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A Julieta, gracias a quien aprend́ı a sumar (el segundo paso para poder estudiar
combinatoria, después de aprender a sumar) y quien literalmente me salvó la vida
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me ayudó a volverme mejor expositor y a mejorar mis habilidades de comunicación
matemática.
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Quiero agradecerle a la Agencia Nacional de Investigación y Desarrollo, cuya beca
me dio la posibilidad de realizar estos estudios.

Finalmente agradecer al pueblo chileno por haberme acogido como si fuera un
chileno más y nunca hacerme sentir menos, mi estad́ıa en Chile ha sido muy bonita.
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A Gonzalo por su amistad, ser un compañero cercano en este camino y por ser tan

buen anfitrión en su casa.
A Katherine por su amistad, sus consejos sobre los asuntos burocráticos/humanos
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mundo de ensueño matemático y por su gran amistad.

A Andre por compartir la pasión por las matemáticas y por nuestra amistad.
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Introduction

0.1 A brief history of this thesis’ journey

Before getting into the formal part of the introduction, we would like to tell the story
of how the research behind this thesis unfolded. To do so, we will adopt a less formal
tone than that of mathematical prose. After all, we consider this the story of an
adventure, and telling it in a flat, impersonal manner would not do it justice. We
choose this approach because we cannot conceive of mathematics as something devoid
of emotion; passion lies at the very heart of the mathematical activity. Without a
deep and persistent desire, the endeavor would simply be too demanding to sustain.

We begin by stating that the central focus of this thesis is the study of the m-
symmetric Schur functions, {sΛ(x; t)}Λ and {s∗Λ(x; t)}Λ, which are indexed by m-
partitions denoted by Λ, and were introduced in [19] by my advisor Luc Lapointe.
These functions are one of the main components of the theory ofm-symmetric Macdon-
ald polynomials, a framework designed to provide deeper insight into the q, t−Kostka
polynomials in the pursuit of finding a combinatorial interpretation. The keen reader
probably has noticed that we considered two sets of {sΛ(x; t)}Λ and {s∗Λ(x; t)}Λ of
m-symmetric functions. The former, which appear in the positivity conjecture, are
defined via duality with the latter, which instead admit a purely combinatorial defi-
nition.

One of the main obstacles Lapointe faced while developing the theory of m-
symmetric functions was finding a workable characterization of them-symmetric Schur
functions, one malleable enough to prove its elementary properties and in doing so,
establish a solid foundation for this theory. The families of functions {sΛ(x; t)}Λ and
{s∗Λ(x; t)}Λ that appear in this thesis were in fact discovered during my Ph.D. studies.
In the early stages of this work, however, we considered a different pair of families,
which I denote here by {SΛ(x; t)}Λ and {S∗

Λ(x; t)}Λ. Their definition can be found in
the first version of the article [19].

During the research that eventually bore fruit to this thesis, the first result we
obtained was a combinatorial characterization of {S∗

Λ(x; 1)}Λ. Shortly after, we con-
jectured that S∗

Λ(x; 1) = S∗
Λ(x; 0) when Λ is dominant.

The proof itself does not appear in this thesis, for reasons that will soon become
clear. This suggested that S∗

Λ(x; t) might actually be independent of t when Λ was
dominant, which would have been an exciting result. To give the reader a sense of why
this felt so exciting, let me say this much: if true, the conjecture would imply that the

9
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notion of charge introduced in the first version of [19] on arXiv, when restricted to the
non-symmetric setting would naturally yield the long-sought nonsymmetric chargeaaa
satisfying the identity ∑

K+(T )≤K(α)

Hweight(T )(x; t)t
chargeaaa(T ) = Kaaa(x) (0.1.1)

which itself extends the well-known identity∑
sh(T )=λ

Hweight(T )(x; t)t
charge(T ) = sλ(x)

At this point in the research, I spent months stuck at a single roadblock, and despair
began to loom. The problem felt utterly out of reach–impossible, even. It was as if I
had reached the limit of my mathematical abilities, and any hope of proving the result
seemed misplaced.

After accumulating a lot of effort and insight, I eventually regained my confidence
and even had faith that I would be able to prove the conjecture. The irony is that, at
the very moment I finally felt it was within reach, I ended up disproving it. This is not
a dramatic exageration, the timeframe was of only 3 days. I found a counterexample,
and I had so much faith in the conjecture that I carried it to my advisor, hoping he
would point out the mistake I must have made. Instead, he stared at me in disbelief
and I decided that the best course of action was to sleep on it before jumping to a con-
clusion. Studying that counterexample more closely, Lapointe found a counterexample
to another conjecture, the most precious one, the m-symmetric Macdonald conjecture.
And, as in most good stories, when I regained faith, he lost his. Fortunately, hope
resurfaced. A new path opened up when we realized that redefining the m-symmetric
Schur polynomials so that they were constant1 for dominant Λ was the right direction
to pursue.

I hope this story has convinced the reader that this journey is both interesting and
genuinely exciting. If at any point it falls flat, the responsibility lies entirely with the
author of this thesis–storytelling has never been his strongest talent. As a small aside
to this tale, let me share another story that unfolded during roughly the same period.

None of this was affected by the previous story, since the old and new definitions
of m-symmetric polynomials coincide when t = 0 or t = 1. To achieve this character-
ization, we had to make use of key polynomials. And this is where a story begins in
which I am the villain.

During the pandemic, I found it incredibly difficult to read new material, so I
focused instead on getting my hands dirty–attacking problems directly and doing lots,
and lots of examples. My advisor recommended that I read [2], and I did, but its
importance completely escaped me at the time. As a result, I spent a year and a
half building a whole machinery of my own, only to eventually prove that it coincided

1Lapointe defined s∗Λ(x; t) = S∗
Λ(x; 1) for Λ dominant.
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perfectly with key tableaux. With this machinery in hand, I proved that:∑
T∈S(Λ)

xT = sΛ(x; 0)
∑

T∈S∗(Λ)

xT = s∗Λ(x; 0)

where them-partitions S(Λ) and S∗(Λ) are tightly connected to key tableaux. Luckily,
everything aligned, and I managed to prove a characterization of these objects in terms
of the supremum over certain sets, which in turn allowed me to establish the following
identity ∑

Λ

s∗Λ(x; 0)sΛ(y; 0) =
1∏

i,j(1− xiyj)
1∏

i+j≤m+1(1− xiyj)
(0.1.2)

which generalizes2 the following two identities–the first symmetric, the second non-
symmetric: ∑

λ

sλ(x)sλ(y) =
1∏

i,j(1− xiyj)

∑
aaa

Kaaa(x)K̂aaa(y) =
1∏

i+j≤m+1(1− xiyj)

(0.1.3)

The first identity is the classical Cauchy identity for Schur functions (see [28]). The
second can be viewed as its non-symmetric analogue, interpreting key polynomials as
non-symmetric counterparts of Schur functions (see [20, 2]).

0.2 Macdonald positivity conjecture and general-

ization for m-symmetric polynomials

Macdonald polynomials are a family of symmetric functions on variables x1, x2, . . . , xN
which depends upon two parameters q, t [23]. They simultaneously generalize several
important families of orthogonal symmetric functions, including Jack polynomials,
Hall–Littlewood polynomials, Schur functions, and monomial symmetric functions.
Macdonald polynomials play a central role in many areas of mathematics, with appli-
cations ranging from representation theory and algebraic geometry to mathematical
physics.

In [10, 14], it was proved that the expansion of a modified form of the Macdonald
polynomials in the Schur basis satisfies

J̃λ(x; q, t) =
∑
µ

Kµλ(q, t)sµ(x) with Kµλ(q, t) ∈ N[q, t] (0.2.1)

where J̃λ(x; q, t) denotes the modified Macdonald polynomial indexed by λ, and the
coefficients Kµλ(q, t) are the (q, t)-Kotska coefficients.

2We employ two sets of variables y and ŷ in the proof, when we restrict to y the proof becomes
a proof of the first identity of 0.1.3, and when we restricted to ŷ it becomes a proof of the second
identity.



12 CONTENTS

A non-symmetric version of Macdonald Polynomials, denoted Eη(x; q, t) was intro-
duced in [6, 24]. These polynomials are indexed by compositions, and form a basis of
the polynomial ring Q(q, t)[x1, . . . , xN ]. One of the aims of the theory of m-symmetric
Macdonald polynomials is to extend the Macdonald positivity conjecture to the non-
symmetric case, thereby providing a richer framework in which to seek a combinatorial
interpretation of the (q, t)-Kosta coefficients.

Symmetric Macdonald polynomials can be obtained by fully t-symmetrizing the
non-symmetric ones:

Jλ(x; q, t) ∝ St
1,...NEη(x; q, t) (0.2.2)

where λ is the partition obtained by sorting the composition η into decreasing order.

Symmetric Macdonald polynomials can be obtained by partially t-symmetrizing
the non-symmetric ones:

Jλ(x; q, t) ∝ St
m+1,...NEη(x; q, t) (0.2.3)

In context, the t-symmetrization acts only on the variables xm+1, . . . , xN . As a
consequence, these polynomials lie in the subring of Q(q, t)[x1, . . . , xN ] consisting of
functions symmetric in the variables xm+1, . . . , xN , while remaining unrestricted in
x1, . . . , xm. We refer to this subring as the ring of m-symmetric functions.

The m-symmetric Macdonald polynomials were introduced in [19]. They form a
basis of the ring of m-symmetric functions, indexed by m-partitions Λ = (aaa, λ) where
λ is a partition and aaa a composition.

In that work, Macdonald’s positivity conjecture is generalized to the m-symmetric
setting. A key difficulty in constructing this theory was finding an appropriate gener-
alization of the Schur functions sλ(x). The resulting objects, the m-symmetric Schur
functions sΛ(x; t), also depend on the parameter t. They were an essential component
to formulate the m-symmetric positivity conjecture:

J̃Λ(x; q, t) =
∑
Ω

KΩΛ(q, t)sΩ(x; t) with KΩΛ ∈ N[q, t] (0.2.4)

The construction of sΛ(x; t) is indirect and proceeds in several steps. First, an
inner product is defined so that the functions

k(aaa,λ)(x; t) = Haaa(x1, . . . , xm; t)sλ(x),

form an orthogonal basis. Here Haaa(x1, . . . , xm; t) denotes a non-symmetric Hall-
Littlewood polynomial.

Next an intrincate combinatorial construction is used to define a basis s∗Λ(x; t),
when aaa is a partition.

The definition is then extended to arbitrary Λ by iterating the Hecke algebra
operators

Ti = t+
txi − xi+1

xi − xi+1

(Ki,i+1 − 1),
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where Ki,i+1 swaps the variables xi and xi+1. This step is performed inductively on
the number of inversions of aaa. If s∗Λ(x; t) with Λ = (λ,aaa), Λ′ = (λ,aaa′), aaa′ = (i, i + 1)aaa
with ai > ai+1, then one sets s∗Λ(x; t) = s∗Λ′(x; t).

Finally sΛ(x; t) is defined as the dual basis of s∗Λ(x; t).
This multi-step construction is long and indirect, making the study of sΛ(x; t)

basis quite difficult. It is therefore desirable to develop more direct combinatorial
descriptions of the functions sΛ(x; t) and s

∗
Λ(x; t).

My research focuses on obtaining such direct combinatorial descriptions. The case
t = 0 have now been fully resolved for both bases, and the case t = 1 has been resolved
for the basis s∗Λ(x; t).

0.3 Original contributions of the thesis

Chapter 2. The basis of the m-symmetric functions {sΛ(x; 0)}Λ is defined by duality
with the basis {s∗Λ(x; 0)}Λ. For this reason, we study both bases simultaneously.

These bases admit well-structured combinatorial descriptions in terms of right key
tableaux, closely paralleling the descriptions of the Demazure atoms {K̂aaa(x)}aaa and the
Key Polynomials3 {Kaaa(x)}aaa. The latter satisfy the following Cauchy kernel identity:∑

aaa

Kaaa(x)K̂aaa(y) =
1∏

i+j≤m+1(1− xiyj)
(0.3.1)

Using right key tableaux, we obtain analogous descriptions for {sΛ(x; 0)}Λ and
{s∗Λ(x; 0)}Λ. In order to establish the combinatorial characterization of {sΛ(x; 0)}Λ,
we must prove the identity∑

Λ

sΛ(x; 0)sΛ(y) =
1∏

i+j≤m+1(1− xiyj)
1∏

i,j(1− xiyj)
(0.3.2)

where sΛ(y) is obtained from a limit involving s∗Λ(x; t) when t→ 0.
Somewhat surprisingly, the bijection underlying this identity is given by the clas-

sical RSK algorithm. The only difference with the standard RSK bijection for Schur
functions lies in the introduction of restrictions on the set of biwords in the domain
and on the set of tableau pairs in the image. Consequently, the main difficulty does
not lie in constructing the bijection itself, but rather in proving that restricting the
domain forces the codomain to restrict to the corresponding set.

To this end, we introduce an alternative characterization of right key tableaux.
For a tableau P with c columns, this description is obtained by defining certain sets of
words Wr(P ), for 1 ≤ r ≤ c, and equipping them with a partial order. The columns
of the right key tableau are then given by supWr(P ) for 1 ≤ r ≤ c.

The entire theory of right key tableaux can be developed starting from this char-
acterization via suprema without any difficulty. In fact, this is the approach we would

3Also known as Demazure characters.
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have taken had we written the thesis at the time the results were obtained, since it
was only several months after completing the original research objectives that we dis-
covered that these tableaux already existed, were called right key tableaux, and were
also used to describe key polynomials. The original research was carried out under the
myopic assumption that these objects did not exist, as we had conceived them specifi-
cally to describe the m-symmetric Schur functions. Nevertheless, every definition and
proof in the article [22] has a direct counterpart obtained by replacing Lascoux’s ac-
tion on tableau columns–defined in terms of jeu de taquin–with the operation of taking
suprema. In a sense, taking the supremum may be viewed as the accumulation of all
jeu de taquin moves performed simultaneously in a single step. From this perspec-
tive, jeu de taquin corresponds to a local comparison of column words, whereas the
supremum provides a global comparison of all column words involved in the process.

The supremum–based characterization is conceptually deep; it is not merely a
global reformulation of jeu de taquin. Indeed, it yields a completely combinatorial
and self-contained proof of identities 0.3.1 and 0.3.2, and it fits very naturally within
the original Schensted theory and the theory of Knuth equivalence. This is because,
within the RSK algorithm, the relevant comparisons take the form

supWr(P ) ≤ (supWr(Q))
∗

where sup denotes a slight modification of the supremum function that we will not
describe in this section. In the inductive step, we assume that for a pair of tableaux
(P,Q) the inequality supWr(P ) ≤ supWr(Q) holds, and we wish to show that the
corresponding inequality holds for the next pair (P ′, Q′).

It is possible to prove that (supWr(Q)) ≤ (supWr(Q
′))∗ using either character-

ization of right key tableaux. However, it is not true in general that supWr(P
′) ≤

supWr(P ). To complete the proof, we therefore show that for any v ∈ Wr(P
′) there

exists a w ∈ Wr(Q
′) such that v ≤ w∗, which implies that supWr(P

′) ≤ sup∗Wr(Q
′).

While this algorithm is straightforward to describe in terms of suprema, it is far from
clear how to interpret it in terms of the action used by Lascoux to define right key
tableaux. Nevertheless, this approach allows us to prove identity 0.3.2.

In conclusion, we regard the characterization of right key tableaux via suprema
as the principal contribution of this thesis to the classical theory of nonsymmetric
polynomials. Moreover, the application of these methods to the theory ofm-symmetric
Schur functions illustrates the strength and versatility of this approach. It is also
worth noting that the methods showed on the proof of 0.3.2 also provide a novel,
self-contained proof of 0.3.1, once the set of admissible pairs of tableaux is suitably
modified.

Chapter 3. We begin by studying the m-symmetric Schur bases in the case t = 1.
The operator Ti(t) specializes to πi when t = 0, whereas when t = 1 it becomes
the operator Ki,i+1, which simply swaps the variables xi and xi+1. Consequently, the
description of s∗Λ(x; 1) extends naturally to the description of

s∗σΛ(x; 1) = Tσs
∗
Λ(x; 1).
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Therefore, the description for Λ dominant extends to any Λ.
Using the definition given in the first version of [19], we prove that s∗Λ(x; 0) =

s∗Λ(x; 1) when Λ is dominant, and we conjectured that, in general, s∗Λ(x; t) is constant
whenever Λ is dominant. This conjecture turned out to be false, and the study of
the counterexample led in turn to a counterexample to the m-symmetric Macdonald
conjecture stated in the first vesion of [19]. The new definition of s∗Λ(x; t) for dominant
Λ is designed so that the function is constant and coincides with the original definition
when t = 0 or t = 1.

Nevertheless, the study of the case t = 1 was not fruitless, since it allowed us to
prove that

lim
t→1

JΛ

[
X

1− t
; q, t

]
=

∑
Ω

KΩΛ(q, 1), sΩ(x; 1), with KΩΛ ∈ N[q]. (0.3.3)

As sΩ(x; 1), stayed the same when the new definition replaced the old.
The case t = 1 in the m-symmetric setting is analogous to the case q = 1 in

the symmetric setting. The interpretation of the coefficients KΩΛ(q, 1) is obtained by
extending the maj statistic to the m-symmetric setting, in a manner analogous to the
interpretation ofKµλ(1, t) in terms of the classical major index. Since the maj statistic
is defined on standard tableaux, in this chapter we focus on the relationship between
standard tableaux and m-symmetric functions, whereas in the previous chapter we
studied the relationship between semistandard tableaux and m-symmetric functions.
When q = t = 1, KΩΛ(1, 1) is the number of standard tableaux of certain family of
tableaux. This suggests that the positivity conjectures in the m-symmetric case could
still be connected to the representation theory of the symmetric group.

Chapter 4. The introduction of Macdonald polynomials in the 1980s stimulated
research in many directions and eventually gave rise to several robust theories. The
article [4] seeks to unify two of these developments. The first is the theory of Macdon-
ald polynomials, which is the subject of the two preceding parts. Garsia and Haiman,
in [11], approached this problem by constructing modulesMµ whose Frobenius char-
acteristic is H̃µ(x; q, t), the plethystically modified Macdonald polynomial. This work
initiated a broad research program centered on the study of the space of diagonal
harmonics DHn, an Sn-module containing all theMµ.

Investigations of the Frobenius characteristic F(DHn) employed both algebraic
and combinatorial methods. Haiman [18] proved that

F(DHn) = ∇en,

where ∇ is the operator defined by its diagonal action on H̃µ. Haglund et al.[12]
formulated the shuffle conjecture, an identity giving a positive expansion of ∇en in
terms of the combinatorial LLT basis. This expansion is inherently combinatorial,
relying on parking functions and two associated statistics: area and dinv.

In this part, we study parking functions with secondary dinv equal to zero, through
their relationship with ordered disjoint cycles. From this analysis, we derive a charac-
terization of the space of arbitrary parking functions.
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0.4 A summary of each chapter content

This thesis will be structured as follows.

Chapter 0: Introduction. We begin with a brief overview of the theorem
formerly known as the Macdonald positivity conjecture. This result states that the
expansion coefficients Kλµ(q, t) of the normalized Macdonald polynomials Jλ(x; q, t)
in the Schur basis sµ(x) are nonnegative; equivalently, Kλµ(q, t) ∈ N[q, t].

Chapter 1: Symmetric functions. In this chapter we present the basics defi-
nitions and tools of the theory of symmetric functions in variables x1, x2, x3, . . .. We
introduce several important families of bases for the ring of symmetric functions, all
indexed by partitions. We begin with the complete homogeneous basis hλ(x) and
elementary basis eλ(x), which are needed to state the Jacobi-Identities, a pair of for-
mulas that play an important role in the main chapter of the thesis. The protagonist
of our story, the Schur functions sλ(x) is introduced too. We also introduce the power
sums basis pλ(x) as they play a pivotal role in the definition of plethysm for Mac-
donald m-symmetric polynomials. Schur functions have very important combinatorial
properties, the most relevant one to this thesis is their expansion in terms of a com-
binatorial object called tableaux. Then we introduce two versions of the Jacobi-Trudi
identity: the first one expresses sλ(x) as a determinant of a matrix whose entries are
members of the complete homogeneous basis hλ(x), while the second one is an analo-
gous formula in terms of the elementary basis eλ(x). Finally, we conclude the chapter
with the introduction of the Robinson-Schensted-Knuth algorithm, which will play a
fundamental role at the very heart of one of our main results.

Chapter 2: The m-symmetric functions. We begin this chapter by introduc-
ing the row-flagged Schur polynomials and their column-flagged counterparts. These
functions admit two equivalent characterizations-one as determinantal formulas and
one as sums over sets of tableaux. We reproduce, with a slight modification suitable
for our purposes, the proof of this equivalence found in [29].

Next, we introduce the notion of an m-partition, denoted Λ and Ω. For dominant
Λ, we define them-symmetric Schur polynomials s∗Λ(x) and sΛ(x). We then take a brief
detour to study key tableaux, which will be necessary for describing the combinatorics
of the basis s∗Λ(x) and sΛ(x) for arbitrary Λ. Our approach uses a characterization of
key tableaux different from the one introduced in [22], which the author thinks, its
one of the main contributions to the thesis to the current bibliography.

With these components in place, we prove that s∗Λ(x) and sΛ(x) satisfy a Cauchy
kernel identity and therefore form dual bases. As a corollary, we obtain the identity

sΛ(x) = sΛ(x; 0).

where the right side is the specialization of m-symmetric Schur functions at t = 0.

We then turn to Milo’s construction of the Almost Symmetric Schur functions
sMilo
Λ (x) and show that

sMilo
Λ (x) =

∑
Ω≥Λ

sΩ(x)
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with respect to a certain partial order onm-partitions. Following this, we demonstrate
how one can establish inclusion and restriction results form-symmetric functions when
t = 0.

Finally, we close the chapter with a brief study of the functions s∗Λ(x; 1).
Chapter 3: A Proof of the m-Symmetric Macdonald Positivity at t = 1.

This chapter presents a detailed exposition of the results from the article of the same
title. We begin by introducing an m-symmetric analogue of the tableau statistic maj,
and then use this statistic to establish the m-Macdonald positivity conjecture in the
specialization t = 1.

The material in this chapter reproduces and expands upon the content of the
forthcoming article “A Proof of the m-Symmetric Macdonald Positivity at t = 1”.

Chapter 4: Parking Functions. We begin this chapter by introducing the
Garsia-Haiman modules and the n!-Conjecture, together with their connection to the
Macdonald positivity conjecture. We then discuss the space of diagonal harmonics
and its relationship with the (n+ 1)n−1 theorem.

Next, we introduce parking functions, which play a role analogous to that of stan-
dard tableaux in the context of the Macdonald positivity conjecture. Parking functions
carry two important statistics: area and dinv. The dinv statistic arises from diagonal
inversion pairs, which are further divided into primary and secondary diagonal inver-
sion pairs.

We then present the statement that the number of parking functions with zero
secondary dinv, denoted ψ(n), is equal to φ(n), where φ(n) is the number of ordered
cycle decompositions of [n]. This result is proved by showing that ψ(n) and φ(n)
satisfy the same recursion, following the argument in [27]. Finally, we give a simplified
version of the proof-still inspired by this recursion but more transparent-which yields
an explicit bijection between the set of parking functions with n cars and the set of
ordered cycle decompositions of [n].



18 CONTENTS



Chapter 1

Symmetric functions

In this chapter we follow the conventions of [28]. Our main goal here is to establish
notation; we refer the reader to [28] for all proofs.

1.1 Partitions and Compositions

To define the standard basis of the ring of symmetric functions, we begin by recalling
the notions of partitions and compositions, which will serve as indexing sets.

Definition 1.1.1. Let η = (η1, . . . , ηk) ∈ Nk be a sequence of nonnegative integers
whose sum is n = η1 + · · ·+ ηk. We say that η is a composition of n of length k.

We do not distinguish between two compositions that differ only by trailing zeros.
For example, η = (3, 4) and ν = (3, 4, 0, 0, 0) will be regarded as the same composition.
After making this identification, we may view compositions as elements of Nω that are
eventually zero. In the literature, the objects we call compositions are often referred
to as weak compositions, but we will not make this distinction.

Definition 1.1.2. Let λ = (λ1, λ2, . . . , λk) ∈ Nk be a composition of n satisfying
λ1 ≥ λ2 ≥ . . . ≥ λk. We call λ partition of n.

We denote by Par(n) the set of all partitions of n, with Par(0) = {∅} and we let

Par =
⋃
n≥0

Par(n)

There are three partial orders on partitions that will be useful in what follows.

Definition 1.1.3. Given two partitions λ = (λ1, . . . , λk) and µ = (µ1, . . . , µℓ), we
define:

1. λ ⊇ µ if k ≥ ℓ and λi ≥ µi for all 1 ≤ i ≤ ℓ (equivalently, if the Young diagram
of µ is contained in that of λ).

19
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2. λ ≥L µ if λ is greater than µ in lexicographic order; that is, if there exists a
minimal index j such that

λ1 = µ1, . . . , λj−1 = µj−1 and λj > µj.

3. λ ⊵ µ (the dominance order) if

λ1 + · · ·+ λi ≥ µ1 + · · ·+ µi for all i ≥ 1.

It is straightforward to verify that (Par,≥L) is an extension of the dominance order
(Par,⊵).

To represent partitions visually, we introduce the notion of a Young diagram.

Definition 1.1.4. Given a partition λ = (λ1, . . . , λℓ), the Young diagram of λ is the
set of unit squares whose south–east corners lie at the points

Vλ = { (λi,−i)|1 ≤ i ≤ ℓ }.

Definition 1.1.5. Given two partitions λ, µ with λ ⊇ µ the Young diagram of λ/µ
will be the set of squares of side 1 with it’s south-east vertex on the set Vλ− Vµ as on
the previous definition.

For example, the Young diagram of λ/µ for λ = (5, 3, 1) and µ = (2, 2) is

1.2 Classic bases for symmetric functions

Given a set of indeterminates {x1, . . . , xk} and a composition aaa = (a1, . . . , ak) ∈ Nk

we will denote
xaaa = xa11 x

a2
1 . . . xakk

Definition 1.2.1. Let x = (x1, x2, . . .) be a set of indeterminates and let n ∈ N. A
homogeneous symmetric function of degree n over Q if the formal power series

f(x) =
∑
aaa

caaax
aaa

where aaa ranges over all weak compositions aaa ∈ Nω of n and we have caaa = cbbb whenever
there exists a permutation σ of N, such that aaa = σ(bbb).

We denote by Λn
Q the vector space of all homogeneous symmetric functions of

degree n, and we denote
ΛQ = Λ0

Q ⊕ Λ1
Q ⊕ . . .

where ⊕ is the direct sum of vector spaces. Thus ΛQ the space of symmetric functions
onQ. Although we work overQ for convenience, most combinatorial arguments remain
valid over Z.
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Example 1.2.1. Next, some examples of symmetric functions in 3 variables.

h1(x1, x2, x3) = x1 + x2 + x3

h2(x1, x2, x3) = x21 + x22 + x23 + x1x2 + x1x3 + x2x3

p2(x1, x2, x3) = x21 + x22 + x23

e3(x1, x2, x3) = x1x2x3

Definition 1.2.2. Let λ be a partition. The monomial symmetric function mλ(x) ∈
ΛQ is defined by

mλ(x) =
∑
a

xa,

where the sum runs over all compositions a whose parts can be rearranged to form λ.

Example 1.2.2. Consider λ = (1, 1) and restrict to the ring Λ
(4)
Q of symmetric poly-

nomials in x1, x2, x3, x4. Then

m(1,1)(x) = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4.

If instead λ = (2, 1), then

m(2,1)(x) = x21x2 + x21x3 + x22x1 + x22x3 + x23x1 + x23x2.

Example 1.2.3. If λ = (1, 1) and x1, x2, x3, . . . are infinitely many indeterminates,
then

m(1,1)(x) =
∑
i<j

xixj.

Definition 1.2.3. Let k ∈ N be a nonnegative integer. The elementary symmetric
function ek(x) ∈ ΛQ is defined by

ek(x) =
∑

i1<···<ik

xi1 · · ·xik , k ≥ 1,

and we set e0(x) = m∅(x) = 1.
For the first few values, we have

e1(x) =
∑
i≥1

xi = m(1)(x),

e2(x) =
∑
i<j

xixj = m(1,1)(x),
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e3(x) =
∑
i<j<k

xixjxk = m(1,1,1)(x).

If λ = (λ1, . . . , λℓ) is a partition, we define

eλ(x) =
ℓ∏

i=1

eλi
(x).

This highlights a key difference between the elementary symmetric functions and
the monomial symmetric functions: the elementary functions are defined multiplica-
tively from the single–indexed family (ek(x))k≥0.

Example 1.2.4. Let us compute e(2,1)(x) = e2(x)e1(x) using three indeterminates
x1, x2, x3:

e2(x)e1(x) = (x1x2 + x1x3 + x2x3)(x1 + x2 + x3)

= x21x2 + x21x3 + x22x1 + x22x3 + x23x1 + x23x2 + 2x1x2x3

= m(2,1)(x) + 2m(1,1,1)(x).

Definition 1.2.4. Let k ∈ N be a nonnegative integer. The complete homogeneous
symmetric function hk(x) ∈ ΛQ is defined by

hk(x) =
∑

i1≤···≤ik

xi1 · · · xik , k ≥ 1,

and we set h0(x) = m∅(x) = 1.

Example 1.2.5. For instance, with three variables x1, x2, x3 we have

h1(x1, x2, x3) = x1 + x2 + x3 = e1(x),

h2(x1, x2, x3) = x21 + x1x2 + x1x3 + x22 + x2x3 + x23.

Definition 1.2.5. Analogously to the case of elementary symmetric functions, if
λ = (λ1, . . . , λℓ) is a partition, we define the corresponding complete homogeneous
symmetric function multiplicatively:

hλ(x) =
ℓ∏

i=1

hλi
(x).

In the sequel, we will employ the following recursive identities for the elementary
and complete homogeneous symmetric functions.

Proposition 1.2.1. Let x1, . . . , xk be indeterminates. Then, for every i ≥ 1:

1.
ei(x1, . . . , xk) = xk ei−1(x1, . . . , xk−1) + ei(x1, . . . , xk−1). (1.2.1)
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2.

hi(x1, . . . , xk) = xk hi−1(x1, . . . , xk) + hi(x1, . . . , xk−1). (1.2.2)

Proof. Both identities follow immediately from the respective definitions of ei and
hi.

We now introduce one additional family of symmetric functions.

Definition 1.2.6. For a nonnegative integer k, the power-sum symmetric function is
defined by

pk(x1, . . . , xn) = xk1 + · · ·+ xkn.

As in the case of elementary symmetric functions and complete homogeneous sym-
metric functions:

λ = (λ1, . . . , λℓ) is a partition, we set

pλ(x) =
ℓ∏

i=1

pλi
(x).

1.3 Tableaux and a Schur Basis

Let λ be a partition. A semistandard Young tableau (SSYT) of shape λ is a filling
of the Young diagram of λ with positive integers such that the entries are weakly
increasing along each row and strictly increasing down each column.

Example 1.3.1. Consider λ = (4, 3, 1) then

T =
1 1 2 3
4 5 5
5

is an SSYT of shape λ.

Example 1.3.2. Consider

T ′ =
1 1 2 3
1 5 5
5

This is not an SSYT, since the first column contains two equal entries (1 below 1),
violating the strict column-increase condition.

Now let λ, µ be partitions with λ ⊇ µ. A semistandard Young tableau of skew
shape λ/µ is a filling of the skew diagram λ/µ with positive integers that is weakly
increasing in each row and strictly increasing down each column.
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Example 1.3.3. For λ = (4, 3, 1) and µ = (2, 1),

T =
2 3

5 5
5

is an SSYT of skew shape λ/µ.

Definition 1.3.1. Given a tableau T , define weight(T ) = aaa with aaa = (aaa1, aaa2, . . .) such
that aaa1 is the number of times that i appears on T .

Example 1.3.4. The tableau of the example (1.3.1) has weight (2, 1, 1, 1, 3) and the
skew tableau of the example (1.3.3) has weight (0, 1, 1, 0, 3).

Definition 1.3.2. Given λ, µ two partitions (with possibly µ = ∅, in which case
λ/µ = λ), define the Schur basis as

sλ/µ(x) =
∑
T

xweight(T ) (1.3.1)

where T runs over all SSYT of shape λ/µ.

Example 1.3.5. For λ = (2, 1), the SSYTs of shape λ with entries in 1, 2, 3 are

1 1
2

1 1
3

1 2
2

1 3
3

2 2
3

2 3
3

1 2
3

1 3
2

Thus,

sλ(x1, x2, x3) = x21x2 + x21x3 + x22x1 + x22x3 + x23x1 + x23x2 + x1x2x3 + x1x2x3

Example 1.3.6. For λ = (2, 1) and µ = (1), the SSYTs of skew shape λ/µ are

1
1

1
2

1
3

2
1

2
2

2
3

3
1

3
2

3
3

Therefore

sλ/µ(x1, x2, x3) = x21 + x22 + x23 + 2x1x2 + 2x1x3 + 2x2x3

1.4 Jacobi-Trudi identity

The Jacobi-Trudi identity is well known expression of Schur basis in terms of com-
pletely homogeneous basis, as a determinant. This formulation will serve as a starting
point for introducing flagged Schur polynomials Sλ,aaa as defined in ([21]). These flagged
Schur polynomials will later be used in this thesis to define the m-symmetric general-
ization of Schur functions.
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Theorem 1.4.1. Jacobi-Trudi identity. Let λ = (λ1, . . . , λn) and µ = (µ1, . . . , µn)
with λ ⊇ µ. Then

sλ/µ(x) = det(hλi−µj−i+j(x))
n
i,j=1, (1.4.1)

where we set h0(x) = 1 and hk(x) = 0 for k < 0.

Example 1.4.1. Let λ = (5, 3, 1), µ = ∅. Then by Jacobi-Trudi identity:

sλ(x) = det

h5(x) h6(x) h7(x)
h2(x) h3(x) h4(x)
0 1 h1(x)


This identity will play a key role in defining the m-symmetric Schur functions.

Theorem 1.4.2. Dual Jacobi-Trudi identity. Let λ = (λ1, . . . , λn) and µ = (µ1, . . . , µn)
with λ ⊇ µ. Then

sλ/µ(x) = det(eλ′
i−µ′

j−i+j(x))
n
i,j=1, (1.4.2)

where we set e0(x) = 1 and ek(x) = 0 for k < 0.

Example 1.4.2. Let λ = (3, 3, 2, 2) and µ = ∅, then λ′ = (4, 4, 2) then by Dual
Jacobi-Trudi identity:

sλ(x) = det

e4(x) e5(x) e6(x)
e3(x) e4(x) e5(x)
1 e1(x) e2(x)


1.5 RSK Algorithm

This section will closely follows section [7.11] of [28].
The RSK algorithm gives a bijection between the set of pairs of semistandard

Young tableaux (P,Q) of the same shape λ and the set of N−matrix A of finite
support. An intermediate step is to prove a bijection between the set of biwords.

Definition 1.5.1. Let A be a N × N matrix whose entries sum k for k ∈ N. The
biword ωA associated to to A is the two-row matrix

ωA =

(
i1 . . . ik
j1 . . . jk

)
(1.5.1)

which satisfies the following conditions

1. i1 ≤ i2 ≤ . . . ≤ ik, and if ir = is then jr ≤ js. In other words, the columns
(ir, jr)

T are arranged in lexicographic order.

2. The column (i, j)T appears exactly aij times.
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These conditions uniquely determine ωA. Conversely, every byword ω determines
uniquely a matrix Aω, giving a bijection between matrices of finite support and bi-
words.

Given a biword ωA we associate a pair (P,Q) of SSYT of the same shape as follows.
Start with (P0, Q0) = (∅, ∅), where ∅ denotes the empty SSYT. If t < k and (P (t), Q(t))
are defined, then we let use the following recursion to construct (P (t+ 1), Q(t+ 1)):

1. P (t+ 1) = P (t)← jt+1.

2. Let λt, λt+1 be the shapes of P (t) and P (t + 1) respectively. Since (P (t), Q(t))
have the same shape, the tableau Q(t + 1) is obtained from Q(t) placin it+1 in
the unique box in λt+1/λt. This ensures that P (t + 1) and Q(t + 1) have the
same shape.

After we insert the last pair (ik, jk) on (P (k−1), Q(k−1) we obtain (P (k), Q(k)) and
the process ends.

We denote this correspondence by A
RSK−−−→ (P,Q) and call it the RSK algorithm.

In the m symmetric case, we will use this algorithm to prove that {sΛ(x)}Λ and
{s∗Λ(x; 0)}Λ are dual bases, and therefore sΛ(x) = sΛ(x; 0). Here {sΛ(x)}Λ denotes one
of the m-symmetric Schur functions introduced in the following chapter, and sΛ(x; 0)
is the specialization at t = 0 of the Schur functions appearing on [19].

We will employ a modified version of the classical RSK correspondence. Instead
of billetters (i, j) ∈ N we allow

(i, j) with i ∈ N and j ∈ N ∪ {1̂, . . . , m̂}

with the following order

1 < 2 < 3 < . . . < 1̂ < 2̂ < . . . < m̂

On order-theoric terms, this alphabet has the order type of the ordinal ω +m.
Instead of a single N× N-matrix A we will work with a pair (A,B), where

1. A a N×N-matrix, encoding all the biletters (i, j) ∈ N×N. This matrix encodes
the symmetric part of P .

2. B is an m × m matrix corresponding to the biletters (i, j) ∈ N × {1̂, . . . , m̂}.
This matrix will be subject to the restriction that bij = 0 if i+ j > m+1. Thus
B has zeros below the diagonal running from the southwest to the northeast
corner. This matrix encodes the non-symmetric part of P .



Chapter 2

The m-symmetric functions at t = 0.

2.1 Introduction

The starting point of this chapter is the following generalization of the Cauchy identity

1[∏
i+j≤m+1(1− xiyj)

] [∏
i,j(1− xiyj)

] =
∑
Λ

sΛ(x; 0) s
∗
Λ(y)

where sΛ(x; 0) is the m-symmetric Schur function at t = 0, and where s∗Λ(y) is the
limit t → 0 of a slightly modified version of a dual m-symmetric Schur function. As
we will see, this identity easily follows from a reproducing kernel for a natural scalar
product in the ring Rm of m-symmetric functions.

A very common proof way of proving the usual Cauchy identity

1∏
i,j(1− xiyj)

=
∑
λ

sλ(x) sλ(y)

is through the RSK correspondence, which establishes a bijection between biwords
and pairs of tableaux (P,Q) of the same shape. This proves the identity because it is
well known that

sλ(x) =
∑
T

xT

where the sum is over all tableaux T of shape λ.

The goal of this chapter is to prove our generalization of the Cauchy identity along
the same lines. Fortunately, the functions s∗Λ(x) turn out to be key polynomials1, and
as such, have an expansion as a sum over tableaux. On the other hand, the definition
of the m-symmetric Schur functions sΛ(x; t) is not very explicit, and does not yield
such a tableau expansion for the functions sΛ(x; 0). To circumvent this problem, we
define a new family of m-symmetric Schur functions sΛ(x) as a sum over tableaux,

1Key polynomials are also known as Demazure characters

27
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which will be related to dual key polynomials or Demazure atoms2, and then prove a
new version of our generalization of the Cauchy identity:

1[∏
i+j≤m+1(1− xiyj)

] [∏
i,j(1− xiyj)

] =
∑
Λ

sΛ(x) s
∗
Λ(y) (2.1.1)

By comparing the two generalizations, it is then immediate that sΛ(x) = sΛ(x; 0). This
is important because it gives the characterization of sΛ(x; 0) as a sum over tableaux
that we were seeking.

In order to prove the identity (2.1.1), we need to obtain a bijection between families
of biwords that we call admissible and pairs of tableaux (P,Q) of the same shape
that satisfy a certain admissibility condition. The bijection is quite easy to get as it
is provided by the usual RSK insertion (leading to the RSK correspondence). But
proving that it is indeed the correct bijection turns out not to be straightforward at
all.

Given the connection with key polynomials mentioned earlier, it is not surprising
that the key tableaux play a fundamental role in our proof of identity (2.1.1). As
their usual definition is not very amenable to proving our bijection, we will have to
introduce a new characterization (in terms of a supremum of a set of decreasing words)
better suited for our purposes. It is only once equipped with this new definition that
we will be able to prove (2.1.1).

2.2 The (dual) m-symmetric Schur functions

We will introduce in this section the (dual) m-symmetric Schur functions. We will
first define the dual m-symmetric Schur functions, and then, by duality, obtain the
m-symmetric Schur functions. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = x1 + x2 + · · · , we
let f [X] = f(x) = f(x1, x2, . . . ). More generally, we have using this notation that
f [X + x1 + · · ·+ xk] = f(x1, . . . , xk, x1, x2, . . . ).

Let ν be a partition of length ℓ. For a sequence of alphabets X1, . . . , Xℓ, where
ℓ = ℓ(ν), the multi-Schur function (or flagged Schur function) sν(X1, . . . , Xℓ) is defined
as [13]

sν(X1, . . . , Xℓ) = det
(
hνi−i+j[Xi]

)
1≤i,j≤ℓ

. (2.2.1)

Observe, from (1.4.1), that sν(X1, . . . , Xℓ) is equal to the usual Schur function sν(x)
whenever X = X1 = X2 = · · · = Xℓ.

2Dual key polynomials were introduced on [22] as Standard Bases, they are also known as De-
mazure atoms.
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Example 2.2.1. The diagram associated to (2, 1; 3, 1) is

m1m2
from which we deduce that

s∗2,1;3,1(x; t) =

∣∣∣∣∣∣∣∣
h3[X] h4[X] h5[X] h6[X]

h1[X + x1] h2[X + x1] h3[X + x1] h4[X + x1]
0 h0[X + x1 + x2] h1[X + x1 + x2] h2[X + x1 + x2]
0 0 h0[X + x1 + x2] h1[X + x1 + x2]

∣∣∣∣∣∣∣∣ .
In order to define the dual m-symmetric Schur functions, we need to define the

Hecke algebra HN . Let the exchange operator Ki,j be such that

Ki,jf(. . . , xi, . . . , xj, . . . ) = f(. . . , xj, . . . , xi, . . . )

We then define the generators Ti of the Hecke algebra as

Ti = t+
txi − xi+1

xi − xi+1

(Ki,i+1 − 1), i = 1, . . . , N − 1, (2.2.2)

More generally, given a reduced decomposition w = σi1 · · ·σiℓ of the permutation
w ∈ SN , we let Tw = Ti1 · · ·Tiℓ . This is well-defined due to the relations:

(Ti − t)(Ti + 1) = 0

TiTi+1Ti = Ti+1TiTi+1, i = 1, . . . , N − 2

TiTj = TjTi , |i− j| > 1

The operator Tj is seen to be invertible from the quadratic relation (Ti−t)(Ti+1) = 0.
Explicitly, we get can check that

T̄j := T−1
j = t−1 − 1 + t−1Tj,

We can now define the dual m-symmetric Schur functions for non-dominant m-
partitions.

Definition 2.2.1. The dual m-symmetric Schur functions s∗Λ(x; t) are defined recur-
sively in the following way. If Λ = (aaa;λ) is dominant then

s∗Λ(x; t) = sν(X1, . . . , Xℓ),

where ν = Λ(0) = aaa ∪ λ, and where Xi stands for the alphabet X + x1 + · · · + xk
with k the number of circles weakly above row i in the diagram corresponding to Λ.
Otherwise, if ai < ai+1 then

s∗Λ(x; t) = Tis
∗
Λ̃
(x; t), (2.2.3)

where Λ̃ = siΛ, and where Ti is a Hecke algebra generator. This amounts to saying
that

s∗Λ(x; t) = Tσ−1s∗Λ+(x; t), (2.2.4)

where σ is the shortest permutation such that σ(aaa) = (aσ−1(1), . . . , aσ−1(m)) = aaa+.
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The non-symmetric Hall-Littlewood polynomialsHaaa(x1, . . . .xm; t) can be constructed
recursively as follows. If aaa is dominant then Haaa(x; t) = xaaa. Otherwise, TiHaaa(x; t) =
Hsiaaa(x; t) if ai > ai+1 (with siaaa = (a1 . . . , ai+1, ai, . . . , am)). Combining a non-symmetric
Hall-Littlewood polynomial and a Schur function, we define for Λ = (aaa;λ) the function

kΛ(x; t) = Haaa(x1, . . . .xm; t)sλ(x)

The kΛ(x)’s provide a natural basis for the ring Rm of m-symmetric functions.
A bilinear scalar product ⟨·, ·⟩m on Rm is defined by requiring that the {kΛ(x; t)}Λ

basis be such that
⟨kΛ(x; t), kΩ(x; t)⟩m = δΛΩt

Inv(aaa), (2.2.5)

where we recall that Inv(aaa) is the number of inversions in aaa. It can be shown that the
dual m-symmetric Schur functions form a basis of Rm [10]. The m-symmetric Schur
functions sΛ(x; t) can thus be defined as the unique basis of Rm such that

⟨sΛ(x; t), s∗Ω(x; t)⟩m = δΛΩt
Inv(aaa). (2.2.6)

We will now give a reproducing kernel for the scalar product (2.2.5). It was estab-
lished in [25] that

t−ℓ(ωm)T (y)
ωm

∏
i+j≤m(1− txiyj)∏
i+j≤m+1(1− xiyj)

=
∑
aaa

t−Inv(aaa)Haaa(x; t)Haaa(y; t)

where ωm = [m,m−1, . . . , 1] is the longest permutation in Sm, and where T
(y)
ωm stands

for Tωm acting on the variables y1, . . . , ym. Adding the Cauchy kernel

1∏
i,j(1− xiyj)

=
∑
λ

sλ(x)sλ(y)

to the previous equation then leads, using kΛ(x; t) = Haaa(x; t)sλ(x), to

t−ℓ(ωm)T (y)
ωm

∏
i+j≤m(1− txiyj)∏
i+j≤m+1(1− xiyj)

[
1∏

i,j(1− xiyj)

]
=

∑
Λ

t−Inv(aaa)kΛ(x; t)kΛ(y; t) (2.2.7)

where the new product can be located to the right given that it commutes, by sym-
metry in the y variables, with T

(y)
ωm . Comparing with (2.2.5), we see immediately that

(2.2.7) is the reproducing kernel that we were seeking. As such, we have by (2.2.6)
that

t−ℓ(ωm)T (y)
ωm

∏
i+j≤m(1− txiyj)∏
i+j≤m+1(1− xiyj)

[
1∏

i,j(1− xiyj)

]
=

∑
Λ

t−Inv(aaa)sΛ(x; t)s
∗
Λ(y; t)

To consider the limit t→ 0, it proves convenient to rewrite the previous equation as∏
i+j≤m(1− txiyj)∏
i+j≤m+1(1− xiyj)

[
1∏

i,j(1− xiyj)

]
=

∑
Λ

sΛ(x; t)
(
tℓ(ωm)−Inv(aaa)T̄ (y)

ωm
s∗Λ(y; t)

)
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where T̄ωm = (Tωm)
−1. Taking the limit t → 0, we then obtain the following general-

ization of the Cauchy identity

1[∏
i+j≤m+1(1− xiyj)

] [∏
i,j(1− xiyj)

] =
∑
Λ

sΛ(x; 0) s
∗
Λ(y) (2.2.8)

where
s∗Λ(x) := lim

t→0
tℓ(ωm)−Inv(aaa)T̄ωms

∗
Λ(x; t) (2.2.9)

We will refer to these functions as the dual m-symmetric Schur functions at t = 0.
The goal of this chapter is to provide a combinatorial proof of the identity (2.2.8).

As we will soon see, the functions s∗Λ(x) will turn out to be key polynomials. As
such, they will have a natural combinatorial interpretation. On the other hand, we
will not be able to give directly a combinatorial interpretation for the m-symmetric
Schur functions at t = 0, sΛ(x; 0). Remarkably, such a combinatorial interpretation
will emerge as a corollary of our combinatorial proof of (2.2.8).

We now introduce key polynomials. We have that limt→0 Ti = π̂i, where

π̂i =
xi+1

xi − xi+1

(1−Ki,i+1)

We also have that limt→0

(
tT̄i

)
= πi, where πi = π̂i + 1. Note that it is easy to check

that π̂2
i = −π̂i and π2

i = πi. Using these operators, we can define the Key polynomials
Kaaa(x1, . . . , xN) and K̂aaa(x1, . . . , xN) recursively as:

K̂aaa(x) = Haaa(x; 0) =

{
xaaa if aaa is dominant

π̂iK̂siaaa(x) if ai < ai+1

and

Kaaa(x) =

{
xaaa if aaa is dominant
πiKsiaaa(x) if ai < ai+1

where aaa is the composition aaa = (a1, . . . , aN).
When Λ is dominant, we have that s∗Λ(x; t), being a flagged Schur function, is a

Key polynomial (see [26], theorem 23).

Proposition 2.2.1. Suppose that Λ = (aaa;λ) is dominant and that λ is of length ℓ.
For any N ≥ ℓ(λ) we have that

s∗Λ(x1, . . . , xm, xm+1, . . . , xN ; t) = K(0N−ℓ,λℓ,...,λ1,a1,...,am)(x1, . . . , xN , x1, . . . , xm)
(2.2.10)

In the general case, we are interested in the functions s∗Λ(x). We thus have that if
σ(aaa) = (aσ−1(1), . . . , aσ−1(m)) = aaa+, then

s∗Λ(x) = lim
t→0

tℓ(ωm)−Inv(aaa)T̄ωmTσ−1s∗Λ+(x; t) = lim
t→0

tℓ(ωmσ−1)T̄ωmσ−1s∗Λ+(x; t) = πωmσ−1s∗Λ+(x; t)

We thus get from Proposition 2.2.1 that the functions s∗Λ(x) are still Key polynomials
when the number of variables is finite. The next proposition will give this relation
explicitly.
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Proposition 2.2.2. Suppose that Λ = (aaa;λ) (not necessarily dominant) is such that
λ = (λ1, . . . , λℓ). For any N ≥ ℓ(λ) we have that

s∗Λ(x1, . . . , xN) = K(0N−ℓ,λℓ,...,λ1,am,...,a1)(x1, . . . , xN , x1, . . . , xm) (2.2.11)

Proof. We have just seen that s∗Λ(x) = πωmσ−1s∗Λ+(x; t). Supposing that σ(aaa) =
(aσ−1(1), . . . , aσ−1(m)) = aaa+, we thus have from Proposition 2.2.1 that

s∗Λ(x1, . . . , xN) = πωmσ−1K(0N−ℓ,λℓ,...,λ1,aσ−1(1),...,aσ−1(m))
(x1, . . . , xN , x1, . . . , xm)

Since (0N−ℓ, λℓ, . . . , λ1) is weakly increasing, we have that

K(0N−ℓ,λℓ,...,λ1,aσ−1(1),...,aσ−1(m))
(xw(1), . . . , xw(N), x1, . . . , xm)

= K(0N−ℓ,λℓ,...,λ1,aσ−1(1),...,aσ−1(m))
(x1, . . . , xN , x1, . . . , xm)

for any w ∈ SN . The operator πωmσ−1 thus only acts on the last m entries of the Key
polynomial and we get

s∗Λ(x1, . . . , xN) = πωmσ−1K(0N−ℓ,λℓ,...,λ1,aσ−1(1),...,aσ−1(m))
(x1, . . . , xN , x1, . . . , xm)

= K(0N−ℓ,λℓ,...,λ1,aωm(1),...,aωm(m))
(x1, . . . , xN , x1, . . . , xm)

= K(0N−ℓ,λℓ,...,λ1,am,...,a1)(x1, . . . , xN , x1, . . . , xm)

2.3 Right key tableaux and their different charac-

terizations

2.3.1 Classical characterization

Key polynomials where introduced in ([7] and [8]). In ([22]) a combinatorial formula
using key tableaux was discovered. We will use the latter characterization.

For any totally ordered alphabet B, let TabB be the set of semi-standard Young
tableaux in the alphabet B. The elements of TabB will simply be called tableaux. In
the remainder of this section, we will only use the alphabet B = N = {1, 2, 3, . . . }. We
will denote by TabB(λ) the set of semi-standard tableaux of shape λ in the alphabet
B.

Definition 2.3.1. Let T be a tableau with ℓ columns, and let C1, C2, . . . , Cℓ be the
columns of T from left to right. The tableau T is said to be a key tableau if Ci ⊇ Cj

for all 1 ≤ i < j ≤ ℓ.

Example 2.3.1. The tableau 1 2 2

2 3

3

is a key tableau because {1, 2, 3} ⊇ {2, 3} ⊇

{2}.
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Example 2.3.2. The tableau 1 3

2
is not a key tableau because {1, 2} does not

contain {3}.
Given a tableau T of shape λ with column lengths ccc = (c1, c2, . . . , cℓ), for each

permutation σ we are interested in the skew tableau S with column lengths σccc =
(cσ−1(1), cσ−1(2), . . . , cσ−1(ℓ)) whose rectification is T . In the appendix A5 of [9] it is
shown that one can find S using an action of the symmetric group on the columns of
T . We will use the jeu de taquin construction found in appendix A1.2 of [28].

Example 2.3.3. The action of the symmetric group on consecutive columns is as
follows. We start by adding a hole at the bottom of the column to the right. We then
use jeu de taquin slides to move the hole to the top of the column to the left as follows:

1 3
4 7
5 8
6
7
9

1 3
4 7
5 8
6 ×
7
9

1 3
4 7
5 ×
6 8
7
9

1 3
4 ×
5 7
6 8
7
9

1 3
× 4
5 7
6 8
7
9

× 3
1 4
5 7
6 8
7
9

3
1 4
5 7
6 8
7
9

We repeat the process until the column lengths have been switched. In this example,
this corresponds to the following steps:

1 3
4 7
5 8
6
7
9

−→

3
1 4
5 7
6 8
7
9

−→

3
4

1 5
6 7
7 8
9

−→

3
4
5

1 7
6 8
7 9

This defines an action of Sℓ on the columns. We can focus on the skew tableaux S
such that two adjacent columns either start or end on the same row (this is called the
compact form of σ(T )). This is because all skew tableaux produced from the action of
Sℓ have an equivalent skew tableau representative of this kind. The following example
was extracted from ([9]).

Example 2.3.4. Given the tableau

T =
1 1 2 2
2 3 3
4

the two skew tableau S and S ′ have column lengths (2, 3, 2, 1) and rectify to T :

S =
1 2 2

1 3 3
2 4

S ′ =

2
1 2
3 3

1 4
2
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But only S is in compact form.

Example 2.3.5. The full action of S3 on the tableau

T =
1 3 4
2 6
5

is given by

1 4
2 3
5 6

1
4

2 3 6
5

1 3 4
2 6
5

1
3 4

2 5 6

4
1 3 6
2
5

1 4
3 6

2 5

where the blue lines denote the action which switches the first column with the second
one, and the red lines denote the action which switches the second column with the
third one.

The following property is important [9].

Proposition 2.3.1. Let T be a tableau with ℓ columns and let Sℓ(T ) be the set of
tableaux obtained from the action of Sℓ on tableaux described earlier. If T ′ ∈ Sℓ(T )
and C is the rightmost (leftmost) column of T ′, then C depends only on the length of
C.

It is thus natural to define Rc(T ) (resp. Lc(T )) as the rightmost (resp. leftmost)
column of T ′ ∈ Sk(T ) whenever such column is of length c.

Proposition 2.3.2. If c < d, then Rc(T ) ⊂ Rd(T ) and Lc(T ) ⊂ Ld(T ).

We are now in a position to define left and right keys.

Definition 2.3.2. Given a tableau T with columns of length (c1, . . . , cℓ), its right
key tableau K+(T ) (resp. left key tableau K−(T )) is the tableau whose columns are
Rc1(T ), . . . ,Rcℓ(T ) (resp. Lc1(T ), . . . ,Lcℓ(T ))
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Example 2.3.6. We see from Example 2.3.5 that the right and left key tableaux of

T =
1 3 4
2 6
5

are respectively

K+(T ) =
1 4 4
4 6
6

and K−(T ) =
1 2 2
2 5
5

2.3.2 A new characterization of right key tableaux

We will derive in this section a new characterization of right key tableaux based on
the supremum of a certain set of words.

In this chapter, we will use the ordered sets A = {1, 2, . . . , N} ∪ {1̂, . . . , m̂} and
Â = {1̂, . . . , m̂}, with the order

1 < 2 < · · · < N < 1̂ < 2̂ < · · · < m̂

We will add and subtract the elements of Â as if they were usual integers. For instance
3̂− 1̂ = 2̂, and 2̂ + 4̂ = 6̂ (supposing that 6̂ ∈ Â, that is that 6 ≤ m).

Definition 2.3.3. LetW (A) be the set of decreasing words onA. Given v, w ∈ W (A),
with v = v1 . . . vs, w = w1 . . . wt, we say that v ≤ w iff s ≤ t and vi ≤ wi for 1 ≤ i ≤ s.
We will use the notation v ⊆ w to say that v is a subword of w.

We first prove two simple propositions.

Proposition 2.3.3. If v and w are two decreasing words such that v ⊆ w, then v ≤ w.

Proof. Let w = w1 . . . ws. Since v ⊆ w, we have that v = wi1 . . . wir for some 1 ≤ i1 <
i2 < . . . < ir ≤ s. Hence j ≤ ij for all 1 ≤ j ≤ r, which implies that wj ≥ wij = vj
given that w is decreasing.

Proposition 2.3.4. Suppose that v and w are two distinct decreasing words such that
v ⊆ w. If i > v1 and i > w1 (v1 and w1 are the largest letters in v and w respectively),
then

sup{iv, w} = iu

where u is the subword of w obtained by deleting the highest letter of w not in v.

Proof. Suppose that wj+1 is the largest letter of w not in v, and let v = v1 · · · vjv′ and
w = v1 · · · vjwj+1w

′. This gives us that u = v1 · · · vjw′. We now need to prove that

s = sup{iv, w} = iu

Since v ⊆ w, we have that v′ ⊆ w′ which implies that v′ ≤ w′ from the previous
proposition. Hence iv ≤ iu. We also have that w ≤ iu since v1 · · · vjwj+1 ≤ iv1 · · · vj,
which yields s ≤ iu. It is easy to check that if s ≥ iv and s ≥ w then s ≥ iu, which
proves the proposition.
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Recall that TabB stands for the set of semi-standard tableaux in the alphabet B. In
the remainder of this chapter, a tableau T will always be such that either T ∈ TabA or
T ∈ Tab{1,...,N}. Given a tableau T , we let w(T ) be the word obtained by reading the
entries of T from left to right and from bottom to top. We then let W (T ) be the set
of decreasing subwords of w(T ). We will also let Tr be the subtableau of T obtained
by considering only the columns of T weakly to the right of column r. Finally, if
T ∈ TabA, we will let Ŵ (T ) be the set of decreasing subwords of w(T ) that only have
letters in Â.

Example 2.3.7. Let

T =
1 3 3 2̂
2 1̂ 3̂

Then w(T ) = 21̂3̂1332̂, and

W (T ) = {3̂2̂, 3̂3, 3̂1, 1̂3, 1̂1, 21, 3̂, 2̂, 1̂, 3, 2, 1},

Ŵ (T ) = {3̂2̂, 3̂, 2̂, 1̂}.

Recall that the words w and u are said to be Knuth equivalent if w can be obtained
from u by a sequence of elementary Knuth transformation (K ′) or (K ′′):

(K ′) : yxz ≡ yzx, for x < y ≤ z

(K ′′) : xzy ≡ zxy, for x ≤ y < z

Lemma 2.3.5. If w1 ≡ w2, then

supW (w1) = supW (w2)

Proof. It suffices to prove the lemma for w1 and w2 only differing by an elementary
Knuth transformation.

First suppose that w1 and w2 differ by an elementary Knuth transformation (K ′),
that is, that w1 = u · yxz · v, and w2 = u · yzx · v with x < y ≤ z. If w ∈ W (w1), it is
immediate that w ∈ W (w2). Hence,

supW (w1) ≤ supW (w2).

Now suppose that w ∈ W (w2). If w does not contain the subword zx, then it is
obvious that w ∈ W (w1). Therefore, assume that w contains the subword zx, and let
w = u1zxv1 with u1 a subword of u and v1 a subword of v. In this case, we have that
u1yxv1 and u1z both belong to W (w1). Since sup{u1yxv1, u1z} = w, we thus get that
w ≤ supW (w1). This implies that

supW (w2) ≤ supW (w1).

and we have proven that supW (w1) = supW (w2) when w1 and w2 differ by an ele-
mentary Knuth transformation (K ′).
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It remains to consider the case where w1 and w2 differ by an elementary Knuth
transformation (K ′′), that is, w1 = u · xzy · v, w2 = u · zxy · v with x ≤ y < z. If
w ∈ W (w1), it is again immediate that w ∈ W (w2). Hence

supW (w1) ≤ supW (w2)

Suppose the w ∈ W (w2). If w does not contain the subword zx, then w also belongs
to W (w1). We thus assume that w contains the subword zx. We let w = u1zxv1 with
u1 a subword of u and v1 a subword of v. We have in this case that w ≤ u1zyv1 with
u1zyv1 ∈ W (w1). Therefore

supW (w2) ≤ supW (w1),

and we have proven that supW (w1) = supW (w2) when w1 and w2 differ by an ele-
mentary Knuth transformation (K ′′). This concludes the proof.

In Proposition 2.3.2, Rc(T ) corresponds to the set of all entries in any column of
length c of K+(T ). It will be more convenient for our purposes to use descending
words instead of sets, and to index according to the columns of K+(T ) instead of to
their lengths.

Definition 2.3.4. Suppose that T has l columns. For i = 1, . . . , l, we let Ci(T ) be
the decreasing word whose letters are the entries in column i of K+(T ).

Example 2.3.8. Let

T =
1 3 4
2 6
5

as in example 2.3.6. Then

K+(T ) =
1 4 4
4 6
6

,

hence C1(T ) = 641, C2(T ) = 64 and C3(T ) = 4.

Proposition 2.3.6. For any tableau T , we have that

supW (T ) = supK+(T ) = C1(T )

Proof. It is obvious that supK+(T ) = C1(T ) given that every column of K+(T ) is
contained in the first column of K+(T ).

Let c1, . . . , cl be the lengths of the columns of T (in weakly decreasing order).
Consider the unique skew tableau S ∈ Sℓ(T ) in compact form whose column lengths
are cl, . . . , c1 (that is, in weakly increasing order). Since S rectifies to T , we have
that w(T ) ≡ w(S). By Lemma 2.3.5, we thus have that supW (T ) = supW (S).
Therefore, we only have left to prove that C1(T ) = supW (S). Now, by definition
of K+(T ), the rightmost column of S is Rc1(T ). But since S is in compact form



38 CHAPTER 2. THE m-SYMMETRIC FUNCTIONS

and cl, . . . , c1 is a weakly increasing sequence, we have that the bottom entry in each
column of S lies in the same row as the bottom entry of its rightmost column Rc1(T )
(considered as a column instead of as a set), that is, S is a counter-tableau (refer to
Example 2.3.5). Since the rows are weakly increasing in S, it is then obvious that
supRc1(T ) = supW (S). The proposition follows immediately given that C1(T ) =
supRc1(T ).

Let c1, . . . , cl be the lengths of the columns of T (in weakly decreasing order). By
definition of K+(T ), the first column of T does not play any role in how the right keys
Rc2(T ), . . . ,Rℓ(T ) are constructed. Hence, we also have that supW (T2) = C2(T ).
Generalizing this idea, we get the following proposition.

Proposition 2.3.7. Let T be a tableau with l columns. We have that

supW (Tk) = Ck(T ) for every 1 ≤ k ≤ l

2.4 Key tableaux and (dual) m-symmetric Schur

functions at t = 0.

Given a composition α = (α1, . . . , αN), let σ be the shortest permutation in SN such
that

α+ = (ασ(1), . . . , ασ(N))

is dominant. We can associate a right key tableau K+(α) of shape α
+ in the following

way: if column k ofK+(α) is of length r, then it is filled with the entries σ(1), . . . , σ(r).
We say that two tableaux P and Q of the same shape λ are such that P ≤ Q iff

P (i, j) ≤ Q(i, j) for any (i, j) ∈ λ. It is known that the key polynomials have the
following expansion:

Kα(x1, . . . , xN) =
∑
T

xT

where the sum is over all tableaux T ∈ Tab{1,...,N} of shape α+ such that K+(T ) ≤
K+(α). In view of Proposition 2.2.2, we have that the dual m-symmetric Schur func-
tions at t = 0 are given by

s∗Λ(x1, . . . , xN) = K(0N−ℓ,λℓ,...,λ1,am,...,a1)(x1, . . . , xN , x̂1, . . . , x̂m)
∣∣
x̂1=x1,...,x̂m=xm

(2.4.1)

It is thus natural to define, for Λ = (a1, . . . , am;λ), the key tableau

K∗
+(Λ) = K+(γ)

where γ = (0N−ℓ, λℓ, . . . , λ1, am, . . . , a1). In this case, γ+ = Λ(0), which is the partition
corresponding to the diagram of Λ without its circles. This way, after defining

S∗(Λ) = {T ∈ TabA(Λ
(0)) : K+(T ) ≤ K∗

+(Λ)} (2.4.2)
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we get that the dual m-symmetric Schur function at t = 0 is given by

s∗Λ(x1, . . . , xN) =
∑

T∈S∗(Λ)

xT
∣∣
x̂1=x1,...,x̂m=xm

(2.4.3)

Note that it is understood in the previous equation that, in T , to an entry i ∈ Â
corresponds a factor x̂i in x

T . It is also understood that if N − ℓ < 0, then the key
tableau K∗

+(Λ) does not exist for that N and the corresponding dual m-symmetric
Schur function is equal to 0.

In the definition (2.4.2) of S∗(Λ), the condition K+(T ) ≤ K∗
+(Λ) can never be

violated in any position of K∗
+(Λ) occupied by a letter that does not belong to Â. It

is thus sufficient to restrict ourselves to the positions occupied by the letters 1̂, . . . , m̂
in K∗

+(Λ), which we write as

S∗(Λ) =
{
T ∈ TabA(Λ

(0)) : K+(T ) ≤ K∗
+(Λ)

∣∣
{1̂,...,m̂}

}
(2.4.4)

In order not to lose any generality, we will also define

s∗Λ(x1, . . . , xN ; x̂1, . . . , x̂m) = K(0N−ℓ,λℓ,...,λ1,am,...,a1)(x1, . . . , xN , x̂1, . . . , x̂m) =
∑

T∈S∗(Λ)

xT

(2.4.5)
It is not too difficult to see that the key tableau K∗

+(Λ) can be easily extracted
from the m-partition Λ.

Lemma 2.4.1. The key tableau K∗
+(Λ) is the unique tableau such that, for l =

1, . . . ,m, every column to the left of the circle filled with an m + 1 − l contains a
letter l̂ ∈ Â and such that the remaining cells (supposing that there are k of them in
a given column) are filled with the letters N,N − 1, . . . , N − k + 1 (if N − k + 1 ≤ 0,
then the key tableau K∗

+(Λ) does not exist for that N).

We also need to introduce another key tableau associate to Λ. As we will see, it is
essentially dual to K∗

+(Λ).

Definition 2.4.1. The key tableau K+(Λ) is the unique tableau such that, for i =
1, . . . ,m, every column to the left of the circle filled with an i contains a letter i and
such that the remaining cells (supposing that there are k of them in a given column)
are filled with the letters N,N − 1, . . . , N − k + 1 (if N − k + 1 ≤ 0, then the key
tableau K+(Λ) does not exist for that N).

Example 2.4.1. Let m = 4 and

Λ =

m3m1
m4

m2



40 CHAPTER 2. THE m-SYMMETRIC FUNCTIONS

Then

K∗
+(Λ) =

N̄ N N 2̂ 2̂ 2̂
N 1̂ 2̂ 4̂
1̂ 2̂ 4̂
2̂ 4̂
4̂

and

K+(Λ) =

1 1 1 1 3 3
3 3 3 3
4 4 N

N̄ N
N

where N̄ = N − 1.

Remark 2.4.1. It is immediate that if the entries in column k of K+(Λ) are {l1, . . . , lr}
then those in column k of K∗

+(Λ) are {l∗1, . . . , l∗r}, where l∗ = m̂+1̂− l̂ if l ∈ {1, . . . ,m}
and l∗ = l otherwise. The map ∗ : {1, . . . , N} → A, l 7→ l∗ will be called the ∗-
operation.

The following set will prove to be important:

S(Λ) =
{
T ∈ Tab{1,...,N}(Λ

(0)) : K+(T )
∣∣
m
= K+(Λ)

∣∣
m

}
(2.4.6)

where Q|m refers to the skew tableau obtained from Q by only considering the letters
1, . . . ,m. From this set, we define the functions

sΛ(x1, . . . , xN) =
∑

T∈S(Λ)

xT (2.4.7)

The relevance of the functions sΛ(x1, . . . , xN) will become clear later when we prove
that they correspond to the case t = 0 of them-symmetric Schur function sΛ(x1, . . . , xN ; t).

Remark 2.4.2. Suppose that T ∈ Tab{1,...,N} has ai occurrences of the letter i, for
i = 1, . . . ,m. Observe that there is a unique key tableau in Tab{1,...,m} with such
occurrences of the letter i, for i = 1, . . . ,m, and that this key tableau corresponds to
K+(Λ)

∣∣
m
. That is, to any T ∈ Tab{1,...,N} corresponds a uniquem-partition Λ, denoted

Λ(T ), such that K+(T )
∣∣
m

= K+(Λ)
∣∣
m
. The m-partition Λ(T ) can also be obtained

explicitly in the following way. Suppose that T has shape µ. For i = 1, . . . ,m, let ai
be the number of i’s in the key tableau K+(T ). We define Λ(T ) to be the m-partition
whose diagram is obtained from µ by adding a circle filled with a 1 in the uppermost
row of size a1, and then adding a circle filled with a 2 in the uppermost row of size
a2 that does not already contain a circle, and so on until the m circles have been
added. It is indeed possible to do this process because K+(T ), being a key tableau,
has columns that are contained into each other. Therefore, if the letter i appears
ai times in K+(T ), then they have to occur in the first ai columns of K+(T ), which
implies that column ai + 1 of K+(T ) is shorter than column ai.
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From the previous remark, we immediately get that S(Λ) can be rewritten in a
simplified form as

S(Λ) =
{
T ∈ Tab{1,...,N} : Λ(T ) = Λ

}
(2.4.8)

Example 2.4.2. Let N = 2, m = 1 and

Λ = m1
then the tableaux contributing to s∗Λ(x) are:

1 1
2

1 2
2

1 1

1̂

1 2

1̂

2 2

1̂
(2.4.9)

so
s∗Λ(x1, x2; x̂1) = x21x2 + x1x

2
2 + x21x̂1 + x1x2x̂1 + x22x̂1 and

s∗Λ(x1, x2) = s∗Λ(x1, x2;x1) = 2x21x2 + 2x1x
2
2 + x31

And there is a single tableau
1 2
2

contributing to sΛ(x), so sΛ(x) = x1x
2
2. On the other hand, if we let N = 3, the

tableaux contributing to sΛ(x) are

1 2
2

1 3
2

1 3
3

(2.4.10)

so
sΛ(x1, x2, x3) = x1x

2
2 + x1x2x3 + x1x

2
3

2.4.1 Admissible pairs

As we seek to prove that

1[∏
i+j≤m+1(1− xiŷj)

] [∏N
i,j=1(1− xiyj)

] =
∑
Λ

sΛ(x1, . . . , xN)s
∗
Λ(y1, . . . , yN ; ŷ1, . . . , ŷm)

(2.4.11)
the elements in

Gm =
⋃
Λ

(S(Λ)× S∗(Λ)) (2.4.12)

will prove fundamental. We will say that the pair of tableaux (P,Q) is admissible if
(P,Q) ∈ Gm. We will now establish some notation.

For a Q ∈ Tab{1,...,N}, we let K∗
+(Q) ∈ TabA be the tableau obtained by applying

the ∗-operation described in Remark 2.4.1 on the entries in the columns of K+(Q)
(and then reordering the entries so that the columns are that of a tableau).
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Recall that Cr(T ) is the descending word corresponding to column r of the key
tableau K+(T ).

For a tableau P ∈ TabA, we let Ĉr(P ) be the subword of Cr(P ) obtained by keeping
only the letters in Â.

For a tableau Q ∈ Tab{1,...,N}, we let C∗r (Q) be the word obtained by applying
the ∗-operation on the letters of Cr(Q) and then reordering the letters so that the
resulting word is decreasing. We will then let Ĉ∗r (Q) be the subword of C∗r (Q) obtained
by keeping only the letters in Â.

Example 2.4.3. Let m = 4 and

T =
1 1 2
2 5
3

.

In this case

K+(T ) =
1 2 2
2 5
5

,

hence C1(T ) = 521, C2(T ) = 52 and C3(T ) = 2. Then C∗1(T ) = 4̂3̂5, C∗2(T ) = 3̂5,
C∗3(T ) = 3̂ and Ĉ∗1(T ) = 4̂3̂, Ĉ∗2(T ) = 3̂, Ĉ∗3(T ) = 3̂

We also recall that for P ∈ TabA, Ŵ (P ) stands for the set of subwords of w(P )
that only have letters in Â.

The following criteria for the admissibility of (P,Q) will be used again and again.

Proposition 2.4.2. Let P ∈ TabA and Q ∈ Tab{1,...,N} be two tableaux of the same
shape. Let also l be the number of columns in P (and Q). The following statements
are all equivalent to the admissibility of (P,Q):

1. K+(P ) ≤ K∗
+(Q)

∣∣
{1̂,...,m̂}

2. Ĉr(P ) ≤ Ĉ∗r (Q) for all r = 1, . . . , l.

3. sup Ŵ (Pr) ≤ Ĉ∗r (Q) for all r = 1, . . . , l.

Proof. Suppose that Λ(Q) = Λ. Since K+(Q)
∣∣
m
= K+(Λ)

∣∣
m
, we then get after apply-

ing the ∗-operation that K∗
+(Q)

∣∣
{1̂,...,m̂} = K∗

+(Λ)
∣∣
{1̂,...,m̂}. Hence, using (2.4.4), we get

that (P,Q) is admissible if and only if K+(P ) ≤ K∗
+(Q)

∣∣
{1̂,...,m̂}.

Since Ĉr(P ) and Ĉ∗r (Q) are essentially the columns of K+(P ) and K
∗
+(Q), respec-

tively, restricted to their letters in Â, Statement 2 is equivalent to Statement 1.
By Proposition 2.3.7, we see that supW (Pr) = Cr(P ). Given that the elements of

Â are the largest elements of A and that A\Â is finite, this yields sup Ŵ (Pr) = Ĉr(P ),
and Statement 3 is equivalent to Statement 2.
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2.4.2 Behavior of the recording tableau

Understanding the behavior of Ĉ∗r (Q) will prove crucial. We first start by a general
observation. We say that Ĉ∗r (Q) is maximal if its length is equal to that of column r
of Q.

Remark 2.4.3. Suppose that Q ∈ Tab{1,...,N} is a tableau whose largest entry is not
larger than m. Then all the letters in Q are smaller or equal to m, which implies that
Ĉ∗r (Q) is maximal for all r. Observe moreover that if Ĉ∗r (Q) is maximal then Ĉ∗t (Q) is
also maximal for all t ≥ r since Ĉ∗t (Q) is a subword of Ĉ∗r (Q).

We now describe explicitly how adding a new letter to Q affects Cr(Q).

Proposition 2.4.3. Suppose that Q ∈ Tab{1,...,N} is a tableau whose largest entry is
not larger than i. Then let Q′ be the tableau obtained from Q by adding a letter i in
column ℓ (we are supposing that it is possible to do so), where ℓ is such that there is
no letter i to the right of column ℓ in Q. We then have that

Cr(Q′) =


Cr(Q) if r > ℓ
iCr(Q) if r = ℓ
C ′r if r < ℓ

(2.4.13)

where C ′r is obtained from Cr(Q) by replacing by i the largest entry of Cr(Q) not in Cℓ(Q)
and then reordering the letters to get a decreasing word (observe that this amounts to
doing nothing if this largest entry is i).

Proof. Throughout the proof we will use the fact that supW (Tr) = Cr(T ) for any
tableau T , which is the content of Proposition 2.3.7.

It is obvious that W (Qr) = W (Q′
r) for all r > ℓ, which implies that supW (Qr) =

supW (Q′
r) in those cases.

If r = ℓ, we have that w ∈ W (Q′
ℓ) iff w ∈ W (Qℓ) or w = iw′ with w′ ∈ W (Qℓ).

This immediately gives that

supW (Q′
ℓ) = i supW (Qℓ)

as claimed.
Observe that if Wr(Q) contains a letter i, then Wr(Q) = Wr(Q

′) which implies
that we also have in this case that supW (Qr) = supW (Q′

r) (this corresponds to the
case where the largest entry of Cr(Q) is not in Cℓ(Q), which was commented at the
end of the proposition).

So suppose that r ≤ ℓ and that there is no i in W (Qr). There are two possibilities
for the words w ∈ W (Q′

r) : either w ∈ W (Qr) or w = iw′ with w′ ∈ W (Qℓ). Therefore

supW (Q′
r) = sup{supW (Qr), i supW (Qℓ)}

Since supW (Qℓ) ⊆ supW (Qr), the proposition follows immediately from Proposi-
tion 2.3.4.
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The previous proposition has the following consequence.

Corollary 2.4.4. If Q is a tableau that satisfies the conditions of Proposition 2.4.3
then

Cr(Q) ≤ Cr(Q′) for all r

The behavior of Ĉ∗r (Q) under the addition of a letter is somewhat more complicated.

Corollary 2.4.5. If i > m then

Ĉ∗r (Q′) =

{
Ĉ∗r (Q) if r ≥ ℓ

Ĉ ′r if r < ℓ

where Ĉ ′r is obtained from Ĉ∗r (Q) by deleting the smallest entry of C∗r (Q) not in C∗ℓ (Q),
if this entry belongs to Â (and by doing nothing otherwise).

If i ≤ m, then

Ĉ∗r (Q′) =


Ĉ∗r (Q) if r > ℓ

Ĉ∗r (Q)(m̂+ 1̂− î) if r = ℓ

Ĉ ′r if r < ℓ

where Ĉ ′r is obtained from Ĉ∗r (Q) by replacing by m̂+ 1̂− î the smallest entry of Ĉ∗r (Q)
not in Ĉ∗ℓ (Q) and then reordering the letters to get a decreasing word (observe that this
amounts to doing nothing if this smallest entry is m̂+ 1̂− î).

The analog of Corollary 2.4.4 is then the following (the case r = ℓ does not hold
because the length increases when going from Ĉ∗ℓ (Q) to Ĉ∗ℓ (Q′)).

Corollary 2.4.6. If Q is a tableau that satisfies the conditions of Proposition 2.4.13
then

Ĉ∗r (Q′) ≤ Ĉ∗r (Q) for all r ̸= ℓ

Remark 2.4.4. From 2.4.3, we know that we can compute K+(Q
′) from K+(Q), ℓ and

i, we don’t need more information about Q.

Example 2.4.4. Let m = 6, N ≥ m, and

Q =

1 2 2 3 4
2 3 4
4 5
5

Then

K+(Q) =

2 3 3 4 4
3 4 4
4 5
5

, its associated m-partition is Λ =

m4m3m5m2m1m6
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The tableau Q doesn’t contain an entry 6. Therefore, we may insert an 6 at the end
of the second row to get

Q′ =

1 2 2 3 4
2 3 4 6
4 5
5

Then its right key tableau is

K+(Q
′) =

2 3 4 4 4
3 4 6 6
4 6
6

and its associated m-partition is Λ′ =

m4m6m3m2m1m5
Remark 2.4.5. The case where we insert i with i > m can be visualized drawing i
circles with the usual rules. Once the construction is complete, we remove the circle
we remove the circles ℓ for m < ℓ ≤ i to get the diagram of Λ(Q).

2.4.3 The RSK algorithm and admissible pairs

Recall that the RSK insertion algorithm was defined in [28].
We will say that (P ′, Q′) = (P,Q) ←

(
i
j

)
is RSK-compatible if the following con-

ditions are satisfied

• (P,Q) and (P ′, Q′) are pairs of tableaux of the same shape in TabA×Tab{1,...,N}.

• P ′ = P ← j, the insertion of the letter j in P .

• Q is a subtableau of Q′, and the only cell in Q′/Q is filled with the letter i.

• No letter in Q is larger than i, and no letter i in Q occurs in a column to the
right of the column in which Q′/Q lies.

We will also say that the biletter
(
i
j

)
with j ∈ A and i ∈ {1, . . . , N} is admissible

if whenever j ∈ Â we have that j ≤ m̂+ 1̂− î.
The goal of this section is to show that[
(P,Q) and

(
i

j

)
are both admissible

]
⇐⇒ (P ′, Q′) is admissible (2.4.14)

where we recall that admissible pairs (P,Q) were defined after (2.4.12). This will a be a
consequence of Propositions 2.4.10, 2.4.13 and 2.4.15. Establishing those Propositions
will be quite technical, as it will rely on non-trivial properties of the words in Ŵ (P )
and Ŵ (P ′).

We first give a lemma that will provide very useful bounds on words.
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Lemma 2.4.7. Consider T ′ = T ← j, the insertion of the letter j in a tableau T . Let
ck−1, . . . , c2, c1, c0(= j) be the insertion path in T ′ (which ends in row k and column
ℓ). We have the following:

(1) For r ≤ ℓ, let w ∈ W (T ′
r) be such that w has a letter in the first k rows of T ′.

Then, w = ws · · ·w1 (with s ≥ k) is such that

wkwk−1 . . . w2w1 ≤ ck−1ck−2 . . . c1c0

(2) If w ∈ W (T ′
r) is such that wi is weakly to the left of cs (in the same row) for some

cs in the insertion path, and such that wi, wi−1, . . . , wℓ+1−i are in consecutive rows
(all within the first k rows of T ) then

wiwi−1 · · ·wℓ+1−i ≤ cscs−1 · · · cℓ+1−s.

Proof. We will only prove (1), as (2) can be proven in a similar fashion.
The letter ck−1 is the largest entry in row k of T ′ since it is the endpoint of the

insertion algorithm. Hence, wk ≤ ck−1. By the insertion algorithm, ck−2 is the largest
entry smaller than ck−1 in row k − 1 of T ′. This implies that wk−1 ≤ ck−2 since
otherwise we would have the contradiction wk−1 ≥ ck−1 ≥ wk (recall that w is a
decreasing word since it belongs to W (T ′

r)). By the same reasoning, we conclude that
wk−2 ≤ ck−3, . . . , w2 ≤ c1, w1 ≤ c0(= j).

The following two propositions will allow to construct from a word w ∈ W (P ′
r) a

word v ≥ w that almost belongs to W (Pr) (it belongs to W (Pr) if we do not consider
its last letter).

Proposition 2.4.8. Let ck−1, . . . , c2, c1, c0(= j) be the insertion path of P ′ = P ← j.
Given a word w = wt · · ·w1 ∈ W (P ′

r), let p be the largest integer such that wp intersects
the insertion path (if there is no such integer then p = 1). Let v = wt · · ·wpvp−1 · · · v1 ∈
W (P ′

r), where vp−1 · · · v1 is defined in the following way: if wi lies in row s+1 weakly
to the left (in the same row) of cs, then let vi = cs. Otherwise, let vi = wi. We then
have that w ≤ v, with either v ∈ W (Pr) or v = uj for some u ∈ W (Pr). Observe
that the proposition still holds if W is replaced everywhere by Ŵ given that for any
w ∈ Ŵ (P ′

r), the relation w ≤ v implies that v also belongs to Ŵ (P ′
r).

Proof. We first show that v is decreasing. The only case which could potentially be
problematic is when vi+1 = wi+1 and vi = cs. Since wi+1 is to the right of the insertion
path, we have that wi+1 is in the row (and to the right) of some ct. Hence, we have
by the insertion algorithm that vi = cs < ct ≤ wi+1 = vi+1. It is then immediate
by construction that w ≤ v. Since all the cs’s belong to P ′

r we then conclude that
v ∈ W (P ′

r).
All the vi’s (except possibly v1 = c0 = j) belong to Pr. We will thus have that

v ∈ W (Pr) or v = uj with u ∈ W (Pr) if we can show that they belong to distinct
rows in Pr. The only case to check is when vi = cs and vi−1 = wi−1 since in this case
cs lies in Pr one row above its position in P ′

r. But by Lemma 2.4.7, wi−1 cannot be in
the row that follows that of wi, since otherwise we would have the contradiction that
wi−1 ≤ cs−1 < cs (that is, wi−1 would not be to the right of the insertion path).
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Example 2.4.5. Let

P =
1 2 4 5
3
6

and j = 3.

Then

P ′ =
1 2 3 5
3 4
6

,

with the insertion path highlighted in blue.

Let w ∈ W (P ′
1) as

1 2 3 5
3 4
6

then the previous procedure gives us v ∈ W (P ′
1) as

the word highlighted in red
1 2 3 5
3 4
6

, and v = uj with u ∈ W (P1).

If instead, we had chosen w ∈ W (P ′
1) be the work highlighted in red

1 2 3 5
3 4
6

,

then v = w ∈ W (P ′
1) doesn’t intersect the insertion path, thus v ∈ W (P1).

The previous proposition can be stated more simply in special cases.

Proposition 2.4.9. Let ck−1, . . . , c2, c1, c0(= j) be the insertion path of P ′ = P ← j.
Given a word w = wt · · ·w1 ∈ W (P ′

r) that does not have any entry below row k, then
let v = vt · · · v1 ∈ W (P ′

r) be constructed in the following way: if wi lies in row s + 1
weakly to the left (in the same row) of cs, then let vi = cs. Otherwise, let vi = wi. We
then have that w ≤ v, with either v ∈ W (Pr) or v = uj for some u ∈ W (Pr). Observe
that the proposition still holds if W is replaced everywhere by Ŵ given that for any
w ∈ Ŵ (P ′

r), the relation w ≤ v implies that v also belongs to Ŵ (P ′
r).

Example 2.4.6. Let

P =
1 2 4 5
3 7
6

and j = 3.

Then

P ′ =
1 2 3 5
3 4
6 7

,

with the insertion path highlighted in blue.

Let w ∈ W (P ′
1) be the work highlighted in red

1 2 3 5
3 4
6 7

, then v = uj = 643

with u ∈ W (P1) highlighted in red
1 2 3 5
3 4
6 7

, then v = uj = 643 with u ∈ W (P1),

and w = 632 ≤ 743 = v.
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If instead, we had chosen w ∈ W (P ′
1) as

1 2 3 5
3 5
6 7

then v would simply be the

word highlighted on red
1 2 3 5
3 5
6 7

, the inequality holds and also v ∈ W (P1).

We are now in a position to show the forward implication ( =⇒ ) in (2.4.14).

Proposition 2.4.10. Let (P ′, Q′) = (P,Q) ←
(
i
j

)
be RSK-compatible. If (P,Q) and(

i
j

)
are both admissible, then (P ′, Q′) is also an admissible pair.

Proof. From Proposition 2.4.2, we need to show that, for all r, any w ∈ Ŵ (P ′
r) is such

that w ≤ Ĉ∗r (Q′). By Proposition 2.4.8, we can find a v ∈ Ŵ (P ′
r) such that w ≤ v,

where either v ∈ Ŵ (Pr) or v = uj with u ∈ Ŵ (Pr). Note that (P,Q) being admissible
implies that any w′ ∈ Ŵ (Pr) is such that w′ ≤ Ĉ∗r (Q) given that sup Ŵ (Pr) ≤ Ĉ∗r (Q)
(see Proposition 2.3.7). We will also assume that ck−1, . . . , c2, c1, c0(= j) is the insertion
path of P ′ = P ← j.

First suppose that i > m and r ≥ ℓ. In this case, we have by Corollary 2.4.5, that
Ĉ∗r (Q′) = Ĉ∗r (Q). If v ∈ Ŵ (Pr), it is then immediate that w ≤ v ≤ Ĉ∗r (Q) = Ĉ∗r (Q′).
In the case v = uj, we have that the inequality j ≤ m̂ + 1̂ − î (stemming from the
admissibility of the biletter

(
i
j

)
) can never be satisfied for any j ∈ Â (we are assuming

that i > m), which implies that j ̸∈ Â. Therefore, w ≤ uj can only hold if w ≤ u
since w ∈ Ŵ (P ′

r). We thus have that w ≤ u ≤ Ĉ∗r (Q) = Ĉ∗r (Q′), as wanted.
The case i > m and r < ℓ will be treated at the end of the proof.

We now consider the case i ≤ m. We first let r > ℓ, in which case Ĉ∗r (Q′) = Ĉ∗r (Q)
by Corollary 2.4.5. If v ∈ Ŵ (Pr), it is immediate that w ≤ v ≤ Ĉ∗r (Q) = Ĉ∗r (Q′).
Hence, consider v = uj with v ∈ Ŵ (Pr). If j ̸∈ Â, then we have as before that
w ≤ u ≤ Ĉ∗r (Q) = Ĉ∗r (Q′). Now suppose that j ∈ Â and that Pr has s rows. Then,
cscs−1 · · · c1 ∈ Ŵ (Pr) since all the letters in the insertion path are larger than j ∈
Â. We thus have that Ĉ∗r (Q) = asas−1 · · · a1 for some word asas−1 · · · a1 such that
cscs−1 · · · c1 ≤ asas−1 · · · a1. Since u has at most s − 1 entries and j = c0 < c1 ≤ a1,
we have that uj ≤ asas−1 · · · a1. Hence w ≤ uj ≤ Ĉ∗r (Q) = Ĉ∗r (Q′) as desired.

If r = ℓ, we have by Corollary 2.4.5 that Ĉ∗ℓ (Q′) = Ĉ∗ℓ (Q)a0 with a0 = m̂ + 1̂ − î,
which implies that Ĉ∗ℓ (Q) ≤ Ĉ∗ℓ (Q′). If v ∈ Ŵ (Pℓ), it is thus immediate that w ≤ v ≤
Ĉ∗ℓ (Q) ≤ Ĉ∗ℓ (Q′). Similarly, if v = uj and j ̸∈ Â, we have again that w ≤ u ≤ Ĉ∗ℓ (Q) ≤
Ĉ∗ℓ (Q′). We thus only have left to consider the case v = uj and j ∈ Â. But in this
case, we immediately get that w ≤ uj ≤ Ĉ∗r (Q)a0 since j ≤ a0 = m̂ + 1̂ − î by the
admissibility of

(
i
j

)
.

Now, suppose that r < ℓ. If column r of Q has length t, then we know by
Remark 2.4.3 (recall that we are in the case i ≤ m) that Ĉ∗r (Q) is also of length t. Let
Ĉ∗ℓ (Q) = ak−1 · · · a1 and Ĉ∗r (Q) = bt · · · bs+1bsas−1 · · · a1 with as−1 < bs < as (Ĉ∗ℓ (Q) is a
subword of Ĉ∗r (Q) since they are columns of a key tableau), so that bs is the smallest
letter in Ĉ∗r (Q) that is not in Ĉ∗ℓ (Q). By Corollary 2.4.5, we thus have in this case that

Ĉ∗r (Q′) = bt · · · bs+1as−1 · · · a1a0
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where a0 = m̂ + 1̂ − î. Suppose that v ∈ Ŵ (Pr). Given that v ≤ Ĉ∗r (Q), in order
to show that v ≤ Ĉ∗r (Q′) it suffices to check that if v = vt · · · vs, then vs ≤ as−1. Let
v′ = vk · · · vs. Given that vk lies in a row weakly above row k, using the construction
in Proposition 2.4.9, we have that vk · · · vs ≤ xk · · · xs with xk · · ·xs ∈ Ŵ (Pℓ). This
implies that xk · · ·xs ≤ Ĉ∗ℓ (Q) = ak−1 · · · a1. Hence vs ≤ xs ≤ as−1 as wanted, which
gives that w ≤ v ≤ Ĉ∗r (Q′). In the case, v = uj with u ∈ Ŵ (Pr), we have similarly
that u ≤ Ĉ∗r (Q′). Given that j ≤ m̂+ 1̂− î = a0 by the statement of the theorem, we
have that w ≤ uj ≤ Ĉ∗r (Q′).

Finally, suppose that i > m and r < ℓ. This this case, we have by Corollary 2.4.5,
that Ĉ∗r (Q′) = Ĉ ′r, where Ĉ ′r is obtained from Ĉ∗r (Q) by deleting the smallest entry of
C∗r (Q) not in C∗ℓ (Q). If this entry is not in Â, then Ĉ ′r = C∗r (Q) and we can proceed as
the previous step. Assume that the entry is in Â, in this case we can proceed as we
did in the case i ≤ m and r < ℓ.

Before being able to show the backward implication (⇐=) in (2.4.14), we need a
few elementary results. The first is an easy consequence of Lemma 2.3.5.

Lemma 2.4.11. Given a tableau P and a letter j, let P ′ = P ← j be such that the
insertion path ends in column ℓ. For all r ≤ ℓ we have that supW (Pr) ≤ supW (P ′

r)
and that sup Ŵ (Pr) ≤ sup Ŵ (P ′

r).

Proof. If r ≤ ℓ, then w(Pr)j is Knuth equivalent to w(P ′
r). Since W (Pr) ⊂ W (Pr) ∪

W (Pr)j, we then have from Lemma 2.3.5 that

supW (Pr) ≤ sup
(
W (Pr) ∪W (Pr)j

)
= supW (P ′

r)

The proof is the same when we replace W by Ŵ .

The next lemma will allow us to assume that the length of the words in w ∈ Ŵ (Pr)
is not larger than the length of Ĉ∗r (Q) when i ≤ m. The case i > m will be deduced
as a corollary of proposition 2.4.13.

Lemma 2.4.12. Let (P ′, Q′) = (P,Q)←
(
i
j

)
be RSK-compatible, with i ≤ m. Suppose

that, for a given r, there exists a word w ∈ Ŵ (Pr) whose length is larger than the length
of Ĉ∗r (Q). Then the pair (P ′, Q′) is not admissible.

Proof. By Remark 2.4.3, if i ≤ m, we have that the length of Ĉ∗r (Q) is equal to the
length of column r of Q. Since P and Q have the same shape, it is thus impossible to
find a word w ∈ Ŵ (Pr) whose length is larger than the length of Ĉ∗r (Q).

The next two propositions will prove the backward implication (⇐=) in (2.4.14).

Proposition 2.4.13. Let (P ′, Q′) = (P,Q) ←
(
i
j

)
be RSK-compatible. If the pair

(P,Q) is not admissible, then neither is the pair (P ′, Q′).
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Proof. For a decreasing word w = w1 · · ·wℓ, it will be convenient to use the notation
(w)s = ws.

Suppose that sup Ŵ (Pr) ̸≤ Ĉ∗r (Q) and first consider that r < ℓ, where ℓ is the
column of the cell in Q′/Q. In this case, we get from Lemma 2.4.11 that sup Ŵ (Pr) ≤
sup Ŵ (P ′

r). This implies that sup Ŵ (P ′
r) ̸≤ Ĉ∗r (Q′) since otherwise we would get the

contradiction from Corollary 2.4.6 that

sup Ŵ (Pr) ≤ sup Ŵ (P ′
r) ≤ Ĉ∗r (Q′) ≤ Ĉ∗r (Q)

We now consider the case r = ℓ. We have again in this case that w(P ′
ℓ) is Knuth

equivalent to w(Pℓ)j, which implies that sup Ŵ (Pℓ) ≤ sup Ŵ (P ′
ℓ) by Lemma 2.4.11.

If we suppose that sup Ŵ (P ′
ℓ) ≤ Ĉ∗r (Q′), then we get from Corollary 2.4.5 that

sup Ŵ (Pℓ) ≤ sup Ŵ (P ′
ℓ) ≤ Ĉ∗ℓ (Q′) = Ĉ∗ℓ (Q)(m̂+ 1̂− î) if i ≤ m

or
sup Ŵ (Pℓ) ≤ sup Ŵ (P ′

ℓ) ≤ Ĉ∗ℓ (Q′) = Ĉ∗ℓ (Q) if i > m

In the first case, using the previous lemma, we can assume that there is no word
w ∈ Ŵ (Pr) whose length is larger than the length of Ĉ∗r (Q) since otherwise (P ′, Q′)
would not be admissible. Hence we can assume that, for all r, the length of sup Ŵ (Pr)
is not larger than the length of Ĉ∗r (Q).

In both cases, it leads to the contradiction that sup Ŵ (Pℓ) ≤ Ĉ∗ℓ (Q) given that by
assumption the length of sup Ŵ (Pℓ) is not larger than the length of Ĉ∗ℓ (Q). Hence, we
conclude that sup Ŵ (P ′

ℓ) ̸≤ Ĉ∗ℓ (Q′).
We finally consider the case r > ℓ. Since supW (Pr) ̸≤ Ĉ∗r (Q), we can suppose

that (sup Ŵ (Pr))s > (Ĉ∗r (Q))s for some s. Let w = ws . . . w1 ∈ Ŵ (Pr) be such that
(w)s = w1 = (sup Ŵ (Pr))s. If w does not intersect the insertion path, then w ∈ Ŵ (P ′

r),
which implies that

(sup Ŵ (P ′
r))s ≥ (w)s = (sup Ŵ (Pr))s > (Ĉ∗r (Q))s ≥ (Ĉ∗r (Q′))s

from Corollary 2.4.6. We thus have that supW (P ′
r) ̸≤ Ĉ∗r (Q′) in that case.

Finally, suppose that w intersects the insertion path ck−1 . . . c1 in P . Let t be the
smallest integer such that wt intersects the insertion path, and suppose that wt = cp−1.
Observe that the entry wt lies in row p− 1 in P while it lies in row p in P ′.

We consider the word u = ck−1 · · · cpwt · · ·w1 of length (k − p) + t. The word u
is decreasing since ck−1 · · · c1 is decreasing, w is decreasing and cp > cp−1 = wt. We

also have that u ∈ Ŵ (P ′
ℓ) since wt lies in the row above that of cp in P ′ and since

wt−1, . . . , w1 belong to P ′ given that they do not intersect the insertion path.
Suppose that Pr has q rows. Within rows q and p+1 of P ′ lie the decreasing words

cq−1 . . . cp and ws . . . wt+1. Since the former has a letter in each of those rows, we have
that s− t ≤ q − p, or equivalently, that k − q + s ≤ k − p+ t. Since u is a decreasing
word, we thus have that (u)k−q+s ≥ (u)k−p+t = w1 = (w)s. Because u ∈ Ŵ (P ′

ℓ), this

means that (sup Ŵ (P ′
ℓ))k−q+s ≥ (u)k−q+s ≥ (w)s. Hence, Proposition 2.4.3 yields that

(sup Ŵ (P ′
ℓ))k−q+s ≥ (w)s > (Ĉ∗r (Q))s ≥ (Ĉ∗r (Q′))s ≥ (Ĉ∗ℓ (Q′))k−q+s
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which implies that sup Ŵ (P ′
ℓ) ̸≤ Ĉ∗ℓ (Q′). Note that (Ĉ∗r (Q′))s ≥ (Ĉ∗ℓ (Q′))k−q+s since

Ĉ∗r (Q′) is a subword of Ĉ∗ℓ (Q′) and since the difference in length between the two words
is at most k − q.

Corollary 2.4.14. Let (P ′, Q′) = (P,Q)←
(
i
j

)
be RSK-compatible. Suppose that, for

a given r, there exists a word w ∈ Ŵ (Pr) whose length is larger than the length of
Ĉ∗r (Q). Then the pair (P ′, Q′) is not admissible.

Example 2.4.7. Let m = 3,

(P,Q) =

(
2̂ 3̂
3̂

,
1 1
3

)
and (i, j) = (4, 1).

Then C∗1(Q) = 3̂1̂ so 3̂2̂ ∈ W (P1) breaks the condition.

(P ′, Q′) =

 1 3̂
2̂
3̂

,
1 1
3
4


Observe that (4, 1) doesn’t create any problems as its an admissible pair. We can pick

the word w highlighted in red
1 3̂
2̂
3̂

. Observe C∗1(Q′) = 3̂1̂ so 3̂2̂ ∈ W (P ′
1) breaks the

condition.

Example 2.4.8. Let m = 3,

(P,Q) =

(
2̂ 3̂
3̂

,
1 1
4

)
and (i, j) = (5, 1).

Then C∗1(Q) = 3̂ so 3̂2̂ ∈ W (P1) breaks the condition because it is larger than it.

(P ′, Q′) =

 1 3̂
2̂
3̂

,
1 1
4
5


Observe that (5, 1) doesn’t create any problems as its an admissible pair. We can pick

the word w highlighted in red
1 3̂
2̂
3̂

. Observe that C∗1(Q′) = 3̂ so 3̂2̂ ∈ W (P ′
1) breaks

the condition.

Proposition 2.4.15. Let (P ′, Q′) = (P,Q) ←
(
i
j

)
be RSK-compatible. If the biletter(

i
j

)
is not admissible then neither is the pair (P ′, Q′).
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Proof. First observe that j ∈ Â since
(
i
j

)
is not admissible. Now, let ck−1, . . . , c1, c0(=

j) be the insertion path. Given that j ∈ Â, ck−1 . . . c1j is a word of length k in
Ŵ (P ′

ℓ), where ℓ is the column of the cell in Q′/Q. If i ≤ m, we then have that
j > m̂ + 1̂ − î since

(
i
j

)
is not admissible. Hence, (P ′, Q′) is not admissible since

(sup Ŵ (P ′
ℓ))k ≥ j > m̂+1̂−î = (Ĉ∗ℓ (Q′))k by Remark 2.4.3 and Corollary 2.4.5. Finally,

if i > m, we have that the length of Ĉ∗ℓ (Q′) is smaller than k by Corollary 2.4.5 (which
says that the length of Ĉ∗ℓ (Q′) is that of Ĉ∗ℓ (Q)). Hence, (P ′, Q′) cannot be admissible
given that sup Ŵ (P ′

ℓ) has length k.

2.4.4 The RSK correspondence and its consequences

An admissible biword is a biword of the form

(
i1 i2 · · · ir
j1 j2 · · · jr

)
where every biletter(

ik
jk

)
is admissible. The order of the biletters in the biword is irrelevant. The biword

is in lexicographic order if i1 ≤ i2 ≤ · · · ≤ ir and jk ≤ jk+1 whenever ik = ik+1.
The following families of biwords will be useful.

• BA is the set of biwords in the admissible biletters
(
i
j

)
• BÂ is the set of biwords in the admissible biletters

(
i
j

)
such that j ∈ Â

• B{1,...,N} is the set of biwords in the biletters
(
i
j

)
such that i, j ∈ {1, . . . , N}

• B̄A is the set of biwords in the biletters
(
i
j

)
such that i ∈ {1, . . . , N}, and j ∈ A

(without any admissibility condition).

The RSK correspondence provides a bijection between the set of biwords in B̄A
and pairs of tableaux of the same shape in TabA × Tab{1,...,N}. From the biword(
i1 i2 · · · ir
j1 j2 · · · jr

)
in lexicographic order, one builds successively a pair (P,Q) =

(P (r), Q(r) from the empty pair using again and again the RSK insertion (P (k), Q(k)) =
(P (k−1), Q(k−1))←

(
ik
jk

)
. Note that at each step of this process, we have that (P (k), Q(k)) =

(P (k−1), Q(k−1))←
(
ik
jk

)
is RSK-compatible.

Our previous results show that the RSK correspondence, when restricted to BA,
provides a bijection between BA and Gm, where we recall that Gm is the set of admis-
sible pairs of tableaux.

Theorem 2.4.16. The RSK correspondence, when restricted to BA, provides a bijec-
tion between the sets BA and Gm.

Proof. Let (P ′, Q′) = (P,Q)←
(
i
j

)
be RSK-compatible. As mentioned earlier, Propo-

sitions 2.4.10, 2.4.13 and 2.4.15 tell us that[
(P,Q) and

(
i

j

)
are both admissible

]
⇐⇒ (P ′, Q′) is admissible
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Given a biword b ∈ BA in lexicographic order, we can thus use the RSK insertion
again and again to obtain a pair (P,Q) ∈ Gm. Similarly, the inverse RSK insertion
produces the admissible biword b ∈ BA from the pair (P,Q) ∈ Gm.

It is well known that

1∏N
i,j=1(1− xiyj)

=
∑

b∈B{1,...,N}

(xy)b

where (xy)b is the monomial in the variables x1, . . . , xN , y1, . . . , yN whose power of xi
(resp. yi) is the number of occurrences of the letter i in the upper (resp. lower) row
of the biword b. Similarly, it can be easily seen that

1∏
i+j≤m+1(1− xiŷj)

=
∑
b∈BÂ

(xŷ)b

Combining those two expansions, we get that

1[∏
i+j≤m+1(1− xiŷj)

] [∏N
i,j=1(1− xiyj)

] =
∑
b∈BA

(xyŷ)b (2.4.15)

where (xyŷ)b is the monomial in the variables x1, . . . , xN , y1, . . . , yN , ŷ1, . . . , ŷm whose
power of xi (resp. yi) is the number of occurrences of the letter i, for i ∈ {1, . . . , N},
in the upper (resp. lower) row of the biword b, and whose power of ŷi is the number
of occurrences of the letter î, for î ∈ Â, in the lower row of the biword b.

Owing to (2.4.15), Theorem 2.4.16 has this important corollary.

Corollary 2.4.17. The following generalization of the Cauchy identity holds

1[∏
i+j≤m+1(1− xiŷj)

] [∏N
i,j=1(1− xiyj)

] =
∑
Λ

sΛ(x1, . . . , xN)s
∗
Λ(y1, . . . , yN ; ŷ1, . . . , ŷm)

(2.4.16)

Letting yi = 0 for i = 1, . . . , N , we get that our RSK correspondence provides a
new proof of the following well-known identity on key polynomials

Corollary 2.4.18. We have that

1∏
i+j≤m+1(1− xiŷj)

=
∑
aaa

K̂aaa(x1, . . . , xm)Kωm(aaa)(ŷ1, . . . , ŷm)

Proof. Letting yi = 0 for i = 1, . . . , N means that in S∗(Λ) we will only admit tableaux
T ∈ TabÂ. From (2.4.4), we get that K+(T ) ≤ K∗

+(Λ)
∣∣
{1̂,...,m̂} is only possible if K∗

+(Λ)

only has entries in Â, which implies that Λ can only be of the form Λ = (aaa; ∅). In this
case, we get from (2.4.5) that

s∗(aaa;∅)(ŷ1, . . . , ŷm) = K(0N ,am,...,a1)(0, . . . , 0; ŷ1, . . . , ŷm) = Kωm(aaa)(ŷ1, . . . , ŷm)
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On the other hand, we get that

s(aaa;∅)(x1, . . . , xm) =
∑
T

xT

where the sum is over all tableaux T ∈ Tab{1,...,m} such that K+(T ) = K+(aaa) (given
that none of the letters in K+(aaa) are larger than m). But s(aaa;∅)(x1, . . . , xm) is then a
dual key polynomial.

s(aaa;∅)(x1, . . . , xm) = K̂aaa(x1, . . . , xm)

Letting ŷ1 = y1, . . . , ŷm = ym in (2.4.16), and using the definition (2.4.3) of the
dual m-symmetric Schur function at t = 0, we obtain another worthy Cauchy identify.

Corollary 2.4.19. The following generalization of the Cauchy identity holds

1[∏
i+j≤m+1(1− xiyj)

] [∏N
i,j=1(1− xiyj)

] =
∑
Λ

sΛ(x1, . . . , xN)s
∗
Λ(y1, . . . , yN)

(2.4.17)

Finally, comparing the previous equation with (2.2.8) in the case of N variables,
we get that sΛ(x1, . . . , xN) is an m-symmetric Schur function at t = 0.

Corollary 2.4.20. For every m-partition Λ, we have that

sΛ(x1, . . . , xN) = sΛ(x1, . . . , xN ; 0)



Chapter 3

The m-Symmetric Macdonald
positivity at t = 1

This chapter reproduces the article “A proof of them-Symmetric Macdonald positivity
at t = 1”, written in collaboration with Luc Lapointe.

3.1 Introduction

For a nonnegative integer m, the ring Rm of m-symmetric functions is the subring
of Q(q, t)[[x1, x2, x3, . . . ]] symmetric in the variables xm+1, xm+2, xm+3, . . . . An exten-
sion of the Macdonald polynomials, PΛ(x; q, t), indexed by m-partitions and forming
a basis of Rm was studied in [10, 3]. We should note that the m-symmetric Macdon-
ald polynomials have also been considered in [6, 7], where they are called partially-
symmetric Macdonald polynomials. Remarkably, it has been shown recently [14] that
the partially-symmetric/m-symmetric Macdonald polynomials are in correspondence
with certain (C∗)2-fixed point classes of the parabolic flag Hilbert schemes [2], a result
that generalizes the correspondence between Macdonald polynomials and (C∗)2-fixed
points of the Hilbert schemes [9].

In [10, 3, 6, 7, 14], the partially-symmetric/m-symmetric Macdonald polynomials
are defined as a t-symmetrization of the non-symmetric Macdonald polynomials1. In
this article, we shall instead use the results of [3] to define them-symmetric Macdonald
polynomials by an orthogonality/unitriangularity characterization akin to that of the
usual Macdonald polynomials. Indeed, there is a fundamental scalar product in Rm

with respect to which the power sum symmetric functions in the m-symmetric world
are orthogonal:

⟨pΛ(x; t) , pΩ(x; t)⟩m = δΛΩ q
|aaa|tInv(aaa)zλ(q, t).

The m-symmetric Macdonald polynomials then form the unique basis {PΛ(x; q, t)}Λ
of Rm such that:

1The version of the non-symmetric Macdonald polynomials used in [6, 7, 14], although equivalent,
is slightly different from that used in [10, 3]. As a consequence, the t-symmetrization in [6, 7, 14] is
done on all but the last m variables whereas it is done on all but the first m-variables in [10, 3].

55
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1. ⟨PΛ(x; q, t) , PΩ(x; q, t)⟩m = 0 if Λ ̸= Ω (orthogonality)

2. PΛ(x; q, t) = mΛ +
∑
Ω<Λ

dΛΩ(q, t)mΩ (unitriangularity),

where the mΛ’s are the m-symmetric monomials and where the order on m-partitions
generalizes the usual dominance ordering.

In [10], an extension to them-symmetric world of the original Macdonald positivity
conjecture (now theorem [9]) was presented. This conjecture states that a plethysti-
cally modified version of the integral form JΛ(x; q, t) = cΛ(q, t)PΛ(x; q, t) of the m-
symmetric Macdonald polynomials expands positively in terms of the m-symmetric
Schur functions (which now depend on a parameter t):

JΛ

[
X

1− t
; q, t

]
=

∑
Ω

KΩΛ(q, t) sΩ[X; t] with KΩΛ(q, t) ∈ N[q, t]. (3.1.1)

The goal in introducing this positivity conjecture was to define a much larger frame-
work in which the extra structure could potentially lead to a combinatorial inter-
pretation for the (q, t)-Kostka coefficients (in the form of a q, t-statistic on standard
tableaux). This extra structure seems for instance to include special recursions and
Butler-type rules for the coefficients KΩΛ(q, t) which could hold the key to unraveling
the mysterious combinatorics of the (q, t)-Kostka coefficients.

The main goal of this article is to prove the m-symmetric Macdonald positivity
conjecture when t = 1. In the usual Macdonald case [12], one normally solves the q = 1
case (in this limit a Macdonald polynomial becomes an elementary symmetric func-
tion), from which one extracts the t = 1 case from the duality Kµλ(q, t) = Kµ′λ′(t, q).
But one can also get the t = 1 case directly by using the factorization

lim
t→1

Jλ

[
X

1− t
; q, t

]
= (q; q)λhλ

[
X

1− q

]
,

where (q; q)λ is a product of q-shifted factorials (q; q)ℓ, and where hλ is a homogeneous
symmetric function. Owing to the formula

(1− qℓ)hℓ
[

X

1− q

]
=

ℓ−1∑
k=0

qkhℓ−k[X]hk

[
X

1− q

]
,

it is then not too difficult to show from induction and the Pieri rules, that

Kµλ(q, 1) =
∑
P

qmajλ(P ), (3.1.2)

where the sum is over all standard tableaux P of shape µ, and where majλ is a major
index statistic depending on λ.
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Since there is no analog of the duality Kµλ(q, t) = Kµ′λ′(t, q) in the m-symmetric
world, it is the direct approach at t = 1 that we will generalize. We will show that,
when t = 1, the polynomial JΛ [X/(1− t); q, t] also factorizes (Proposition 3.7.2):

lim
t→1

JΛ

[
X

1− t
; q, t

]
= (q; q)Λha1

[
x1 +

qX

1− q

]
· · ·ham

[
xm +

qX

1− q

]
hλ

[
X

1− q

]
.

(3.1.3)
This non-trivial factorization is established using properties of the scalar product
⟨·, ·⟩q,t and the formula for the squared norm ⟨PΛ(x; q, t), PΛ(x; q, t)⟩q,t obtained in [3].

We will then use the formula

hℓ

[
xi +

qX

1− q

]
=

ℓ∑
k=0

qkxℓ−k
i hk

[
X

1− q

]
in (3.1.3) to obtain the sought-after combinatorial interpretation (Theorem 3.8.3)

KΩΛ(q, 1) =
∑
T

qmajΛ̃(Taaa), (3.1.4)

where the sum is over all standard fillings T of the shape Ω, where majΛ̃ is a major
index statistic depending on Λ, and where Taaa is a standard tableau constructed from
T and the non-symmetric entries aaa in Λ = (aaa;λ). We note that due to intricacies of
the m-symmetric Schur functions, this formula only works when Ω is dominant (that
is when the entries bbb = (b1, . . . , bm) in Ω = (bbb;µ) are such that b1 ≥ b2 ≥ · · · ≥ bm).
However, this drawback can easily be overcome using the symmetry (Proposition 3.7.3)

KΩΛ(q, 1) = Kσ(Ω)σ(Λ)(q, 1) (3.1.5)

for any permutation σ ∈ Sm, where σ(Λ) = (aσ−1(1), . . . , aσ−1(m);λ) if Λ = (aaa;λ). An
important corollary of (3.1.4) is that

KΩΛ(1, 1) = #{standard fillings of the shape Ω} = #{standard tableaux of shape bbb∪µ}.

As such, obtaining a combinatorial interpretation for the KΩΛ(q, t) coefficients, which
contain the usual (q, t)-Kostka coefficients Kµλ(q, t) as special cases, thus also entails
finding a q, t-statistic on standard tableaux.

The outline of the article is the following. The extension to the m-symmetric
world of the basic concepts in symmetric function theory are presented in Section 3.2.
The orthogonality/unitriangularity characterization of the m-symmetric Macdonald
polynomials, which relies on the Hecke algebra in the definition of the t-deformation
of the m-symmetric power-sums, is introduced in Section 3.3. In Section 3.4, the
(dual) m-symmetric functions are defined. This allows to present the m-symmetric
Macdonald positivity conjecture in Section 3.5. A tableau formula for the expansion
of the dual m-symmetric Schur functions follows in Section 3.6. By duality, this
tableau formula will provide a combinatorial way to understand the product of a
dominant monomial and a Schur function in terms of m-symmetric Schur functions.
The factorization (3.1.3) and the symmetry (3.1.5) are established in Section 3.7.
Finally, simple properties of the Jeu de Taquin and the combinatorial interpretation
for the coefficients KΩΛ(q, 1) are given in Section 3.8.
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3.2 The ring of m-symmetric functions

Most of this section is taken from [10]. Let Λ = Q(q, t)[h1, h2, h3, . . . ] be the ring of
symmetric functions in the variables x1, x2, x3, . . . (the standard references on sym-
metric functions are [12, 15]), where

hr = hr(x1, x2, x3, . . . ) =
∑

i1≤i2≤···≤ir

xi1xi2 · · ·xir .

Bases of Λ are indexed by partitions λ = (λ1 ≥ · · · ≥ λk > 0) whose degree λ is
|λ| = λ1 + · · · + λk and whose length ℓ(λ) = k. Each partition λ has an associated
Young diagram with λi lattice squares in the ith row, from top to bottom (English
notation). Any lattice square (i, j) in the ith row and jth column of a Young diagram
is called a cell. The partition λ∪µ is the non-decreasing rearrangement of the parts of
λ and µ. The dominance order ≥ is defined on partitions by λ ≥ µ when λ1+· · ·+λi ≥
µ1 + · · ·+ µi for all i, and |λ| = |µ|.

We define the ringRm ofm-symmetric functions as the subring ofQ(q, t)[[x1, x2, x3, . . . ]]
made of formal power series that are symmetric in the variables xm+1, xm+2, xm+3, . . . .
In other words, we have

Rm ≃ Q(q, t)[x1, . . . , xm]⊗Λm,

where Λm is the ring of symmetric functions in the variables xm+1, xm+2, xm+3, . . . . It
is immediate that R0 = Λ is the usual ring of symmetric functions and that R0 ⊆
R1 ⊆ R2 ⊆ · · · . Bases of Rm are naturally indexed by m-partitions which are pairs
Λ = (aaa;λ), where aaa = (a1, . . . , am) ∈ Zm

≥0 is a composition with m parts, and where λ
is a partition. We will call the entries of aaa and λ the non-symmetric and symmetric
entries of Λ respectively. In the following, unless stated otherwise, Λ and Ω will always
stand respectively for the m-partitions Λ = (aaa;λ) and Ω = (bbb;µ). Observe that we
use a different notation for the composition aaa with m parts (which corresponds to
the non-symmetric entries of Λ) than for the composition η with N parts (which will
typically index a non-symmetric Macdonald polynomial).

Given a composition aaa and a partition λ, aaa∪λ will denote the partition obtained by
reordering the entries of the concatenation of aaa and λ. The degree of an m-partition Λ,
denoted |Λ|, is the sum of the degrees of aaa and λ, that is, |Λ| = a1+ · · ·+am+λ1+λ2+
· · · . We also define the length of Λ as ℓ(Λ) = m+ℓ(λ). We will say that aaa is dominant
if a1 ≥ a2 ≥ · · · ≥ am, and by extension, we will say that Λ = (aaa;λ) is dominant if aaa
is dominant. If aaa is not dominant, we let aaa+ be the dominant composition obtained
by reordering the entries of aaa.

There is a natural way to represent an m-partition by a Young diagram. The
diagram corresponding to Λ is the Young diagram of aaa ∪ λ with an i-circle added to
the right of the row of size ai for i = 1, . . . ,m (if there are many rows of size ai,
the circles are ordered from top to bottom in increasing order). For instance, given
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Λ = (2, 0, 2, 1; 3, 2), we have

Λ ←→

m1m3
m4m2

Observe that when m = 0, the diagram associated to Λ = (;λ) coincides with the
Young diagram associated to λ. Also note that if η is a composition with m parts,
then the diagram of η coincides with the diagram of the m-partition Λ = (aaa; ∅),
where aaa = η. We let Λ(0) = aaa ∪ λ, that is, Λ(0) is the partition obtained from the
diagram of Λ by discarding all the circles. More generally, for i = 1, . . . ,m, we
let Λ(i) = (aaa + 1i) ∪ λ, where aaa + 1i = (a1 + 1, . . . , ai + 1, ai+1, . . . , am). In other
words, Λ(i) is the partition obtained from the diagram associated to Λ by changing
all of the j-circles, for 1 ≤ j ≤ i, into squares and discarding the remaining circles.
Taking as above Λ = (2, 0, 2, 1; 3, 2), we have Λ(0) = (3, 2, 2, 2, 1), Λ(1) = (3, 3, 2, 2, 1),
Λ(2) = (3, 3, 2, 2, 1, 1), Λ(3) = (3, 3, 3, 2, 1, 1) and Λ(4) = (3, 3, 3, 2, 2, 1). We then define
the dominance ordering on m-partitions to be such that

Λ ≥ Ω ⇐⇒ Λ(i) ≥ Ω(i) for all i = 0, . . . ,m, (3.2.1)

where the order on the right-hand-side is the usual dominance order on partitions.

Example 3.2.1. Let Λ = ((0, 3), 1) and Λ2 = ((2, 1), 1), their diagrams are

Λ↔
m2

m1 Λ1 ↔
m1m2

≥dom

≥dom

≥dom

Remark 3.2.1. If Λ,Λ1 are two m-partitions such that after erasing the circles they
have the same Young Diagram, then this order is the reverse Bruhat order on the
circles. On other hand, if Λ,Λ1 have the same circles in the same rows, then this
reduces to dominance order of the diagrams without the circles. In fact, this order is
transitively generated by those relations.
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We will associate arm and leg-lengths to the cells of the diagram of an m-partition.
Because of the circles, we will need two notions of arm-lengths as well as two notions
of leg-lengths. The arm-length a(s) is equal to the number of cells in Λ strictly to the
right of s (and in the same row). Note that if there is a circle at the end of its row,
then it adds one to the arm-length of s. The arm-length ã(s) is exactly as a(s) except
that the circle at the end of the row does not contribute to ã(s).

The leg-length ℓ(s) is equal to the number of cells in Λ strictly below s (and in
the same column). If at the bottom of its column there are k circles whose fillings are
smaller than the filling of the circle at the end of its row, then they add k to the value
of the leg-length of s. If the row does not end with a circle then none of the circles at
the bottom of its column contributes to the leg-length. The leg-length ℓ̃(s) is exactly
as ℓ(s) except that the circles at the bottom of the column contribute to ℓ̃(s) when
there is no circle at the end of the row of s.

Example 3.2.2. The values of a(s) and ℓ(s) in each cell of the diagram of Λ =
(2, 0, 0, 2; 4, 1, 1) are

34 22 10 00

23 11 m1
24 10 m4
01

00m2m3
while those of ã(s) and ℓ̃(s) are

36 22 12 00

13 01 m1
14 00 m4
03

02m2m3
Let the m-symmetric monomial function mΛ(x) be defined as

mΛ(x) := xa11 · · ·xamm mλ(xm+1, xm+2, . . . ) = xaaamλ(xm+1, xm+2, . . . ),

where mλ(xm+1, xm+2, . . . ) is the usual monomial symmetric function in the variables
xm+1, xm+2, . . .

mλ(xm+1, xm+2, . . . ) =
∑
α

xα1
m+1x

α2
m+2 · · · ,

with the sum being over all derrangements α of (λ1, λ2, . . . , λℓ(λ), 0, 0, . . . ). It is im-
mediate that {mΛ(x)}Λ is a basis of Rm.

The m-symmetric power-sums are defined as

pΛ(x) := xa11 . . . xamm pλ(x) = xaaa pλ(x). (3.2.2)
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It should be observed that the variables in pλ, contrary to those of mλ in mΛ(x), start
at x1 instead of xm+1. In this expression, pλ(x) is the usual power-sum symmetric
function

pλ(x) =

ℓ(λ)∏
i=1

pλi
(x),

where pr(x) = xr1 + xr2 + · · · .
Let sλ(x) be the Schur function indexed by the partition λ, which can be defined

through the Jacobi-Trudi determinant:

sλ(x) = det
(
hλi−i+j(x)

)
1≤i,j≤ℓ(λ)

, (3.2.3)

where hk(x) = 0 if k < 0. By replacing pλ(x) by sλ(x) in (3.2.2), we get another basis
of Rm:

kΛ(x) := xaaasλ(x). (3.2.4)

The basis kΛ(x) will play a fundamental role in this article.

3.3 m-Symmetric Macdonald polynomials

In order to define the m-symmetric Macdonald polynomials, we first need to define a
t-modification of the m-symmetric power-sum basis. It will rely on the Hecke algebra.

Let the exchange operator Ki,j be such that

Ki,jf(. . . , xi, . . . , xj, . . . ) = f(. . . , xj, . . . , xi, . . . ).

We then define the generators Ti, for i = 1, . . . ,m− 1, of the Hecke algebra as

Ti = t+
txi − xi+1

xi − xi+1

(Ki,i+1 − 1). (3.3.1)

The Ti’s satisfy the relations:

(Ti − t)(Ti + 1) = 0

TiTi+1Ti = Ti+1TiTi+1

TiTj = TjTi , if |i− j| > 1.

LetHaaa(x; t) = Haaa(x1, . . . , xm; t) be the non-symmetric Hall-Littlewood polynomial.
The polynomial Haaa(x; t) can be constructed recursively as follows. If aaa is dominant
then Haaa(x; t) = xaaa. Otherwise, TiHaaa(x; t) = Hsiaaa(x; t) if ai > ai+1 (with siaaa =
(a1 . . . , ai+1, ai, . . . , am)). Since Haaa(x; 1) = xaaa, the following t-deformation of the m-
symmetric power sum basis

pΛ(x; t) = Haaa(x; t)pλ(x) (3.3.2)

also provides a basis of Rm.
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Let |aaa| = a1 + · · ·+ am, and let Inv(aaa) be the number of inversions in aaa, that is,

Inv(aaa) = #{(i, j) | 1 ≤ i < j ≤ m and ai < aj}.

We now introduce a scalar product in Rm defined on the t-deformation of the m-
symmetric power-sums as:

⟨pΛ(x; t) , pΩ(x; t)⟩q,t = δΛΩ q
|aaa|tInv(aaa)zλ(q, t), (3.3.3)

where

zλ(q, t) = zλ

ℓ(λ)∏
i=1

1− qλi

1− tλi
.

In the previous expression, zλ =
∏

i≥1 i
nλ(i) · nλ(i)!, with nλ(i) the number of occur-

rences of i in λ. Observe that when m = 0, this corresponds to the usual Macdonald
polynomial scalar product [12].

The m-symmetric Macdonald polynomials can be defined with the following or-
thogonality/unitriangularity characterization akin to that of the usual Macdonald
polynomials.

Proposition 3.3.1. The m-symmetric Macdonald polynomials form the unique basis
{PΛ(x; q, t)}Λ of Rm such that

1. ⟨PΛ(x; q, t) , PΩ(x; q, t)⟩q,t = 0 if Λ ̸= Ω (orthogonality)

2. PΛ(x; q, t) = mΛ +
∑
Ω<Λ

dΛΩ(q, t)mΩ (unitriangularity)

for certain coefficients dΛΩ(q, t) ∈ Q(q, t). We recall that the dominance order on
m-partitions was defined in (3.2.1).

We will later need the squared norm of an m-symmetric Macdonald polynomial,
which is given explicitly as [3]

⟨PΛ(x; q, t) , PΛ(x; q, t)⟩q,t = q|aaa|tInv(aaa)
∏
s∈Λ

1− qã(s)+1tℓ̃(s)

1− qa(s)tℓ(s)+1
. (3.3.4)

3.4 The (dual) m-symmetric Schur functions

We are now ready to introduce the (dual) m-symmetric Schur functions. We will first
introduce the dual m-symmetric Schur functions. Then, by duality, the m-symmetric
Schur functions will be defined. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = x1 + x2 + · · · , we
let f [X] = f(x) = f(x1, x2, . . . ). More generally, we have using this notation that
f [X + x1 + · · ·+ xk] = f(x1, . . . , xk, x1, x2, . . . ).
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Let ν be a partition of length ℓ. For a sequence of alphabets X1, . . . , Xℓ, where
ℓ = ℓ(ν), the multi-Schur function sν(X1, . . . , Xℓ) is defined as [13]

sν(X1, . . . , Xℓ) = det
(
hνi−i+j[Xi]

)
1≤i,j≤ℓ

. (3.4.1)

Observe, from (3.2.3), that sν(X1, . . . , Xℓ) is equal to the usual Schur function sν(x)
whenever X = X1 = X2 = · · · = Xℓ.

Definition 3.4.1. The dual m-symmetric Schur functions s∗Λ(x; t) are defined recur-
sively in the following way. If Λ = (aaa;λ) is dominant then

s∗Λ(x; t) = sν(X1, . . . , Xℓ),

where ν = Λ(0) = aaa ∪ λ, and where Xi stands for the alphabet X + x1 + · · · + xk
with k the number of circles weakly above row i in the diagram corresponding to Λ.
Otherwise, if ai < ai+1 then

s∗Λ(x; t) = Tis
∗
Λ̃
(x; t), (3.4.2)

where Λ̃ = siΛ. This amounts to saying that

s∗Λ(x; t) = Tσ−1s∗Λ+(x; t), (3.4.3)

where σ is the shortest permutation such that σ(aaa) = (aσ−1(1), . . . , aσ−1(m)) = aaa+.

Example 3.4.1. The diagram associated to (2, 1; 3, 1) is

m1m2
from which we deduce that

s∗2,1;3,1(x; t) =

∣∣∣∣∣∣∣∣
h3[X] h4[X] h5[X] h6[X]

h1[X + x1] h2[X + x1] h3[X + x1] h4[X + x1]
0 h0[X + x1 + x2] h1[X + x1 + x2] h2[X + x1 + x2]
0 0 h0[X + x1 + x2] h1[X + x1 + x2]

∣∣∣∣∣∣∣∣ .
Remark 3.4.1. The multi-Schur functions that we use in Definition 3.4.1 are essentially
flagged Schur functions [11, 16] in infinite alphabets instead of finite alphabets. For
instance, if X were equal to y1 + · · · + yj, the dual m-symmetric Schur function
s∗2,1;3,1(x; t) would correspond in the language of [16] to the flagged Schur functions
s3,2,1,1(b) with flags b1 = 0, b2 = 1, b3 = 2 and b4 = 2 (with the understanding that the
variables y1, . . . , yj would not be constrained by any of the flags).
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A bilinear scalar product ⟨·, ·⟩m on Rm is defined by requiring that the power-sum
basis be such that

⟨pΛ(x; t), pΩ(x; t)⟩m = δΛΩt
Inv(aaa)zλ, (3.4.4)

where we recall that Inv(aaa) is the number of inversions in aaa. It can be shown that the
dual m-symmetric Schur functions form a basis of Rm [10]. The m-symmetric Schur
functions sΛ(x; t) can thus be defined as the unique basis of Rm such that

⟨sΛ(x; t), s∗Ω(x; t)⟩m = δΛΩt
Inv(aaa). (3.4.5)

For i = 1, . . . ,m− 1, the operator Ti has a simple action on s∗Λ(x; t) by definition. It
also has the following simple action on sΛ(x; t):

TisΛ(x; t) =


sΛ̃(x; t) if ai > ai+1

(t− 1)sΛ(x; t) + tsΛ̃(x; t) if ai < ai+1

tsΛ(x; t) if ai = ai+1

, (3.4.6)

where Λ̃ = (a1, . . . , ai+1, ai, . . . , am;λ).

3.5 The m-Symmetric Macdonald positivity con-

jecture

A positivity conjecture for the m-symmetric Macdonald polynomials in terms of m-
symmetric Schur functions akin to the original Macdonald positivity conjecture [12]
(now theorem [9]) was stated in [10]. It relies on an extension of the notion of plethysm
to Rm. Recall that the plethysm relevant to Macdonald polynomials is the linear map
on the ring of symmetric functions that sends the power-sum pλ to pλ/

∏
i(1− tλi) [1].

In the plethystic notation, this map is denoted as

pλ

[
X

1− t

]
=

pλ[X]∏
i(1− tλi)

=
pλ(x)∏
i(1− tλi)

.

The notion of plethysm that we will need will simply be the linear map Rm → Rm

defined on the m-symmetric power-sums pΛ(x; t) as

pΛ

[
X

1− t
; t

]
=

pΛ[X; t]∏
i(1− tλi)

=
pΛ(x; t)∏
i(1− tλi)

. (3.5.1)

We stress that the plethysm only depends on the symmetric part λ of Λ = (aaa;λ).
The integral form of the m-symmetric Macdonald polynomials is given by

JΛ(x; q, t) = cΛ(q, t)PΛ(x; q, t), (3.5.2)

where
cΛ(q, t) =

∏
s∈Λ

(1− qa(s)tℓ(s)+1).

Recall that the arm and leg-lengths were introduced in Section 3.2.
It appears that them-symmetric Macdonald polynomials in their integral form are,

once plethystically transformed, positive in terms of the m-symmetric Schur functions.
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Conjecture 3.5.1. The m-symmetric Macdonald polynomials in their integral form are
such that

JΛ

[
X

1− t
; q, t

]
=

∑
Ω

KΩΛ(q, t) sΩ(x; t), (3.5.3)

with KΩΛ(q, t) ∈ N[q, t].

Example 3.5.1. We have

J1,0;2

[
X

1− t
; q, t

]
= t2s3,0;∅ + qt2s0,3;∅ + qt s0,0;3 + (qt3 + t)s2,1;∅ + (qt2 + t)s2,0;1 + (q2t3 + t)s1,2;∅

+ (q2t2 + 1)s1,0;2 + (q2t2 + qt)s0,2;1 + (q2t2 + q)s0,1;2 + (q2t+ q)s0,0;2,1

+ qt2s1,1;1 + qt s1,0;1,1 + q2t s0,1;1,1 + q2s0,0;1,1,1.

In Section 3.8 we will give a proof of Conjecture 3.5.1 in the case t = 1 by provid-
ing a combinatorial interpretation for the coefficients KΩΛ(q, 1). The combinatorial
interpretation will imply in particular that, as can be appreciated in Example 3.5.1,

KΩΛ(1, 1) = # of standard tableaux of shape µ ∪ bbb.

3.6 A tableau expansion and the (dual)m-symmetric

Schur functions at t = 1.

In this section, we will provide a combinatorial interpretation for the expansion of the
dual m-symmetric Schur functions (in the dominant case) in the kΛ(x) basis defined
in (3.2.4). This combinatorial interpretation is essentially a rewriting of a result on
flagged Schur functions [16].

A (skew) tableau T of shape λ/µ is a filling of the skew diagram λ/µ with integers
such that the entries are strictly increasing along columns (from top to bottom) and
weakly increasing along rows (from left to right). We first define an important set of
tableaux.

Definition 3.6.1. For the m-partitions Λ = (aaa;λ) and Ω = (bbb;µ) of the same degree,
we define SΛΩ as the set of skew tableaux T of shape (aaa ∪ λ)/µ such that the letter i
appears bi times and always within the first ai columns of T .

Example 3.6.1. If Λ = (4, 4, 2; 3, 2, 1) and Ω = (1, 3, 1; 4, 3, 2, 1, 1), the set SΛΩ con-
tains the skew tableaux

T1 =

2
2

2
3

1

T2 =

2
2

1
3

2

T3 =

2
1

2
3

2

T4 =

1
2

2
3

2

T5 =

2
2

1
2

3
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Lemma 3.6.1. Suppose that T ∈ SΛΩ with Λ dominant. If we let T◦ be obtained from
T by adjoining, for i = 1, . . . ,m, a square filled with the letter i in the position of the
i-circle in Λ, then T◦ is a skew tableau.

Proof. Since Λ(0) = (aaa ∪ λ) and since the circles in Λ are ordered from top to bottom
in a given column, we only need to show that in T there cannot be a letter larger
than i directly above the i-circle or directly to its left. Observe that the i-circle lies in
column ai +1. Since Λ is dominant, a letter j larger than i can only occur in the first
aj ≤ ai columns. Hence the letter directly above the i-circle cannot be larger than i.
Now suppose that there is a letter j > i directly to the left of the i-circle. Let c be
the column in which the i-circle lies, and suppose that there are k circles below the
i-circle in column c. Since Λ is dominant, this implies that there are only k letters
larger than i that can appear in column c − 1 of T . But in column c − 1 of T there
are at least k cells below the cell in which the letter j lies (because there are k circles
below the i-circle in column c and those circles need to have a square to their left).
This is a contradiction since those k cells cannot all be filled with letters larger than
j since j > i and there are only k letters larger than i.

Proposition 3.6.2. Let Λ be dominant. Then

s∗Λ(x; t) =
∑
Ω

DΛΩ kΩ(x), (3.6.1)

where DΛΩ = #SΛΩ, and where we recall that kΩ(x) was defined in (3.2.4).

Proof. From Definition 3.4.1, if Λ = (aaa;λ) is dominant then

s∗Λ(x; t) = sν(X1, . . . , Xℓ),

where ν = Λ(0) = aaa ∪ λ, and where Xi stands for the alphabet X + x1 + · · · + xk
with k the number of circles weakly above row i in the diagram corresponding to Λ.
Now, following Remark 3.4.1, let X = y1 + y2 + · · · with the understanding that the
variables y1, y2, . . . are not constrained by any of the flags. Suppose also that the
letters 1̂, 2̂, . . . and 1, . . . ,m are ordered in the following way:

1̂ < 2̂ < · · · < 1 < 2 · · · < m.

Given a tableau R, let (x, y)R stand for the monomial with the letter xi (resp. yi)
having power j if i (resp. î) occurs j times in R. It is shown in [16] that

sν(X1, . . . , Xℓ) =
∑
R

(x, y)R,

where the sum is over all tableaux R of shape ν in the letters 1̂, 2̂, · · · and 1, . . . ,m
such that in the ith row the letters are all smaller than the number of circles weakly
above row i. Since Λ is dominant, the circles are ordered from 1 to m when reading
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from top to bottom. This implies that the letter k can lie in any row weakly below
the row in which lies the circle k. Since the letters larger than k cannot be put in any
row weakly above the row in which lies the circle k, we have, equivalently, that the
letter k can only lie within the first ak columns of R.

Hence, given a tableau R as above, the letters 1̂, 2̂, . . . in R form a tableau Q of
shape µ, while the letters 1, 2, . . . ,m form a skew-tableau T of shape ν/µ where the
letter i appears always within the first ai columns of T . We thus have that

sν(X1, . . . , Xℓ) =
∑
R

(x, y)R =
∑
Q,T

yQxT =
∑
µ

∑
T

sµ(y)x
T ,

where the last sum is over all skew-tableaux of shape ν/µ where the letter i appears
always within the first ai columns of T . Letting y = x in the previous expression, this
gives immediately that

s∗Λ(x; t) = sν(X1, . . . , Xℓ) =
∑
Ω

DΛΩkΩ(x),

where, for Ω = (bbb;µ), DΛΩ is the number of tableaux T of shape ν/µ such that
the letter i appears bi times and always within the first ai columns of T . That is,
DΛΩ = #SΛΩ.

At t = 1, the scalar product (3.4.4) is such that

⟨sΛ(x; 1), s∗Ω(x; 1)⟩t=1
m = δΛΩ and ⟨kΛ(x), kΩ(x)⟩t=1

m = δΛΩ. (3.6.2)

If, for an arbitrary Λ, we let DΛΩ be such that

s∗Λ(x; 1) =
∑
Ω

DΛΩkΩ(x),

then the dualities in (3.6.2) imply that

kΩ(x) =
∑
Λ

DΛΩsΛ(x; 1). (3.6.3)

From Proposition 3.6.2, we have a combinatorial interpretation for the coefficient of
sΛ(x; 1) in the expansion of kΩ(x) whenever Λ is dominant. This will prove important
in Section 3.8.

3.7 The case t = 1 of the m-symmetric Macdonald

polynomials

We first prove that the functions

hΛ(x; q) := ha1
[
q−1x1 +X

]
· · ·ham

[
q−1xm +X

]
hλ[X]
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are dual to the monomial m-symmetric basis {mΛ(x)} with respect to the scalar
product ⟨·, ·⟩′ defined as

⟨ pΛ(x) , pΩ(x) ⟩′ = δΛΩ q
|aaa|zλ, (3.7.1)

where the m-symmetric power-sum basis was introduced in (3.2.2). An elementary
result in symmetric function theory states that [12]

1∏
j,k=1(1− xjyk)

=
∑
λ

z−1
λ pλ(x)pλ(y) =

∑
λ

mλ(x)hλ(y). (3.7.2)

Using
1∏m

i=1(1− q−1xiyi)
=

∑
aaa

q−|aaa|xaaayaaa, (3.7.3)

it then immediately follows that

1∏m
i=1(1− q−1xiyi)

· 1∏
j,k=1(1− xjyk)

=
∑
Λ

q−|aaa|z−1
λ pΛ(x)pΛ(y), (3.7.4)

which means that the left-hand-side of the previous identity is a reproducing kernel
for the scalar product ⟨·, ·⟩′.

Proposition 3.7.1. We have that

1∏m
i=1(1− q−1xiyi)

· 1∏
j,k=1(1− xjyk)

=
∑
Λ

mΛ(x)hΛ(y; q)

or, equivalently, that

⟨mΛ(x) , hΩ(x; q) ⟩′ = δΛΩ.

Proof. From (3.7.2), we obtain that

1∏m
j=1

∏
k(1− xjyk)

=
∑
Λ

mλ(x1, . . . , xm)hλ(y) =
∑
bbb

xbbbhbbb(y),

which implies that

1∏
j,k(1− xjyk)

=
1∏m

j=1

∏
k(1− xjyk)

· 1∏
j≥m+1

∏
k(1− xjyk)

=
∑
bbb

xbbbhbbb(y)
∑
λ

mλ(xm+1, xm+2, . . . )hλ(y).

Hence, using (3.7.3), we get that

1∏m
i=1(1− q−1xiyi)

· 1∏
j,k(1− xjyk)

=
∑
ccc

q−|ccc|xcccyccc
∑
bbb

xbbbhbbb(y)
∑
λ

mλ(xm+1, xm+2, . . . )hλ(y).

(3.7.5)
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Now, owing to [12]

ha[q
−1y + Y ] =

a∑
c=0

q−cycha−c[Y ],

we deduce that∑
bbb,ccc

q−|ccc|xcccycccxbbbhbbb(y) =
∑
aaa

∑
ccc⊆aaa

q−|ccc|xaaayccchaaa−ccc(y) =
∑
aaa

xaaaha1 [q
−1y1+Y ] · · ·ham [q−1ym+Y ].

Inserting the previous equation in the right-hand-side of (3.7.5), we finally get

1∏m
i=1(1− q−1xiyi)

· 1∏
j,k(1− xjyk)

=
∑
aaa

xaaaha1 [q
−1y1+Y ] · · ·ham [q−1ym+Y ]

∑
λ

mλ(xm+1, xm+2, . . . )hλ(y),

which proves the proposition.

We now obtain the limit as t → 1 of the modified version of the m-symmetric
Macdonald polynomials. Recall that the integral form JΛ(x; q, t) of the m-symmetric
Macdonald polynomials was introduced in (3.5.2).

Proposition 3.7.2. For Λ = (a1, . . . , am;λ), let

(q; q)Λ = (q; q)a1 · · · (q; q)am(q; q)λ1 · · · (q; q)λℓ(λ)
,

where (q; q)r = (1− q)(1− q2) · · · (1− qr). We have that

lim
t→1

JΛ

[
X

1− t
; q, t

]
= q|aaa|(q; q)ΛhΛ

[
X

1− q
; q

]
= (q; q)Λha1

[
x1 +

qX

1− q

]
· · ·ham

[
xm +

qX

1− q

]
hλ

[
X

1− q

]
.

Proof. Define yet another scalar product as

⟨pΛ(x; t) , pΩ(x; t)⟩′q,t = δΛΩ q
|aaa|tInv(aaa)zλ (3.7.6)

and observe that

lim
t→1
⟨pΛ(x; t) , pΩ(x; t)⟩′q,t = δΛΩ q

|aaa|zλ = ⟨pΛ(x) , pΩ(x)⟩′ = ⟨lim
t→1

pΛ(x; t) , lim
t→1

pΩ(x; t)⟩′,
(3.7.7)

where the scalar product ⟨· , ·⟩′ was defined in (3.7.1). It is also immediate that〈
pΛ[X; t] , pΩ

[
X(1− q)
(1− t)

; t

]〉′

q,t

= δΛΩ q
|aaa|tInv(aaa)zλ(q, t) = ⟨pΛ(x; t) , pΩ(x; t)⟩q,t .

Therefore, from JΛ(x; q, t) = cΛ(q, t)PΛ(x; q, t) and (3.3.4), we get〈
PΛ[X; q, t] , JΩ

[
X(1− q)
(1− t)

; q, t

]〉′

q,t

= ⟨PΛ(x; t) , JΩ(x; t)⟩q,t = δΛΩcΛ(q, t)q
|aaa|tInv(aaa)

∏
s∈Λ

1− qã(s)+1tℓ̃(s)

1− qa(s)tℓ(s)+1

= δΛΩq
|aaa|tInv(aaa)

∏
s∈Λ

(1− qã(s)+1tℓ̃(s)).
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Using limt→1 PΛ(x; q, t) = mΛ(x) [3], we thus deduce from (3.7.7) that〈
mΛ[X] , lim

t→1
JΩ

[
X(1− q)
(1− t)

; q, t

]〉′

= lim
t→1

〈
PΛ[X; q, t] , JΩ

[
X(1− q)
(1− t)

; q, t

]〉′

q,t

= δΛΩq
|aaa|
∏
s∈Λ

(1− qã(s)+1) = δΛΩq
|aaa|(q; q)Λ.

Hence, from Proposition 3.7.1, we have that

lim
t→1

JΛ

[
X(1− q)
(1− t)

; q, t

]
= q|aaa|(q; q)ΛhΛ(x; q),

which is equivalent to

lim
t→1

JΛ

[
X

1− t
; q, t

]
= q|aaa|(q; q)ΛhΛ

[
X

1− q
; q

]
.

The previous proposition implies an important symmetry property of the coeffi-
cients KΩΛ(q, t) at t = 1.

Proposition 3.7.3. The Kostka coefficients KΩΛ(q, 1) are such that

KΩΛ(q, 1) = Kσ(Ω)σ(Λ)(q, 1) (3.7.8)

for any σ ∈ Sm, where σ(Λ) = (σ(aaa);λ) = (aσ−1(1), . . . , aσ−1(m);λ).

Proof. From (3.5.3) and Proposition 3.7.2, we have at t = 1 that

q|aaa|(q; q)ΛhΛ

[
X

1− q
; q

]
=

∑
Ω

KΩΛ(q, 1)sΩ(x; 1), (3.7.9)

which implies that

q|aaa|(q; q)Λhσ(Λ)

[
X

1− q
; q

]
=

∑
Ω

Kσ(Ω)σ(Λ)(q, 1)sσ(Ω)(x; 1) (3.7.10)

for any σ ∈ Sm. Let Kσ be such that Kσf(x1, . . . , xm) = f(xσ(1), . . . , xσ(m)) for any
σ ∈ Sm. We have

KσhΛ

[
X

1− q
; q

]
= ha1

[
xσ(1) +

qX

1− q

]
· · ·ham

[
xσ(m) +

qX

1− q

]
hλ

[
X

1− q

]
= hσ(Λ)

[
X

1− q
; q

]
and KσsΩ(x; 1) = sσ(Ω)(x; 1), where the last relation follows from (3.4.6) in the case
t = 1 (in which case Ti = Ki,i+1). Applying Kσ on both sides of (3.7.9) thus yields

q|aaa|(q; q)Λhσ(Λ)

[
X

1− q
; q

]
=

∑
Ω

KΩΛ(q, 1)sσ(Ω)(x; 1).

Comparing the last equation with (3.7.10), it is immediate thatKΩΛ(q, 1) = Kσ(Ω)σ(Λ)(q, 1).
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3.8 The coefficients KΩΛ(q, t) at t = 1.

In this section, we will give a combinatorial interpretation for the coefficientsKΩΛ(q, 1).
This combinatorial interpretation will correspond to the major index statistic of certain
standard tableaux which will be constructed using Jeu de Taquin operations [4].

Let T be a tableau with a hole in it. An inside Jeu de Taquin move consists in
moving the hole upward by one unit or leftward by one unit depending on whether the
entry above the hole is weakly larger or strictly smaller than the entry to its left. In
doing so, the entry where the hole now lies moves in the original position of the hole.

Similarly, an outside Jeu de Taquin move consists in moving the hole downward
by one unit or rightward by one unit depending on whether the entry below the hole
is weakly smaller or strictly larger than the entry to its right. In doing so, the entry
where the hole now lies moves in the original position of the hole.

Definition 3.8.1. Let T be a (skew) tableau of n letters. For a and s such that
1 ≤ a < s ≤ n, and such that there is only one occurrence of the letter s, we construct
the tableau Ts→a in the following way:

1. Create a hole in T by deleting the letter s.

2. Increase by one every letter in T from a to s−1 (so that the letters now go from
a+ 1 to s).

3. Use Jeu de Taquin moves to push the hole inside the letters a+ 1 to s. Let the
resulting tableau be T ′.

4. Put letter a in the position of the hole in T ′ to form the (skew) tableau Ts→a.

Example 3.8.1. Let T =

1 2 6 10
3 8 9
4 11 13
5 12
7

. We compute T11→2 as follows

1. Step 1:
1 2 6 10
3 8 9
4 13
5 12
7

2. Step 2:
1 3 7 11
4 9 10
5 13
6 12
8
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3. Step 3:
1 3 7 11
4 9 10
5 13
6 12
8

→

1 3 7 11
4 10
5 9 13
6 12
8

→

1 3 7 11
4 10

5 9 13
6 12
8

4. Step 4
1 3 7 11
2 4 10
5 9 13
6 12
8

We can also define the reverse process.

Definition 3.8.2. Let T be a (skew) tableau of n letters. For a and s such that
1 ≤ a < s ≤ n, and such that there is only one occurrence of the letter a, we construct
the tableau Ta→s in the following way:

1. Create a hole in T by deleting the letter a.

2. Decrease by one every letter in T from a + 1 to s (so that the letters now go
from a to s− 1).

3. Use Jeu de Taquin to push the hole outside the letters a to s − 1. Let the
resulting tableau be T ′.

4. Put letter s in the position of the hole in T ′ to form the (skew) tableau Ta→s.

We will also consider that Ta→a = T . From the elementary properties of the Jeu
de Taquin [4], it is immediate that (Ta→s)s→a = (Ts→a)a→s = T .

Example 3.8.2. To see illustrate the reverse process, we start with the tableau T ′ on
step 4 of 3.8.1, and compute T = T ′

2→11. First make a hole on it, and we get

1 3 7 11
4 10

5 9 13
6 12
8

Then we substract 1 to every node between 3 and 11.

1 2 6 10
3 9

4 8 13
5 12
7
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Then we we use jeu de taquin to make the hole go outside.

1 2 6 10
3 9

4 8 13
5 12
7

→

1 2 6 10
3 9
4 8 13
5 12
7

→

1 2 6 10
3 8 9
4 13
5 12
7

Finally we put 11 on the hole and we get

T =

1 2 6 10
3 8 9
4 11 13
5 12
7

Let a and b = a + 1 be consecutive letters in a standard tableau T . The relative
order between a and b is established in the following way. We say that b is southwest
of a if b lies in a column weakly to the left of that of a. Similarly, we say that b is
northeast of a if b lies in a column strictly to the right of that of a.

It will prove important later in this section that the Jeu de Taquin operation Ta→s

described earlier preserves relative orders.

Lemma 3.8.1. Let T be a standard tableau of size n, and let T ′ = Ta→s. For any
consecutive letters b and b + 1 such that a < b < s, we have that the relative order of
b and b+ 1 in T is the same as the relative order of b− 1 and b in T ′.

Proof. First, observe that all steps from (3.8.1) give a standard tableau on a skew
shape. Let’s call P to the path the hole walks through from in the step (3) of (3.8.1).

1. Assume that neither b nor b+1 are on P , then the positions of b and b+1 on T
are the same as the positions of b − 1 and b on T ′ respectively and the relative
order doesn’t change.

2. Assume that b is on the insertion path and b + 1 is not. We will prove that
moving b cannot change it’s relative order to b+1. Looking at T , the label b+1
can never be both to the south and to the east from the label b as this would
require a c with b < c < b+ 1 to the east from b and to the north from b+ 1, as
the figure shows.

b c

d b+ 1

If the labels b − 1 and b were to be found on the same diagonal when we are
on T ′, we would be on the same situation than the figure with a c such that
b− 1 < c < b which is absurd.

3. The case in which b is not on P and b+1 is on P is similar to the previous one.
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4. Assume that both b and b+1 on T are on P . They have to be on two consecutive
nodes of the path as there can’t be any c with b < c < b + 1 and the path the
hole walks through has strictly increasing nodes.

This leaves two possibilities, either they move along the same direction, in which
case their relative position doesn’t change, or they are in a corner. We will show
that they cannot be in a corner of the jeu de taquin path.

In order for them to be in a corner we would need to have the following situation

a b

c b+ 1

−→
∗ b

c b+ 1

−→
b ∗

c b+ 1

−→
b b+ 1

c ∗

which would require b < c < b+ 1 which is absurd.

Example 3.8.3. If we look at examples 3.8.1 and 3.8.2 and we will see that all pairs
(b, b+ 1) with 2 < b < 11 remain on the same relative order.

Lemma 3.8.2. Let T be a standard tableau of size n. For any consecutive letters a
and a+ 1 and any a+ 1 < s ≤ n, we have that the relative order of the letters a and
a+1 in T is the same as the relative order of the letters s− 1 and s in the tableau T ′,
where

T ′ = (Ta+1→s)a→s−1.

Proof. Let a and b = a + 1 be in positions (i, j) and (k, ℓ) respectively. We observe
that if k > i then ℓ ≤ j since there would otherwise need to be an entry c such that
a < c < b in position (k, j), which is impossible given that a and b = a + 1 are
consecutive.

a . . . c

...
. . .

...

d . . . b

Hence, if b is strictly to the right of a then it must lie in the row of a or in a higher
one.

When going from T to Tb→s, the hole in the position of the the letter b will follow
a path when pushed outside using Jeu de Taquin. Let Pb be this path. Similarly, we
will let Pa be the path followed by the hole in the position of the letter a when going
from Tb→s to T ′ = (Tb→s)a→s−1. Observe that in T ′, the ending points of Pa and Pb

are occupied respectively by the letters s− 1 and s. Hence, Pa cannot end southeast
of Pb.

We will consider separately the two following cases:

1. b lies in a column strictly to the right of the column in which a lies (b is northeast
of a).
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Pb

P ′
2P2

Pa

Figure 3.1: Pa cannot touch Pb on a vertical segment.

2. b lies in a column weakly to the left of the column in which a lies (b is southwest
of a).

We first consider Case (1). In this case, given that Pa starts weakly below Pb and
cannot end southeast of Pb, the relative order of the letters can only change if Pa goes
through a vertical segment of Pb. We will now see that this is impossible, as illustrated
in Figure 3.1, given that Pa cannot even touch Pb on a vertical segment.

Suppose that Pa approaches a vertical segment of Pb. Let c1, c2 be the labels in T
of the squares occupied by the vertical segment. After the vertical Jeu de Taquin, the
squares become respectively c2 and c3. We then use an overline to denote their values
in Tb→s, with c̄2 = c2 − 1, c̄3 = c3 − 1 or c̄3 = s, b̄1 = b1 − 1 or b̄1 = b1 (depending on
whether b < b1 < s or not), and b̄2 = b2 − 1 or b̄2 = b2.

b1 c1

b2 c2
−→

b1 c2

b2 c3
−→

b1 c2

b2 c3

When, in computing T ′ = (Tb→s)a→s−1, the hole corresponding to a (represented
by an a in the following diagram) arrives in the position in which b1 is located, we
have that a < b1 < b2 < c2 ≤ s, which implies that b̄1 = b1 − 1 and b̄2 = b2 − 1.
Therefore, we have that b2 = b2 − 1 < c2 − 1 = c2 and the Jeu de Taquin move is the
following:

a c2

b2 c3

→
b2 c2

a c3

We have thus shown that the path Pa cannot touch the path Pb on a vertical segment,
which implies that in T ′ the letter s lies in a column strictly to the right of the letter
s− 1.

We now consider Case (2) in which b = a + 1 lies in column weakly to the left
of that of a. This case is similar to the previous one, with the path Pb never going
through a horizontal segment of the path Pa. Geometrically we can think of this case
as the conjugate of the previous one, which we illustrate in Figure 3.2. We omit the
proof which is exactly as in the previous case.
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Pa Pb

Figure 3.2: Pb cannot touch Pa on a horizontal segment.

Example 3.8.4. Here is an example of a case in which b = a+ 1 = 3 is northeast of
a = 2, with the paths Pb and Pa indicated in red and blue respectively:

T =

1 3 5 6 11
2 4 7 9
8 10 13 15
12 14

−→ T3→15 =

1 3 4 5 10
2 6 8 14
7 9 12 15
11 13

−→ T ′ = (T3→15)2→14 =

1 2 3 4 9
5 7 11 13
6 8 14 15
10 12

(3.8.1)
Now, an example of a case in which b = 3 is southwest of a = 2:

1 2 5 13
3 4 7 14
6 8 9 15
10 11 12

−→
1 2 4 12
3 6 8 13
5 7 11 14
9 10 15

−→
1 3 7 11
2 5 10 12
4 6 13 14
8 9 15

(3.8.2)

Definition 3.8.3. Let α = (α1, . . . , αℓ) be a vector of nonnegative integers, and let T
be a standard tableau of size |α|. For i ∈ {1, . . . , ℓ} and c = α1+ · · ·+αi−1+1, we let

majα,i(T ) =
∑

j:c+j↙c+j−1

j,

where the sum is over all j ∈ {1, . . . , αi − 1} such that the letter c+ j is southwest of
the letter c+ j − 1 in T . We then define the major index of T relative to α as

majα(T ) =
ℓ∑

i=1

majα,i(T ).

Example 3.8.5. Let α = (3, 1, 4, 5, 2) and suppose that

T =

1 2 5 10 15
3 6 8 11
4 9 12 14
7 13
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To α corresponds the following auxiliary diagram:

10 21 32

40

50 61 72 83

90101112123134

140151

If a and a+ 1 are in row i of the auxiliary diagram, and a+ 1 is southwest of a in T ,
then we add the superscript of a+ 1 to majα,i(T ). We thus have

majα,1(T ) = 2, majα,2(T ) = 0, majα,3(T ) = 1+2, majα,4(T ) = 2+3+4, majα,5(T ) = 0

which implies that majα(T ) = 2 + 0 + 3 + 9 + 0 = 14.

Let T be a standard tableau in n letters. For an interval [a, b], with 1 ≤ a < b < n
and an s > b, we will let

T[a,b]→s =
(
· · · (Tb→s)b−1→s−1 · · ·

)
a→s+a−b

.

Given an m-partition Ω such that |Ω| = n, we will say that T is a standard filling
of Ω if the cells of Ω (not including the circles) are filled with the integers 1, . . . , n in
a standard way. For instance, a possible standard filling of Ω = (2, 0, 1; 3, 2) is

1 2 4
3 6 m1
5 7
8 m3m2

Definition 3.8.4. Let T be a standard filling of the m-partition Ω, with n = |Ω|. We
first let T◦ be the tableau obtained from T by changing, for i from 1 to m, the i-circle
into a cell filled with the letter n+i. For aaa = (a1, . . . , am) such that |aaa| ≤ n, we will let
Taaa be the standard tableau obtained from T◦ in the following way. Let T (m+1) = T◦,
and then define recursively

T (i) = T
(i+1)
[n+1−ai−···−am,n−ai+1−···−am]→n+i−1−ai+1−···−am

for i = m, . . . , 1. We then let Taaa = T (1) (which is also equal to T (2) by construction). If
the letters in T◦ are divided into the blocks (n−|aaa|, a1, . . . , am, 1m) , then those in T (m)

are divided into the blocks (n−|aaa|, a1, . . . , am−1, 1
m−1, am, 1) (the letters corresponding

to am have been shifted by m − 1). Using this process again and again, we get that
the letters in Taaa are divided into the blocks (n− |aaa|, a1, 1, a2, 1, . . . , am, 1).

Example 3.8.6. Let

T =

1 2 4 8
3 5 6 l1
7 9 l2l3
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Then replacing the circles 1, 2, 3 by 10, 11, 12 we obtain:

T◦ = T (4) =

1 2 4 8
3 5 6 10
7 9 11
12

Which corresponds to (a1, a2, a3,1,1,1) = (2, 1, 3,1,1,1) with the bold 1 coming from

the circles. To go from (2, 1, 3,1,1,1) to (2, 1,1,1, 3,1) we need to compute T
(4)
[7,9]→11.

T
(4)
9→11 =

1 2 4 8
3 5 6 9
7 10 11
12

T
(4)
[8,9]→11 =

1 2 4 8
3 5 6 10
7 9 11
12

T (3) = T
(4)
[7,9]→11 =

1 2 4 6
3 5 7 10
8 9 11
12

To go from (2, 1,1,1, 3,1) to (2,1, 1,1, 3,1) we need to compute T
(3)
[6,6]→7.

T (2) = T
(3)
[6,6]→7 = T

(3)
6→7 =

1 2 4 7
3 5 6 10
8 9 11
12

Then we finish, as we don’t need to move a1 = 2, it already has a 1 next to its right.

Taaa = T (1) = T (2)

Example 3.8.7. Let Λ = (2, 1, 3; 2, 1), and T as in the previous example. The auxil-
iary diagram of Λ is l3l1

l2 −→

90101112123

40 51 62

10 21

70 81

30

and 5, 8, 11, 12 contribute to the maj, so Then majΛ(T ) = 1 + 1 + 2 + 3 = 7

Example 3.8.8. Let Λ be as in the previous example and Ω = (2, 0, 3; 4).
In order to compute KΩΛ(q; 1) first we have to find σ such that σ(Ω) is dom-

inant. The positions from the entries of (2, 0, 3) in decreasing order is (3, 1, 2) so
σ = [3, 1, 2]−1 = [2, 3, 1]. Let Λ′ = σ(Λ) = σ((2, 1, 3; 2, 1)) = (3, 2, 1; 2, 1) The auxil-
iary diagram of Λ′ is l1l2

l3 −→

40 51 62 73

80 91102

10 21

110121

30
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Let pick T a m-standard tableau of shape Ω.

T =

1 2 4 8
3 5 6 l1
7 9 l2l3

−→ T (4) = T◦ =

1 2 4 8
3 5 6 10
7 9 11
12

with aaa = (3, 2, 0,111,111,111). We have that T (3) = T
(4)
10→10 = T (4) and now we have the com-

position (3, 2,111,111, 0,111). Now, in order to reach the desired composition (3,111, 2,111, 0,111)

we have to compute T (2) = T
(3)
[7,9]→10.

1 2 4 8
3 5 6 10
7 9 11
12

−→
9→ 10

1 2 4 8
3 5 6 9
7 10 11
12

−→
8→ 9

1 2 4 8
3 5 6 9
7 10 11
12

−→
7→ 8

1 2 4 7
3 5 6 9
8 10 11
12

The contributors to the maj are 5, 10 and 12 so the maj is 1 + 2 + 1 = 4 and the T
contributes q4 to KΩΛ(q, 1).

We will now provide a combinatorial interpretation for the expansion of the m-
symmetric Macdonald polynomials in terms of m-symmetric Schur functions.

Theorem 3.8.3. Let Λ = (aaa;λ) be an arbitrary m-partition. The (q, t)-Kostka coeffi-
cients at t = 1 in

lim
t→1

JΛ

[
X

1− t
; q, t

]
=

∑
Ω

KΩΛ(q, 1)sΩ(x; 1)

have the following combinatorial interpretation. If Ω is dominant, then

KΩΛ(q, 1) =
∑

T : sh(T )=Ω

qmajΛ̃(Taaa), (3.8.3)

where the sum is over all standard fillings of the m-partition Ω, where

Λ̃ = (λ1, . . . , λℓ, a1 + 1, . . . , am + 1),

and where Taaa was introduced in Definition 3.8.4.
If Ω is not dominant, then σ(Ω) is dominant for some σ ∈ Sm. In this case, using

Proposition 3.7.3, we can compute KΩΛ(q, 1) = Kσ(Ω)σ(Λ)(q, t) using (3.8.3).
The combinatorial interpretation for KΩΛ(q, 1) implies in particular that, when

q = t = 1, we have

KΩΛ(1, 1) = #{standard fillings of Ω} = #{standard tableaux of shape bbb ∪ µ}.

Proof. From Proposition 3.7.2, we need to prove that, for a dominant Ω, we have

(q; q)Λha1

[
x1 +

qX

1− q

]
· · ·ham

[
xm +

qX

1− q

]
hλ

[
X

1− q

] ∣∣∣∣∣
sΩ

=
∑

T : sh(T )=Ω

qmajΛ̃(Taaa)
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or, equivalently, that

(q; q)λhλ

[
X

1− q

]
(q; q)a1ha1

[
x1 +

qX

1− q

]
· · · (q; q)amham

[
xm +

qX

1− q

] ∣∣∣∣∣
sΩ

=
∑

T : sh(T )=Ω

qmajΛ̃(Taaa).

(3.8.4)
We now use

hai

[
xi +

qX

1− q

]
=

ai∑
ci=0

qai−cihai−ci

[
X

1− q

]
xcii

to rewrite the left-hand side of (3.8.4) as

a1∑
c1=0

· · ·
am∑

cm=0

q|aaa|−|ccc|(q; q)αhα

[
X

1− q

]
(q; q)a1 · · · (q; q)am

(q; q)a1−c1 · · · (q; q)am−cm

xccc

∣∣∣∣∣
sΩ

, (3.8.5)

where α = (λ1, . . . , λℓ, a1 − c1, . . . , am − cm). Now, it is known that [12]

(q; q)αhα

[
X

1− q

]
=

∑
P

qmajα(P )ssh(P )(x), (3.8.6)

where the sum if over all standard tableaux P of size |α|. Since Ω = (bbb;µ) is dominant,
we get from (3.6.3) and Proposition 3.6.2 that

xcccsν(x)
∣∣∣
sΩ

= kΓ(x)
∣∣∣
sΩ

= DΩΓ = #SΩΓ, (3.8.7)

where Γ = (ccc; ν). We recall that Q ∈ SΩΓ if Q is a filling of the skew shape (bbb ∪ µ)/ν
such that letter i appears ci times and always within the first bi columns of Q. For
i = 1, . . . ,m, we then change the circle i in Q into a square filled with the letter i.
Note that this produces a skew tableau Q◦ by Lemma 3.6.1. We now standardize
Q◦ in the following way. Suppose that r = |ν| = |α|. We replace all the letters 1
in Q (there are c1 + 1 of them) by the letters r + 1, . . . , r + c1 + 1 ordered from left
to right. We replace all the letters 2 in Q (there are c2 + 1 of them) by the letters
r + c1 + 2, . . . , r + c1 + c2 + 2 ordered from left to right, and so on. Let the resulting
skew tableau be Qst

◦ . Letting Γ = (ccc; sh(P )), we thus have that

(q; q)αhα

[
X

1− q

]
xccc
∣∣∣∣
sΩ

=
∑
P

∑
Q∈SΩΓ

qmajα̃(TP,Q),

where TP,Q is the standard tableau obtained from the union of the tableau P and and
the skew tableau Qst

◦ described earlier, and where α̃ = (λ1, . . . , λℓ, a1 − c1, . . . , am −
cm, 1

c1+1, . . . , 1cm+1).
We now let

T ′
P,Q = (TP,Q)[r−am+cm+1,r]→n+m−cm−1,

where we recall that r = |α| = |λ|+ |aaa| − |ccc|, and where n = |Ω|. From Lemma 3.8.2,
we have that

majα̃(TP,Q) = majα̃′(T ′
P,Q),
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where

α̃′ = (λ1, . . . , λℓ, a1 − c1, . . . , am−1 − cm−1, 1
c1+1, . . . , 1cm−1+1, am − cm, 1cm+1).

Now, fix a T ′ = TP,Q. This T ′ can originate from many pairs (P,Q), each pair
corresponding to a certain cm. Since we only focus on the last am + 1 letters of T ′,
we will refer to those letters as 1, . . . , am + 1 for simplicity. Let s ≥ 0 be such that
in T ′ the letters s + 1, s + 2, . . . , am + 1 are ordered from left to right and such that
this sequence is the longest (that is, either s = 0 or the letter s+1 is southwest of the
letter s in T ′). Note that, for a given (P,Q), this can only occur if the corresponding
cm is such that cm+1 ≤ am− s+1 given that in that case the last cm+1 letters of T ′

are ordered from left to right by construction (they correspond to the occurrences of
the letter m in Q◦ ordered form left to right). We will see that for such a T ′, we have

am−s∑
cm=0

qam−cm
(q; q)am

(q; q)am−cm

qmajα̃′ (T ′) = q
maj

γ(m) (T
′)
, (3.8.8)

where

γ(m) = (λ1, . . . , λℓ, a1 − c1, . . . , am−1 − cm−1, 1
c1+1, . . . , 1cm−1+1, am + 1).

First suppose that s ̸= 0. By definition of majα̃′ and majγ(m) , the letters smaller than
s+1 will have the same contribution in both statistics (given that s ≤ am− cm) while
the letters larger than s+1 will contribute 0 to both statistics given that by definition
those letters are ordered from left to right. Hence, the only difference between the
two statistics is in the contribution of the letter s + 1. By definition of majα̃′ , the
letter s + 1 will contribute s to majα̃′ if s < am − cm, and 0 otherwise. In the sum,
we thus have that the the letter s + 1 will contribute s to the majα̃′ statistic in T ′ if
s ̸= am − cm while it will contribute 0 otherwise. We thus have to show that

qs
(q; q)am
(q; q)s

+ qs
am−s−1∑
cm=0

qam−cm
(q; q)am

(q; q)am−cm

= qs (3.8.9)

since on the right-hand side of (3.8.8) the contribution to the majγ(m) statistic of the
letter s+ 1 in T ′ is qs. The previous identity amounts to

(q; q)a
(q; q)s

= 1−
a∑

i=s+1

qi
(q; q)a
(q; q)i

. (3.8.10)

For a fixed a, the identity can be easily seen to hold by descending induction starting
from the case s = a (which is immediate). In the general case, supposing by induction
that the case s holds, we have that

(q; q)a
(q; q)s

= 1−
a∑

i=s+1

qi
(q; q)a
(q; q)i

= 1−
a∑

i=s

qi
(q; q)a
(q; q)i

+ qs
(q; q)a
(q; q)s

.
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Hence, owing to (1− qs)(q; q)s−1 = (q; q)s, we have that

1−
a∑

i=s

qi
(q; q)a
(q; q)i

=
(q; q)a
(q; q)s

− qs (q; q)a
(q; q)s

=
(q; q)a
(q; q)s−1

,

which proves (3.8.10) by induction.
Now suppose that s = 0. In this case, the last am + 1 letters in T ′ are ordered

from left to right and thus do not contribute to majα̃′ and majγ(m) . Hence, we have to
show that

am∑
cm=0

qam−cm
(q; q)am

(q; q)am−cm

= 1.

But this holds given that it is easily seen to be the case s = 0 of (3.8.9).
Note that the T ′ on the right-hand-side of (3.8.9) can be thought as stemming from

a pair (P,Q) corresponding to the case cm = 0, in which case α̃ = (λ1, . . . , λℓ, a1 −
c1, . . . , am−1 − cm−1, am, 1

c1+1, . . . , 1cm−1+1, 1). Comparing with Definition 3.8.4, it is
thus natural to let T ′ = T (m) on the right-hand-side. We have thus proven that

am∑
cm=0

qam−cm
(q; q)am

(q; q)am−cm

∑
P

∑
Q∈SΩΓ

qmajα̃′ (T ′
P,Q) =

∑
P

∑
Q∈S

ΩΓ(m)

q
maj

γ(m) (T
(m))

,

where Γ(m) = (c1, · · · , cm−1, 0; sh(P )).
Following the same procedure, we can show that

am−1∑
cm−1=0

qam−1−cm−1
(q; q)am−1

(q; q)am−1−cm−1

∑
P

∑
Q∈S

ΩΓ(m)

q
maj

γ(m) (T
(m))

=
∑
P

∑
Q∈S

ΩΓ(m−1)

q
maj

γ(m−1) (T
(m−1))

,

where Γ(m−1) = (c1, · · · , cm−12, 0, 0; sh(P )), and where

γ(m−1) = (λ1, . . . , λℓ, a1 − c1, . . . , am−2 − cm−2, 1
c1+1, . . . , 1cm−2+1, am−1 + 1, am + 1).

After doing all the summations, we get

a1∑
c1=0

· · ·
am∑

cm=0

q|aaa|−|ccc| (q; q)a1 · · · (q; q)am
(q; q)a1−c1 · · · (q; q)am−cm

∑
P

∑
Q∈SΩΓ

qmajα̃′ (T ′
P,Q)qmajα̃(T ) =

∑
P

∑
Q∈S

ΩΓ(1)

q
maj

γ(1)
(T (1))

,

where Γ(1) = (0m; sh(P )), and where

γ(1) = (λ1, . . . , λℓ, a1 + 1, . . . , am + 1).

Note that γ(1) = Λ̃, and that T (1) = Taaa. We thus finally have that∑
P

∑
Q∈S

ΩΓ(1)

q
maj

γ(1)
(T (1))

=
∑

T : sh(T )=Ω

qmajΛ̃(Taaa)

since Q is empty, which means that (P,Q) = (P, ∅) now corresponds to an arbitrary
standard filling T of Ω. This proves the theorem.
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Example 3.8.9. We will illustrate 3.8.3 using the example 3.5.1 when t→ 1.

In order to compute KΩΛ(q, 1) we will consider two separate cases, when Ω is
dominant and when Ω is not dominant.

1. Case in which Ω is dominant.

On this case we have to take the maj using the following circled standard tableau.

1 2
3 m1m2 →

10 21

30 41

50

So contributions to the maj will come when 2 is weakly to the left of 1 and when
4 is weakly to the left of 3.
Before showing the tables, observe that in the dominant case when aaa = (1, 0) in
order to go from (1, 0,111,111) to (1,111, 0,111) we have to compute Taaa = T (1) = T (2) =

T
(3)
4→4 = T (3).

On this table we include the tableaux corresponding to the m-partitions with

or as Young diagrams after removing the circles are

m-partition
m1m2 m1m2

m1m2
m1

m2 m1m2

Tableau Taaa = T (3) 1 2 3 4
5

1 2 3
4
5

1 4
2 5
3

1 4
2
3
5

1
2
3
4
5

Maj contributors ∅ {4} {2} {2} {2, 4}

Maj 0 1 1 1 2

On this table we include the tableaux corresponding to the m-partitions with
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as Young diagram after removing the circles are

m-partition
m1m2 m1m2

m1
m2

m1
m2 m1m2 m1m2 m1m2 m1m2

Tableau Taaa = T (3) 1 2 4
3 5

1 3 4
2 5

1 2 4
3
5

1 3 4
2
5

1 2
3 4
5

1 3
2 4
5

1 2
3
4
5

1 3
2
4
5

Maj contributors ∅ {2} ∅ {2} ∅ {2, 4} {4} {2, 4}

Maj 0 1 0 1 1 2 1 2
(3.8.11)

So the contribution coming from Schur functions associated to dominant m-
partitions is

s3,0;∅+qs0,0;3+(1+q)s2,1;∅+(1+q)s2,0;1+(1+q2)s1,0;2+(q+q2)s0,0;2,1+qs1,1;1+qs1,0;1,1+q
2s0,0;1,1,1

2. Case in which Ω is not dominant. On this case we have to take the maj using
the following circled standard tableau.

1 2
3 m2m1 →

10 21

40 51

30

So contributions to the maj will come when 2 is weakly to the left of 1 and when
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5 is weakly to the left of 4.

m-partition
m2m1 m2m1 m2m1

m2
m1

m2
m1 m2m1 m2m1

m2
m1

T (3) 1 2 3 4
5

1 2 4
3 5

1 3 4
2 5

1 2 4
3
5

1 3 4
2
5

1 2
3 4
5

1 3
2 4
5

1 4
2
3
5

T (2) = T (1) 1 2 3 4
5

1 2 3
4 5

1 3 4
2 5

1 2 3
4
5

1 3 4
2
5

1 2
3 4
5

1 3
2 4
5

1 3
2
4
5

Maj contributions {5} ∅ {2, 5} {5} {2, 5} {5} {2, 5} {2, 5}

Maj 1 0 2 1 1 1 1 2

And the contribution coming from Schur functions with Ω not dominant is:

qs0,3;∅ + (1 + q2)s1,2;∅ + (q + q2)s0,2;1 + (q + q2)s0,1;2 + q2s0,1;1,1 (3.8.12)

Adding 3.8.11 and 3.8.12 we can see that we get the same as example 3.5.1 when
t = 1.

Remark 3.8.1. It was shown in [10] that KΩΛ(q, t) = Kµλ(q, t) when Ω = (0m;µ) and
Λ = (0m;λ). For such Ω and Λ, it is easy to see that the combinatorial interpretation
in Theorem 3.8.3 corresponds to (3.1.2). Indeed, we have in this case that Λ̃ =
(λ1, . . . , λℓ, 1

m) and Taaa = T◦, where we recall that T◦ corresponds to T with the i-
circle transformed into a squared filled with the letter |λ| + i. But since the last m
letters in T◦ do not contribute to majΛ̃(T◦), we have that majΛ̃(T◦) = majλ(P ), where
P is the standard tableau corresponding to T without its circles.
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[14] D. Orr and M.B. Weising, Stable-limit partially symmetric Macdonald functions
and parabolic flag Hilbert schemes, arXiv:2410.13642.

[15] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University Press,
(1999).

[16] M. Wachs, Flagged Schur functions, Schubert polynomials, and symmetrizing op-
erators, J. Combin. Theory Ser. A 40(2) (1985), 276–289.



Chapter 4

Parking Functions with zero dinv

This introduction is adapted from pages 33-35 from [13].

4.1 The Garsia-HaimanModules and the n!-Conjecture

Throughout this chapter, let Xn = {x1, . . . , xn} and Yn = {y1, . . . , yn} Given a sub-
space W ⊂ C[Xn, Yn], we define the bigraded Hilbert series of W as

H(W ; q, t) =
∑
i,j≥0

tiqj dim(W (i,j)) (4.1.1)

where W (i,j) consists of those elements of W of that are bihomogeneous of degree i in
the x−variables and j in the y−variables. Thus

W =
⊕
i,j≥0

W (i,j).

We also define the diagonal action of Sn on W by

σf = f(xσ(1), . . . , xσ(n), yσ(1), . . . , yσ(n)) σ ∈ Sn, f ∈ W (4.1.2)

This action preserves each bihomogeneous component W (i,j), so we can define the
bigraded Frobenius series of W as

F(W ; q, t) =
∑
i,j≥0

tiqj
∑
λ⊢n

sλMult(χλ,W (i,j)) (4.1.3)

Similarly, let W ϵ be the subspace of alternating elements in W , and

H(W ϵ; q, t) =
∑
i,j≥0

tiqjdim(W ϵ(i,j)) (4.1.4)

Then
H(W ϵ; q, t) = ⟨F(W ϵ; q, t), s1n⟩ (4.1.5)

89
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For µ ∈ Par(n), let (r1, c1), . . . , (rn, cn) be the (a′ − 1, l′ − 1) = (column, row) coordi-
nates of the cells of µ, taken in some arbitrary order. Define

∇µ(Xn, Yn) =
∣∣∣xrj−1

i y
cj−1
i

∣∣∣n
i,j=1

. (4.1.6)

For example,

∇(2,2,1)(X5, Y5) =


1 y1 x1 x1y1 x21
1 y2 x2 x2y2 x22
1 y3 x3 x3y3 x23
1 y4 x4 x4y4 x24
1 y5 x5 x5y5 x25

 (4.1.7)

For µ ⊢ n, let V (µ) denote the linear span of ∇µ(Xn, Yn) and its partial derivatives
of all orders. Note that, although the sign of ∇µ may depend on the arbitrary ordering
of the cells of µ we started with, V (µ) is independent of this ordering. Garsia and
Haiman conjectured [10] the following result, which was proved by Haiman in 2001
[17].

Theorem 4.1.1. For all µ ⊢ n,

F(V (µ); q, t) = H̃µ, (4.1.8)

where H̃µ = H̃µ[X; q, t] is the modified Macdonald polynomial.

Note that 4.1.1 implies that K̃λ,µ(q, t) ∈ N[q, t].

Corollary 4.1.2. For all µ ⊢ n, dimV (µ) = n!.

Theorem 4.1.1 and corollary 4.1.2 together were known as the ¨n! conjecture”.
Altought Corollary 4.1.2 appears to be substantially weaker, Haiman proved [16]

in the late 1990’s that Corollary 4.1.2 actually implies theorem 4.1.1.
In summary, Adriano Garsia and Haiman constructed special modules whose struc-

ture coefficients are the q, t−Kostka polynomials. Haiman’s proof of the n! conjecture
in [17], then stablished the Macdonald positivity.

4.2 The Space of Diagonal Harmonics

For h, k ∈ N let

ph,k[Xn, Yn] =
n∑

i=1

xhi y
k
i , h, k ∈ N

denote the ¨polarized power sum”. It is known that the set {ph,k[Xn, Yn], h + k ≥ 0}
generates C[Xn, Yn]

Sn , the ring of invariants under the diagonal action. Thus the
natural analog of the quotient ring Rn of coinvariants is the quotient ring DRn of
diagonal coinvariants defined by

DRn = C[Xn, Yn]/

〈
n∑

i=1

xhi y
k
i ,∀h+ k > 0

〉
(4.2.1)
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By analogy we also define the space of diagonal harmonics DHn by

DHn = {f ∈ C[Xn, Yn] :
n∑

i=1

∂h

xhi

∂k

yki
f = 0,∀h+ k > 0} (4.2.2)

The space DHn is finite dimensional and isomorphic to DRn. The dimension of
those spaces turns out to be (n+1)n−1, a result which was proved by Haiman in [15].
His proof of this result uses many of the techniques and results from his proof of the
n! conjecture.

The number (n + 1)n−1 counts parking functions, which play a central role in
studying the structure of DHn.

The diagonal operator ∇ defined as

∇H̃λ[X; q, t] = tn(λ)qn(λ
′)H̃λ[X; q, t] (4.2.3)

have been fundamental in understanding the q, t−combinatorics of the identities as-
sociated to DHn and Macdonald polynomials. Its definition was chosen so that

⟨∇(en[X]), en[X]⟩ = Cn(q, t) (4.2.4)

where Cn(q, t) denotes q, t−Catalan Number. It is well known that

Cn(q, t) =
∑

D∈DPn

tarea(D)qdinv(D) (4.2.5)

Extending the dinv statistic to parking functions leads to the following conjecture

⟨∇en, hn1 ⟩ =
∑
P∈Pn

qdinv(P )tarea(P ) (4.2.6)

where Pn is the set of parking functions of size n, and dinv(P ) and area(P ) are
statistics defined on parking functions. In our work we focused on studying the dinv
statistic, which is the more intricated of the two.

The sections 5.3-5.7 chapter were extracted from an article ¨Parking Functions
with Zero dinv” which was done in collaboration with Susanna Fishel, which whom I
am deeply grateful.

4.3 Introduction

Carlsson and Mellit proved the renowned shuffle conjecture in [5]; that is they proved
that the conjectured combinatorial formula for the Frobenius character of the diagonal
coinvariant algebra is correct. The combinatorial expression is in terms of parking
functions, using the statistics area and dinv.

The number of diagonal inversions or dinv is a well-studied statistic, first defined
for Dyck paths, then expanded to all parking functions. Please see the standard
reference [13]. In [1] Garsia, Xin, and Zabrocki defined primary and secondary dinv,
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which refine dinv. In their proof of the three shuffle case of a refinement of the shuffle
conjecture, they found and used a bijection and noticed that their bijection swapped
primary and secondary dinv. We enumerate the parking functions with zero secondary
dinv.

Let PFZ(n) denote the set of parking functions defined on [n] with zero secondary
dinv and ψ(n) := |PFZ(n)|, where we set ψ(0) = 1. We will show that for n ≥ 1,
ψ(n) satisfies the following recursion

ψ(n) =
n∑

k=1

(n− 1)!

(n− k)!

n−k∑
ℓ=0

(
n− k
ℓ

)
ψ(ℓ)ψ(n− k − ℓ). (4.3.1)

We will prove (4.3.1) by proving that any parking function h ∈ PFZ(n) can be
decomposed uniquely into a triple (f, g,D), where f and g are two parking functions
which have zero secondary dinv and whose domains are disjoint subsets of [n] not
containing 1, and D is a sequence consisting of the remaining elements of [n] and be-
ginning with 1. This will give us a bijection. Recursion (4.3.1) allows us to enumerate
PFZ(n). This recursion is satisfied by other combinatorial objects and defines the
sequence A007840 on OEIS. We describe one of the objects it counts.

Let ϕ(n) be the number of ordered cycle decompositions of n, defined in Sec-
tion 4.4.3. Please also see [3, Page 8].

Our main result is

Theorem 4.3.1. Let n be a nonnegative integer. We have ψ(n) = ϕ(n).

As we want to prove that ψ(n) is the same as ϕ(n), we prove ϕ(n) satisfies (4.3.1),
with ψ(n) replaced by ϕ(n) throughout.

Proposition 4.3.2. The recursion (4.3.1) is satisfied by ϕ(n), the number of ordered
cycle decompositions of n.

We begin with the definitions of parking functions and dinv in Section 4.4. In
Section 4.5, we begin our proof of (4.3.1) by defining a set P(n) of triples in (4.5.1) and
(4.5.2). We define a process to insert an integer into a parking function in Section 4.5.1.
In Section 4.5.2, we construct a map Ψ from the set P(n) to PFZ(n). Given a triple
(f, g,D) ∈ P(n), where f and g are parking functions and D is a sequence, we will
insert the elements of D and g into f to produce h ∈ PFZ(n). Not until Section 4.6
do we show that Ψ is invertible. Finally, in Section 4.7, we say a few words on why
the bijection proves (4.3.1) and therefore Theorem 4.3.1.

4.4 Preliminaries

4.4.1 Parking functions

There are many equivalent definitions of parking functions. We use their diagrams to
define them.
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1
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5

7

12

15

14

20

Figure 4.1: On the left, the parking function f ∈ PF(5) whose function form is
(1, 1, 2, 1, 4). On the right is a parking function in PF(A), A = {7, 12, 14, 15, 20}.

.

Definition 4.4.1. A Dyck path of length 2n is a lattice path from (0, 0) to (n, n)
which never goes below the line y = x. Let A ⊂ Z, |A| = n. Starting with a Dyck
path D of length 2n, a parking function on A is an arrangement of the elements of
A in the squares immediately to the right of the n vertical steps of D and with strict
decrease down the columns. We will often refer to the elements of A as the labels of
the parking function.

The standard definition of a parking function is the case A = [n].
We can also view a parking function as a function f : A → [n], as the name

suggests. Given a parking function in diagram form, set f(i) = j if i has been placed
in column j. The domain of f is A and denoted dom(f). We denote the set of parking
functions on A by PF(A) and in the case A = [n] by PF(n). In this paper, we use
both the diagram form and the function form of a parking function. Note that the
function form is usually written as a vector (f(1), f(2), . . . , f(n)). Please see [13] for
more details and Figure 4.1 for an example.

4.4.2 Diagonal inversion (dinv) statistics

Let f ∈ PF(n) be a parking function. The row rowf (i) of i ∈ [n] is the row of i
in f , counting from the bottom, and its column colf (i) counting from the left. For
example, in Figure 4.1 on the left, we have rowf (2) = 2 and colf (2) = 1. The diagonal
of an element i ∈ [n] is diagf (i) = rowf (i)− colf (i).

We will also consider the set diagonal d for d ∈ [n]. It is the set

{i ∈ [n] : diagf (i) = d}.

Again referring to Figure 4.1 on the left, diagonal 0 of f is {1}, diagonal 1 of f is
{2, 5}, diagonal 2 of f is {3, 4}, and all higher diagonals are empty. We denote the
maxx∈A diagf (x) by ∆f . All parking functions have nonempty diagonal 0.

There are two types of dinv pairs. If i, j ∈ [n] with i < j, diagf (i) = diagf (j),
and colf (i) < colf (j) (i to left, same diagonal), then (i, j) is a primary dinv pair and
dinv1(f) is defined as the number of such pairs. If i, j ∈ [n] with i < j, diagf (i) =
diagf (j) − 1, and colf (i) > colf (j) (i strictly to right, lower adjacent diagonal), then
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i

d− 1

j

d

Figure 4.2: If i < j, diagf (i) = diagf (j) − 1, and colf (i) > colf (j), then (j, i) is a
secondary dinv pair for f .

(j, i) is a secondary dinv pair and the number of these pairs is dinv2(f). Please see
Figure 4.2. Primary and secondary dinv were introduced in [1] and their sum is dinv.
We study parking functions with zero secondary dinv: dinv2(f) = 0 and we denote
this subset of PF(n) by PFZ(n). Parking functions on a domain A with zero secondary
dinv are denoted PFZ(A).

In Figure 4.1 on the left, there is one primary dinv pair (2, 5), and no secondary
dinv pairs; therefore dinv1(f) = 1 and dinv2(f) = 0, and we have f ∈ PFZ(5).

4.4.3 Ordered cycle decompositions

We define the second main object of this note and prove Proposition 4.3.2.

Definition 4.4.2. An ordered cycle decomposition of a permutation of n is a
sequence (σ1, σ2, . . . , σk) of nonempty, disjoint cycles whose product σ1 · σ2 · · · σk is a
permutation of n.

As in the introduction, we denote the number of ordered cycle decompositions of
permutations of n by ϕ(n). For example, ϕ(2) = 3 as {(12), (1)(2), (2)(1)} is the set
of ordered cycle decompositions of permutations of 2, and ϕ(3) = 14 as

{(123), (132), (12)(3), (3)(12), (13)(2), (2)(13), (23)(1), (1)(23),
(1)(2)(3), (1)(3)(2), (2)(1)(3), (2)(3)(1), (3)(1)(2), (3)(2)(1)}

is the set of ordered cycle decompositions of permutations of 3.
The expression

ϕ(n) =
n∑

k=0

c(n, k)k!, (4.4.1)

where c(n, k) is the signless Stirling number of the first kind, also appears in [3].
We claim in Proposition 4.3.2 that
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ϕ(n) =
n∑

k=1

(n− 1)!

(n− k)!

n−k∑
ℓ=0

(
n− k
ℓ

)
ϕ(ℓ)ϕ(n− k − ℓ). (4.4.2)

Proof of Proposition 4.3.2. Suppose there are k elements in the cycle which contains 1
and ℓ elements which precede this cycle, where 0 ≤ ℓ ≤ n−k. There are

(
n−1
k−1

)
·(k−1)! =

(n−1)!
(k−1)!

such cycles,
(
n−k
ℓ

)
·ϕ(ℓ) ways to pick and arrange the elements which precede the

cycle, and ϕ(n− k − ℓ) ways to arrange the elements which follow the cycle. Finally,
sum over k and ℓ.

4.5 The map Ψ

Fix a positive integer n. Let A,B,E ⊂ [n] be such that 1 ∈ E and [n] is the disjoint
union of A, B, and E. Set

P(A,B,E) = {(f, g,D)}, (4.5.1)

where f ∈ PFZ(A), g ∈ PFZ(B), and D = (e1, e2, . . . , e|E|) is an ordering of E such
e1 = 1. We set

P(n) =
⋃

k,ℓ∈Z≥0

k+ℓ≤n

⋃
|A|=ℓ
|B|=k

P(A,B,E), (4.5.2)

where A and B in (4.5.2) are disjoint subsets of [n] which do not contain 1, E =
[n] \ A ∪B, and P(A,B,E) is as in (4.5.1).

4.5.1 Insertion

Let A ⊂ Z, let f ∈ PFZ(A), let x ̸∈ A, and let k be a positive integer. We define
the insertion of number x into f in place k as follows and denote the result by f̂ =
Γ(f, x, k). Here we use the function form of f . For a ∈ A ∪ {x} we define

f̂(a) =


f(a) if f(a) < k or f(a) = k and a < x,

f(a) + 1 if f(a) > k or f(a) = k and a > x,

k if a = x.

(4.5.3)

Insertion can be seen in terms of the diagram. It splits the diagram of f at column
k, with the portion to the right of a’s cell or directly above a’s cell shifting to the
right. A row and column will be added to f ’s diagram form.

For the map Ψ, we’ll need to insert without increasing secondary dinv.
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Γ(f, 3, 1)
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Γ(f, 6, 1)
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Γ(f, 11, 3)
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Γ(f, 8, 3)

Figure 4.3: The parking function f and the results of various insertions.

Definition 4.5.1. Let h be a parking function on A, let x /∈ A, let c, d ≤ |A|.
Denote the elements in diagonal d − 1 which are strictly to the right of column c by
y1, y2, . . . , ym. They are ordered so that

c < colh(y1) < colh(y2) < · · · < colh(ym).

Let ℓ∗ be the minimum ℓ such that for all ℓ > ℓ∗, yℓ > x. If x < y1, then ℓ
∗ = 0. The

(c, d)-insertion of x in h inserts x on diagonal d and in a column at least c of h and
results in the parking function h∗ = Γ(h, x, c∗), where

c∗ =

{
colh(yℓ∗) if ℓ∗ > 0

c+ 1 if ℓ∗ = 0.

In general, we refer to (c, d)-insertion as special insertion.

Claim 4.5.1. Let f ∈ PFZ(A) and x /∈ A. Suppose c and d satisfy the following
conditions.

1. We have d = ∆f and for all y such that colf (y) > c, we have d > diagf (y); and

2. there is a label which is in column c and diagonal d and it’s at the top of its
column.

If h is the result of a (c, d)-insertion of x into f , then dinv2(h) = dinv2(f). What’s
more, diagh(x) = d.

Proof. First, we show that diagh(x) = d. Suppose ℓ∗ > 0. Then yℓ∗ < x, yℓ∗ is in
diagonal d−1, and c∗ = colh(yℓ∗), so x will be placed directly on top of yℓ∗ in diagonal
d. Now consider the case ℓ∗ = 0, so that c∗ = c + 1. By condition (2), x must be
placed in the row above the row that the largest element of column c is in. Therefore,
again, x is in diagonal d of h.

Recall that (j, i), where i and j are labels in h, is a secondary dinv pair if i < j,
diagh(i) = diagh(j) − 1, and colh(i) > colh(j). By condition (1), there can be no
secondary dinv pair (j, x) and by the definition of ℓ∗, there can be no secondary dinv
pair (x, i).
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u

v

c

d = ∆f

Figure 4.4: Condition (1) of Claim 4.5.1 says that d is the highest index of a diagonal
which has a label in it and this diagonal has no labels on it to the right of column c.
Condition (2) says that column c has a label on diagonal d.

4.5.2 Definition of Ψ : P(n)→ PFZ(n)

Let (f, g,D) ∈ P(n), where f ∈ PFZ(A), g ∈ PFZ(B), D = (e1 = 1, e2, . . . , es), and
[n] is the disjoint union of A, B, and {e1, e2, . . . , es}. The map Ψ : (f, g,D) 7→ h
consists of three phases and produces a sequence of functions f = h0, h1, . . . , hN = h
with all hk having zero secondary dinv.

In the first phase, we will use special insertion to insert D into f . All elements
of D are inserted into diagonal ∆f . Let c be the column of the entry in diagonal ∆f

with the largest column index. We start with h0 = f and (c,∆f )-insert 1 into h0,
obtaining h1. Notice that 1 will be the only label in its row and column. At step i,
1 < i ≤ s, we let c = colhi−1

(ei−1) and (c,∆f )-insert ei into hi−1. Conditions (1) and
(2) of Claim 4.5.1 are satisfied, so we have not added any secondary dinv. At the end
of the first phase, we have h0 = f, h1, . . . , hs.

In the second phase, we special insert the entries of the main diagonal (diagonal 0)
of g into hs. Let z1, z2, . . . , zt be the entries of the main diagonal of g, ordered so that
colg(z1) < colg(z2) < · · · < colg(zt). This phase is similar to the first phase, except
that we now insert into diagonal d = (∆f + 1) = (∆hs + 1) of hs. We begin with
c = colhs(1)− 1 and we (c, d)-insert z1 into hs to obtain hs +1. Notice that we cannot
apply Claim 4.5.1 for the first insertion of phase two, because its condition (2) is not
satisfied. However, the ℓ∗ used in special insertion will be positive in this case, since
1 is on diagonal d− 1 = ∆hs . Since ℓ

∗ > 0, the first entry will be placed on top of yℓ∗
in diagonal d = diag hs + 1. As in the proof of Claim 4.5.1, since diaghs+1

(z1) = ∆hs ,
there can be no secondary dinv pair (j, z1) and by the definition of ℓ∗, there can be
no secondary dinv pair (z1, i). At step i, s + 1 < i < s + t, let c = colhi−1

(zi−1−s)
and (c, d)-insert zi−s into hi−1. At the end of this phase, we have h0, . . . , hs, . . . , hs+t.
Again, conditions (1) and (2) of Claim 4.5.1 are satisfied at each step.

We are now in the third phase. Let z1, . . . , zt be as defined in the second phase.
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Figure 4.5: Parking function g from Figure 4.6 with blocks drawn in.
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D = (1, 6, 9, 15, 20)

Figure 4.6: Parking functions f and g, as well as a sequence D. See Example 4.5.1:
(f, g,D) ∈ P(21).

The block Bi of zi is the set of labels x in g such that diagg(x) > 0 and colg(zi) ≤
colg(x) < colg(zi+1), where we set colg(zt+1) to be | dom(g)| + 1 for ease of notation.
Please see Figure 4.5. In the third phase, we insert the blocks of g into hs+t. There
are t blocks of g: one for each element zi from diagonal 0 of g.

The width of Bi, wd(Bi), is colg(zi+1)−colg(zi)+1. The number of rows occupied
in g by elements of Bi is also wd(Bi). For each Bi, we expand the diagram of hs+t+i−1

by wd(Bi) columns inserted after colhs+t+i−1
(zi), then add the labels from Bi so that

their relative position to zi (number of rows above, number of columns to the right)
is as it was in g. Let x be a label added in the third phase from block Bi. Note that
the preservation of relative positions forces

diagh(x) = diagg(x) + diagh(zi) = diagg(x) + d > d.

Example 4.5.1. We show how the map Ψ works on the functions f and g and the
sequence D given in Figure 4.6. In the first phase, the elements of D are special
inserted on f ’s highest diagonal, which is diagonal 3. They are circled in the diagram
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Figure 4.7: The results after phases 1 and 2 of the map Ψ applied to (f, g,D) from
Figure 4.6.

on the left of Figure 4.7. The label 15, for example, cannot be inserted in a column
which precedes the label 11 from f , or it would create a secondary dinv pair. In the
parking function on the right of Figure 4.7, the labels 2, 16, 21 and 10 from g’s main
diagonal have been inserted (second phase). Finally, in Figure 4.8, we insert the blocks
from g.

Proposition 4.5.2. For (f, g,D) ∈ P(n), the parking function h = Ψ(f, g,D) has
dinv2(h) = 0.

Proof. We refer to the construction of Ψ given in this section.
By Claim 4.5.1, the parking function hs+t has zero secondary dinv, since it was built

from f ∈ PFZ (dom(f)) using special insertion with c and d satisfying the conditions
in Claim 4.5.1. We need only show that we did not create any secondary dinv with
the insertion of a block in the third phase.

Suppose i < j and i, j ∈ dom(g). By our construction, diagh(i) = diagg(i)+∆f +1
and similarly for j. What’s more, the zk and their corresponding blocks were added in
increasing order of their columns in g. Therefore, diagh(i) = diagh(j)− 1 if and only
if diagg(i) = diagg(j) − 1 and colh(i) > colh(j) if and only if colg(i) > colg(j). Since
(j, i) was not a secondary dinv pair in g, it cannot be one in h. No new secondary
dinv pair was created by an interaction of a label from the second phase and one from
third, or two labels from the third.

Suppose we have a label from the first phase and one from the third. Their diag-
onals differ by at least two, so they could not form a secondary dinv pair.
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Figure 4.8: The parking function h = Ψ(f, g,D), where (f, g,D) is given in Figure 4.6.
See also Example 4.5.1.
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4.6 Inversion of the map Ψ

In this section, we show that Ψ is invertible, simply by reversing all the steps. We will
“remove” rows, columns, and labels from h, to construct D and g, and what remains
of h will be the parking function f .

Let h ∈ PFZ(n). We must find (f, g,D) ∈ P(n). We use d to denote diagh(1).
The first step is to identify labels z1, z2, . . . , zt. They are the elements of diagonal
d+ 1, ordered so that colh(z1) < colh(z2) < · · · < colh(zt) and will make up the main
diagonal of g.

Next, we define blocks Bi for 1 ≤ i < t as the set of labels x in h such that
diagh(x) > d + 1 and colh(zi) ≤ colh(x) < colh(zi+1). The block Bt is the set of x
with diagh(x) > d + 1 and colh(zt) ≤ colh(x), it should be noted that zi ̸∈ Bi as
diagh(zi) = d + 1. The height ht(Bi) of the block Bi is the number of rows occupied
in h by elements of Bi, plus 1 for zi, so that rowh(zi) + ht(Bi) = rowh(zi+1). Note
that ht(Bi) = wdBi + 1, where wdBi was defined in Section 4.5.2. There will be at
least ht(Bi) − 1 columns which either contain elements of Bi or are empty strictly
between the column of zi and the column of zi+1. Additionally, the domain of g has
b = ht(B1) + ht(B2) + · · ·+ ht(Bt) elements.

The parking function g is constructed by first placing the blocks, together with
z1, z2, . . . , zt, in a b× b grid so that z1, z2, . . . , zt are on the main diagonal. Place zi on
the main diagonal in column ht(B1) + · · ·+ht(Bi−1) + 1. Next the elements in Bi are
placed in the grid. They must retain their relative position to zi, and every row must
have exactly one element in it.

We remove from h the rows containing elements from a block and columns colh(zi)+
1, colh(zi) + 2, . . . , colh(zi) + ht(Bi) − 1, also removing the labels in these rows and
columns. We remove all labels in the column of zi from higher rows. We call the
resulting, smaller parking function h′. Notice that diagh(x) = diagh′(x) for all labels
x remaining in h′.

The parking function h′ may now have fewer rows, columns, and labels. The
labels z1, . . . , zt are still in h′ and are on the highest diagonal. We want to erase the
labels z1, . . . , zt from h′, but in the order zt, . . . , z1 and always removing the column
following each zi’s column. We begin with zt. If there is a label x such that rowh′(x) =
rowh′(zt) + 1, then since diagh′(zi) > diagh′(x), we have colh′(x) − colh′(zt) > 1, so
we remove the empty column colh′(zt) + 1 and row rowh′(zt), thereby also erasing zt.
If no such x exists, then since diagh′(zt) > diagh′(1) ≥ 0, there is an empty column
after colh′(zi), which we remove, as well as the row zt is in. In either case, we call
the resulting parking function ht. We repeat this procedure with zt−1 down to z1,
producing parking functions ht−1, . . . , h1. At the end, h1 has ht(B1) + ht(B2) + · · ·+
ht(Bt) fewer rows and columns than the original h and all remaining labels are in the
same diagonal as in the original h; i.e. diagh1

(x) = diagh(x), for all labels x in h1.
The sequence D = (e1 = 1, e2, . . . , es) is taken from diagonal d of h, which is

the highest diagonal of h1. The elements e1, e2, . . . , es are the labels in the highest
diagonal whose column indices are at least the column index of the label 1 in h1 and
they are ordered so that colh1(1) < colh1(e2) < · · · < colh1(es). The labels e1, . . . , es are
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removed from h1, resulting in f . This step reverses the first phase of the construction of
Ψ. Finally, we mention f will be on a domain of size n−(s+b). It is straightforward to
see that we have reversed the procedure which defines Ψ and that this inverse function
Ψ−1 is defined on all of PFZ(n).

4.7 The map Ψ and Theorem 4.3.1

We can now directly see that ψ(n) satisfies (4.3.1) and thereby prove Theorem 4.3.1.

Let k ∈ [n] and 0 ≤ ℓ ≤ n − k. There are
(
n−1
k−1

)
· (k − 1)! = (n−1)!

(n−k)!
sequences

(e1, e2, . . . , ek), where e1, e2, . . . , ek are distinct elements of [n] and e1 = 1. There are(
n−k
ℓ

)
subsets A ⊂ [n] of size ℓ which are disjoint from {e1, . . . , ek} and ψ(ℓ) is the

number of parking functions with zero secondary dinv on A. Let B be the complement
in [n] of {e1, . . . , ek}∪A; there are ψ(n−k− ℓ) parking functions with zero secondary
dinv on B. We sum over k and ℓ to obtain (4.3.1).
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4.8 Nonrecursive bijection between ordered cycles

and Parking Functions with zero dinv.

Recall from the previous sections that PFZ(n) denotes the set of classical parking
functions of length n, and let and OrdC(n) denote the set of ordered cycles decompo-
sitions of [n]. Using the ideas developed in [27], we refine Theorem 4.3.1 by exhibiting
an explicit bijection φ : PFZ(n)→ OrdC(n).

1. Let f ∈ PFZ(n). We describe the construction of the ordered cycles decompo-
sition φ(f).

First step. Set m1 = 1, and let (c1, d1) be the column/diagonal pair in which
m1 lies. Let D1 be the set of elements on diagonal d1 that lie weakly to the right
of column c1.

Second step. Define

A1 = [1, n] \D1, m2 = minA1.

Let (c2, d2) be the column/diagonal pair in which m2 lies. Let D2 be the set of
elements of A1 lying on diagonal d2 and weakly to the right of column c2. Note
that, by construction, D2 ⊆ [1, n] \D1, so in particular D1 ∩D2 = ∅.

ith step. Suppose D1, . . . , Di−1 have been defined. Set

Ai−1 = [1, n] \ (D1 ∪ · · · ∪Di−1), mi = minAi−1.

Let (ci, di) be the column/diagonal pair containing mi, and let Di be the set
of elements of Ai−1 lying on diagonal di and weakly to the right of column ci.
Again, by construction,

Di ⊆ [1, n] \ (D1 ∪ · · · ∪Di−1),

so Di ∩ (D1 ∪ · · · ∪Di−1) = ∅.

Final step. Let E be the ordered list of the elements m1, . . . ,mk, arranged
as follows: first list the elements on d1 from left to right, then those on d2 on
the same order, and so on. Equivalently, if mi and mj lie in columns ci, cj and
diagonals di, dj, respectively, then mi precedes mj if and only if

(di, ci) < (dj, cj)

in lexicographic order.

Finally, order the cyclesD1, D2, . . . , Dk according to the order in whichm1, . . . ,mk

appear in E; that is, Di precedes Dj if and only if mi precedes mj in E.
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Example 4.8.1. Let’s f ∈ PFZ(21) the parking function found on the example
of our article.

First step. Let m1 = 1. The elements lying on the same diagonal as 1
and weakly to its right are, in order 1, 6, 9, 15, 20 on that order, so D1 =
(1, 6, 9, 15, 20)1.

Second step. Next

m2 = min([1, 21]− {1, 6, 9, 15, 20}) = 2.

Collecting all the elements on the diagonal containing 2 that lie weakly to its
right gives the cycle (2, 16, 21, 10).

Third step. Repeating the procedure,

m3 = min
(
[1, n]− (D1 ∪D2)

)
= 3.

The elements on the diagonal as 3 lying weakly to its right are 3, 14 on that
order so D3 = (3, 14).

Steps 4− 9. Continuing in the same way, we obtain

D4 = (4, 13, 17, 19)
D5 = (5, 11, 18)
D6 = (7)
D7 = (8)
D8 = (12)

and m4 = 4,m5 = 5,m6 = 6,m7 = 7,m8 = 8,m9 = 12.

The elements m1, . . . ,m8 = {1, 2, 3, 4, 5, 6, 7, 8, 12} are found on the order

3, 5, 8, 7, 1, 2, 4, 12

when reading the parking function diagonal by diagonal from bottom to top,
and within each diagonal from left to right. Therefore the cycles D1 . . . D8 are
ordered according to this sequence of minimal elements, and we obtain

φ(f) = D3D5D7D6D1D2D4D8.

Explicitely

φ(f) = (3, 14)(5, 11, 18)(8)(7)(1, 6, 8, 15, 20)(2, 16, 21, 10)(4, 13, 17, 19)(12)

1Note that D1 is the same diagonal that we obtained on the article when we decomposed our
example f as two partial parking functions and a diagonal. This construction is essentially iterates
that argument.
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We now describe a more straightforward way to carry out this procedure by
hand. Computing a few examples convinces the reader that it produces exactly
the same cycles as the construction given above

Begin with the first diagonal and let e1 be its first element. Define e2 to be the
first element on the same diagonal that is smaller than e1; if no such element
exists, let e2 be the first element of the second diagonal.

Assume inductively that we have defined e1, . . . , ei. We set to be the first element
on the same diagonal as ei that is smaller than ei and to its right. If no smaller
element appears to the right of ei on that diagonal, then ei+1 is defined to be the
first element of the next diagonal. This process terminates once all diagonals
have been exhausted. The resulting set e1, . . . , ek will be the set of cycle first
elements.

We now form the cycles. The cycle C1 consists of all elements on the first
diagonal that lie strictly to the left of e2 (if e2 is on the same diagonal as e1)
or all elements of the first diagonal if e2 lies on the next diagonal. Assuming
C1, . . . , Ci−1 have been defined, the cycle Ci consists of the elements on the same
diagonal as ei that lie weakly to its right and strictly to the left of ei+1 if ei+1

lies on that diagonal. If ei+1 lies on the next diagonal, then Ci simply contains
all elements on the diagonal of ei that lie weakly to its right.

Equivalently, one may read f diagonal by diagonal, from bottom to top and
within each diagonal from left to right. Each diagonal begins with the start of a
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cycle and ends with the end of a cycle. The elements that begin each cycle are
precisely the elements obtained by taking the first element of each diagonal and
then, recursively, the next element smaller than the previous one.

Finally
φ(f) = C1C2 . . . Ck.

2. We will describe a function ψ : OrdC(n)→ PFZ(n). Let π = C1, . . . , Ck be an
ordered cycle decomposition. We describe the construction ψ(π) = f .

To write the inductive step cleanly, we introduce an auxiliary operation.

Auxiliary construction, a product which relies on concatenation. Let
f be a partial parking function with support2 A, and let D = (d1, . . . , dj) be a
diagonal with d1 = min{di}1≤i≤j, with di ̸∈ A for all 1 ≤ i ≤ j. We intend to
¨attach” D to f , if

ψ(f) = C1, . . . , Ck

then we want
ψ(f ·D) = C1, . . . , CkD

Let D be to the highest diagonal of f . Define f ·D as follows:

a) If d1 < a for every a ∈ D, then we use the special insertion to attach D
to the end of D. Since d1 does not create any new dinv, the remaining
elements of D can be inserted appropriately using the special insertion.

b) If d1 > a for some a ∈ D we insert d1 over the last element of D which is
smaller than it. Then we use the special insertion to add the other elements
of D. In this case D is inserted in the diagonal just over D rather than
being added to the end of it.

End of the auxiliary step.

In this way, given C1, . . . , Ck we begin by setting f1 the parking function whose
diagram consists solely of the diagonal C1. Then we iterate

fi+1 = fi · Ci+1.

Finally we define ψ(π) = fk.

Example 4.8.2. Lets C1 = (2, 10, 16, 8, 14, 21), C2 = (4, 11), C3 = (1, 12, 5), C4 =
(6, 18, 9, 17, 7), C5 = (3), C6 = (13, 19, 20, 15). Then we have

2That is, the set of labels appearing in its diagram.
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Figure 4.9: Here we have f1, f2 and f3, from left to right.

Figure 4.10: Here we have f4.
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Figure 4.11: Here we have f5.

Figure 4.12: Here we have f6. The sequence of maxima of the cycles is
(21, 11, 12, 18, 3, 20)
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It is clear that ψ ◦ φ = IdOrdC(n) and φ ◦ ψ = IdPFZ(n).

We now describe a faster way to compute ψ.

Let π = C1, . . . , Ck be an ordered cycles decomposition, and let mi denote the
first element of Ci for 1 ≤ i ≤ k.

Partition the sequence (m1, . . . ,mk) into a list of maximal decreasing subse-
quences {mi}i∈Ij where I1 < I2 . . . < Ij in the sense that if x ∈ Ip and y ∈ Iq
with p < q, then x < y.

At the end of this decomposition we have

I1 ∪ I2 ∪ · · · ∪ Ij = [1, k].

The resulting parking function f will have k diagonals D1, . . . , Dk, where each
Di is the concatenation of all Cℓ with ℓ ∈ Ii, and

f = D1 ·D2 · · · · ·Dj.

This description allows for faster computation by hand, although it is less con-
venient for formal proofs.

This description allows for faster computations by hand, but it’s not as conve-
nient for writing the proofs.

Remark 4.8.1. Following the methods of this proof, and considering parking functions
with arbitrary secondary dinv, one can reconstruct a parking function using only the
data of its ordered diagonals together with its secondary dinv.

Since the order of the elements within each diagonal is completely determined by
the primary dinv, a parking function f is uniquely determined by the data

{D1, . . . , Dk}, { primary dinv pairs }, { secondary dinv pairs }

where each Di is set (not an ordered set).

In this description, the area statistic of f is given by

area(f) =
k∑

i=1

(i− 1)|Di|

It would be interesting to investigate whether this perspective provides additional
insight toward a combinatorial proof of the symmetry in q and t of the generating
function ∑

f∈PF (n)

tarea(f)qdinv(f). (4.8.1)
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Since this map embeds each individual cycle along a diagonal, and since each cycle
is written starting with its smallest element, any ordered cycle decomposition of [n]
containing a cycle of length greater than 1 maps to a parking function with positive
primary dinv. Consequently, the parking functions with zero dinv correspond exactly
to the ordered cycle decompositions of [n] in which all cycles have length 1. There
are precisely n! such decompositions. For example, when n = 3, the parking functions
with zero dinv are mapped to

{(1)(2)(3), (1)(3)(2), (2)(1)(3), (2)(3)(1), (3)(1)(2), (3)(2)(1)}.

On the other hand, the parking functions with zero area are exactly those sup-
ported on a single diagonal. Under the same map, these correspond to ordered cycle
decompositions C1 . . . Ck with initial elements a1, . . . , ak with a1 > a2 > . . . > ak
satisfy a1 > a2 > . . . > ak. For n = 3 this set is:

{(123), (132), (23)(1), (2)(13), (3)(12), (3)(2)(1)}

These observations suggest the existence of a bijection between parking functions
with zero dinv and parking functions with zero area. To construct such a bijection,
we develop recursive descriptions showing that the area statistic on parking functions
with zero dinv and the dinv statistic on parking functions with zero area are both
Mahonian. We then use these recursions to define an explicit bijection. It would be
interesting to investigate whether this bijection can be extended or adapted to yield
a combinatorial proof of the symmetry in 4.8.1.
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