q)) and then reordering the letters so that the
resulting word is decreasing. We will then let C*(Q) be the subword of C*(Q) obtained
by keeping only the letters in A.

Example 2.4.3. Let m =4 and

~
I
(o=
ot

In this case

[\]
O

ot

1
K (T) =|2
5]

hence Ci(T') = 521, Co(T) = 52 and G3(T') =
C:(T) = 3 and C3(T) = 43, C3(T) = 3, C3(T) =

2. Then Ci(T) = 435, C5(T) = 35,
3

We also recall that for P € Taby, W (P) stands for the set of subwords of w(P)
that only have letters in A.
The following criteria for the admissibility of (P, Q) will be used again and again.

Proposition 2.4.2. Let P € Taby and ) € Tabyy . ny be two tableaux of the same
shape. Let also | be the number of columns in P (and Q). The following statements
are all equivalent to the admissibility of (P, Q):

1. Ki(P) < KL(Q),;

~

2. C,(P) < CHQ) forallr =1,...,1L.
3. supW(P,) <C*(Q) forallr=1,...,1.

Proof. Suppose that A(Q) = A. Since K+(Q)| = K+(A)|m, we then get after apply-
ing the *- operamon that K (Q)‘{1 i) = =K’ (A)|{1 .- Hence, using (2.4.4), we get

Since C,(P) and C*(Q) are essentially the columns of K+(P) and K7 (Q), respec-
tively, restricted to their letters in /l, Statement 2 is equivalent to Statement 1.

By Proposition [2.3.7 we see that sup W(P,) = C,(P). Given that the elements of
A are the largest elements of A and that A\ A is finite, this yields sup W(P,) = C,(P),
and Statement 3 is equivalent to Statement 2. ]
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2.4.2 Behavior of the recording tableau

Understanding the behavior of (f:(Q) will prove crucial. We first start by a general
observation. We say that C*(Q) is maximal if its length is equal to that of column r
of Q.

Remark 2.4.3. Suppose that () € Taby; ) is a tableau whose largest entry is not
larger than m. Then all the letters in ) are smaller or equal to m, which implies that
C*(Q) is maximal for all 7. Observe moreover that if C*(Q) is maximal then C;(Q) is
also maximal for all ¢ > r since C;(Q) is a subword of C*(Q).

We now describe explicitly how adding a new letter to @ affects C,.(Q).

Proposition 2.4.3. Suppose that Q € Tabg  ny is a tableau whose largest entry is
not larger than i. Then let Q)" be the tableau obtained from Q) by adding a letter i in
column € (we are supposing that it is possible to do so), where € is such that there is
no letter i to the right of column ¢ in (). We then have that

C-(Q) if r>+¢
C(Q) =1 iC(Q) ifr=t (2.4.13)
c it r<¢

where C!. is obtained from C,.(Q) by replacing by i the largest entry of C.(Q) not in Cy(Q)
and then reordering the letters to get a decreasing word (observe that this amounts to
doing nothing if this largest entry is i).

Proof. Throughout the proof we will use the fact that sup W(T,) = C,.(T) for any
tableau T', which is the content of Proposition [2.3.7]

It is obvious that W (Q,) = W(Q,) for all » > ¢, which implies that sup W (Q,) =
sup W(Q.) in those cases.

If r = ¢, we have that w € W(Q)) iff w € W(Qy) or w = iw" with v’ € W(Qy).
This immediately gives that

sup W(Qy) = isup W(Qy)

as claimed.

Observe that if W,.(Q) contains a letter ¢, then W,.(Q) = W,(Q') which implies
that we also have in this case that sup W (Q,) = sup W(Q\.) (this corresponds to the
case where the largest entry of C.(Q) is not in C;(Q), which was commented at the
end of the proposition).

So suppose that r < ¢ and that there is no i in W(Q,.). There are two possibilities
for the words w € W(Q).) : either w € W(Q,) or w = iw’ with w' € W(Q,). Therefore

sup W(Q;) = sup{sup W(Q,), isup W(Q)}

Since sup W(Qy) C sup W(@Q,), the proposition follows immediately from Proposi-
tion 2.3.4] n
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The previous proposition has the following consequence.

Corollary 2.4.4. If Q) is a tableau that satisfies the conditions of Proposition
then
C(Q) <C.(Q) forall r

The behavior of C*(Q) under the addition of a letter is somewhat more complicated.

Corollary 2.4.5. If i > m then

ooy [ GHQ) it >
CAQ)_{@; if r < ¢

where (f; is obtained from é:(Q) by deleting the smallest entry of C:(Q) not in C;(Q),
if this entry belongs to A (and by doing nothing otherwise).

If i <m, then
) CHQ) if r>¢
CHQ) =] C(Q(mn+1—1) ifr=¢
C! if r<?

where C;C is obtained from C*(Q) by replacing by i+ 1—1i the smallest entry of C*(Q)
not in C;(Q) and then reordering the letters to get a decreasing word (observe that this
amounts to doing nothing if this smallest entry is m + 1 — ).

The analog of Corollary is then the following (the case r = ¢ does not hold
because the length increases when going from C;(Q) to C;(Q")).

Corollary 2.4.6. If Q) is a tableau that satisfies the conditions of Proposition |2.4.1
then R )
C:(Q) <CHQ) forallr £/

Remark 2.4.4. From [2.4.3] we know that we can compute K, (Q’) from K, (Q), ¢ and
i, we don’t need more information about Q.

Example 2.4.4. Let m =6, N > m, and

1]2]2[3]4]
_12]3]4
=I5
5]
Then
| [®
2[3]3]4]4] ©)
K4(Q) = i ;l 4 , its associated m-partition is A = @@

5
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The tableau ) doesn’t contain an entry 6. Therefore, we may insert an 6 at the end
of the second row to get

2[2][3]4]
3[4]6
5

Q =

‘Cﬂ»&[\)»—l

Then its right key tableau is

w
=~
=~

4] ©

and its associated m-partition is A’ = ®@

8

Remark 2.4.5. The case where we insert ¢ with ¢ > m can be visualized drawing ¢
circles with the usual rules. Once the construction is complete, we remove the circle
we remove the circles ¢ for m < ¢ <i to get the diagram of A(Q).

W
(@)
D

‘CD%OON)
(=}

2.4.3 The RSK algorithm and admissible pairs

Recall that the RSK insertion algorithm was defined in [28].
We will say that (P, Q') = (P,Q) « (;) is RSK-compatible if the following con-
ditions are satisfied

(P, Q) and (F', Q') are pairs of tableaux of the same shape in Tab 4 x Tabyy  n}.

e P’ = P « j, the insertion of the letter j in P.

@ is a subtableau of @), and the only cell in Q'/Q is filled with the letter i.

No letter in @) is larger than ¢, and no letter ¢ in () occurs in a column to the
right of the column in which @Q'/Q lies.

We will also say that the biletter (;) with j € Aand i € {1,..., N} is admissible

if whenever j € A we have that j < i+ 1 — 4.
The goal of this section is to show that

{(P, Q) and (;) are both admissible| <= (P',Q’') is admissible (2.4.14)

where we recall that admissible pairs (P, Q)) were defined after (2.4.12)). This will a be a
consequence of Propositions |[2.4.10] [2.4.13|and [2.4.15| Establishing those Propositions
will be quite technical, as it will rely on non-trivial properties of the words in W(P)
and W (P").

We first give a lemma that will provide very useful bounds on words.
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Lemma 2.4.7. Consider T" = T < j, the insertion of the letter j in a tableau T'. Let
Chk—1,--+,C2,C1,Co(= J) be the insertion path in T' (which ends in row k and column
0). We have the following:

(1) Forr < {, let w € W(T)) be such that w has a letter in the first k rows of T".
Then, w = wg -+ -wy (with s > k) is such that

WEWg—1 -+ . WoW1 < Cr_1Ck_3 . ..C1Cy

(2) Ifw e W(T)) is such that w; is weakly to the left of cs (in the same row) for some
cs in the insertion path, and such that w;,w;_1, ..., wei1_; are in consecutive rows
(all within the first k rows of T') then

WiW; 1+ ** Weg1—j < CsCs1*** Copl—sg-

Proof. We will only prove (1), as (2) can be proven in a similar fashion.

The letter ¢x_; is the largest entry in row k of T” since it is the endpoint of the
insertion algorithm. Hence, w; < ¢,_1. By the insertion algorithm, c;_s is the largest
entry smaller than ¢;_; in row & — 1 of 7’. This implies that wy_; < ¢;_o since
otherwise we would have the contradiction wy_1 > cx_1 > wy (recall that w is a
decreasing word since it belongs to W(7})). By the same reasoning, we conclude that
Wp—2 < Cp—g, ..., we < e, wy < co(= 7). O

The following two propositions will allow to construct from a word w € W(P)) a
word v > w that almost belongs to W (P,) (it belongs to W (P,) if we do not consider
its last letter).

Proposition 2.4.8. Let ¢x_1,...,c2,¢1,¢0(= j) be the insertion path of P' = P < j.
Given a wordw = wy - - -wy; € W(P)), let p be the largest integer such that w, intersects
the insertion path (if there is no such integer thenp =1). Let v = wy - - - Wyvp_1 - - - V1 €
W (P)), where v,_y ---vy is defined in the following way: if w; lies in row s+ 1 weakly
to the left (in the same row) of cs, then let v; = cs. Otherwise, let v; = w;. We then
have that w < v, with either v € W(P,) or v = uj for some u € W(P,). Observe
that the proposition still holds if W is replaced everywhere by W gwen that for any

w e W(P'), the relation w < v implies that v also belongs to W (P?).

Proof. We first show that v is decreasing. The only case which could potentially be
problematic is when v;;1 = w; 1 and v; = ¢,. Since w;; 4 is to the right of the insertion
path, we have that w;,; is in the row (and to the right) of some ¢;. Hence, we have
by the insertion algorithm that v; = ¢; < ¢; < w11 = v;41. It is then immediate
by construction that w < v. Since all the ¢,’s belong to P/ we then conclude that
veW(P)).

All the v;’s (except possibly v; = ¢y = j) belong to P,. We will thus have that
v e W(PR,) or v=uj with u € W(P,) if we can show that they belong to distinct
rows in P,. The only case to check is when v; = ¢, and v;_; = w;_; since in this case
¢s lies in P, one row above its position in P/. But by Lemma , w,;_1 cannot be in
the row that follows that of w;, since otherwise we would have the contradiction that
w1 < ¢ < ¢ (that is, w;—; would not be to the right of the insertion path). O
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Example 2.4.5. Let

1]2[4]5]
P=|3 and 7 = 3.
6]
Then
1[2]3]5]
P'=[34 :
6]
with the insertion path highlighted in blue.
112]3]5]
Let we W(P]) as|3 |4 then the previous procedure gives us v € W(P)) as
6
1[2]3]5]
the word highlighted in red | 3 | 4 , and v = uj with u € W(P).
6]
1[2]3]5]
If instead, we had chosen w € W (P{) be the work highlighted in red | 3 | 4 :
6

then v = w € W(P]) doesn’t intersect the insertion path, thus v € W(P).
The previous proposition can be stated more simply in special cases.

Proposition 2.4.9. Let ¢;_1,...,ca,¢1,¢0(= j) be the insertion path of P' = P «+ j.
Given a word w = wy - --wy € W(P!) that does not have any entry below row k, then
let v=wy---vy € W(P.) be constructed in the following way: if w; lies in row s + 1
weakly to the left (in the same row) of cs, then let v; = cs. Otherwise, let v; = w;. We
then have that w < v, with either v € W (P,) or v =uj for some u € W(P,). Observe
that the proposition still holds if W is replaced everywhere by W given that for any
w e W(P.), the relation w < v implies that v also belongs to W (P').

Example 2.4.6. Let

1[2]4]5]
P=|3|7 and j = 3.
6]
Then
1[2]3]5]
P'=[3]4 :
6|7
with the insertion path highlighted in blue.
112]3]5]
Let w € W(P]) be the work highlighted in red | 3 | 4 , then v = uj = 643
6|7
1[2]3]5]
with u € W(Py) highlighted in red |3 | 4 , then v = uj = 643 with u € W(P,),
6|7

and w = 632 < 743 = .
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112]3]5
If instead, we had chosen w € W(P]) as|3 |5 | ‘then v would simply be the
6|7
1[2]3]5]
word highlighted on red | 3 | 5 , the inequality holds and also v € W (P).
6|7

We are now in a position to show the forward implication (=) in ([2.4.14]).
Proposition 2.4.10. Let (P',Q') = (P,Q) + (;'.) be RSK-compatible. If (P,Q) and

(;) are both admissible, then (P', Q') is also an admissible pair.

Proof. From Proposition m we need to show that, for all r, any w € W(PT’,) is such
that w < C*(Q'). By Proposition M we can find a v € W(P!) such that w < v,
where either v € W (P, ) or v = uj with u € W(P ). Note that (P, Q) being admissible
implies that any w’ € W (P,) is such that w’ < C*(Q) given that sup W(P,) < C*(Q)
(see Proposition. We will also assume that cx_1, ..., ¢, 1, co(= j) is the insertion
path of P' = P « j.

_ First suppose that ¢ > m and r > (. In this case, we have by Coro}lary , that
CHQ) =CHQ). If v e W(P,), it is then immediate that w < v < C*(Q) = C(Q").
In the case v = uj, we have that the inequality j < m + 1 —1 (stemming from the
admissibility of the biletter (;)) can never be satisfied for any ;5 € A (we are assuming

that ¢ > m), which implies that j ¢ A. Therefore, w < uj can only hold if w < u
since w € W(P'). We thus have that w < u < C*(Q) = C*(Q’), as wanted.
The case ¢ > m and r < ¢ will be treated at the end of the proof.

We now con81der the case i < m. We first let r > £, in which case C*(Q ) =Cr Q)
by Corollary [2 If v € W(P,), it is immediate that w < v < C*Q) = C*(Q").
Hence, con81der v = uj with v € W(P) If j € A, then we have as before that
w<u< (f;f(Q) = (f:(Q’). Now suppose that j € A and that P, has s rows. Then,
CsCo—1-7C1 € W(Pr) since all the letters in the insertion path are larger than j €
A. We thus have that C*(Q) = asas_1 -+ a, for some word asas_;---a; such that
CoCs—1*C1 < Qgllg_1 * . Since u has at most s — 1 entries and j = ¢y < ¢; < aq,
we have that uj < asas_1---as. Hence w < uj < CHQ) = C*(Q') as desired.

If r = ¢, we have by Corollary 5| that C;(Q') = C:(Q)ag with ag = o+ 1 — 1,
which implies that C:(Q) < Cx Q). If v E W(Pg) it is thus immediate that w < v <
C:(Q) < C;(Q). Similarly, if v = uj and j & A, we have again that w < u < C;(Q) <
C;(Q'). We thus only have left to consider the case v = uj and j € A. But in this
case, we immediately get that w < uj < éj(Q)ao since j < ag = mm + 1 — i by the
admissibility of (;)

Now, suppose that r < £. If column r of ) has length ¢, then we know by
Remark mp(recall that we are in the case i < m) that C*(Q) is also of length ¢. Let
é}(@) = ap_1---a; and (?;*(Q) = by bgy1bsas_1 - -y with a,_q < by < ay (éZ(Q) is a
subword of (f;f(Q) since they are columns of a key tableau), so that by is the smallest
letter in C*(Q) that is not in C}(Q). By Corollary we thus have in this case that

é:(QI> =b- - bsp1a5-1 - a1a9
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where ag = 7 + 1 — i. Suppose that v € VAV(P,,)‘ Given that v < é:(@), in order
to show that v < é:(Q’) it suffices to check that if v = v, -+ - vy, then v, < as_q. Let
v’ = v ---v,. Given that v, lies in a row weakly above row k, using the construction
in Proposition we have that vy ---v, < zp-- x5 with z -2, € W(Pg). This
implies that x - -z, < éj(Q) = ap_1---a;. Hence vy, < 2, < a,_1 as wanted, which
gives that w < v < éj(Q’). In the case, v = uj with u € W(Pr), we have similarly
that u < é:(@’). Given that j < m + 1 — i = ag by the statement of the theorem, we
have that w < uj < C*(Q').

Finally, suppose that ¢ > m and r < ¢. This this case, we have by Corollary [2.4.5]
that C*(Q') = C., where C! is obtained from C*(Q) by deleting the smallest entry of
C(Q) not in C;(Q). If this entry is not in A, then C. = C*(Q) and we can proceed as
the previous step. Assume that the entry is in A, in this case we can proceed as we
did in the case 1 < m and r < /.

]

Before being able to show the backward implication (<=) in (2.4.14]), we need a
few elementary results. The first is an easy consequence of Lemma [2.3.5]

Lemma 2.4.11. Given a tableau P and a letter j, let P' = P < j be such that the
insertion path_ends in column (. For all r < { we have that sup W (F,) < sup W (F))
and that sup W (P,) < sup W (P).

Proof. 1f r < ¢, then w(F,);j is Knuth equivalent to w(P)). Since W (P,) C W(F,) U
W (P,)j, we then have from Lemma that

sup W(P,) < sup(W(P,) UW(P,)j) = sup W(F)
The proof is the same when we replace W by w. O

The next lemma will allow us to assume that the length of the words in w € VV(PT)
is not larger than the length of C*(Q) when ¢ < m. The case ¢ > m will be deduced

as a corollary of proposition [2.4.13]

Lemma 2.4.12. Let (P, Q') = (P, Q) «+ (;) be RSK-compatible, withi < m. Suppose
that, for a gienr, there exists a word w € W(PT) whose length is larger than the length
of CX(Q). Then the pair (P', Q') is not admissible.

Proof. By Remark [2.4.3, if i < m, we have that the length of C*(Q) is equal to the
length of column 7 of . Since P and () have the same shape, it is thus impossible to
find a word w € W (P,) whose length is larger than the length of C}(Q). O

The next two propositions will prove the backward implication (<=) in (2.4.14)).
Proposition 2.4.13. Let (P',Q') = (P,Q) <« () be RSK-compatible. If the pair

i
J

(P, Q) is not admissible, then neither is the pair (P',Q’).
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Proof. For a decreasing word w = wy - - - wy, it will be convenient to use the notation
(w)s = w.

Suppose that sup W(P,) £ C*(Q) and first consider that r < £, where ¢ is the
column of the cell in Q'/Q. In this case, we get from Lemma 1| that sup W (P,) <
sup W (P!). This implies that sup W(P’ ) £ C*(Q') since otherw1se we would get the
contradiction from Corollary [2.4.6] that

sup W (P,) < sup W(F)) < C(Q) < €(Q)

We now consider the case r = £. We have again in this case that w(F;) is Knuth
equivalent to w(F)j, which implies that sup W(Pg) < sup W(P/ ) by Lemma [2.4. 11l
If we suppose that sup W(P}) < C*(Q'), then we get from Corollary [2.4.5 that

supW(P) <supW(P) <Ci Q) =CHQ)(m+1—1) ifi<m

or

sup W(P) <supW(P) <Ci(Q)=CHQ) ifi>m

In the first case, using the previous lemma, we can assume that there is no word
w € W(P,) whose length is larger than the length of C*(Q) since otherwise (P, Q')
would not be admissible. Hence we can assume that, for all r, the length of sup W(PT)
is not larger than the length of C*(Q).

In both cases, it leads to the contradiction that sup W(Pg) < (f;‘(@) given that by
assumption the length of sup W(Pg) is not larger than the length of é;(@) Hence, we
conclude that sup W (P}) £ Ci(Q").

We finally consider the case r > (. Since sup W(P,) £ C*(Q), we can suppose
that (sup W (P,))s > (C*(Q))s for some s. Let w = w,...w; € W(P,) be such that
(w)s = wy = (sup W(P,)),. If w does not intersect the insertion path, then w € W (P’),
which implies that

(sup W(P))s = (w), = (sup W(E,))s > (CF(Q))s = (C1(Q),

from Corollary . We thus have that sup W (P!) £ C*(Q') in that case.

Finally, suppose that w intersects the insertion path cy_1...c; in P. Let ¢t be the
smallest integer such that w; intersects the insertion path, and suppose that w, = ¢,_;.
Observe that the entry w; lies in row p — 1 in P while it lies in row p in P’

We consider the word u = ¢4_1 - - cpwy - - -wy of length (k — p) +¢. The word u
is decreasing since c;_; - - - ¢; is decreasing, w is decreasing and ¢, > ¢,—1 = w;. We
also have that u € W(PZ’) since w, lies in the row above that of ¢, in P’ and since
Wy_1,...,w; belong to P’ given that they do not intersect the insertion path.

Suppose that P, has g rows. Within rows ¢ and p+1 of P’ lie the decreasing words
Cq—1---Cp and ws ... we1. Since the former has a letter in each of those rows, we have
that s —t < g — p, or equivalently, that k — ¢+ s < k —p+t. Since u is a decreasing
word, we thus have that (u)g_g+s > (4)g—ptt = w1 = (w)s. Because u € W(P’) this

means that (sup W (P/))k—grs > (Wp_qes > (w),. Hence, Proposmonylelds that

(sup W (P))k—ges = (w)s > (CH(Q))s 2 (CH(Q))s = (CHQ)r—gs
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which implies that sup W (P}) £ C;(Q'). Note that (C(Q"))s > (C;(Q'))g—quss since
CH(@Q’) is a subword of C; (Q') and since the difference in length between the two words
is at most k — q. O

Corollary 2.4.14. Let (P',Q’) = (P,Q) + (;) be RSK-compatible. Suppose that, for
a gwen r, there exists a word w € W(PT) whose length is larger than the length of
CHQ). Then the pair (P', Q') is not admissible.

Example 2.4.7. Let m = 3,

(P,Q) =

3] ;) 1D and (i, §) = (4,1).

2
13 ]

—_

3

1]

(P, Q) =

>

1
3]
4]

=

Observe that (4,1) doesn’t create any problems as its an admissible pair. We can pick

~

1]3
the word w highlighted in red |5 | . Observe C{(Q') = 31 so 32 € W(P!) breaks the
13 ]
condition.
Example 2.4.8. Let m = 3,
213111 .
. = (H3 ) and .9) = 6.0

Then C;(Q) = 3 so 32 € W(P,) breaks the condition because it is larger than it.

—_

3|[1]1]

(P, Q) =

>

1
4
15

=

Observe that (5,1) doesn’t create any problems as its an admissible pair. We can pick

~

3

the word w highlighted in red . Observe that Cf(Q') = 3 so 32 € W(P}) breaks

‘C,J>|M> —_

the condition.

Proposition 2.4.15. Let (P, Q') = (P,Q) + (;) be RSK-compatible. If the biletter
(;) is not admissible then neither is the pair (P',Q").
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Proof. First observe that j € A since (;) is not admissible. Now, let ¢_1,...,c1, co(=

j) be the insertion path. Given that j € .,Zl, Cp_1...c1J is a word of length k£ in

W (P}), where ¢ is the column of the cell in @' /Q. If i < m, we then have that
j > m+ 1 — 1 since (;) is not admissible. Hence, (P’,Q’) is not admissible since

(sup W(P))) > j > im+1—1 = (C;(Q'))x by Remarkand Corollary[2.4.5, Finally,
if i > m, we have that the length of C; (@) is smaller than k by Corollary (which
says that the length of C;(Q') is that of C;(Q)). Hence, (P’,Q’) cannot be admissible
given that sup W(Pé) has length k. ]

2.4.4 The RSK correspondence and its consequences

An admissible biword is a biword of the form ( ;.1 ;.2 o ;.r ) where every biletter
1 J2 I

(;’;) is admissible. The order of the biletters in the biword is irrelevant. The biword

is in lexicographic order if 1; <1y < --- <, and j, < jry1 Whenever i = 15, 1.

The following families of biwords will be useful.

e B, is the set of biwords in the admissible biletters (;)
e B is the set of biwords in the admissible biletters (;) such that j € A

,,,,, ~} is the set of biwords in the biletters (;) such that 4,5 € {1,..., N}

e B is the set of biwords in the biletters (;) such that 7 € {1,..., N}, and j € A
(without any admissibility condition).

The RSK correspondence provides a bijection between the set of biwords in By
and pairs of tableaux of the same shape in Taby x Taby . . From the biword

1111

Ju o J2 o e
(P™, Q) from the empty pair using again and again the RSK insertion (P®*) Q%)) =
(PE=1 Q=) (;i) Note that at each step of this process, we have that (P*), Q®)) =
(P10 Q1)) (;Z) is RSK-compatible.

Our previous results show that the RSK correspondence, when restricted to By,
provides a bijection between B4 and G,,, where we recall that G,, is the set of admis-

sible pairs of tableaux.

( ot > in lexicographic order, one builds successively a pair (P, Q) =

Theorem 2.4.16. The RSK correspondence, when restricted to By, provides a bijec-
tion between the sets By and G,,.

Proof. Let (P',Q') = (P,Q) + (;) be RSK-compatible. As mentioned earlier, Propo-
sitions [2.4.10} [2.4.13] and [2.4.15| tell us that

{(P, Q) and (2) are both admissible| <= (P',Q’) is admissible
J
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Given a biword b € By in lexicographic order, we can thus use the RSK insertion
again and again to obtain a pair (P,Q) € G,,. Similarly, the inverse RSK insertion
produces the admissible biword b € By from the pair (P, Q) € G,,. H

It is well known that

1 b
0y

ij=1

where (zy)P is the monomial in the variables zy,...,zy, %1, ..., yn whose power of z;
(resp. y;) is the number of occurrences of the letter ¢ in the upper (resp. lower) row
of the biword b. Similarly, it can be easily seen that

1 \b
Moo —agy) — 2 )

xllg‘j) bEBA
Combining those two expansions, we get that

1 = T )P N
Hiﬂémﬂ(l - 3313)])} [ngﬂ(l - ZL’i?Jj)] N beZBA( o) (24.15)

where (2y§)P is the monomial in the variables x1,...,2x,y1,...,Yn,¥1, - - -, Um Whose
power of x; (resp. ;) is the number of occurrences of the letter ¢, for i € {1,..., N},
in the upper (resp. lower) row of the biword b, and whose power of g; is the number
of occurrences of the letter 7, for 7 € A, in the lower row of the biword b.

Owing to (2.4.15), Theorem [2.4.16| has this important corollary.

Corollary 2.4.17. The following generalization of the Cauchy identity holds
1

|:Hi+jﬁm+1(1 - xi@j)} |:H£[j:1(1 - %‘yj)]

~

= ZsA(xl, e ZN)SA YL, S YUNS T, U
A

(2.4.16)

Letting y; = 0 for ¢ = 1,..., N, we get that our RSK correspondence provides a
new proof of the following well-known identity on key polynomials

Corollary 2.4.18. We have that

1 .
- K tte m Kw Uy ey Am
Hi+j§m+1(1 — Zi7;) ; a(@1,- s ) Ko@) (91 Um)

Proof. Letting y; = 0 for i = 1,..., N means that in S*(A) we will only admit tableaux
T € Tab 4. From (2.4.4), we get that K, (T') < K% (A) (i) 1S only possible if K7 (A)

only has entries in A, which implies that A can only be of the form A = (a; ). In this

case, we get from ([2.4.5) that
5?{1;@)(3}17 cee 73)171) = K(ON,am ..... al)(07 ce 707 Z)l, cee 7gm) = me(a)(gla cee 7gm)
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On the other hand, we get that

5(a;@)(x17 s 7$m) = Z xT

T

.....

that none of the letters in K (a) are larger than m). But s(.p)(1,...,2y) is then a
dual key polynomial.

S@0) (1., Tm) = Ka(xl, ey Tm)
O]
Letting 91 = ¥1,.-.,Ym = Ym in (2.4.16), and using the definition (2.4.3)) of the

dual m-symmetric Schur function at ¢ = 0, we obtain another worthy Cauchy identify.

Corollary 2.4.19. The following generalization of the Cauchy identity holds
1
[Lijeme (I — x,-yj)] [Hf,vjzl(l — 7;Y;)

} = ZgA(xl, oo oN)SA (Y1, - UN)
A
(2.4.17)

Finally, comparing the previous equation with (2.2.8)) in the case of N variables,
we get that s, (z1,...,zy) is an m-symmetric Schur function at ¢ = 0.

Corollary 2.4.20. For every m-partition A, we have that

5A<5C1,...,CEN) :SA<$1,...7$N;O)



Chapter 3

The m-Symmetric Macdonald
positivity at t =1

This chapter reproduces the article “A proof of the m-Symmetric Macdonald positivity
at t = 17, written in collaboration with Luc Lapointe.

3.1 Introduction

For a nonnegative integer m, the ring R,, of m-symmetric functions is the subring
of Q(q,t)[[x1, T2, x5, .. .|| symmetric in the variables =, 1, Tmi2, Tmas, .- .. An exten-
sion of the Macdonald polynomials, Px(x;q,t), indexed by m-partitions and forming
a basis of R, was studied in [I0} B]. We should note that the m-symmetric Macdon-
ald polynomials have also been considered in [0} [7], where they are called partially-
symmetric Macdonald polynomials. Remarkably, it has been shown recently [14] that
the partially-symmetric/m-symmetric Macdonald polynomials are in correspondence
with certain (C*)2-fixed point classes of the parabolic flag Hilbert schemes [2], a result
that generalizes the correspondence between Macdonald polynomials and (C*)2-fixed
points of the Hilbert schemes [9].

In [10L B 6, [7, 14], the partially-symmetric/m-symmetric Macdonald polynomials
are defined as a t-symmetrization of the non-symmetric Macdonald polynomiald] In
this article, we shall instead use the results of [3] to define the m-symmetric Macdonald
polynomials by an orthogonality /unitriangularity characterization akin to that of the
usual Macdonald polynomials. Indeed, there is a fundamental scalar product in R,,
with respect to which the power sum symmetric functions in the m-symmetric world
are orthogonal:

la| tInv(a)

(pa(x;t) , pa(T;t))m = draq zx(q, t).

The m-symmetric Macdonald polynomials then form the unique basis {Py(z;q,t)}a
of R,, such that:

IThe version of the non-symmetric Macdonald polynomials used in [6] [7, [14], although equivalent,
is slightly different from that used in [I0, B]. As a consequence, the t-symmetrization in [6} [7, 14] is
done on all but the last m variables whereas it is done on all but the first m-variables in [I0] [3].

25
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1. (Pr(x;q,t), Pa(z;q,t))m = 0if A #Q  (orthogonality)

2. Py(z;q,t) = my + Z daa(q,t)mq  (unitriangularity),
Q<A

where the my’s are the m-symmetric monomials and where the order on m-partitions
generalizes the usual dominance ordering.

In [10], an extension to the m-symmetric world of the original Macdonald positivity
conjecture (now theorem [9]) was presented. This conjecture states that a plethysti-
cally modified version of the integral form Jy(z;q,t) = ca(q,t)Pa(x;q,t) of the m-
symmetric Macdonald polynomials expands positively in terms of the m-symmetric
Schur functions (which now depend on a parameter t):

X .
I\ [:;q,t] = ZKQA(Q,t) sq[X; ] with Kqa(q,t) € N|g, t]. (3.1.1)
Q

The goal in introducing this positivity conjecture was to define a much larger frame-
work in which the extra structure could potentially lead to a combinatorial inter-
pretation for the (g,t)-Kostka coefficients (in the form of a g, t-statistic on standard
tableaux). This extra structure seems for instance to include special recursions and
Butler-type rules for the coefficients Kqa(q,t) which could hold the key to unraveling
the mysterious combinatorics of the (g, t)-Kostka coefficients.

The main goal of this article is to prove the m-symmetric Macdonald positivity
conjecture when ¢ = 1. In the usual Macdonald case [12], one normally solves the ¢ = 1
case (in this limit a Macdonald polynomial becomes an elementary symmetric func-
tion), from which one extracts the t = 1 case from the duality K,x(q,t) = K, (1, q).
But one can also get the t = 1 case directly by using the factorization

. X X
lim Jy [:;Q7t:| = (¢ q)aha [1 — q} ’

t—1

where (g; q), is a product of g-shifted factorials (¢; q),, and where h) is a homogeneous
symmetric function. Owing to the formula

S LS|

1—g¢q

it is then not too difficult to show from induction and the Pieri rules, that

Kn(g,1 Z g (3.1.2)

where the sum is over all standard tableaux P of shape p, and where maj, is a major
index statistic depending on A.
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Since there is no analog of the duality K,x(q,t) = K,yx(t,¢) in the m-symmetric
world, it is the direct approach at t = 1 that we will generalize. We will show that,
when ¢ = 1, the polynomial J, [X/(1 —t); ¢, ] also factorizes (Proposition [3.7.2):

iy | 700t = by o1+ 2| o 2 [ 2.

(3.1.3)

This non-trivial factorization is established using properties of the scalar product

(-,)qt and the formula for the squared norm (Px(z;¢,t), Pa(2; ¢, 1)), obtained in [3].
We will then use the formula

X
I {xz—l— —] quxf *hy, L — 1
in (3.1.3) to obtain the sought-after combinatorial interpretation (Theorem [3.8.3)
Koa(a.1) = 327, (3.1.4)

where the sum is over all standard fillings 7" of the shape (2, where majj; is a major
index statistic depending on A, and where T, is a standard tableau constructed from
T and the non-symmetric entries @ in A = (a; A). We note that due to intricacies of
the m-symmetric Schur functions, this formula only works when € is dominant (that
is when the entries b = (by,...,b,) in Q = (b; u) are such that by > by > -+ > by,).
However, this drawback can easily be overcome using the symmetry (Proposition

Koa(q,1) = Ko@)oa) (g, 1) (3.1.5)

for any permutation o € S,,, where o(A) = (a,-1(1), .- -, Ag-1(m); A) if A = (a;)). An
important corollary of (3.1.4)) is that

Kon(1,1) = #{standard fillings of the shape Q} = #{standard tableaux of shape bUu}.

As such, obtaining a combinatorial interpretation for the Kqx(q,t) coefficients, which
contain the usual (g, t)-Kostka coefficients K,,(g,t) as special cases, thus also entails
finding a g, t-statistic on standard tableaux.

The outline of the article is the following. The extension to the m-symmetric
world of the basic concepts in symmetric function theory are presented in Section [3.2]
The orthogonality /unitriangularity characterization of the m-symmetric Macdonald
polynomials, which relies on the Hecke algebra in the definition of the ¢-deformation
of the m-symmetric power-sums, is introduced in Section [3.3] In Section [3.4] the
(dual) m-symmetric functions are defined. This allows to present the m-symmetric
Macdonald positivity conjecture in Section [3.5] A tableau formula for the expansion
of the dual m-symmetric Schur functions follows in Section [3.6l By duality, this
tableau formula will provide a combinatorial way to understand the product of a
dominant monomial and a Schur function in terms of m-symmetric Schur functions.
The factorization (3.1.3) and the symmetry are established in Section .
Finally, simple properties of the Jeu de Taquin and the combinatorial interpretation
for the coefficients Kqa(q, 1) are given in Section
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3.2 The ring of m-symmetric functions

Most of this section is taken from [I0]. Let A = Q(q,t)[h1, ha, hs,...] be the ring of
symmetric functions in the variables xi, x5, x3,... (the standard references on sym-
metric functions are [12], [15]), where

h,«:hr(l‘l,l’g,a}g,...): E L1 Lig ** T,

11 <ig <o <ip

Bases of A are indexed by partitions A = (A\; > -+ > Ay > 0) whose degree A is
Al = A1 + -+ + \¢ and whose length ¢(\) = k. Each partition A\ has an associated
Young diagram with )\; lattice squares in the i* row, from top to bottom (English
notation). Any lattice square (7, j) in the ith row and jth column of a Young diagram
is called a cell. The partition AU is the non-decreasing rearrangement of the parts of
A and p. The dominance order > is defined on partitions by A > p when A\{+-- -4+ X\; >
p1 + -+ + p; for all 4, and |A| = |pl.

We define the ring R,,, of m-symmetric functions as the subring of Q(q, t)[[x1, z2, 73, . . .

made of formal power series that are symmetric in the variables x,, 11, Tmi2, Tmis, .- - -
In other words, we have

Rm =~ Q(qvt)[xh s 75Em] ® Am>

where A,, is the ring of symmetric functions in the variables x,,11, T2, Tmasz, . ... It
is immediate that Ry = A is the usual ring of symmetric functions and that Ry C
Ry C Ry C ---. Bases of R, are naturally indexed by m-partitions which are pairs
A = (a; ), where a = (ay, . ..,a,) € Z%, is a composition with m parts, and where A
is a partition. We will call the entries of @ and A the non-symmetric and symmetric
entries of A respectively. In the following, unless stated otherwise, A and €2 will always
stand respectively for the m-partitions A = (a; \) and Q = (b; ). Observe that we
use a different notation for the composition @ with m parts (which corresponds to
the non-symmetric entries of A) than for the composition n with N parts (which will
typically index a non-symmetric Macdonald polynomial).

Given a composition @ and a partition A, aU\ will denote the partition obtained by
reordering the entries of the concatenation of @ and A. The degree of an m-partition A,
denoted |A[, is the sum of the degrees of @ and A, that is, |A| = a1+ -+ am+ A+ Ao+
---. We also define the length of A as ¢(A) = m+£(\). We will say that @ is dominant
if a; > ay > -+ > a,,, and by extension, we will say that A = (a; \) is dominant if a
is dominant. If @ is not dominant, we let a™ be the dominant composition obtained
by reordering the entries of a.

There is a natural way to represent an m-partition by a Young diagram. The
diagram corresponding to A is the Young diagram of @ U A\ with an i-circle added to
the right of the row of size a; for i« = 1,...,m (if there are many rows of size a;,
the circles are ordered from top to bottom in increasing order). For instance, given
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A =(2,0,2,1;3,2), we have

|
.

@
®

Observe that when m = 0, the diagram associated to A = (; \) coincides with the
Young diagram associated to A. Also note that if n is a composition with m parts,
then the diagram of 7 coincides with the diagram of the m-partition A = (a;0),
where @ = 7. We let A® = q U ), that is, A©® is the partition obtained from the
diagram of A by discarding all the circles. More generally, for i = 1,...,m, we
let AO = (@ +1)U )\, where @ +1° = (a1 + 1,...,a; + 1, @41, ..., ay). In other
words, A® is the partition obtained from the diagram associated to A by changing
all of the j-circles, for 1 < j < ¢, into squares and discarding the remaining circles.
Taking as above A = (2,0,2,1;3,2), we have A® = (3,2,2,2,1), AL = (3,3,2,2,1),
A? =(3,3,2,2,1,1), A® = (3,3,3,2,1,1) and A®W = (3,3,3,2,2,1). We then define
the dominance ordering on m-partitions to be such that

A>Q — AD>00  foralli=0,...,m, (3.2.1)

where the order on the right-hand-side is the usual dominance order on partitions.

Example 3.2.1. Let A = ((0,3),1) and Ay = ((2,1), 1), their diagrams are

[ @ @

A& A 2

2 dom

Remark 3.2.1. If A, A; are two m-partitions such that after erasing the circles they
have the same Young Diagram, then this order is the reverse Bruhat order on the
circles. On other hand, if A, A; have the same circles in the same rows, then this
reduces to dominance order of the diagrams without the circles. In fact, this order is
transitively generated by those relations.
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We will associate arm and leg-lengths to the cells of the diagram of an m-partition.
Because of the circles, we will need two notions of arm-lengths as well as two notions
of leg-lengths. The arm-length a(s) is equal to the number of cells in A strictly to the
right of s (and in the same row). Note that if there is a circle at the end of its row,
then it adds one to the arm-length of s. The arm-length a(s) is exactly as a(s) except
that the circle at the end of the row does not contribute to a(s).

The leg-length ¢(s) is equal to the number of cells in A strictly below s (and in
the same column). If at the bottom of its column there are k circles whose fillings are
smaller than the filling of the circle at the end of its row, then they add & to the value
of the leg-length of s. If the row does not end with a circle then none of the circles at
the bottom of its column contributes to the leg-length. The leg-length ¢ (s) is exactly
as [(s) except that the circles at the bottom of the column contribute to £(s) when
there is no circle at the end of the row of s.

Example 3.2.2. The values of a(s) and ¢(s) in each cell of the diagram of A =
(2,0,0,2;4,1,1) are

3422]10] 00|

23 11
24 10

01

00

5

36|22 12|00\

13|01 0
14|00 @
03

02

5

Let the m-symmetric monomial function my(z) be defined as

while those of a(s) and ¢(s) are

. a a . a
ma(x) == a7 2o ma (Tt Tma2y - - ) = T2 MA (Tt Tong2, - - - ),
where m)(Zyi1, Tmae, - .- ) is the usual monomial symmetric function in the variables
Lm+1y Lm42; - - -

— a1 a2
MA(Trmt1s Tty - - ) = E A LR
[0

with the sum being over all derrangements o of (A1, Ao, ..., Ayn),0,0,...). It is im-
mediate that {mx(z)} is a basis of R,,.
The m-symmetric power-sums are defined as

pa(x) =it oaim pa(z) = 2% pa(x). (3.2.2)
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It should be observed that the variables in py, contrary to those of my in my(x), start
at x; instead of x,,,1. In this expression, py(z) is the usual power-sum symmetric
function

o)
pa(z) = H P (),

where p,.(z) = 2] +ah +---.
Let sx(x) be the Schur function indexed by the partition A, which can be defined
through the Jacobi-Trudi determinant:

sx(x) = det (hxi_iﬂ'(x)) (3.2.3)

1<i <o)

where hi(z) = 0 if £ < 0. By replacing py(x) by sx(z) in (3.2.2]), we get another basis
of R,,:
ka(z) = 2%s)\(z). (3.2.4)

The basis kj(x) will play a fundamental role in this article.

3.3 m-Symmetric Macdonald polynomials

In order to define the m-symmetric Macdonald polynomials, we first need to define a
t-modification of the m-symmetric power-sum basis. It will rely on the Hecke algebra.
Let the exchange operator K ; be such that

Kiij(...,Ii,...,Ij,...) :f(...,xj,...,xi,...).
We then define the generators T;, for : = 1,...,m — 1, of the Hecke algebra as

tr; — @
Ty=t 4+ T e 1), (3.3.1)

Ty — Tiy1

The T;’s satisfy the relations:

(T; =) (Ti+1) =0

Ty Ty = Ty TiTha

LT =Ty%, i i— g > 1.

Let Hy(x;t) = Hy(xq, ..., xpy;t) be the non-symmetric Hall-Littlewood polynomial.

The polynomial H,(x;t) can be constructed recursively as follows. If @ is dominant
then Hgy(x;t) = 2% Otherwise, T;Hy(x;t) = Hgol(z;t) if a; > a;1 (with s,a =

(@y...,Gi11, i, 0p)). Since Hy(x;1) = 2%, the following ¢-deformation of the m-
symmetric power sum basis

pa(x;t) = Hy(x;t)pa(x) (3.3.2)

also provides a basis of R,,.
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Let |a| = a; + - - - + ay,, and let Inv(a) be the number of inversions in a, that is,
Inv(a) = #{(i,5)|1 <i<j<manda; <a;}.

We now introduce a scalar product in R,, defined on the t-deformation of the m-
symmetric power-sums as:

(palst), pa(z;t))qr = dac ¢t @) 2, (g, 1), (3.3.3)
where
£(N) \
1—q"
(g, ) = 2» H v
i=1

In the previous expression, 2y = [[,»,i™® - ny(7)!, with ny(i) the number of occur-
rences of 7 in A\. Observe that when m = 0, this corresponds to the usual Macdonald
polynomial scalar product [12].

The m-symmetric Macdonald polynomials can be defined with the following or-
thogonality /unitriangularity characterization akin to that of the usual Macdonald
polynomials.

Proposition 3.3.1. The m-symmetric Macdonald polynomials form the unique basis
{Px(z;q,t)}r of Ry, such that

1. (Pp(z5q,t), Pa(x;q,t))q: =0if A#Q  (orthogonality)

2. Py(x;q,t) =mp + Z dpa(gq,t) mg  (unitriangularity)
Q<A

for certain coefficients daa(q,t) € Q(q,t). We recall that the dominance order on
m-partitions was defined in (3.2.1)).

We will later need the squared norm of an m-symmetric Macdonald polynomial,
which is given explicitly as [3]

Fz(s)+1tl7(s)

1 —
(Pa(25q,1), Pa(w:q,1))q0 = g™ @ ] — (3.3.4)

_ qa(s)4l(s)+1 °
seAl qo(s)tt(s)

3.4 The (dual) m-symmetric Schur functions

We are now ready to introduce the (dual) m-symmetric Schur functions. We will first
introduce the dual m-symmetric Schur functions. Then, by duality, the m-symmetric
Schur functions will be defined. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = x; + 25+ ---, we
let f[X] = f(z) = f(z1,22,...). More generally, we have using this notation that
fIX x4+ = f(xe,... x5, 21,29, ... ).
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Let v be a partition of length ¢. For a sequence of alphabets Xi,..., X,, where
¢ = {(v), the multi-Schur function s,(X1,..., X/) is defined as [13]

s(X1, .o, Xp) = det(hl,i_iﬂ- [XJ) (3.4.1)

1<i,j<t

Observe, from (3.2.3), that s, (X7, ..., X,) is equal to the usual Schur function s, (z)
whenever X = X; = Xy =--- = X,.

Definition 3.4.1. The dual m-symmetric Schur functions s} (z;t) are defined recur-
sively in the following way. If A = (a; \) is dominant then

32(3;7 t) = 5V<X1, c. ,Xg),

where v = A® = a U ), and where X; stands for the alphabet X + 21 + -+ +
with & the number of circles weakly above row ¢ in the diagram corresponding to A.
Otherwise, if a; < a;,1 then

sa(z;t) = Tisi(x; 1), (3.4.2)
where A = s;A. This amounts to saying that
sy(z;t) = T,-183+ (23 1), (3.4.3)
where o is the shortest permutation such that o(a) = (a,-1¢1), .., e-1(m)) = a™.

Example 3.4.1. The diagram associated to (2,1;3,1) is

|
)
@

from which we deduce that

h3[X] halX] hs[X] he[X]
5* ({L't) _ hl[X + 131] hQ[X + 1’1] h3[X + Il] h4[X + :L’l]
2,153,115 0 ho[X + 1+ J]Q} hl[X + 1+ .172] hQ[X + x4 + ZL’Q]
0 0 ho[X+$1+ﬂ?2] hl[X+£E1+l‘2]

Remark 3.4.1. The multi-Schur functions that we use in Definition [3.4.1]are essentially
flagged Schur functions [I1I, 16] in infinite alphabets instead of finite alphabets. For
instance, if X were equal to y; + --- + y;, the dual m-symmetric Schur function
83 1.31(2;t) would correspond in the language of [16] to the flagged Schur functions
s321.1(b) with flags by = 0,by = 1,b3 = 2 and by = 2 (with the understanding that the
variables yi, ..., y; would not be constrained by any of the flags).
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A bilinear scalar product (-, -),, on R, is defined by requiring that the power-sum
basis be such that
(pa(@31), pa(w; 1)) m = Oaat™ @z, (34.4)
where we recall that Inv(a) is the number of inversions in a. It can be shown that the
dual m-symmetric Schur functions form a basis of R, [10]. The m-symmetric Schur
functions s, (z;t) can thus be defined as the unique basis of R,, such that

(sa(w;1), (w5 1)) = Opat™®. (3.4.5)

For i =1,...,m — 1, the operator T; has a simple action on s} (z;t) by definition. It
also has the following simple action on sy (x;t):

sx(z;t) if a; > a;41
Tisp(z;t) =< (t— 1)sa(x;t) +tsg(z;t) if a; < a1 (3.4.6)
tsp(x;t) if a; = a;1q
where A = (@1, ey Qi1 Gy e ey Qs A).

3.5 The m-Symmetric Macdonald positivity con-
jecture

A positivity conjecture for the m-symmetric Macdonald polynomials in terms of m-
symmetric Schur functions akin to the original Macdonald positivity conjecture [12]
(now theorem [9]) was stated in [10]. It relies on an extension of the notion of plethysm
to R,,. Recall that the plethysm relevant to Macdonald polynomials is the linear map
on the ring of symmetric functions that sends the power-sum py to py/ [;(1 —t*) [1].
In the plethystic notation, this map is denoted as

o | 2] = X))

M=t ILO=P) L -
The notion of plethysm that we will need will simply be the linear map R,, — R,,
defined on the m-symmetric power-sums pj(x;t) as

X _ pa[X; ] _ pa(x;t)
S N B V RE 2 A K20
We stress that the plethysm only depends on the symmetric part A of A = (a; \).

The integral form of the m-symmetric Macdonald polynomials is given by

Ir(x;q,t) = en(q,t) Py(z;q, 1), (3.5.2)

(3.5.1)

where
cA(q,t) _ H(l . qa(s)tf(s)-&-l)‘
sEA
Recall that the arm and leg-lengths were introduced in Section [3.2]
It appears that the m-symmetric Macdonald polynomials in their integral form are,
once plethystically transformed, positive in terms of the m-symmetric Schur functions.
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Congecture 3.5.1. The m-symmetric Macdonald polynomials in their integral form are
such that

Ja [1)_( - q,t} = ; Koa(g,t) sa(x;t), (3.5.3)

with KQA(q,t) S N[q, t].

Example 3.5.1. We have

X
J1,02 {m, q, t} = %5300 + qt*50,30 + 4t 0.0 + (qt” + )220 + (g + 1)s2.01 + (¢°° + ) 51,20

+ (¢t + 1)s1,02 + (¢°t* + qt)so21 + (¢*t + q)So1:2 + (¢°t + q)50,0:2,1
+ qt251,1;1 +qt $1,0.1,1 + q’t So,1;1,1 + q250,0;1,1,1-

In Section [3.8| we will give a proof of Conjecture in the case t = 1 by provid-
ing a combinatorial interpretation for the coefficients Kqx(g,1). The combinatorial
interpretation will imply in particular that, as can be appreciated in Example [3.5.1],

Kaqa(1,1) = # of standard tableaux of shape p Ub.

3.6 A tableau expansion and the (dual) m-symmetric
Schur functions at ¢ = 1.

In this section, we will provide a combinatorial interpretation for the expansion of the
dual m-symmetric Schur functions (in the dominant case) in the k() basis defined
in (3.2.4). This combinatorial interpretation is essentially a rewriting of a result on
flagged Schur functions [16].

A (skew) tableau T of shape \/u is a filling of the skew diagram \/p with integers
such that the entries are strictly increasing along columns (from top to bottom) and
weakly increasing along rows (from left to right). We first define an important set of
tableaux.

Definition 3.6.1. For the m-partitions A = (a; A) and Q = (b; i) of the same degree,
we define Sy as the set of skew tableaux T' of shape (a U \)/u such that the letter i
appears b; times and always within the first a; columns of T'.

Example 3.6.1. If A = (4,4,2;3,2,1) and Q2 = (1,3,1;4,3,2,1,1), the set Spq con-
tains the skew tableaux

s
[
o3
I
&3
I
!
|
&3
[
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Lemma 3.6.1. Suppose that T € Syo with A dominant. If we let T, be obtained from
T by adjoining, fori=1,...,m, a square filled with the letter i in the position of the
i-circle in A, then T, is a skew tableau.

Proof. Since A = (a U \) and since the circles in A are ordered from top to bottom
in a given column, we only need to show that in T" there cannot be a letter larger
than ¢ directly above the i-circle or directly to its left. Observe that the i-circle lies in
column a; + 1. Since A is dominant, a letter j larger than ¢ can only occur in the first
a; < a; columns. Hence the letter directly above the i-circle cannot be larger than 1.
Now suppose that there is a letter j > i directly to the left of the i-circle. Let ¢ be
the column in which the i-circle lies, and suppose that there are k circles below the
i-circle in column ¢. Since A is dominant, this implies that there are only k letters
larger than ¢ that can appear in column ¢ — 1 of T. But in column ¢ — 1 of T there
are at least k cells below the cell in which the letter j lies (because there are k circles
below the i-circle in column ¢ and those circles need to have a square to their left).
This is a contradiction since those k cells cannot all be filled with letters larger than
j since 7 > ¢ and there are only £ letters larger than 7.

[

Proposition 3.6.2. Let A be dominant. Then

si(zit) = Dagkal(z), (3.6.1)

where Dpag = #Saq, and where we recall that kq(x) was defined in (3.2.4).
Proof. From Definition [3.4.1} if A = (a; \) is dominant then

Sj\(%,f) = Sy(Xla c.. ,X@),

where v = A® = g U ), and where X; stands for the alphabet X + 21 + -+ +
with k& the number of circles weakly above row i in the diagram corresponding to A.
Now, following Remark [3.4.1] let X = y; + yo + - -- with the understanding that the
variables ¥, ys,... are not constrained by any of the flags. Suppose also that the
letters 1,2,... and 1,...,m are ordered in the following way:

1<2<.-.<1<2---<m.

Given a tableau R, let (z,y)® stand for the monomial with the letter z; (resp. ;)

having power j if ¢ (resp. ¢) occurs j times in R. It is shown in [I6] that

su(X1, . X)) =) (@),

R

where the sum is over all tableaux R of shape v in the letters 1,2,--- and 1,...,m
such that in the ¥ row the letters are all smaller than the number of circles weakly
above row ¢. Since A is dominant, the circles are ordered from 1 to m when reading



3.7. THE CASEt =1 OF THE m-SYMMETRIC MACDONALD POLYNOMIALS67

from top to bottom. This implies that the letter k£ can lie in any row weakly below
the row in which lies the circle k. Since the letters larger than k cannot be put in any
row weakly above the row in which lies the circle k, we have, equivalently, that the
letter k£ can only lie within the first a; columns of R.

Hence, given a tableau R as above, the letters 1,2,... in R form a tableau Q of
shape p, while the letters 1,2,...,m form a skew-tableau T" of shape v/u where the
letter ¢ appears always within the first a; columns of 7. We thus have that

(X1, Xo) =D (@)t =y =) ) sy’
Q,T o T

R

where the last sum is over all skew-tableaux of shape v/u where the letter i appears
always within the first a; columns of T'. Letting y = x in the previous expression, this
gives immediately that

S*A(Zﬁ;t) = SV(Xl, e ,Xg) = ZDAQ]{?Q(ZE),
Q

where, for = (b;u), D is the number of tableaux T of shape v/u such that
the letter ¢ appears b; times and always within the first a; columns of 7. That is,
Dpo = #Sha- [

At t = 1, the scalar product (3.4.4) is such that
(sa(w; 1), sp(@; D)= = g and (ka(z), ko(2))=1 = Saq. (3.6.2)

If, for an arbitrary A, we let Dyq be such that

sy(z; 1) = Z Dagka(),

then the dualities in (3.6.2)) imply that

ka(z) = ) Daosa(x; 1), (3.6.3)
A

From Proposition [3.6.2] we have a combinatorial interpretation for the coefficient of
sa(x; 1) in the expansion of kq(x) whenever A is dominant. This will prove important
in Section 3.8l

3.7 The case t =1 of the m-symmetric Macdonald
polynomials

We first prove that the functions

ha(@;q) = hay [q7 21 + X] - ha,, [0 20 + X W[ X]
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are dual to the monomial m-symmetric basis {m,(z)} with respect to the scalar
product (-, )" defined as

(pa(@), pa(®)) = daa ¢, (3.7.1)

where the m-symmetric power-sum basis was introduced in (3.2.2). An elementary
result in symmetric function theory states that [12]

H‘k—1<1 iyr) Z’ZA PA@)PA) = Y ma(@)ha(y). (3.7.2)

Using

! = S glelanye, (3.7.3)

H?il(l —q 'y

it then immediately follows that

a

[, (1 jq‘lx-y-) TLs (11_ Tn) >z pa@)paly), (3.7.4)
=1 e jik=1 J "

which means that the left-hand-side of the previous identity is a reproducing kernel
for the scalar product (-,-)".

Proposition 3.7.1. We have that

1
™ . mA hA y,
[LZ (1 — g tay) Hj,k:l(l ) Z

or, equivalently, that
(ma(z), ha(z;q)) = daq-

Proof. From (3.7.2)), we obtain that

! = ma\T X = Zlfb
[ TL T — 2™ melialy) = 2 athuly

A

which implies that

1 1 1 , ‘
= m . = E €T hb(y) E m)\(l’m s Lot 2y - - -
ILx(t=2me)  ITLS LA = 250n) Tlsmn ILA —25m) 45 X e

Hence, using (3.7.3), we get that

L cl,.c,c
Hm1(1 - qfla:-y-) H k(l — gjjyk Zq | ‘Qf Yy behb Z (xm—i-la Tm42y - - )h)\(y)
1= 1J1 ]

(3.7.5)
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Now, owing to [12]
halg™ 'y +Y] = Zq Y hae|
we deduce that

doa eyt hy(y) =D Y a7 e hae(y) = ) aha g7 i +Y ] by [ Y.
bc e

a cCa

Inserting the previous equation in the right-hand-side of (3.7.5]), we finally get

1 1
[T (=g o) 11 (1 — 2jun)

which proves the proposition. O

= 2%, ¢ AT han [0 YY)D (@it Tnga, - )a(y)
a A

We now obtain the limit as ¢ — 1 of the modified version of the m-symmetric
Macdonald polynomials. Recall that the integral form Jx(z;q,t) of the m-symmetric
Macdonald polynomials was introduced in (3.5.2)).

Proposition 3.7.2. For A = (a1, ...,am,; ), let

(G DA = (G Dar (G D (G Dy (G Dy
where (¢;q), = (1 —q)(1 —¢*) -+ (1 —q"). We have that

X X X X
_q;Q} (q Q)Ahal |:x1+1q—_q}"'ham |:xm“f‘ a :|h>\[ :|

t—1 11—t

X
limJA |: 1

g, t} = ¢°(q; 9)aha {
Proof. Define yet another scalar product as

(palx;t), palx;it)), = 6aa ¢¥t™ @z, (3.7.6)

and observe that

lim (pa (31) , pa(w:t))g, = 0ra q®ex = (pa(2) , pa(x))’ = (limpy (1), limpa(x; 1)),
(3.7.7)
where the scalar product (-, -)’ was defined in (3.7.1)). It is also immediate that

X(1— '
H; t] > = Oaa "™ @2 (q, 1) = (pa(:t) , palz;t)),,
q,t

Therefore, from Jy(z;q,t) = ca(g, t)Pa(; ¢, t) and (3.3.4), we get

X(1—-q), / , , la| Tnv(a) H 1 — g#©F14)
(1 _ t) ) 7t:| >qt - <PA('T7 t) ) JQ(xv t)>q,t = 6AQCA(Q7 t)q t 1 1— a(s)tﬁ(s)—‘rl
s se

_ 6AQq\a|tInV(a) H a s)—l—ltﬁ(s))
sEA

<pA[X;t],pn [

<PA[X;q,t], Jo {
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Using lim;_,; Py (25 q,t) = ma(z) [3], we thus deduce from (3.7.7)) that

= lim <PA[X q.t], Jo [M;q,t} >/ = danq® JJ(1 - = 0204 (4 @)a-

(1-1) a,t seA

Hence, from Proposition [3.7.1], we have that

lim J {%; q, t} = q"(q; @)aha(z;q),

which is equivalent to

X X
. . — Slaf(,. .
lgr%JA {—1—t’q’t] q''(q; Q)aha L_un] :

]

The previous proposition implies an important symmetry property of the coeffi-
cients Kqa(q,t) at t = 1.

Proposition 3.7.3. The Kostka coefficients Kqa(q,1) are such that

Koa(g: 1) = Ko()o(a)(q,1) (3.7.8)
for any o € Sy, where o(A) = (0(a); \) = (a5-101), .-, Go-1(m); A).
Proof. From and Proposition [3.7.2) we have at ¢ = 1 that

¢“(g; @) aha [1)_(61;61] = ZKQA(%USQ(H?; 1), (3.7.9)

which implies that
4*(q; ) aPo(a) { — } ZK 2)o1) (@ 1)80(0) (73 1) (3.7.10)

for any o € Sy,. Let K, be such that K, f(z1,...,2m) = f(Zo@), .- Tomm) for any
o€ S,,. We have

X qX gX X X
K . = _— o .. — - .
ahA |:1_q7Q:| ha1 |: ()+1_q:| ham |::L'o(m)+1_q:| h')\ |:1_q:| ho(A) |:1_q7Q:|

and K,s0(7;1) = s,(0)(2; 1), where the last relation follows from (3.4.6) in the case
t =1 (in which case T; = K, ;+1). Applying K, on both sides of (3.7.9)) thus yields

q“'(q;q)AhG(m[ — } ZKQA ¢, 1)30(0) (73 1).

Comparing the last equation with (3.7.10)), it is immediate that Kox(q, 1) = Ky@)o)(g; 1).
O]
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3.8 The coefficients Kgy(q,t) at t = 1.

In this section, we will give a combinatorial interpretation for the coefficients Kqx (g, 1).
This combinatorial interpretation will correspond to the major index statistic of certain
standard tableaux which will be constructed using Jeu de Taquin operations [4].

Let T be a tableau with a hole in it. An inside Jeu de Taquin move consists in
moving the hole upward by one unit or leftward by one unit depending on whether the
entry above the hole is weakly larger or strictly smaller than the entry to its left. In
doing so, the entry where the hole now lies moves in the original position of the hole.

Similarly, an outside Jeu de Taquin move consists in moving the hole downward
by one unit or rightward by one unit depending on whether the entry below the hole
is weakly smaller or strictly larger than the entry to its right. In doing so, the entry
where the hole now lies moves in the original position of the hole.

Definition 3.8.1. Let 7' be a (skew) tableau of n letters. For a and s such that
1 < a < s < n, and such that there is only one occurrence of the letter s, we construct
the tableau T ., in the following way:

1. Create a hole in T by deleting the letter s.

2. Increase by one every letter in T' from a to s — 1 (so that the letters now go from
a+1to s).

3. Use Jeu de Taquin moves to push the hole inside the letters a + 1 to s. Let the
resulting tableau be T".

4. Put letter a in the position of the hole in 7" to form the (skew) tableau Ty_,,.

1]2]6]10]
31819
Example 3.8.1. Let T'={4[11[13| . We compute T71_,2 as follows
5112
L7
1. Step 1:
1126110
31819
4 13
5112
7]
2. Step 2:
1[3]7]11]
419110
5} 13
612
18]
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3. Step 3:
L[3]7n] [1]3]7n] [1]3][7]1]]
49110 4[Juo 4]10
513 —[5[93] —[5]9[13
612 612 612
18] 18] 18]
4. Step 4
1]3]7]11]
2[4]10
5(913
612
8]

We can also define the reverse process.

Definition 3.8.2. Let T" be a (skew) tableau of n letters. For a and s such that
1 < a < s < n, and such that there is only one occurrence of the letter a, we construct
the tableau T,_,4 in the following way:

1. Create a hole in T" by deleting the letter a.

2. Decrease by one every letter in 7' from a + 1 to s (so that the letters now go
from a to s — 1).

3. Use Jeu de Taquin to push the hole outside the letters a to s — 1. Let the
resulting tableau be T".

4. Put letter s in the position of the hole in 7" to form the (skew) tableau T, .

We will also consider that T, ,, = T. From the elementary properties of the Jeu
de Taquin [4], it is immediate that (Ty—s)ssa = (Tssa)ass = T -

Example 3.8.2. To see illustrate the reverse process, we start with the tableau 7" on
step 4 of [3.8.1} and compute 7" =T} _,,,. First make a hole on it, and we get

13711
10

13

O || W

‘OOCDCJ‘!
—
N

Then we substract 1 to every node between 3 and 11.

1]2]6]10]

Ne)

2
3
8

2

‘xlcnuk
[u—
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Then we we use jeu de taquin to make the hole go outside.

112]6]10] [1]2]6]10] [1]2]6]10]
3]9 319 38]9

4813 —[4[8)13] —[4[J13

512 512 512

L7 L7 7]

Finally we put 11 on the hole and we get

216110
8
11[13
12

Ne}

~
I
‘\IOT»POJH

Let a and b = a 4+ 1 be consecutive letters in a standard tableau 7. The relative
order between a and b is established in the following way. We say that b is southwest
of a if b lies in a column weakly to the left of that of a. Similarly, we say that b is
northeast of a if b lies in a column strictly to the right of that of a.

It will prove important later in this section that the Jeu de Taquin operation T,
described earlier preserves relative orders.

Lemma 3.8.1. Let T be a standard tableau of size n, and let T = T,_,s. For any
consecutive letters b and b+ 1 such that a < b < s, we have that the relative order of
b and b+ 1 in T is the same as the relative order of b— 1 and b in T".

Proof. First, observe that all steps from (3.8.1)) give a standard tableau on a skew
shape. Let’s call P to the path the hole walks through from in the step (3) of (3.8.1)).

1. Assume that neither b nor b+ 1 are on P, then the positions of b and b+ 1 on T’
are the same as the positions of b — 1 and b on T” respectively and the relative
order doesn’t change.

2. Assume that b is on the insertion path and b 4 1 is not. We will prove that
moving b cannot change it’s relative order to b+ 1. Looking at T', the label b+ 1
can never be both to the south and to the east from the label b as this would
require a ¢ with b < ¢ < b+ 1 to the east from b and to the north from b+ 1, as
the figure shows.

b &

d |b+1

If the labels b — 1 and b were to be found on the same diagonal when we are
on T', we would be on the same situation than the figure with a ¢ such that
b—1 < ¢ < b which is absurd.

3. The case in which b is not on P and b+ 1 is on P is similar to the previous one.
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4. Assume that both b and b+1 on T are on P. They have to be on two consecutive
nodes of the path as there can’t be any ¢ with b < ¢ < b+ 1 and the path the
hole walks through has strictly increasing nodes.

This leaves two possibilities, either they move along the same direction, in which
case their relative position doesn’t change, or they are in a corner. We will show
that they cannot be in a corner of the jeu de taquin path.

In order for them to be in a corner we would need to have the following situation

a | b * | b b | * b [b+1

c |b+1 c |b+1 c [b+1 c *

which would require b < ¢ < b+ 1 which is absurd.
0

Example 3.8.3. If we look at examples |3.8.1| and [3.8.2] and we will see that all pairs
(b,b+ 1) with 2 < b < 11 remain on the same relative order.

Lemma 3.8.2. Let T" be a standard tableau of size n. For any consecutive letters a
and a+1 and any a + 1 < s < n, we have that the relative order of the letters a and
a+1 in T is the same as the relative order of the letters s —1 and s in the tableau T",
where

T = (Ta+1—>s)a—>s—1 .

Proof. Let a and b = a + 1 be in positions (i,j) and (k,¢) respectively. We observe
that if k > ¢ then ¢ < j since there would otherwise need to be an entry c¢ such that
a < ¢ < b in position (k,7), which is impossible given that a and b = a + 1 are
consecutive.

Hence, if b is strictly to the right of a then it must lie in the row of a or in a higher
one.

When going from 7" to Ty, the hole in the position of the the letter b will follow
a path when pushed outside using Jeu de Taquin. Let P, be this path. Similarly, we
will let P, be the path followed by the hole in the position of the letter a when going
from Ty 5 to T" = (Tp—s)a—s—1- Observe that in 7", the ending points of P, and P,
are occupied respectively by the letters s — 1 and s. Hence, P, cannot end southeast
of P,.

We will consider separately the two following cases:

1. blies in a column strictly to the right of the column in which a lies (b is northeast
of a).
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P,

PP

Figure 3.1: P, cannot touch P, on a vertical segment.

2. b lies in a column weakly to the left of the column in which a lies (b is southwest
of a).

We first consider Case (1). In this case, given that P, starts weakly below P, and
cannot end southeast of P,, the relative order of the letters can only change if P, goes
through a vertical segment of P,. We will now see that this is impossible, as illustrated
in Figure |3.1] given that P, cannot even touch P, on a vertical segment.

Suppose that P, approaches a vertical segment of P,. Let ¢, ¢ be the labels in T’
of the squares occupied by the vertical segment. After the vertical Jeu de Taquin, the
squares become respectively ¢y and c3. We then use an overline to denote their values
in Ty, with ey =co—1,63=c3—lorég=sb=b —1orb =b (depending on
whether b < by < s or not), and by = by — 1 or by = bs.

by | a1 by | 2 by | C2

bg C2 bz C3 bg C3

When, in computing 77 = (T} _s5)a—ss_1, the hole corresponding to a (represented
by an a in the following diagram) arrives in the position in which b; is located, we
have that a < b; < by < ¢o < s, which implies that b; = b; — 1 and by, = by — 1.
Therefore, we have that by =by — 1 < ¢y — 1 =70, and the Jeu de Taquin move is the
following:

a C2 bo Co

by | C3 a C3

We have thus shown that the path P, cannot touch the path P, on a vertical segment,
which implies that in 7" the letter s lies in a column strictly to the right of the letter
s —1.

We now consider Case (2) in which b = a + 1 lies in column weakly to the left
of that of a. This case is similar to the previous one, with the path P, never going
through a horizontal segment of the path P,. Geometrically we can think of this case
as the conjugate of the previous one, which we illustrate in Figure [3.2l We omit the
proof which is exactly as in the previous case.

O
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F. by

Figure 3.2: P, cannot touch P, on a horizontal segment.

Example 3.8.4. Here is an example of a case in which b = a + 1 = 3 is northeast of
a = 2, with the paths P, and P, indicated in red and blue respectively:

1][3]5]6]11] 1][3]4]5]10] 1]2]3]4]9]
2141719 216(8|14 / 5171113
8 [10[13[15 2 o 1215 (Tso1a)214 = g1
12|14 1113 10{12
(3.8.1)
Now, an example of a case in which b = 3 is southwest of a = 2:
11215113 1(2(4]|12 113|711
314|714 316|813 215 (10{12
8.2
6[8|0(15 |5|7[ii14]  [4]6[13[14 (382)
10{11|12 9 10|15 81915
Definition 3.8.3. Let a = (a, ..., ay) be a vector of nonnegative integers, and let T

be a standard tableau of size |a|. Fori e {1,..., ¢} and c=a; +---+a;_1 + 1, we let

maj,(T) = > J,

j:c+jx/c+j71

where the sum is over all j € {1,...,a; — 1} such that the letter ¢ + j is southwest of
the letter ¢+ j — 1 in T'. We then define the major index of T relative to « as

l
maja(T) = Z maja,i(T)'
i=1

Example 3.8.5. Let o = (3, 1,4, 5,2) and suppose that

5 [10[15]
811
12[14

O ||

TN EOVR
—_
w
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To « corresponds the following auxiliary diagram:

1°]21[32]
40
50 61 72 83
9010172931
144951

If a and a 4 1 are in row ¢ of the auxiliary diagram, and a + 1 is southwest of a in 7',
then we add the superscript of a + 1 to maj, ;(7). We thus have

maja,l(T) = 27 maja,Q(T) = Oa maja,3(T) = 1+27 maja,4<T) = 2+3+47 maja,S(T) =0
which implies that maj, (7) =2+0+3+9+0 = 14.

Let T be a standard tableau in n letters. For an interval [a,b], with 1 <a <b<n
and an s > b, we will let

ﬂa,b]—)s = ( e (Tb%s)bflasfl T )

a—s+a—b’

Given an m-partition 2 such that |Q2] = n, we will say that 7" is a standard filling
of Q if the cells of © (not including the circles) are filled with the integers 1,...,n in
a standard way. For instance, a possible standard filling of Q = (2,0, 1;3,2) is

4]

®

@OOU(OJ»—
SRS

Definition 3.8.4. Let T be a standard filling of the m-partition 2, with n = |Q2|. We
first let T, be the tableau obtained from 7' by changing, for ¢ from 1 to m, the i-circle
into a cell filled with the letter n+1i. For a = (a4, ..., a,,) such that |a| < n, we will let
T, be the standard tableau obtained from 7, in the following way. Let T+ = T
and then define recursively
3 41
T( ) = Tv[(nil)faif---fam,nfaprl7---7am]ﬂn+iflfai+17---fam

fori =m,...,1. We then let T, = T™ (which is also equal to T® by construction). If
the letters in 7, are divided into the blocks (n—la|, a1, . .., @y, 1™) , then those in 70"
are divided into the blocks (n—|a|, ay, ..., @m_1,1™ ", am, 1) (the letters corresponding
to a,, have been shifted by m — 1). Using this process again and again, we get that
the letters in T, are divided into the blocks (n — |al, a1, 1,a2,1,..., an,1).

Example 3.8.6. Let

2[4]8]
6 (D)
9(2)

t

1
3
7

®
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Then replacing the circles 1,2, 3 by 10,11, 12 we obtain:

21418
516110
9111

T,=TW =

||

—_
N

1,3,1,1,1) with the bold 1 coming from

Which corresponds to (ay, a9, as,1,1,1) = (2,1,
2,1,1,1,3,1) we need to compute s

the circles. To go from (2,1,3,1,1,1) to (

[7,9]—11"
112418 112418 112416
4  _13]/5]|6]9 (4) _131]5]6110 (3) _ m(9) 1315|7110
Toour = g Tsorn = 7901 T =Tran =[]0
12 12 12
To go from (2,1,1,1,3,1) to (2,1,1,1,3,1) we need to compute T[%?%HT
11247
2) _ B3 _ B _[3[5]6]10
T( ) _17[6,6]—>7 — T6=T T 81911
12|

Then we finish, as we don’t need to move a; = 2, it already has a 1 next to its right.
T, = 71 — 7(2)

Example 3.8.7. Let A = (2,1,3;2,1), and T as in the previous example. The auxil-
iary diagram of A is

(3 9101921
©) 495162
— 10 21
HO) 7'l8!
L 3"]

and 5,8,11,12 contribute to the maj, so Then maj,(T)=1+142+3=7

Example 3.8.8. Let A be as in the previous example and Q = (2,0, 3;4).

In order to compute Kqa(g;1) first we have to find o such that o(€) is dom-
inant. The positions from the entries of (2,0,3) in decreasing order is (3,1,2) so
o=10312"1=123,1. Let A = o(A) = 0((2,1,3;2,1)) = (3,2,1;2,1) The auxil-
iary diagram of A’ is

@ 40[51]62 73‘
2) 89910
— 10 21
B 11927

30



3.8. THE COEFFICIENTS Kqa(q,t) ATt =1. 79

Let pick T" a m-standard tableau of shape ).

12]4]8] 11248
[3]5]6(D) @ _ o _[3]5]6]10
T_79@ — I =T =g

® 1

witha = (3,2,0,1,1,1). We have that T®) = T1(o) 10 = T™ and now we have the com-
position (3,2,1,1,0,1). Now, in order to reach the desired composition (3,1,2,1,0,1)
we have to compute 7 = T[(;’g,] o

1{2(4]8 112418 1121418 1(2(4|7
315|610 - 3/5(6(9 N 315|619 N 3/5(6[9
719111 9= 10 7110(11 8 =9 7110[11 [ad 8 110(11
12 12 12 12

The contributors to the maj are 5,10 and 12 so the maj is 1 +2 41 = 4 and the T
contributes ¢* to Kqa(q,1).

We will now provide a combinatorial interpretation for the expansion of the m-
symmetric Macdonald polynomials in terms of m-symmetric Schur functions.

Theorem 3.8.3. Let A = (a; \) be an arbitrary m-partition. The (q,t)-Kostka coeffi-
cients att =1 in

lim J, X t| = K, 1 i1

JIL A m,q, = %: aa(q; 1)sa(z; 1)
have the following combinatorial interpretation. If Q) is dominant, then

Koalg, 1) = ) ¢, (3.8.3)
T:sh(T)=Q

where the sum is over all standard fillings of the m-partition €2, where
A:()\1,...,)\4,@1+1,...,6Lm—|—1),

and where Ty was introduced in Definition |3.8./).

If Q is not dominant, then o(Q)) is dominant for some o E Sm. In this case, using

Pmposition we can compute Kon(q,1) = Ky@)o(n) (g, t) using (3.8.3).
The combinatorial interpretation for Kaoa(g,1) implzes i particular that, when
qg=1t=1, we have

Kan(1,1) = #{standard fillings of Q} = #{standard tableaux of shape bU u}.

Proof. From Proposition [3.7.2] we need to prove that, for a dominant €2, we have

qX qX X .
ha | ha m h = majz (Ta)
(¢ 2)a l{xﬁrl_} m{x +1_q} >\|:1_q} > ¢
sq  T:sh(T)=Q
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or, equivalently, that

X qX qX ma
CHANDN [ } (4 @) Pray {xl + —] (6 Danha, [rcm + —] = ) gl
1—q 1—q 1—q T:sh(T)=
S0 .S =
(3.8.4)
We now use o
qX ~ X
ha, | i + —} = q" Clhal—cz [ } szI
to rewrite the left-hand side of (3.8.4]) as
= — al—|e X q:9)ay - \459)a,, c
o> g "(q;q)aha[ } _( ) (, Jam el (3.8.5)
= = 1= q] (¢ Dar—er (G Dam—em
m SQ
where o = (A1, ..., \,a1 — ¢, ..., Ay — Cy). Now, it is known that [12]

(¢; @)ah ll_q] qu'“”a sen(p) (T), (3.8.6)

where the sum if over all standard tableaux P of size |«|. Since 2 = (b; 1) is dominant,

we get from (3.6.3)) and Proposition that

= /{Zr‘(l’)

= Dor = #Sar, (3.8.7)

sQ

s, (x)
SQ
where I' = (¢; ). We recall that @ € Sqr if @ is a filling of the skew shape (bU p)/v
such that letter ¢ appears ¢; times and always within the first b; columns of (). For
1 =1,...,m, we then change the circle 7 in ) into a square filled with the letter i.
Note that this produces a skew tableau @, by Lemma [3.6.1 We now standardize
Q). in the following way. Suppose that r = |v| = |a|. We replace all the letters 1
in @ (there are ¢; + 1 of them) by the letters » +1,...,r + ¢; + 1 ordered from left
to right. We replace all the letters 2 in @) (there are c¢; + 1 of them) by the letters
r4+c+2,...,7+c1 + co + 2 ordered from left to right, and so on. Let the resulting
skew tableau be Q. Letting I' = (¢; sh(P)), we thus have that

(¢ 9)aha [1 ] =33 greialra),

SQ P QeSar
where T’p is the standard tableau obtained from the union of the tableau P and and

the skew tableau Q%' described earlier, and where & = (A1,..., g, a1 — €1,y - ., Ay —
c 1c1+1 1cm+1)
ms AR *

We now let
Tpo = (TPQ) r—am+emtirl—sntm—cn-1;
where we recall that r = |a| = |A| + |a| — |¢|, and where n = |Q|. From Lemma [3.8.2]
we have that
maj;(Trq) = majsz (Tpg),
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where

c1+1 cm—1-+1 cm+1
1t 1o, 1o+,

:(Al,...,)\g,al—cl,...,am,l—cm,l, , Ay — Cmys

Now, fix a 7" = Tpg. This 7" can originate from many pairs (P, Q), each pair
corresponding to a certain ¢,,. Since we only focus on the last a,, + 1 letters of T”,
we will refer to those letters as 1,...,a,, + 1 for simplicity. Let s > 0 be such that
in 7" the letters s + 1,8+ 2,...,a,, + 1 are ordered from left to right and such that
this sequence is the longest (that is, either s = 0 or the letter s+ 1 is southwest of the
letter s in T"). Note that, for a given (P, @), this can only occur if the corresponding
¢m 18 such that ¢, +1 < a,, — s+ 1 given that in that case the last ¢, + 1 letters of T”
are ordered from left to right by construction (they correspond to the occurrences of
the letter m in @), ordered form left to right). We will see that for such a 7", we have

am—$
A —Cm q;9 Am maj~/(T') __ mMaj_(m T
Cm=0 Q7q aAm —Cm
where
Y = (A, A A — ety Gt — Gy, 1T T g 4 ),

First suppose that s # 0. By definition of maj,; and maj.m), the letters smaller than
s+ 1 will have the same contribution in both statistics (given that s < a,, — ¢,,) while
the letters larger than s+ 1 will contribute 0 to both statistics given that by definition
those letters are ordered from left to right. Hence, the only difference between the
two statistics is in the contribution of the letter s + 1. By definition of maj,,, the
letter s + 1 will contribute s to majs if s < a,,, — ¢, and 0 otherwise. In the sum,
we thus have that the the letter s + 1 will contribute s to the maj, statistic in 7" if
S # Gy — €y, While it will contribute 0 otherwise. We thus have to show that

( am—s—1 q Q)a
8 g " =q’ 3.8.9
(q CZ_:O (€ Dar—cm (389)

since on the right-hand side of (3.8.8)) the contribution to the maj. ) statistic of the
letter s + 1 in 7" is ¢°. The previous identity amounts to

(QiQ)a _1_ Z q (a; Q)é_ (3.8.10)

For a fixed a, the identity can be easily seen to hold by descending induction starting
from the case s = a (which is immediate). In the general case, supposing by induction
that the case s holds, we have that

(¢:4 _1_ :1_Zqi((q;‘q))a+qs(q§q)a‘

( i=s+1 i=s q;q)i (Qa Q)s
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Hence, owing to (1 — ¢*)(¢;¢)s—1 = (¢; q)s, we have that

a

-3¢ (:9)e _ (¢:0)a " (9. (49

(@9 (g:9)s (G:9)s  (¢0)s1

1=s

which proves (3.8.10)) by induction.

Now suppose that s = 0. In this case, the last a,, + 1 letters in 7" are ordered
from left to right and thus do not contribute to maj,; and maj. . Hence, we have to
show that

Z qam—cm <q7 q)a'm — 1
s (% Dam—cn

But this holds given that it is easily seen to be the case s = 0 of .

Note that the T” on the right-hand-side of can be thought as stemming from
a pair (P, Q) corresponding to the case ¢,, = 0, in which case & = (A,..., A\, a1 —
Clye vy Q1 — Cm1, A, 19T 1em=171 1) Comparing with Definition [3.8.4] it is
thus natural to let 77 = 7™ on the right-hand-side. We have thus proven that

Z gom—Cm (¢;9) & 49)am Z Z qmaja T} o) Z Z maj_(m) ( (T(m ))7

em=0 (& Da—en F ez P QES, (m)

where ™) = (¢;,- -+, ¢;n_1,0;8h(P)).
Following the same procedure, we can show that

Am—1

Z gim—1em ‘(q;Q)amfl Z Z maj_(m) (T0™) Z Z qmawm-n(T(m‘l))’

(q’ q)am,1—6m71 P QGS

Cm—1=0 Qr(m) P QeSrm-1)
where I'™=1) = (¢1, -+ | ¢_12, 0, 0;sh(P)), and where
’y(mil) = ()\17 ceey )\g, a1 —ClyevvyQp—2 — Cp—2, 1cl+1, cee 1Cm72+1, Qpp—1 + 1, Ay, + 1)

After doing all the summations, we get

Z qu N QCJ)al:'-.- (q';g)am Y e Thalgmi® 25§ gl LoT®)

(=0 em=0 (& Dar—er = (6 Dan—en T G50, P QeS, )

where '™ = (0™;sh(P)), and where
AU =\, Anar+ 1, a4 1).
Note that v = A, and that 7 = T,. We thus finally have that

I LI s

P QGSQF(U T: sh(T):Q

since @ is empty, which means that (P, Q) = (P,()) now corresponds to an arbitrary
standard filling T" of €. This proves the theorem. ]
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Example 3.8.9. We will illustrate [3.8.3| using the example [3.5.1| when ¢ — 1.

In order to compute Kqa(q,1) we will consider two separate cases, when € is
dominant and when €2 is not dominant.

1. Case in which € is dominant.

On this case we have to take the maj using the following circled standard tableau.

1]2] [192!
3 (L) —|3%]4!

@ 50

So contributions to the maj will come when 2 is weakly to the left of 1 and when
4 is weakly to the left of 3.

Before showing the tables, observe that in the dominant case when a = (1,0) in
order to go from (1,0,1,1) to (1,1,0,1) we have to compute T, = T = T?) =
7Y, =10,

—

On this table we include the tableaux corresponding to the m-partitions with

D:l:\ or as Young diagrams after removing the circles are

m-partition %:I:@ E % @

1]

1[4] =

1[2]3] [1]4 2

Tableau T, = T®) 1 2|3|4‘ 4 215 2] 3]
— 3 — 1

— 5] EIN 4]

N

Maj contributors 0 {4} {2} {2} {2,4}
Maj 0 1 1 1 2

On this table we include the tableaux corresponding to the m-partitions with
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‘ as Young diagram after removing the circles are

m-partition @ @
2 P9 o oo § &
124‘134‘12|4\13|4\12 13 ;)2‘;3‘
Tableau T, = T®) 3 2 314 |24 —
g 2151 5] 5] 5 5 B
— — — — B L5
Maj contributors 0 {2} 0 {2} 0 {2,4} {4} {2,4}
Maj 0 1 0 1 1 2 1 2
(3.8.11)

So the contribution coming from Schur functions associated to dominant m-
partitions is

53.0:01+q50.03+(1+q)s2,1.0+ (14+q) 82,00+ (14+¢%) 51,02+ (q+0) 80.0:2.1+G51.1:1+ 451,011 TG°S0,0:1.1.1

2. Case in which €2 is not dominant. On this case we have to take the maj using
the following circled standard tableau.

1[2] [192!
3 — 40 51
© B

So contributions to the maj will come when 2 is weakly to the left of 1 and when
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5 is weakly to the left of 4.

m-partition @ @ @ @ @>‘ @D‘
’ o O[O D OO

e &
1]4]
1]274] [1]3]4] [1]2] [1]3
76) 1]2[3]4] [1]2]4 134\3“2"34 5T 12
BT RE g 5 moE R
— — — — 13
1]3]
1]2]3] [1]3]4] [1]2] [1]3
T _ 70 12]3]4] [1]2]3] [1]3]4] M [3] 5 [4] aninniE
s EERED 5 5 prop &
— — — — 3]
Maj contributions {5} 0 {2,5} {5} {2,5} {p} {2,5} {2,5}
Maj 1 0 2 1 1 1 1 2

And the contribution coming from Schur functions with {2 not dominant is:

qsos0 + (1 + q2)31,2;@ + (¢ + q2)30,2;1 +(¢+ q2)80,1;2 + q280,1;1,1 (3.8.12)

Adding [3.8.11}and [3.8.12| we can see that we get the same as example when
t=1.

Remark 3.8.1. It was shown in [I0] that Ko(q,t) = K,x(g,t) when Q = (0™; u) and
A = (0™; \). For such © and A, it is easy to see that the combinatorial interpretation
in Theorem corresponds to (3.1.2). Indeed, we have in this case that A =
(A1, .., A, 1™) and T, = T, where we recall that T, corresponds to T with the i-
circle transformed into a squared filled with the letter |A| + ¢. But since the last m
letters in 7, do not contribute to maj;(7.), we have that maj;(75) = majy(P), where
P is the standard tableau corresponding to T" without its circles.
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Chapter 4

Parking Functions with zero dinv

This introduction is adapted from pages 33-35 from [13].

4.1 The Garsia-Haiman Modules and the n!-Conjecture

Throughout this chapter, let X,, = {z1,...,2,} and Y,, = {y1,...,yn} Given a sub-
space W C C[X,,,Y,], we define the bigraded Hilbert series of W as

H(W;q,t Z t'q’ dim(W49)) (4.1.1)

1,70

where W) consists of those elements of W of that are bihomogeneous of degree i in
the x—variables and j in the y—variables. Thus

W= we.

i,j>0
We also define the diagonal action of G, on W by
O’f = f(xa(l), s To(n)y Yo(1)s - - - ,ya(n)) g c 6n, f eW (4.1.2)

This action preserves each bihomogeneous component W) so we can define the
bigraded Frobenius series of W as

FWig.t) =Y tig Y s\Mult(x*, W) (4.1.3)

1,7>0 AFn

Similarly, let W€ be the subspace of alternating elements in W, and

H(Weq,t) = Z tq dim (W) (4.1.4)
i,7>0
Then
HWq,t) = (F(Wq,1), s10) (4.1.5)

89
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For p € Par(n), let (r1,¢1),..., (T, cy) be the (a/ — 1,I" — 1) = (column, row) coordi-
nates of the cells of u, taken in some arbitrary order. Define

n
ri—1 c;j—1
i i

Vu( X, Yy) = (4.1.6)

ij=1
For example,
Y1 T Ty Xy
Ya2 Ty XolY2 T
Yz T3 T3yz I3 (4.1.7)
Ya Tg TalYs Ty
Ys Ts TslYs

For o t=n, let V(1) denote the linear span of V,,(X,,,Y;) and its partial derivatives
of all orders. Note that, although the sign of V,, may depend on the arbitrary ordering
of the cells of u we started with, V(i) is independent of this ordering. Garsia and
Haiman conjectured [10] the following result, which was proved by Haiman in 2001

[17]).
Theorem 4.1.1. For all p+ n,

—_ = = =
[N}

—_
8
TN

F(V(u);q.t) = Hy, (4.1.8)
where ﬁu = PN[M [X; q,t] is the modified Macdonald polynomial.
Note that implies that Ky ,(q,t) € N[g,1].
Corollary 4.1.2. For all p+n, dimV (u) = n!.

Theorem and corollary together were known as the “n! conjecture”.

Altought Corollary appears to be substantially weaker, Haiman proved [16]
in the late 1990’s that Corollary actually implies theorem [4.1.1]

In summary, Adriano Garsia and Haiman constructed special modules whose struc-
ture coefficients are the ¢, t—Kostka polynomials. Haiman’s proof of the n! conjecture
in [I7], then stablished the Macdonald positivity.

4.2 The Space of Diagonal Harmonics
For h,k € N let
Pkl X, Yol Zx y¥ bk €N

denote the “polarized power sum”. It is known that the set {pn[Xn, Yo],h +k > 0}
generates C[X,,,Y,]®", the ring of invariants under the diagonal action. Thus the
natural analog of the quotient ring R, of coinvariants is the quotient ring DR, of
diagonal coinvariants defined by

DR, = C[X,,Y,] <Zx Yk Yh 4k > 0> (4.2.1)
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By analogy we also define the space of diagonal harmonics DH,, by
o oF
DHnI{fGC[Xn,Yn]:Z _Z_f=0,Yh+k >0} (4.2.2)
Yi

i=1 "t

The space DH,, is finite dimensional and isomorphic to DR,,. The dimension of
those spaces turns out to be (n+1)""!, a result which was proved by Haiman in [15].
His proof of this result uses many of the techniques and results from his proof of the
n! conjecture.

The number (n + 1)"~! counts parking functions, which play a central role in
studying the structure of DH,,.

The diagonal operator V defined as

VH\X;q,t] = t"Nq" " H\[X; q,1] (4.2.3)

have been fundamental in understanding the ¢, t—combinatorics of the identities as-
sociated to DH,, and Macdonald polynomials. Its definition was chosen so that

(V(en[X]), en[X]) = Culq, 1) (4.2.4)

where C,,(q,t) denotes ¢, t—Catalan Number. It is well known that

Z tarea dznv D) (425>

DeDpn

Extending the dinv statistic to parking functions leads to the following conjecture

V@n,hn Z qdmv tarea P) (426)

PePpy,

where P, is the set of parking functions of size n, and dinv(P) and area(P) are
statistics defined on parking functions. In our work we focused on studying the dinv
statistic, which is the more intricated of the two.

The sections 5.3-5.7 chapter were extracted from an article "Parking Functions
with Zero dinv” which was done in collaboration with Susanna Fishel, which whom I
am deeply grateful.

4.3 Introduction

Carlsson and Mellit proved the renowned shuffle conjecture in [5]; that is they proved
that the conjectured combinatorial formula for the Frobenius character of the diagonal
coinvariant algebra is correct. The combinatorial expression is in terms of parking
functions, using the statistics area and dinv.

The number of diagonal inversions or dinv is a well-studied statistic, first defined
for Dyck paths, then expanded to all parking functions. Please see the standard
reference [I3]. In [I] Garsia, Xin, and Zabrocki defined primary and secondary dinv,
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which refine dinv. In their proof of the three shuffle case of a refinement of the shuffle
conjecture, they found and used a bijection and noticed that their bijection swapped
primary and secondary dinv. We enumerate the parking functions with zero secondary
dinv.

Let PFZ(n) denote the set of parking functions defined on [n| with zero secondary
dinv and ¢(n) := |PFZ(n)|, where we set ¢(0) = 1. We will show that for n > 1,
1 (n) satisfies the following recursion

" (n—1)! <
v = _k;!

k
k=1 (TL =0

(” , k)¢(€)1/1(n —k—10). (4.3.1)

We will prove by proving that any parking function h € PFZ(n) can be
decomposed uniquely into a triple (f, g, D), where f and g are two parking functions
which have zero secondary dinv and whose domains are disjoint subsets of [n] not
containing 1, and D is a sequence consisting of the remaining elements of [n| and be-
ginning with 1. This will give us a bijection. Recursion allows us to enumerate
PFZ(n). This recursion is satisfied by other combinatorial objects and defines the
sequence A007840 on OEIS. We describe one of the objects it counts.

Let ¢(n) be the number of ordered cycle decompositions of n, defined in Sec-

tion [4.4.3] Please also see [3, Page 8].
Our main result is

Theorem 4.3.1. Let n be a nonnegative integer. We have ¥(n) = ¢(n).

As we want to prove that ¢ (n) is the same as ¢(n), we prove ¢(n) satisfies (4.3.1)),
with 1 (n) replaced by ¢(n) throughout.

Proposition 4.3.2. The recursion (4.3.1)) is satisfied by ¢(n), the number of ordered
cycle decompositions of n.

We begin with the definitions of parking functions and dinv in Section 4.4, In
Section , we begin our proof of by defining a set P(n) of triples in and
. We define a process to insert an integer into a parking function in Sectionm
In Section we construct a map ¥ from the set P(n) to PFZ(n). Given a triple
(f,9,D) € P(n), where f and g are parking functions and D is a sequence, we will
insert the elements of D and ¢ into f to produce h € PFZ(n). Not until Section
do we show that W is invertible. Finally, in Section |4.7, we say a few words on why
the bijection proves and therefore Theorem m

4.4 Preliminaries

4.4.1 Parking functions

There are many equivalent definitions of parking functions. We use their diagrams to
define them.
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5 20
3 14
4 15
2 12
1 7

Figure 4.1: On the left, the parking function f € PF(5) whose function form is
(1,1,2,1,4). On the right is a parking function in PF(A), A = {7,12,14,15,20}.

Definition 4.4.1. A Dyck path of length 2n is a lattice path from (0,0) to (n,n)
which never goes below the line y = . Let A C Z, |A| = n. Starting with a Dyck
path D of length 2n, a parking function on A is an arrangement of the elements of
A in the squares immediately to the right of the n vertical steps of D and with strict
decrease down the columns. We will often refer to the elements of A as the labels of
the parking function.

The standard definition of a parking function is the case A = [n].

We can also view a parking function as a function f : A — [n], as the name
suggests. Given a parking function in diagram form, set f(i) = j if i has been placed
in column j. The domain of f is A and denoted dom( f). We denote the set of parking
functions on A by PF(A) and in the case A = [n] by PF(n). In this paper, we use
both the diagram form and the function form of a parking function. Note that the
function form is usually written as a vector (f(1), f(2),..., f(n)). Please see [13] for
more details and Figure for an example.

4.4.2 Diagonal inversion (dinv) statistics

Let f € PF(n) be a parking function. The row row;(i) of i € [n] is the row of i
in f, counting from the bottom, and its column col(7) counting from the left. For
example, in Figure 4.1 on the left, we have row(2) = 2 and col;(2) = 1. The diagonal
of an element 4 € [n] is diag;(i) = row (i) — coly(i).

We will also consider the set diagonal d for d € [n]. It is the set

{i € [n] : diag;(i) = d}.

Again referring to Figure on the left, diagonal 0 of f is {1}, diagonal 1 of f is
{2,5}, diagonal 2 of f is {3,4}, and all higher diagonals are empty. We denote the
max,c4 diag,(z) by Ay. All parking functions have nonempty diagonal 0.

There are two types of dinv pairs. If i,j € [n] with i < j, diag;(i) = diag(j),
and cols(i) < colg(j) (i to left, same diagonal), then (7, ) is a primary dinv pair and
dinv, (f) is defined as the number of such pairs. If i,j € [n] with i < j, diag(i) =
diag;(j) — 1, and coly(i) > col(j) (i strictly to right, lower adjacent diagonal), then



94 CHAPTER 4. PARKING FUNCTIONS WITH ZERO DINV

d d—1

Figure 4.2: If i < j, diag,(i) = diag;(j) — 1, and coly(i) > cols(j), then (j,i) is a
secondary dinv pair for f.

(7,1) is a secondary dinv pair and the number of these pairs is dinvy(f). Please see
Figure Primary and secondary dinv were introduced in [I] and their sum is dinv.
We study parking functions with zero secondary dinv: dinvy(f) = 0 and we denote
this subset of PF(n) by PFZ(n). Parking functions on a domain A with zero secondary
dinv are denoted PFZ(A).

In Figure on the left, there is one primary dinv pair (2, 5), and no secondary
dinv pairs; therefore dinv,(f) = 1 and dinvy(f) = 0, and we have f € PFZ(5).

4.4.3 Ordered cycle decompositions
We define the second main object of this note and prove Proposition [4.3.2]

Definition 4.4.2. An ordered cycle decomposition of a permutation of n is a
sequence (01,09, ...,0%) of nonempty, disjoint cycles whose product oy - 03 - - - 0 is a
permutation of n.

As in the introduction, we denote the number of ordered cycle decompositions of
permutations of n by ¢(n). For example, ¢(2) = 3 as {(12),(1)(2),(2)(1)} is the set
of ordered cycle decompositions of permutations of 2, and ¢(3) = 14 as

{(123), (132), (12)(3), (3)(12), (13)(2), (2)(13), (23)(1), (1)(23),
(D(2)(3), (H3)(2), (2)(1)(3), (2)B)(1), (3)(1)(2), B)(2)(1)}

is the set of ordered cycle decompositions of permutations of 3.

The expression
n

¢(n) = c(n, k)k!, (4.4.1)

k=0

where ¢(n, k) is the signless Stirling number of the first kind, also appears in [3].
We claim in Proposition that
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4(n) ("7 "ot k-0 (142

T L (n— k)

k=1 \" =0
Proof of Proposition[{.3.9. Suppose there are k elements in the cycle which contains 1

and ¢ elements which precede this cycle, where 0 < ¢ < n—k. There are (Zj) (k=1)! =
% such cycles, (”;k
cycle, and ¢(n — k — ¢) ways to arrange the elements which follow the cycle. Finally,

sum over k and /.

) -¢(¢) ways to pick and arrange the elements which precede the
O

4.5 The map V¥

Fix a positive integer n. Let A, B, E C [n| be such that 1 € E and [n] is the disjoint
union of A, B, and E. Set

P(A,B,E)=A{(f,g9,D)}, (4.5.1)

where f € PFZ(A), g € PFZ(B), and D = (ey,es,...,¢p) is an ordering of £ such
e; = 1. We set

Pn)= |J U P4 B.E), (4.5.2)

k(€T |Al=C
k+¢<n |B|=k

where A and B in (4.5.2)) are disjoint subsets of [n] which do not contain 1, E =
n]\ AU B, and P(A, B, E) is as in (4.5.1].

4.5.1 Insertion

Let A C Z, let f € PFZ(A), let x ¢ A, and let k be a positive integer. We define
the insertion of number x into f in place k as follows and denote the result by f =
['(f,x, k). Here we use the function form of f. For a € AU {x} we define

f(a) if f(a) <kor f(a) =k and a < z,
fla) = fla)+1 if f(a) > kor f(a) =k and a > z, (4.5.3)
k if a = x.

Insertion can be seen in terms of the diagram. It splits the diagram of f at column
k, with the portion to the right of a’s cell or directly above a’s cell shifting to the
right. A row and column will be added to f’s diagram form.

For the map W, we’ll need to insert without increasing secondary dinv.
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10 10 11 10
10
7 7 10
7
5 6 7
5
3 5 5 5
2
2
d 0(f.3.1) 0(7.6.1) D(f.10,3) I(f.8.3)

Figure 4.3: The parking function f and the results of various insertions.

Definition 4.5.1. Let h be a parking function on A, let = ¢ A, let ¢,d < |A|.
Denote the elements in diagonal d — 1 which are strictly to the right of column ¢ by
Y1,Y2, - - -, Ym. LThey are ordered so that

¢ < colp(yr) < colp(ys) < -+ < colp(Ym)-

Let ¢* be the minimum ¢ such that for all £ > ¢*, y, > z. If z < y;, then ¢* = 0. The
(c,d)-insertion of = in h inserts x on diagonal d and in a column at least ¢ of h and
results in the parking function h* = I'(h, z, ¢*), where

o COlh(yg*) if x>0
S lex1 if ¢+ = 0.

In general, we refer to (¢, d)-insertion as special insertion.

Claim 4.5.1. Let f € PFZ(A) and x ¢ A. Suppose ¢ and d satisfy the following
conditions.

1. We have d = Ay and for all y such that coly(y) > ¢, we have d > diag;(y); and

2. there is a label which is in column ¢ and diagonal d and it’s at the top of its
column.

If & is the result of a (¢, d)-insertion of x into f, then dinvy(h) = dinve(f). What'’s
more, diag,(z) = d.

Proof. First, we show that diag,(z) = d. Suppose £* > 0. Then y, < xz, yp is in
diagonal d — 1, and ¢* = col,(y+), so x will be placed directly on top of y,+ in diagonal
d. Now consider the case £* = 0, so that ¢* = ¢+ 1. By condition , x must be
placed in the row above the row that the largest element of column c¢ is in. Therefore,
again, x is in diagonal d of h.

Recall that (j,7), where i and j are labels in h, is a secondary dinv pair if i < j,
diag, (i) = diag,(j) — 1, and col,(i) > col,(j). By condition (I)), there can be no
secondary dinv pair (j,z) and by the definition of ¢*, there can be no secondary dinv
pair (x,1).

]
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d= Af

(%

C

Figure 4.4: Condition (/1)) of Claim says that d is the highest index of a diagonal
which has a label in it and this diagonal has no labels on it to the right of column c.
Condition says that column ¢ has a label on diagonal d.

4.5.2 Definition of ¥ : P(n) — PFZ(n)

Let (f,g,D) € P(n), where f € PFZ(A), g € PFZ(B), D = (e; = 1,ea,...,¢5), and
[n] is the disjoint union of A, B, and {ej,es,...,es}. The map ¥ : (f,g,D) — h
consists of three phases and produces a sequence of functions f = hg,hy,...,hy = h
with all hy having zero secondary dinv.

In the first phase, we will use special insertion to insert D into f. All elements
of D are inserted into diagonal A¢. Let ¢ be the column of the entry in diagonal Ay
with the largest column index. We start with hy = f and (¢, Af)-insert 1 into hy,
obtaining h;. Notice that 1 will be the only label in its row and column. At step ¢,
1 <i<s, welet ¢c=coly, ,(e;—1) and (¢, Af)-insert e; into h;—;. Conditions and
of Claim are satisfied, so we have not added any secondary dinv. At the end
of the first phase, we have hg = f,hy, ..., hs.

In the second phase, we special insert the entries of the main diagonal (diagonal 0)
of g into hs. Let 21, 2o, ..., 2, be the entries of the main diagonal of g, ordered so that
coly(z1) < coly(z2) < -+ < coly(z). This phase is similar to the first phase, except
that we now insert into diagonal @ = (Ay 4+ 1) = (A, + 1) of hs. We begin with
¢ = colp, (1) — 1 and we (¢, d)-insert z; into hy to obtain hs + 1. Notice that we cannot
apply Claim for the first insertion of phase two, because its condition (2)) is not
satisfied. However, the £* used in special insertion will be positive in this case, since
1 is on diagonal 0 — 1 = Ay_. Since ¢* > 0, the first entry will be placed on top of y,-
in diagonal 0 = diag h, + 1. As in the proof of Claim , since diagy,,,, (21) = Ap,,
there can be no secondary dinv pair (j, z;) and by the definition of ¢*, there can be
no secondary dinv pair (z1,7). At step i, s +1 < i < s+, let ¢ = colp,_,(zi—1-s)
and (c,d)-insert z;_g into h;_1. At the end of this phase, we have hq, ..., hg, ..., hsie.
Again, conditions and ([2)) of Claim are satisfied at each step.

We are now in the third phase. Let z1,..., 2 be as defined in the second phase.
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Figure 4.5: Parking function g from Figure with blocks drawn in.
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18 21
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11 17
7 16 D = (1,6,9, 15, 20)
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w | Ut
S

Figure 4.6: Parking functions f and g, as well as a sequence D. See Example m
(f,9,D) € P(21).

The block B; of z; is the set of labels z in g such that diag,(x) > 0 and coly(z;) <
coly(z) < coly(zi41), where we set coly(z,11) to be |dom(g)| + 1 for ease of notation.
Please see Figure In the third phase, we insert the blocks of g into hs.;. There
are t blocks of g: one for each element z; from diagonal 0 of g.

The width of B;, wd(B,), is col,(z;4+1) —coly(z;) +1. The number of rows occupied
in g by elements of B; is also wd(B;). For each B;, we expand the diagram of hg, ;1
by wd(B;) columns inserted after coly_,,., ,(2), then add the labels from B; so that
their relative position to z; (number of rows above, number of columns to the right)
is as it was in ¢g. Let x be a label added in the third phase from block B;. Note that
the preservation of relative positions forces

diagy,(v) = diag,(z) + diagy,(z;) = diag,(z) +0 > 0.
Example 4.5.1. We show how the map ¥ works on the functions f and g and the

sequence D given in Figure [1.6, In the first phase, the elements of D are special
inserted on f’s highest diagonal, which is diagonal 3. They are circled in the diagram
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Figure 4.7: The results after phases 1 and 2 of the map ¥ applied to (f, g, D) from

Figure [1.6]

on the left of Figure [4.7. The label 15, for example, cannot be inserted in a column
which precedes the label 11 from f, or it would create a secondary dinv pair. In the
parking function on the right of Figure [4.7] the labels 2,16,21 and 10 from ¢’s main
diagonal have been inserted (second phase). Finally, in Figure , we insert the blocks
from g.

Proposition 4.5.2. For (f,g,D) € P(n), the parking function h = V(f,g,D) has
diHV2<h) = 0.

Proof. We refer to the construction of ¥ given in this section.

By Claim[4.5.1] the parking function g, has zero secondary dinv, since it was built
from f € PFZ (dom(f)) using special insertion with ¢ and d satisfying the conditions
in Claim [£.5.1 We need only show that we did not create any secondary dinv with
the insertion of a block in the third phase.

Suppose i < j and 7, j € dom(g). By our construction, diagy,(i) = diag, (i) +Ay+1
and similarly for j. What’s more, the z; and their corresponding blocks were added in
increasing order of their columns in g. Therefore, diag, (i) = diag,,(j) — 1 if and only
if diag,(i) = diag,(j) — 1 and coly(i) > col,(j) if and only if coly(i) > coly(j). Since
(7,4) was not a secondary dinv pair in g, it cannot be one in h. No new secondary
dinv pair was created by an interaction of a label from the second phase and one from
third, or two labels from the third.

Suppose we have a label from the first phase and one from the third. Their diag-
onals differ by at least two, so they could not form a secondary dinv pair. O]
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Figure 4.8: The parking function h = W(f, g, D), where (f, g, D) is given in Figure
See also Example
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4.6 Inversion of the map WV

In this section, we show that W is invertible, simply by reversing all the steps. We will
“remove” rows, columns, and labels from h, to construct D and g, and what remains
of h will be the parking function f.

Let h € PFZ(n). We must find (f,g, D) € P(n). We use ? to denote diag,(1).
The first step is to identify labels z1, 29,..., 2. They are the elements of diagonal
0 + 1, ordered so that coly(z1) < colp(z2) < -+ < colp(z) and will make up the main
diagonal of g.

Next, we define blocks B; for 1 < i < t as the set of labels x in h such that
diag,(z) > 9+ 1 and coly(z;) < colp(z) < colp(zi41). The block By is the set of x
with diag,(z) > 0+ 1 and coly(2;) < coly(z), it should be noted that z; ¢ B; as
diagy(z;) = 0+ 1. The height ht(B;) of the block B; is the number of rows occupied
in h by elements of B;, plus 1 for z;, so that row,(z;) + ht(B;) = rowp(z;+1). Note
that ht(B;) = wd B; + 1, where wd B; was defined in Section [4.5.2] There will be at
least ht(B;) — 1 columns which either contain elements of B; or are empty strictly
between the column of z; and the column of z;,;. Additionally, the domain of g has
b=ht(B;) + ht(Bs) + - - - + ht(B;) elements.

The parking function g is constructed by first placing the blocks, together with
21,29, ..., 2, in a b xX b grid so that z1, 29, ..., 2, are on the main diagonal. Place z; on
the main diagonal in column ht(B;) + - - -+ ht(B;_1) + 1. Next the elements in B; are
placed in the grid. They must retain their relative position to z;, and every row must
have exactly one element in it.

We remove from h the rows containing elements from a block and columns col, (z;)+
1,colp(z) + 2,...,colp(z) + ht(B;) — 1, also removing the labels in these rows and
columns. We remove all labels in the column of z; from higher rows. We call the
resulting, smaller parking function h’. Notice that diag,(z) = diag,, (z) for all labels
2 remaining in A/’

The parking function A’ may now have fewer rows, columns, and labels. The
labels z,..., z are still in A’ and are on the highest diagonal. We want to erase the
labels z1,...,z from A/, but in the order z, ..., z; and always removing the column
following each z;’s column. We begin with z;. If there is a label x such that row (z) =
rowy (z:) + 1, then since diagy, (z;) > diag, (x), we have coly (x) — colp (2z:) > 1, so
we remove the empty column coly/(z;) + 1 and row rowy(z), thereby also erasing z;.
If no such z exists, then since diag, (z;) > diag,/ (1) > 0, there is an empty column
after coly(z;), which we remove, as well as the row z; is in. In either case, we call
the resulting parking function h;. We repeat this procedure with z;,_; down to zi,
producing parking functions h;_1,...,hy. At the end, hy has ht(B;) + ht(Bs) + - - - +
ht(B;) fewer rows and columns than the original h and all remaining labels are in the
same diagonal as in the original h; i.e. diag, (v) = diag,(z), for all labels = in h;.

The sequence D = (e; = 1,e9,...,¢€5) is taken from diagonal 0 of h, which is
the highest diagonal of h;. The elements ej,es, ..., e are the labels in the highest
diagonal whose column indices are at least the column index of the label 1 in h; and
they are ordered so that coly, (1) < coly, (e2) < -+ < coly, (es). Thelabels ey, ..., es are
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removed from hy, resulting in f. This step reverses the first phase of the construction of
U. Finally, we mention f will be on a domain of size n— (s+b). It is straightforward to
see that we have reversed the procedure which defines W and that this inverse function
U~ is defined on all of PFZ(n).

4.7 The map ¥V and Theorem [4.3.1]

We can now directly see that ¢ (n) satisfies (4.3.1)) and thereby prove Theorem [4.3.1]
Let k € [n] and 0 < ¢ < n — k. There are (7_}) - (k — 1)! = éZ:B: sequences
(e1,€2,...,€L), where ey, e, ..., e, are distinct elements of [n] and e; = 1. There are

(”;k) subsets A C [n] of size ¢ which are disjoint from {ej,...,e;} and ¥ () is the
number of parking functions with zero secondary dinv on A. Let B be the complement
in [n] of {ey, ..., ex}UA; there are 1(n — k — ¢) parking functions with zero secondary

dinv on B. We sum over k and ¢ to obtain (4.3.1).
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4.8 Nonrecursive bijection between ordered cycles
and Parking Functions with zero dinv.

Recall from the previous sections that PFZ(n) denotes the set of classical parking

functions of length n, and let and OrdC'(n) denote the set of ordered cycles decompo-

sitions of [n]. Using the ideas developed in [27], we refine Theorem by exhibiting
an explicit bijection ¢ : PFZ(n) — OrdC(n).

1. Let f € PFZ(n). We describe the construction of the ordered cycles decompo-
sition o (f).

First step. Set m; = 1, and let (c1,d;) be the column/diagonal pair in which
my lies. Let D; be the set of elements on diagonal d; that lie weakly to the right
of column ¢;.

Second step. Define
Alz [1,71]\D1, mgzminAl.

Let (c2,dz) be the column/diagonal pair in which my lies. Let Dy be the set of
elements of A; lying on diagonal ds and weakly to the right of column cy. Note
that, by construction, Dy C [1,n]\ D, so in particular Dy N Dy = ().

1th step. Suppose Dy, ..., D; 1 have been defined. Set
Ai*l = [1,n]\(D1UUDZ,1), my; :minAl-,l.

Let (¢;,d;) be the column/diagonal pair containing m;, and let D; be the set
of elements of A;_; lying on diagonal d; and weakly to the right of column ¢;.
Again, by construction,

Di g [1,n] \ (Dl U:--- UDi_l),

SODzﬂ(D1UUDZ,1):(Z)

Final step. Let E be the ordered list of the elements mg,...,my, arranged
as follows: first list the elements on d; from left to right, then those on dy on
the same order, and so on. Equivalently, if m; and m; lie in columns ¢;, ¢; and
diagonals d;, d;, respectively, then m; precedes m; if and only if

(di, i) < (dj, ¢5)

in lexicographic order.

Finally, order the cycles Dy, Ds, ..., Dy according to the order in which mq, ..., my
appear in E; that is, D; precedes D; if and only if m; precedes m; in E.
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Example 4.8.1. Let’s f € PFZ(21) the parking function found on the example
of our article.

First step. Let m; = 1. The elements lying on the same diagonal as 1
and weakly to its right are, in order 1,6,9,15,20 on that order, so D; =
(1,6,9,15,20)

Second step. Next
me = min([1,21] — {1,6,9,15,20}) = 2.

Collecting all the elements on the diagonal containing 2 that lie weakly to its
right gives the cycle (2, 16,21, 10).

Third step. Repeating the procedure,
m3 =min ([1,n] — (D U Dy)) = 3.

The elements on the diagonal as 3 lying weakly to its right are 3,14 on that
order so D3 = (3,14).

Steps 4 — 9. Continuing in the same way, we obtain

Dy = (4,13,17,19)

Ds = (5,11,18)

Dg = (7) and my =4,m5 =5,mg = 6,m7; = 7,mg = 8, mg = 12.
D; = (8)

Ds = (12)

The elements my,...,mg = {1,2,3,4,5,6,7,8,12} are found on the order
3,5,8,7,1,2,4,12
when reading the parking function diagonal by diagonal from bottom to top,
and within each diagonal from left to right. Therefore the cycles D; ... Dg are
ordered according to this sequence of minimal elements, and we obtain
¢(f) = D3D5D7Dg Dy D3y Dy Dy.

Explicitely

o(f) = (3,14)(5,11, 18)(8)(7)(1, 6,8, 15, 20)(2, 16, 21, 10) (4, 13, 17, 19)(12)

INote that D; is the same diagonal that we obtained on the article when we decomposed our
example f as two partial parking functions and a diagonal. This construction is essentially iterates
that argument.
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(3,14) (5,11,18) (8)(7) (1,6,9,15,20) (2,16,21,10) (4,13,17,19)(12)

Minimum of each cycle
Maximum of each cycle

We now describe a more straightforward way to carry out this procedure by
hand. Computing a few examples convinces the reader that it produces exactly
the same cycles as the construction given above

Begin with the first diagonal and let e; be its first element. Define e5 to be the
first element on the same diagonal that is smaller than e;; if no such element
exists, let es be the first element of the second diagonal.

Assume inductively that we have defined eq, ..., e;. We set to be the first element
on the same diagonal as e; that is smaller than e; and to its right. If no smaller
element appears to the right of e; on that diagonal, then e;,; is defined to be the
first element of the next diagonal. This process terminates once all diagonals
have been exhausted. The resulting set ey, ..., e, will be the set of cycle first
elements.

We now form the cycles. The cycle C consists of all elements on the first
diagonal that lie strictly to the left of ey (if e5 is on the same diagonal as e;)
or all elements of the first diagonal if ey lies on the next diagonal. Assuming
C1,...,C;_1 have been defined, the cycle C; consists of the elements on the same
diagonal as e; that lie weakly to its right and strictly to the left of e;,; if ;41
lies on that diagonal. If e;,; lies on the next diagonal, then C; simply contains
all elements on the diagonal of e; that lie weakly to its right.

Equivalently, one may read f diagonal by diagonal, from bottom to top and
within each diagonal from left to right. Each diagonal begins with the start of a
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cycle and ends with the end of a cycle. The elements that begin each cycle are
precisely the elements obtained by taking the first element of each diagonal and
then, recursively, the next element smaller than the previous one.

Finally

2. We will describe a function ¢ : OrdC(n) — PFZ(n). Let m = C,...,Ck be an

ordered cycle decomposition. We describe the construction ¢ (m) = f.
To write the inductive step cleanly, we introduce an auxiliary operation.

Auxiliary construction, a product which relies on concatenation. Let
f be a partial parking function with supportE] A, and let D = (dy,...,d;) be a
diagonal with dy = min{d;},<;<;, with d; ¢ A for all 1 < i < j. We intend to
“attach” D to f, if
'(ﬁ(f) :Cl,...,Ck

then we want

Ww(f-D)=Ch,...,CyD
Let D be to the highest diagonal of f. Define f - D as follows:

a) If dy < a for every a € D, then we use the special insertion to attach D
to the end of D. Since d; does not create any new dinv, the remaining
elements of D can be inserted appropriately using the special insertion.

b) If d; > a for some a € D we insert d; over the last element of D which is
smaller than it. Then we use the special insertion to add the other elements
of D. In this case D is inserted in the diagonal just over D rather than
being added to the end of it.

End of the auxiliary step.

In this way, given (7, ..., Cy we begin by setting f; the parking function whose
diagram consists solely of the diagonal C';. Then we iterate

Jiv1 = fi- Ciy1.
Finally we define ¢(7) = fi.

Example 4.8.2. Lets O, = (2,10,16,8,14,21), Cy = (4,11), Cy = (1,12,5),Cy =
(6,18,9,17,7),Cs = (3),Cs = (13,19, 20, 15). Then we have

2That is, the set of labels appearing in its diagram.
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Figure 4.9: Here we have fi, fo and f3, from left to right.

Figure 4.10: Here we have fj.
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Figure 4.11: Here we have f;.

Figure 4.12: Here we have fs. The sequence of maxima of the cycles is
(21,11, 12,18, 3, 20)
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It is clear that ¢ o ¢ = Ido,ic(n) and @ o = Idppzpn).
We now describe a faster way to compute 1.

Let m = C,...,C% be an ordered cycles decomposition, and let m; denote the
first element of C; for 1 <4 < k.

Partition the sequence (myq,...,my) into a list of maximal decreasing subse-
quences {m;}ier; where Iy < Ip... < I; in the sense that if x € [, and y € I,
with p < ¢, then x < y.

At the end of this decomposition we have

LULU---UIL = [1,k].

The resulting parking function f will have k£ diagonals Dy, ..., Dy, where each
D; is the concatenation of all C, with ¢ € I;, and

f=Dy-Dy-----D;.

This description allows for faster computation by hand, although it is less con-
venient for formal proofs.

This description allows for faster computations by hand, but it’s not as conve-
nient for writing the proofs.

Remark 4.8.1. Following the methods of this proof, and considering parking functions
with arbitrary secondary dinv, one can reconstruct a parking function using only the
data of its ordered diagonals together with its secondary dinv.

Since the order of the elements within each diagonal is completely determined by
the primary dinv, a parking function f is uniquely determined by the data

{Dy, ..., Dy}, { primary dinv pairs }, { secondary dinv pairs }

where each D; is set (not an ordered set).
In this description, the area statistic of f is given by

k

area(f) = (i —1)|Dj|

i=1

It would be interesting to investigate whether this perspective provides additional
insight toward a combinatorial proof of the symmetry in ¢ and ¢ of the generating
function

Z tarea(f)qdinv(f). (481)
fePF(n)
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Since this map embeds each individual cycle along a diagonal, and since each cycle
is written starting with its smallest element, any ordered cycle decomposition of [n]
containing a cycle of length greater than 1 maps to a parking function with positive
primary dinv. Consequently, the parking functions with zero dinv correspond exactly
to the ordered cycle decompositions of [n] in which all cycles have length 1. There
are precisely n! such decompositions. For example, when n = 3, the parking functions
with zero dinv are mapped to

{DE)B), (DE)(2), (2)(1)(3), (2)B) (1), (3)(1)(2), B)(2) (1)}

On the other hand, the parking functions with zero area are exactly those sup-
ported on a single diagonal. Under the same map, these correspond to ordered cycle
decompositions C4 ...C) with initial elements aq,...,a, with a1 > as > ... > a;
satisfy a; > as > ... > a;. For n = 3 this set is:

{(123), (132), (23)(1), (2)(13), (3)(12), (3)(2)(1) }

These observations suggest the existence of a bijection between parking functions
with zero dinv and parking functions with zero area. To construct such a bijection,
we develop recursive descriptions showing that the area statistic on parking functions
with zero dinv and the dinv statistic on parking functions with zero area are both
Mahonian. We then use these recursions to define an explicit bijection. It would be
interesting to investigate whether this bijection can be extended or adapted to yield
a combinatorial proof of the symmetry in [£.8.1]
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