Schur bases for the ring of m-symmetric functions

Luis Agustin Cardenas Pena

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor
on Mathematics

Instituto de Matematicas

Universidad de Talca

Supervised by:
Professor PhD. Luc Lapointe

Date: February 27, 2026



Acknowledgements

Mi amor por las matemaéticas es algo de toda la vida, por esa razén considero que
mi camino hacia el doctorado ha sido bien largo. Esto se ve reflejado en esta seccion
de agradecimientos, hacia mi familia, mis amigos y mis docentes.

En primer lugar quiero agradecer a mi familia.

A mi madre que siempre trabajé 80 horas por semana para que no nos falte nada,
y siempre me exigié creyendo en que yo puedo hacer las cosas mejor y llegar mas lejos,
y fue mi primer ejemplo para formarme como persona, ensenandome con el ejemplo
que hay placer en el aprender.

A mis abuelos Nilo y Haydeé que me dieron infinito (no numerable) carifio.

A Nilo en particular quiero agradecerle sus charlas sobre las formas de reemplazar
al postulado de Euclides, que me ayudaron a entender que las matematicas no eran sélo
competencias de quien hace las cuentas mas rapido, y tomarse el trabajo de escuchar
(y descifrar!!!) mis soluciones a problemas de la OMA ain cuando eran horriblemente
enredadas, y motivarme a confiar en mi intuicion, no es algo facil cuando esta intuicién
queda sepultada bajo las pésimas habilidades comunicacionales que tenia como nifno.
También por ensenarme que aprender es un placer, y su predisposicion a estar siempre
estudiando (incluso tecnologias nuevas! jprogramacién!) atn teniendo 85 anos.

Y a mi abuela Haydeé quiero agradecerle haberme dado siempre un espacio acoge-
dor para estudiar con galletitas y conciertos de piano de dos horas, es un privilegio
que nunca olvidaré.

A Julieta, gracias a quien aprendi a sumar (el segundo paso para poder estudiar
combinatoria, después de aprender a sumar) y quien literalmente me salvé la vida
abriendo la ventana y cerrando la llave de gas.

A Cata, por ser la mejor hermanita del mundo y aguantar a un hermano tan
pesado.

A mi tio Claudio por su apoyo moral, sus charlas sobre la humanidad y visitarnos
todas esas tardes compartidas con Haydeé.

A mis tios Enrique y Carolina por apoyarme durante toda mi vida y compartir mi
admiracién por Nilo, sin su apoyo esta tesis no hubiera sido posible, ni ninguna de las
anteriores.

A Alfredo, por su apoyo durante mis estudios de pregrado, sin el cual el doctorado
hubiera sido imposible.



Quiero agradecer a Dani por su carino y compania. Por darme su apoyo, ser mi
cable a tierra y ayudarme a experimentar la vida fuera de las matematicas, olvidando
por momentos mi obsesion por éstas (jy asi poder descansar!). Por ser una companera
de vida, juntos nos alimentamos bien y entrenamos con constancia, lo cual es funda-
mental para un doctorado ya que el nivel de exigencia es comparable al de un atleta
de alto rendimiento. Y finalmente por acompanarme incondicionalmente durante mi
maculopatia.

Del ambito académico chileno, primero quiero agradecerle a mi director de tesis
Luc Lapointe. Por la paciencia cuando le enviaba mil correos, por la frecuencia con
la que nos reuniamos aun cuando avanzaba poco, por tomarse el tiempo de escuchar
mis enredadas ideas ain en mis dias malos. También por haberse tomado el trabajo
de buscar problemas a la medida de mis habilidades para poder maximizar los frutos
de mis anos de doctorado. Y ademads, por su infinita paciencia para descifrar mis
borradores, gracias a sus meticulosas mejoras a la escritura hasta yo pude entender
mis demostraciones.

En particular quiero agradecer a la profesora Maria Inés Icaza, que me apoyo para
que me atreviera a venirme a Chile a realizar mis estudios de Magister, dandome la
posibilidad de continuar mi carrera académica. Sin ella, esta tesis tampoco existiria.

Quiero agradecerle al profesor Ricardo Baeza por motivarme a comer, respirar y
dormir matemadticas, que es algo que ya hacia, pero su entusiasmo me hizo saber que
no estoy sélo en el mundo en mi forma de vivir esta pasién, y por ser un ejemplo de
vida.

A la profesora Susanna Fishel, con quien pude colaborar y aprender un montén. Me
ayudo a templar mi caracter y ser menos precipitado a la hora de hacer afirmaciones, ya
que cuando empezamos a trabajar me dejé llevar por la ansiedad y realicé afirmaciones
que no pude demostrar. Fue una etapa formativa fundamental y junto con ella me
senti muy seguro. Ademads su curso de combinatoria fue de lo mas endemoniadamente
divertido, me senti como si estuviera de nuevo en el colegio jugando a contar.

A la profesora Maria Ronco quiero agradecerle sus cursos y su buena disposicién
para explicar las cosas todas las veces que sean necesarias hasta que yo pudiera enten-
derlas, y por todo el apoyo brindado para asistir a simposios y congresos. También
quiero agradecerle por suavizar el desarraigo manteniendo cerca el acento de mi pafis.

Al profesor Rodrigo Ponce por su paciencia y su retroalimentaciéon ordenada que
me ayudd a volverme mejor expositor y a mejorar mis habilidades de comunicacién
matematica.

Al profesor Stephen Griffeth por su paciencia, su predisposicion a responder siem-
pre todas las preguntas y su incansable esfuerzo por ofrecer cursos sobre los temas
mas diversos e interesantes.

Al profesor Alvaro Liendo, por su sentido del humor y su paciencia para tenerme
robandole tiempo en su curso de topologia en el cual me infiltré.

Al profesor Maximiliano Leyton, por la paciencia como profe y los mejores asados
de Chile.



Al profesor Hernan Castro por mantener la vara alta y creer en que podemos estar
a la altura.

Al profesor Steen Ryom-Hansen por la esforzada labor de preparar las clases de
forma accesible a los estudiantes, y por ser otro entusiasta de los tableaux.

A las secretarias Melissa, Claudia, Yasna y Andrea por su buena onda y estar
siempre predispuestas a ayudar.

Quiero agradecerle colectivamente al Instituto de Matematicas de la Universidad
de Talca, cuyo plantel docente es realmente inspirador y ha sido un gran ambiente
para desenvolverse en actividades matematicas.

Quiero agradecerle a la Agencia Nacional de Investigacion y Desarrollo, cuya beca
me dio la posibilidad de realizar estos estudios.

Finalmente agradecer al pueblo chileno por haberme acogido como si fuera un
chileno mas y nunca hacerme sentir menos, mi estadia en Chile ha sido muy bonita.

A mis Companeros del Instituto, Carlos, Felipe, Leo, Roberto, Ulises, Gonzalo,
Manuel, Katherine, Marco, Yamil, Ana, Lien, Adridn, Jhon por su amistad, compania,
calidez, charlas matematicas e incluso filoséficas. Y también por ayudarme a conocer
otras culturas.

A Manuel por su amistad y por transitar un camino similar al mio, el cual me
ayudd a recibir mejor los lomos de toro, y ser un gran anfitrién para las reuniones
sociales.

A Carlos por su amistad y por recordarme lo que es posible con pasién, trabajo
constante y mantener un estandar alto para si mismo. Sos una persona inspiradora.

A Jhon, porque a pesar de no haber coincidido geograficamente, siempre se sintié
cercano, gracias por el apoyo y acompanamiento jEspero poder visitarte en Alemania!

A Felipe por su amistad, su eterna alegria y su edificante interés en la musica y la
cultura.

A Winni por su amistad, su sentido del humor y sus consejos sobre la vida en
Chile.

A Leo por su amistad y su calidad como persona. Sos una persona refrescantemente
humana, una excepcién entre nonos que vivimos en las nubes.

A Roberto por su amistad y su gran sentido del humor.

A Ulises por su amistad y compartir el interés en Hajime no Ippo. También por
ser mi companero de seminario.

A Gonzalo por su amistad, ser un companero cercano en este camino y por ser tan
buen anfitrién en su casa.

A Katherine por su amistad, sus consejos sobre los asuntos burocréticos/humanos
de la academia y brindar su casa para las reuniones sociales.

A Marco por sus consejos sobre doctorado y estar siempre disponible para charlar.

A Yamil por su amistad y llenar la oficina de doctorado con su sentido del humor.

A Alfonso por ser mi companero en las cosas mas pesadas: los discos, las barras
y la combinatoria algebraica. También por compartir viajes e inquietudes sobre la
carrera de matematica.

A Ana por su amistad, por su actitud positiva y por ser buena anfitriona. También
por ser mi companera de seminario.



A Lien por su amistad, ser un ejemplo inspirador con un ritmo de trabajo impre-
sionante y siempre estar atenta a los congresos y motivarnos a aplicar.

A Adridn por su amistad y por charlas de politica que siempre son interesantes,
aun (jen especial!) cuando se tratan de la guerra civil en la provincia de Tamriel
Skyrim.

A Andrés por los buenos momentos compartidos en la organizacién del seminario,
fue una experiencia muy bonita.

A Maria Soto por haberme recibido en su pension con la calidez de una tia y por
haberme ayudado a adaptarme a Chile.

También quiero agradecerle a todos los docentes que me apoyaron durante mi
educacion en Argentina. Esta parte es larga, ya que hubo mucha gente que me apoy6
y fui un nino/adolescente extremadamente dificil.

De mi educacién primaria, en orden cronolégico:

A Mery, que me contuvo y me ayudé a terminar la primaria aun siendo un nino
extremadamente disperso y desobediente. A Elsa, que siempre me tuvo paciencia y
ayudo a que el infierno de la primaria sea mas llevadero. A Ricardo, que en lugar de
sacarme del aula por hablar mucho y molestar me dio problemas de matemética mas
sofisticados que no me salieron y me ensefniaron a perseverar y quedarme callado (esto
ultimo, sélo por un ratito).

A Olga, que creyé en mi potencial, pero me mantuvo disciplinado. Y por tenerme
paciencia a una edad en la cual era insoportable.

A Omar y Diego por su amistad, la cual me ayudoé a transitar los aburridos anos
de la primaria.

De mi educacién secundaria, en orden cronolégico: A Cristina y Viviana, por
apoyarme en las Olimpiadas de Matematicas y darme conversacion aun durante los
recreos. A Susana Bonomo por haberme acompanado en mi viaje de la OMA, el cual
disfruté muchisimo y me ayudo a relacionarme con pares interesados en mateméticas
por primera vez en mi vida.

A Oscar por dejarme aprender a mi ritmo y ser un profe con el cual se podia
charlar.

Y a mis companeros, que hicieron sobrellevables esos anos tan aburridos y me
ensenaron a socializar y a superar mi ansiedad social; Matias, Juli, Ale, Manu, Fran,
Santi, Monzi y Omar (de nuevo).

De mis anos como estudiante de licenciatura, en orden cronoldgico:

A Mayte Juan y a Flavia Santamaria, por el carino y la paciencia para corregir
las atrocidades que yo escribia, demostrar () — P en lugar de P — @), y después de
dos carillas escribir ”la demostracién es valida porque sélo usé implicaciones dobles,
asi que se puede leer al derecho o al revés” podria haber sido interpretado como una
broma de mal gusto por alguien que no me conociese.

A Sebastidn Risau, por su sentido del humor acido (jafin al mio!) y pasién por las
matematicas, fue en tus clases que descubri que habia elegido bien la carrera.



Figure 1: Vaqui, tomando sol.

A Claudio Padra, por ser mi director de tesis de licenciatura e irradiar entusiasmo
por las matematicas, y por sus clases de Andlisis Real en las cuales lo dabas todo
aunque éramos sélo dos alumnos.

A Natalia Salva y Maximiliano Palacios, por llevarme a la reunién de la UMA 2014
en un viaje que fue muy enriquecedor.

A Martha Ferreiro, por apoyarme y ayudarme a mantener viva la llama del entu-
siasmo aun en los momentos dificiles.

Finalmente, quiero agradecer a mis companeros de licenciatura.

A Guido, por acompanarme durante la licenciatura asi éramos dos y no sélo uno,
y hacerme reflexionar sobre la inmortalidad del cangrejo.

A Paula, porque a pesar de no haber estudiado juntos, fuimos companeros de
muchos congresos. Gracias por contagiarme el entusiasmo y mantenerme interesado
en la matematica de Bahia.

A Flor, por su amistad, y en especial por haberme empujado a viajar a escuelas
de matematicas y congresos, lo cual se volvié un hébito y por efecto dominé me dio la
posibilidad de llegar a Chile, ya que sin haber asistido a la EMALCA 2018 no hubiera
conocido a la profesora Maria Inés.

A Marquitos, por hacerme recordar que no soy la uUnica persona que vive en un
mundo de ensueno mateméatico y por su gran amistad.

A Andre por compartir la pasién por las mateméaticas y por nuestra amistad.

A Nestor por su apoyo, y por sus charlas que siempre son intelectualmente estim-
ulantes.

Finalmente, quiero agradecerle a Vaqui por sus anos de compania durante la licen-
ciatura, fuiste un gran companero de estudio con tus dulces ronroneos.



Contents

(0.1 A brief history of this thesis’ journeyl . . . . . . .. ... ... .. ... 9
(0.2 Macdonald positivity conjecture and generalization for m-symmetric |

| polynomials| . . . . . . ... 11
[0.3 Original contributions of the thesis| . . . . . ... ... ... ... ... 13
(0.4 A summary of each chapter content| . . . . . . .. .. ... ... .... 16

(1 Symmetric functions| 19
(1.1 Partitions and Compositions| . . . . . . . . . . ... ... ... ..... 19
(1.2 Classic bases for symmetric functions| . . . . . . .. .. ... ... ... 20
(L3 Tableaux and a Schur Basisl . . . . . ... ... ... ... .. ... 23
(1.4 Jacobi-Trudiidentity] . . . . . . . . . . ... ... L 24
(1.0 RSK Algorithm| . . . . . . .. ... ... . o 25

2 The m-Symmetric functions| 27
2.1 Introductionl . . . . . . . . ... 27
2.2 The (dual) m-symmetric Schur functions| . . . . . . .. ... ... ... 28
2.3 Right key tableaux and their different characterizations . . . . . . . .. 32
2.3.1 Classical characterizationl. . . . . . . ... ... ... ... ... 32

[2.3.2 A new characterization of right key tableaux|{ . . . . . . . . . .. 35

[2.4  Key tableaux and m-symmetric Schur functions at t =0[ . . . . .. .. 39
[2.4.1 Admissible pairs| . . . . . . ... oo o 43

[2.4.2  Behavior of the recording tableau| . . . . . . ... ... ... .. 44

[2.4.3  The RSK algorithm and admissible pairs| . . . . . . . ... ... 46

[2.4.4  The RSK correspondence and its consequences|. . . . . . . . .. 53

2.5  Almost Symmetric Schur functions| . . . . . .. .. ... ... ... .. 56
[2.5.1 Duality and Cauchy identities| . . . . . . . . .. .. .. ... .. 60

BRo T - T Tos Tor 11 ST T - [ The a- l

| most symmetric Schur functions| . . . . . . .. ... L. 62
[3 The m-Symmetric Macdonald positivity at ¢ = 1] 71
3.1 Introductionl . . . . . . . . ... 71
(3.2 The ring of m-symmetric functions| . . . . ... .. ... ... ... .. 74
[3.3  m-symmetric Macdonald polynomials| . . . . . . .. ... ... ... .. 7
13.4  The (dual) m-symmetric Schur functions| . . . . . ... ... ... ... 78
[3.5 The m-symmetric Macdonald positivity conjecturel. . . . . . . . . . .. 80




CONTENTS

[3.6 A tableau expansion and the (dual) m-symmetric Schur functions at |

| t= 1. e 81
[3.7  The case t = 1 of the m-symmetric Macdonald polynomials . . . . . .. 83
[3.8  The coefficients Koa(q,t) at t =1 . . ... ... ... ... ... ... 86

[4  Parking Functions with zero dinv| 103
[4.1  The Garsia-Haiman Modules and the n!-Conjecture] . . . . . . . . . .. 103
[4.2  The Space of Diagonal Harmonics| . . . . . . ... ... ... ... ... 104
4.3 Introductionl . . . . . . . . .. 105
4.4 Preliminaries . . . . . . . . ... 106

[4.4.1 Parking functions| . . . . . . . ... ..o 106
{4.4.2  Diagonal inversion (dinv) statistics| . . . . . .. ... ... ... 107
[4.4.3  Ordered cycle decompositions| . . . . . . .. .. .. ... .... 108
[4.5 Themap W . . . . . . . . . 109
451 Tnsertionl. . . . . . . . . . ... 109
{4.5.2  Definition of W : P(n) - PFZ(n)| . . . ... ... ... ... .. 111
[4.6 Inversion of themap V. . . . . ... ... ... . 115
4.7 The map ¥ and Theorem4.3.1f . . ... ... ... ... ... ... .. 116
[4.8 A Bijection between PFZ(n) and OrdC(n)) . . . . ... .. ... ... 117
81 Theinverse map| . . . . . . . . . ... .. ... 120

[4.8.2  Consequences of the bijection and further questions| . . . . . . . 126




Introduction

0.1 A brief history of this thesis’ journey

Before getting into the formal part of the introduction, we would like to tell the story
of how the research behind this thesis unfolded. To do so, we will adopt a less formal
tone than that of mathematical prose. After all, we consider this the story of an
adventure, and telling it in a flat, impersonal manner would not do it justice. We
choose this approach because we cannot conceive of mathematics as something devoid
of emotion; passion lies at the very heart of the mathematical activity. Without a
deep and persistent desire, the endeavor would simply be too demanding to sustain.

We begin by stating that the central focus of this thesis is the study of the m-
symmetric Schur functions, {sx(z;t)}a and {s}(z;t)}r, which are indexed by m-
partitions denoted by A, and were introduced in [22] by my advisor Luc Lapointe.
These functions are one of the main components of the theory of m-symmetric Macdon-
ald polynomials, a framework designed to provide deeper insight into the ¢, t—Kostka
polynomials in the pursuit of finding a combinatorial interpretation. The keen reader
probably has noticed that we considered two sets of {sx(z;t)}a and {s}(z;t)}a of
m-symmetric functions. The former, which appear in the positivity conjecture, are
defined via duality with the latter, which instead admit a purely combinatorial defi-
nition.

One of the main obstacles Lapointe faced while developing the theory of m-
symmetric functions was finding a workable characterization of the m-symmetric Schur
functions, one malleable enough to prove its elementary properties and in doing so,
establish a solid foundation for this theory. The families of functions {sx(z;t)}a and
{s}(z;t)}a that appear in this thesis were in fact discovered during my Ph.D. studies.
In the early stages of this work, however, we considered a different pair of families,
which I denote here by {Sx(z;t)}a and {S}(x;t)}a. Their definition can be found in
the first version of the article [22].

During the research that eventually bore fruit to this thesis, the first result we
obtained was a combinatorial characterization of {S}(z;1)}a. Shortly after, we con-
jectured that Sk (z;1) = Si(x;0) when A is dominant.

The proof itself does not appear in this thesis, for reasons that will soon become
clear. This suggested that S} (x;t) might actually be independent of ¢ when A was
dominant, which would have been an exciting result. To give the reader a sense of why
this felt so exciting, let me say this much: if true, the conjecture would imply that the
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notion of charge introduced in the first version of [22] on arXiv, when restricted to the
non-symmetric setting would naturally yield the long-sought nonsymmetric charge,
satisfying the identity

Z Hweight(T) (I, t)tchargea(T) = ’Ca(l‘) <011)
K4 (T)<K(a)

which itself extends the well-known identity

S Hueignaen ()90 = 5, ()
sh(T)=X\

At this point in the research, I spent months stuck at a single roadblock, and despair
began to loom. The problem felt utterly out of reach-impossible, even. It was as if |
had reached the limit of my mathematical abilities, and any hope of proving the result
seemed misplaced.

After accumulating a lot of effort and insight, I eventually regained my confidence
and even had faith that I would be able to prove the conjecture. The irony is that, at
the very moment I finally felt it was within reach, I ended up disproving it. This is not
a dramatic exageration, the timeframe was of only 3 days. I found a counterexample,
and I had so much faith in the conjecture that I carried it to my advisor, hoping he
would point out the mistake I must have made. Instead, he stared at me in disbelief
and I decided that the best course of action was to sleep on it before jumping to a con-
clusion. Studying that counterexample more closely, Lapointe found a counterexample
to another conjecture, the most precious one, the m-symmetric Macdonald conjecture.
And, as in most good stories, when I regained faith, he lost his. Fortunately, hope
resurfaced. A new path opened up when we realized that redefining the m-symmetric
Schur polynomials so that they were constant]l| for dominant A was the right direction
to pursue.

I hope this story has convinced the reader that this journey is both interesting and
genuinely exciting. If at any point it falls flat, the responsibility lies entirely with the
author of this thesis—storytelling has never been his strongest talent. As a small aside
to this tale, let me share another story that unfolded during roughly the same period.

None of this was affected by the previous story, since the old and new definitions
of m-symmetric polynomials coincide when t = 0 or ¢t = 1. To achieve this character-
ization, we had to make use of key polynomials. And this is where a story begins in
which I am the villain.

During the pandemic, I found it incredibly difficult to read new material, so I
focused instead on getting my hands dirty—attacking problems directly and doing lots,
and lots of examples. My advisor recommended that I read [5], and I did, but its
importance completely escaped me at the time. As a result, I spent a year and a
half building a whole machinery of my own, only to eventually prove that it coincided

Lapointe defined s} (z;t) = Si(z;1) for A dominant.
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perfectly with key tableaux. With this machinery in hand, I proved that:

Zx sa(x;0) Zx sx(x;0)

TeS(A TeS*(A

where the m-partitions S(A) and S*(A) are tightly connected to key tableaux. Luckily,
everything aligned, and I managed to prove a characterization of these objects in terms
of the supremum over certain sets, which in turn allowed me to establish the following
identity

1 1

I ](1 TiY;) Hi+j§m+1(1 — 2Y;)

1,

D si(w;0)sa(y; 0) = (0.1.2)
A
which generalized?] the following two identities-the first symmetric, the second non-

symmetric:
1

\ Hz’,j(l — iy;)
(0.1.3)

- 1
Kao(2)Kaly) =
; (2)Kalt) Hi+j§m+1(1 — Y5
The first identity is the classical Cauchy identity for Schur functions (see [28]). The
second can be viewed as its non-symmetric analogue, interpreting key polynomials as
non-symmetric counterparts of Schur functions (see [23| [5]).

0.2 Macdonald positivity conjecture and general-
ization for m-symmetric polynomials

Macdonald polynomials are a family of symmetric functions on variables x1, xs,...,zx
which depends upon two parameters ¢,t [24]. They simultaneously generalize several
important families of orthogonal symmetric functions, including Jack polynomials,
Hall-Littlewood polynomials, Schur functions, and monomial symmetric functions.
Macdonald polynomials play a central role in many areas of mathematics, with appli-
cations ranging from representation theory and algebraic geometry to mathematical
physics.

In [4 [16], it was proved that the expansion of a modified form of the Macdonald
polynomials in the Schur basis satisfies

(29,1 Z (@ D)su(x)  with K, (g,t) € Njg, {] (0.2.1)

where j,\(x; q,t) denotes the modified Macdonald polynomial indexed by A, and the
coefficients K ,5(q,t) are the (g, t)-Kotska coefficients.

2We employ two sets of variables y and 7 in the proof, when we restrict to y the proof becomes
a proof of the first identity of and when we restricted to § it becomes a proof of the second
identity.
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A non-symmetric version of Macdonald Polynomials, denoted E,(z;¢,t) was intro-
duced in [8, 25]. These polynomials are indexed by compositions, and form a basis of
the polynomial ring Q(q, t)[z1, ..., zx]. One of the aims of the theory of m-symmetric
Macdonald polynomials is to extend the Macdonald positivity conjecture to the non-
symmetric case, thereby providing a richer framework in which to seek a combinatorial
interpretation of the (g,t)-Kosta coefficients.

Symmetric Macdonald polynomials can be obtained by fully t-symmetrizing the
non-symmetric ones:

Ia(z5q,t) Si__.NEn(a:; q,t) (0.2.2)

where A\ is the partition obtained by sorting the composition 7 into decreasing order.
Symmetric Macdonald polynomials can be obtained by partially ¢-symmetrizing
the non-symmetric ones:

JA($§qat) X S1§1+1,...NETI($;Q71;> (0~2-3)

In context, the t-symmetrization acts only on the variables x,,.1,...,zy. As a
consequence, these polynomials lie in the subring of Q(q,t)[z1, ..., zy] consisting of
functions symmetric in the variables x,,.1,..., 2y, while remaining unrestricted in
X1, .., Ty,. We refer to this subring as the ring of m-symmetric functions.

The m-symmetric Macdonald polynomials were introduced in [22]. They form a
basis of the ring of m-symmetric functions, indexed by m-partitions A = (a, A\) where
A is a partition and a a composition.

In that work, Macdonald’s positivity conjecture is generalized to the m-symmetric
setting. A key difficulty in constructing this theory was finding an appropriate gener-
alization of the Schur functions sy(z). The resulting objects, the m-symmetric Schur
functions sj(x;t), also depend on the parameter t. They were an essential component
to formulate the m-symmetric positivity conjecture:

Ta(z:q,t) =Y Kaalg,t)sa(z;t)  with Koy € Nlg, 1] (0.2.4)
Q

The construction of sj(x;t) is indirect and proceeds in several steps. First, an
inner product is defined so that the functions

Ky (x5t) = Ho(x1, ..., 2m; t)sa(x),

form an orthogonal basis. Here Hy(z1,...,%,;t) denotes a non-symmetric Hall-
Littlewood polynomial.

Next an intrincate combinatorial construction is used to define a basis s} (z;t),
when a is a partition.

The definition is then extended to arbitrary A by iterating the Hecke algebra

operators
tﬂ?i — T
Ty=t+ —— (K — 1),
Ty — Tip1
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where K ;11 swaps the variables x; and z;4,. This step is performed inductively on
the number of inversions of a. If s§(x;t) with A = (\,a), ' = (\,d’),d’ = (i,i + 1)a
with a; > a1, then one sets s} (z;t) = s}, (z;t).

Finally sj(x;t) is defined as the dual basis of s} (x;t).

This multi-step construction is long and indirect, making the study of s, (z;t)
basis quite difficult. It is therefore desirable to develop more direct combinatorial
descriptions of the functions sa(z;t) and s} (z;t).

My research focuses on obtaining such direct combinatorial descriptions. The case
t = 0 have now been fully resolved for both bases, and the case ¢ = 1 has been resolved
for the basis s} (z;1).

0.3 Original contributions of the thesis

Chapter [2| The basis of the m-symmetric functions {sx(z;0)}, is defined by duality
with the basis {s}(x;0)}a. For this reason, we study both bases simultaneously.
These bases admit well-structured combinatorial descriptions in terms of right key
tableaux, closely paralleling the descriptions of the Demazure atoms {l@ (x)}q and the
Key Polynomlalf] {Ka(z)}q. The latter satisfy the following Cauchy kernel identity:

A 1
Ka(2)Kaly) = (0.3.1)
Z Hi+j§m+1(1 — 2Y;)

Using right key tableaux, we obtain analogous descriptions for {sx(x;0)}s and
{s)(z;0)}a. In order to establish the combinatorial characterization of {s,(x;0)}x,
we must prove the identity

1 1
; sa(z;0)s4(y) = [T (= i) T, (1= 7a1) (0.3.2)

where s, (y) is obtained from a limit involving s} (x;¢) when ¢t — 0.

Somewhat surprisingly, the bijection underlying this identity is given by the clas-
sical RSK algorithm. The only difference with the standard RSK bijection for Schur
functions lies in the introduction of restrictions on the set of biwords in the domain
and on the set of tableau pairs in the image. Consequently, the main difficulty does
not lie in constructing the bijection itself, but rather in proving that restricting the
domain forces the codomain to restrict to the corresponding set.

To this end, we introduce an alternative characterization of right key tableaux.
For a tableau P with ¢ columns, this description is obtained by defining certain sets of
words W,.(P), for 1 < r < ¢, and equipping them with a partial order. The columns
of the right key tableau are then given by sup W,.(P) for 1 <r < c.

The entire theory of right key tableaux can be developed starting from this char-
acterization via suprema without any difficulty. In fact, this is the approach we would

3 Also known as Demazure characters.
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have taken had we written the thesis at the time the results were obtained, since it
was only several months after completing the original research objectives that we dis-
covered that these tableaux already existed, were called right key tableaux, and were
also used to describe key polynomials. The original research was carried out under the
myopic assumption that these objects did not exist, as we had conceived them specifi-
cally to describe the m-symmetric Schur functions. Nevertheless, every definition and
proof in the article [3] has a direct counterpart obtained by replacing Lascoux’s action
on tableau columns—defined in terms of jeu de taquin—with the operation of taking
suprema. In a sense, taking the supremum may be viewed as the accumulation of all
jeu de taquin moves performed simultaneously in a single step. From this perspec-
tive, jeu de taquin corresponds to a local comparison of column words, whereas the
supremum provides a global comparison of all column words involved in the process.

The supremum-—based characterization is conceptually deep; it is not merely a
global reformulation of jeu de taquin. Indeed, it yields a completely combinatorial
and self-contained proof of identities |0.3.1] and [0.3.2 and it fits very naturally within
the original Schensted theory and the theory of Knuth equivalence. This is because,
within the RSK algorithm, the relevant comparisons take the form

sup W,.(P) < (sup W,.(Q))”

where sup denotes a slight modification of the supremum function that we will not
describe in this section. In the inductive step, we assume that for a pair of tableaux
(P, Q) the inequality sup W,.(P) < sup W,.(Q) holds, and we wish to show that the
corresponding inequality holds for the next pair (P’, Q).

It is possible to prove that (sup W,.(Q)) < (sup W,.(Q'))* using either character-
ization of right key tableaux. However, it is not true in general that sup W,.(P’) <
sup W,.(P). To complete the proof, we therefore show that for any v € W,.(P’) there
exists a w € W,(Q') such that v < w*, which implies that sup W,.(P’) < sup* W,.(Q').
While this algorithm is straightforward to describe in terms of suprema, it is far from
clear how to interpret it in terms of the action used by Lascoux to define right key
tableaux. Nevertheless, this approach allows us to prove identity [0.3.2}

In conclusion, we regard the characterization of right key tableaux via suprema
as the principal contribution of this thesis to the classical theory of nonsymmetric
polynomials. Moreover, the application of these methods to the theory of m-symmetric
Schur functions illustrates the strength and versatility of this approach. It is also
worth noting that the methods showed on the proof of also provide a novel,
self-contained proof of [0.3.1] once the set of admissible pairs of tableaux is suitably
modified.

Chapter We begin by studying the m-symmetric Schur bases in the case t = 1.
The operator T;(t) specializes to m; when ¢ = 0, whereas when ¢ = 1 it becomes
the operator K41, which simply swaps the variables x; and z;4;. Consequently, the
description of s (x;1) extends naturally to the description of

sialz; 1) = Tosy(x; 1).
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Therefore, the description for A dominant extends to any A.

Using the definition given in the first version of [22], we prove that s}(z;0) =
si(z;1) when A is dominant, and we conjectured that, in general, s} (x;t) is constant
whenever A is dominant. This conjecture turned out to be false, and the study of
the counterexample led in turn to a counterexample to the m-symmetric Macdonald
conjecture stated in the first vesion of [22]. The new definition of s} (x;¢) for dominant
A is designed so that the function is constant and coincides with the original definition
whent =0ort=1.

Nevertheless, the study of the case ¢t = 1 was not fruitless, since it allowed us to
prove that

lim Jp [L, q,t} = Z Kaon(g, 1), sq(x; 1), with Kqx € Nig]. (0.3.3)
t—1 1—1¢ 5
As sq(x; 1), stayed the same when the new definition replaced the old.

The case t = 1 in the m-symmetric setting is analogous to the case ¢ = 1 in
the symmetric setting. The interpretation of the coefficients Kqx(g,1) is obtained by
extending the maj statistic to the m-symmetric setting, in a manner analogous to the
interpretation of K, (1,t) in terms of the classical major index. Since the maj statistic
is defined on standard tableaux, in this chapter we focus on the relationship between
standard tableaux and m-symmetric functions, whereas in the previous chapter we
studied the relationship between semistandard tableaux and m-symmetric functions.
When g =t = 1, Kqa(1,1) is the number of standard tableaux of certain family of
tableaux. This suggests that the positivity conjectures in the m-symmetric case could
still be connected to the representation theory of the symmetric group.

Chapter The introduction of Macdonald polynomials in the 1980s stimulated
research in many directions and eventually gave rise to several robust theories. The
article [21] seeks to unify two of these developments. The first is the theory of Macdon-
ald polynomials, which is the subject of the two preceding parts. Garsia and Haiman,
in [13], approached this problem by constructing modules M, whose Frobenius char-
acteristic is H .(7;q,t), the plethystically modified Macdonald polynomial. This work
initiated a broad research program centered on the study of the space of diagonal
harmonics DH,,, an &,-module containing all the M,,.

Investigations of the Frobenius characteristic F(DH,,) employed both algebraic
and combinatorial methods. Haiman [20] proved that

F(DH,) = Ve,,

where V is the operator defined by its diagonal action on }N[M. Haglund et al.|[14]
formulated the shuffle conjecture, an identity giving a positive expansion of Ve, in
terms of the combinatorial LLT basis. This expansion is inherently combinatorial,
relying on parking functions and two associated statistics: area and dinv.

In this part, we study parking functions with secondary dinv equal to zero, through
their relationship with ordered disjoint cycles. From this analysis, we derive a charac-
terization of the space of arbitrary parking functions.
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0.4 A summary of each chapter content

This thesis will be structured as follows.

Chapter 0: Introduction. We begin with a brief overview of the theorem
formerly known as the Macdonald positivity conjecture. This result states that the
expansion coefficients K,(g,t) of the normalized Macdonald polynomials J)(z; ¢, t)
in the Schur basis s,(x) are nonnegative; equivalently, K,(g,t) € Nig, t].

Chapter 1: Symmetric functions. In this chapter we present the basics defi-
nitions and tools of the theory of symmetric functions in variables x1, x9, x3,.... We
introduce several important families of bases for the ring of symmetric functions, all
indexed by partitions. We begin with the complete homogeneous basis hy(x) and
elementary basis e, (z), which are needed to state the Jacobi-Identities, a pair of for-
mulas that play an important role in the main chapter of the thesis. The protagonist
of our story, the Schur functions s, (x) is introduced too. We also introduce the power
sums basis py(z) as they play a pivotal role in the definition of plethysm for Mac-
donald m-symmetric polynomials. Schur functions have very important combinatorial
properties, the most relevant one to this thesis is their expansion in terms of a com-
binatorial object called tableaux. Then we introduce two versions of the Jacobi-Trudi
identity: the first one expresses s,(x) as a determinant of a matrix whose entries are
members of the complete homogeneous basis hy(x), while the second one is an analo-
gous formula in terms of the elementary basis e, (z). Finally, we conclude the chapter
with the introduction of the Robinson-Schensted-Knuth algorithm, which will play a
fundamental role at the very heart of one of our main results.

Chapter 2: The m-symmetric functions. We begin this chapter by introduc-
ing the row-flagged Schur polynomials and their column-flagged counterparts. These
functions admit two equivalent characterizations-one as determinantal formulas and
one as sums over sets of tableaux. We reproduce, with a slight modification suitable
for our purposes, the proof of this equivalence found in [30].

Next, we introduce the notion of an m-partition, denoted A and 2. For dominant
A, we define the m-symmetric Schur polynomials s} (2) and s (2). We then take a brief
detour to study key tableaux, which will be necessary for describing the combinatorics
of the basis s} (z) and s, (x) for arbitrary A. Our approach uses a characterization of
key tableaux different from the one introduced in [3], which the author thinks, its one
of the main contributions to the thesis to the current bibliography.

With these components in place, we prove that s3(z) and s, (z) satisfy a Cauchy
kernel identity and therefore form dual bases. As a corollary, we obtain the identity

sp(x) = sa(x;0).

where the right side is the specialization of m-symmetric Schur functions at ¢ = 0.
We then turn to Milo’s construction of the Almost Symmetric Schur functions
shilo(z) and show that

s\(z) = ) sa(w)

Q>A
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with respect to a certain partial order on m-partitions. Following this, we demonstrate
how one can establish inclusion and restriction results for m-symmetric functions when
t=0.

Finally, we close the chapter with a brief study of the functions s} (z;1).

Chapter 3: A Proof of the m-Symmetric Macdonald Positivity at ¢t = 1.
This chapter presents a detailed exposition of the results from the article of the same
title. We begin by introducing an m-symmetric analogue of the tableau statistic mayj,
and then use this statistic to establish the m-Macdonald positivity conjecture in the
specialization t = 1.

The material in this chapter reproduces and expands upon the content of the
forthcoming article “A Proof of the m-Symmetric Macdonald Positivity att =1".

Chapter 4: Parking Functions. We begin this chapter by introducing the
Garsia-Haiman modules and the n!-Conjecture, together with their connection to the
Macdonald positivity conjecture. We then discuss the space of diagonal harmonics
and its relationship with the (n + 1)"! theorem.

Next, we introduce parking functions, which play a role analogous to that of stan-
dard tableaux in the context of the Macdonald positivity conjecture. Parking functions
carry two important statistics: area and dinv. The dinv statistic arises from diagonal
inversion pairs, which are further divided into primary and secondary diagonal inver-
sion pairs.

We then present the statement that the number of parking functions with zero
secondary dinv, denoted 1 (n), is equal to ¢(n), where ¢(n) is the number of ordered
cycle decompositions of [n]. This result is proved by showing that ¥ (n) and ¢(n)
satisfy the same recursion, following the argument in [I1]. Finally, we give a simplified
version of the proof-still inspired by this recursion but more transparent-which yields
an explicit bijection between the set of parking functions with n cars and the set of
ordered cycle decompositions of [n].
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Chapter 1

Symmetric functions

In this chapter we follow the conventions of [28]. Our main goal here is to establish
notation; we refer the reader to [28] for all proofs.

1.1 Partitions and Compositions

To define the standard basis of the ring of symmetric functions, we begin by recalling
the notions of partitions and compositions, which will serve as indexing sets.

Definition 1.1.1. Let n = (,...,m) € N¥ be a sequence of nonnegative integers
whose sum is n =n; + - - - + 1. We say that n is a composition of n of length k.

We do not distinguish between two compositions that differ only by trailing zeros.
For example, n = (3,4) and v = (3,4,0,0,0) will be regarded as the same composition.
After making this identification, we may view compositions as elements of N“ that are
eventually zero. In the literature, the objects we call compositions are often referred
to as weak compositions, but we will not make this distinction.

Definition 1.1.2. Let A = (A, Xs,..., ) € N* be a composition of n satisfying
AL > Ao > ... > M. We call X\ partition of n.
We denote by Par(n) the set of all partitions of n, with Par(0) = {0} and we let

Par = U Par(n)

n>0
There are three partial orders on partitions that will be useful in what follows.

Definition 1.1.3. Given two partitions A = (Ay, ..., \g) and p = (p1, ..., ie), wWe
define:

L. ADpif k> /¢ and \; > p; for all 1 < i < ¢ (equivalently, if the Young diagram
of u is contained in that of \).

19
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2. A > pif X is greater than p in lexicographic order; that is, if there exists a
minimal index j such that

A = 1, -y >\j—1 = i1 and )‘j > -

3. A > u (the dominance order) if

AMF N = e for all ¢ > 1.
It is straightforward to verify that (Par, > ) is an extension of the dominance order
(Par, )
To represent partitions visually, we introduce the notion of a Young diagram.

Definition 1.1.4. Given a partition A = (Ay,...,\,), the Young diagram of X is the
set of unit squares whose south—east corners lie at the points

Ww={(\, -1 <i</l}.

Definition 1.1.5. Given two partitions A, x with A O u the Young diagram of \/pu
will be the set of squares of side 1 with it’s south-east vertex on the set V) — V), as on
the previous definition.

For example, the Young diagram of A/ for A = (5,3,1) and u = (2,2) is

[ ]

i

1.2 Classic bases for symmetric functions

Given a set of indeterminates {x1,..., 73} and a composition a = (ay,...,a;) € N¥
we will denote
x® =Pl

Definition 1.2.1. Let z = (x1,22,...) be a set of indeterminates and let n € N. A
homogeneous symmetric function of degree n over Q if the formal power series

flx) = Z CaT®

where a ranges over all weak compositions a € N“ of n and we have ¢, = ¢, whenever
there exists a permutation o of N, such that a = o(b).

We denote by Ag the vector space of all homogeneous symmetric functions of
degree n, and we denote
Ag=Ay@ A ...
where @ is the direct sum of vector spaces. Thus Ag the space of symmetric functions
on Q. Although we work over Q for convenience, most combinatorial arguments remain
valid over Z.
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Example 1.2.1. Next, some examples of symmetric functions in 3 variables.

hy(x1, 22, 23) = 21 + T2 + X3

2 2 2
hg(!ﬂl, X, :1:3) =T + Lo + T3 + T1To + T1T3 + ToX3
2 2 2
pa(@1, T2, 23) = 27 + x5 + 73

63(351,1'2,333) = T17273

Definition 1.2.2. Let A be a partition. The monomial symmetric function my(zx) €
Aq is defined by
my(z) = Z x?,

where the sum runs over all compositions a whose parts can be rearranged to form .

Example 1.2.2. Consider A = (1, 1) and restrict to the ring Ag) of symmetric poly-
nomials in x1, x9, 3, x4. Then

m(11)(T) = 122 + 103 + 124 + ToTg + Toky + T3T4.
If instead A = (2,1), then

2 2 2 2 2 2
M2,1)(T) = 2722 + XT3 + T521 + X5T3 + T3x1 + X5To.

Example 1.2.3. If A = (1,1) and 1,29, 3, ... are infinitely many indeterminates,
then
m)(z) = Zx,x]
i<j

Definition 1.2.3. Let £ € N be a nonnegative integer. The elementary symmetric
function ex(x) € Ag is defined by

and we set eg(z) = my(z) = 1.
For the first few values, we have

e1(x) = sz =mq)(z),

i>1

ex(z) = Z ;v = m) (),

1<j
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es(z) = Z TiTjT) = m(1,1,1)($)-

1<j<k

If A= (A, ..., \) is a partition, we define

This highlights a key difference between the elementary symmetric functions and
the monomial symmetric functions: the elementary functions are defined multiplica-
tively from the single-indexed family (ex(2))g>0-

Example 1.2.4. Let us compute e 1)(2) = ex(x)ei(x) using three indeterminates
X1, T2, X3!

ea(x)er(x) = (zywg + x5 + o3 (11 + T2 + 3)
= x%xz + .T%.Z';), + :ngl -+ xgxg -+ 513:2;)271 -+ mgxg + 2x17223

= m(271)(x) + 2m(17171)(9c).

Definition 1.2.4. Let £ € N be a nonnegative integer. The complete homogeneous
symmetric function hg(x) € Ag is defined by

hi(x) = Z Tiy - Ty k>1,
11 < <ig
and we set ho(z) = mg(x) = 1.
Example 1.2.5. For instance, with three variables z, 9, 3 we have
hy(x1, 22, 23) = 1 + 2 + 3 = €1(x),
ho (21, To, T3) = X% + 2129 + 1173 + 5 + w3 + T3,

Definition 1.2.5. Analogously to the case of elementary symmetric functions, if
A = (A,...,\¢) is a partition, we define the corresponding complete homogeneous
symmetric function multiplicatively:

14

ha(z) = [ b (2).

=1

In the sequel, we will employ the following recursive identities for the elementary
and complete homogeneous symmetric functions.

Proposition 1.2.1. Let x1, ...,z be indeterminates. Then, for every i > 1:

1.
ei(xl, Ce ,LCk) = T 61',1(33'1, R ,$k71> -+ ei(xl, Ce ,:Ckfl). (121)
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hi(l‘h c. ,l’k) = Tk hi—l(l‘la PN ,C(fk) + hi(l'l, PN ,J]k_l). (122)

Proof. Both identities follow immediately from the respective definitions of e; and
h;. O

We now introduce one additional family of symmetric functions.

Definition 1.2.6. For a nonnegative integer k, the power-sum symmetric function is
defined by

pk(xlv"wxn>:$lf+'--+xfl.

As in the case of elementary symmetric functions and complete homogeneous sym-
metric functions:
A= (A1,..., ) is a partition, we set

¢
pa(z) = HPAi(lv)-

1.3 Tableaux and a Schur Basis

Let A be a partition. A semistandard Young tableau (SSYT) of shape A is a filling
of the Young diagram of A with positive integers such that the entries are weakly
increasing along each row and strictly increasing down each column.

Example 1.3.1. Consider A = (4,3, 1) then

1[1]2]3]
T'=|4]5|5
15
is an SSY'T of shape A.
Example 1.3.2. Consider
1[1]2]3]
T'=1]5|5
5]

This is not an SSYT, since the first column contains two equal entries (1 below 1),
violating the strict column-increase condition.

Now let A, be partitions with A O u. A semistandard Young tableau of skew
shape A/p is a filling of the skew diagram A\/p with positive integers that is weakly
increasing in each row and strictly increasing down each column.
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Example 1.3.3. For A = (4,3,1) and p = (2, 1),

2[3]
T= [5]5

5]

is an SSYT of skew shape \/pu.

Definition 1.3.1. Given a tableau T, define weight(T') = a with @ = (a1, as, . ..) such
that a, is the number of times that ¢ appears on 7T'.

Example 1.3.4. The tableau of the example (1.3.1]) has weight (2,1,1,1,3) and the
skew tableau of the example (|1.3.3)) has weight (0,1,1,0,3).

Definition 1.3.2. Given A, p two partitions (with possibly g = ), in which case
A/p = )), define the Schur basis as

Sy/ulr) = Z g weight(T) (1.3.1)
T

where T runs over all SSYT of shape \/p.

Example 1.3.5. For A = (2,1), the SSYTs of shape A with entries in 1,2,3 are

1] (] [1]2] [1]3] [2]2] [2]3] [1]2] [1]3]
2 3 2 3 3 3 3 2

Thus,
_ 2 2 2 2 2 2
sx(x1, Ta, 3) = T{Te + T{T3 + T3X1 + T3X3 + T3] + T3T2 + T1T2T3 + T1T2X3

Example 1.3.6. For A = (2,1) and u = (1), the SSYTs of skew shape \/u are

][] ] 2] [2] _[2] [3] [3] [3]
ENI P F1 FU R 1 R E1 R FU RS FIRRN )

Therefore

Sx/u(T1, 2, 23) = r? + a3+ x% + 22129 + 22123 + 2T073

1.4 Jacobi-Trudi identity

The Jacobi-Trudi identity is well known expression of Schur basis in terms of com-
pletely homogeneous basis, as a determinant. This formulation will serve as a starting
point for introducing flagged Schur polynomials Sy, as defined in ([2]). These flagged
Schur polynomials will later be used in this thesis to define the m-symmetric general-
ization of Schur functions.
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Theorem 1.4.1. Jacobi-Trudi identity. Let X = (A1,..., ) and p = (p1, ..., pin)
with A O u. Then

Sk/u(l‘) = det(hki—ﬂj—i-i-j(x));fj:l? (1‘4‘1>
where we set ho(x) = 1 and hy(x) =0 for k < 0.

Example 1.4.1. Let A = (5,3,1), p = 0. Then by Jacobi-Trudi identity:

hs(x)  he(x)  ha ()
S)\(l’) = det hQ(SL’) h3(27) h4(l’)

This identity will play a key role in defining the m-symmetric Schur functions.
Theorem 1.4.2. Dual Jacobi-Trudi identity. Let X = (A1,...,\n) and pp = (p, ..., fin)
with A D . Then

Sx/ult) = det(ekg—%—iﬂ(x))zfj:h (1.4.2)

where we set eq(x) =1 and ex(z) =0 for k < 0.

Example 1.4.2. Let A = (3,3,2,2) and u = 0, then X = (4,4,2) then by Dual
Jacobi-Trudi identity:

es(r) es(z) eg(x)
sx(x) =det [ es(z) eq(z) e5(x)
1 e(x) exx)

1.5 RSK Algorithm

This section will closely follows section [7.11] of [28§].

The RSK algorithm gives a bijection between the set of pairs of semistandard
Young tableaux (P, Q) of the same shape A and the set of N—matrix A of finite
support. An intermediate step is to prove a bijection between the set of biwords.

Definition 1.5.1. Let A be a N x N matrix whose entries sum k for £ € N. The
biword w4 associated to to A is the two-row matrix

i
wa=(" . 1.5.1
. (Jl ]k) (L5.1)

which satisfies the following conditions

1.4 < i < ... < 1g, and if 7, = 5 then j,. < js. In other words, the columns
(i,,j,)T are arranged in lexicographic order.

2. The column (4,7)" appears exactly a;; times.
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These conditions uniquely determine wy,. Conversely, every byword w determines
uniquely a matrix A, giving a bijection between matrices of finite support and bi-
words.

Given a biword w4 we associate a pair (P, Q) of SSYT of the same shape as follows.
Start with (P, Qo) = (0, (), where () denotes the empty SSYT. If ¢ < k and (P(t), Q(t))
are defined, then we let use the following recursion to construct (P(t+ 1), Q(t + 1)):

2. Let A\¢, \ey1 be the shapes of P(t) and P(t + 1) respectively. Since (P(t), Q(t))
have the same shape, the tableau Q(t 4+ 1) is obtained from Q(t) placin i;y; in
the unique box in A;y1/A;. This ensures that P(¢ + 1) and Q(t + 1) have the
same shape.

After we insert the last pair (i, j) on (P(k—1),Q(k —1) we obtain (P(k), Q(k)) and
the process ends.
We denote this correspondence by A REK, (P, Q) and call it the RSK algorithm.

In the m symmetric case, we will use this algorithm to prove that {s,(x)}s and
{si(z;0)}a are dual bases, and therefore s5(x) = sa(z;0). Here {sx ()} denotes one
of the m-symmetric Schur functions introduced in the following chapter, and s, (z;0)
is the specialization at ¢ = 0 of the Schur functions appearing on [22].

We will employ a modified version of the classical RSK correspondence. Instead
of billetters (7, 5) € N we allow

(i,7) withi € Nand j e NU{1,...,m}

with the following order

~ ~

1<2<3<...<1l<2<...<m

On order-theoric terms, this alphabet has the order type of the ordinal w + m.
Instead of a single N x N-matrix A we will work with a pair (A, B), where

1. A a N x N-matrix, encoding all the biletters (i, 7) € N x N. This matrix encodes
the symmetric part of P.

2. B is an m x m matrix corresponding to the biletters (i,5) € N x {1,...,m}.
This matrix will be subject to the restriction that b;; = 0 if i +j > m+ 1. Thus
B has zeros below the diagonal running from the southwest to the northeast
corner. This matrix encodes the non-symmetric part of P.



Chapter 2

The m-symmetric functions at ¢ = 0.

2.1 Introduction

In[3] the t = 1 case of the m-symmetric Macdonald positivity conjecture is established.
This case can be treated without an explicit combinatorial model for m-symmetric
Schur functions, since the operators T,(t) simplify considerably when ¢ = 1. In con-
trast, the operators T, (0) are substantially more complicated to describe combinato-
rially. This motivates our study of an explicit tableau model for m-symmetric Schur
functions at ¢ = 0.

The starting point of this section is the following generalization of the Cauchy
identity

1 e
Moo e [0 )] 5080

where s, (x;0) is the m-symmetric Schur function at ¢ = 0, and where s} (y) is the
limit ¢ — 0 of a slightly modified version of a dual m-symmetric Schur function. As
we will see, this identity easily follows from a reproducing kernel for a natural scalar
product in the ring R,, of m-symmetric functions.

A very common way of proving the usual Cauchy identity

1
T = ) _sa() sa(y)
IL,; (1 —ziy;) EA:
is through the RSK correspondence, which establishes a bijection between biwords
and pairs of tableaux (P, Q) of the same shape. This proves the identity because it is

well known that
sx(z) = Z zt
T

where the sum is over all tableaux T" of shape .

The goal of this chapter is to prove our generalization of the Cauchy identity
along the same lines. Fortunately, the functions s} (z) turn out to be key polynomi-
als (also known as Demazure characters), and as such, have an expansion as a sum

27
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over tableaux. On the other hand, the definition of the m-symmetric Schur func-
tions s (x;t) is not very explicit, and does not yield such a tableau expansion for
the functions sy (z;0). To circumvent this problem, we define a new family of m-
symmetric Schur functions s, (z) as a sum over tableaux, which will be related to dual
key polynomials (also known as Demazure atoms), and then prove a new version of
our generalization of the Cauchy identity:

1
[Hi+j§m+l(1 - xiyj)] [Hi,j(l - i'fiyj)}

=Y a@se @1

By comparing the two generalizations, it is then immediate that s, (x) = sa(x;0). This
is important because it gives the characterization of sy (z;0) as a sum over tableaux
that we were seeking.

In order to prove the identity , we need to obtain a bijection between families
of biwords that we call admissible and pairs of tableaux (P, Q) of the same shape
that satisfy a certain admissibility condition. The bijection is quite easy to get as it
is provided by the usual RSK insertion (leading to the RSK correspondence). But
proving that it is indeed the correct bijection turns out not to be straightforward at
all.

Given the connection with key polynomials mentioned earlier, it is not surprising
that the key tableaux play a fundamental role in our proof of identity . As
their usual definition is not very amenable to proving our bijection, we will have to
introduce a new characterization (in terms of a supremum of a set of decreasing words)
better suited for our purposes. It is only once equipped with this new definition that

we will be able to prove (2.1.1)).

2.2 The (dual) m-symmetric Schur functions

We will introduce in this section the (dual) m-symmetric Schur functions. We will
first define the dual m-symmetric Schur functions, and then, by duality, obtain the
m-symmetric Schur functions. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = x1 + 29 +---, we
let fIX] = f(x) = f(x1,22,...). More generally, we have using this notation that
fIX+x1 4+ = flxe,... 25, 21,29, ..).

Let v be a partition of length /. For a sequence of alphabets Xi,..., X,, where
¢ = {(v), the multi-Schur function (or flagged Schur function) s, (X, ..., X) is defined
as [22]

(X1, ... Xp) = det (hyi,iﬂ- [XZ-]> (2.2.1)

1<i i<t

Observe, from (1.4.1)), that s,(X7,...,X,) is equal to the usual Schur function s, (z)
whenever X = X; = Xo=--- = X,.
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Example 2.2.1. The diagram associated to (2,1;3,1) is

|
@
@

from which we deduce that

hs | X] halX] hs|X] helX]

5* (It) _ hl[X + 1'1] hQ[X + 1'1] hg[X + 1’1] h4[X + .Tl]
213,137 0 ho[X +x + SL’Q} hl[X + x1 + .’L’Q] hQ[X +x1 + IQ]
0 0 holX + 1 4+ x2] hi[X + z1 + 29]

In order to define the dual m-symmetric Schur functions, we need to define the
Hecke algebra Hy. Let the exchange operator K ; be such that

Ki,jf(...,xi,...,xj,...):f(...,:vj,...,x,-,...)

We then define the generators T; of the Hecke algebra as

Ty=t+——"(K,;;1—1), i=1,...,N—1, (2.2.2)
Ty — Tig1
More generally, given a reduced decomposition w = oy, ---0;, of the permutation

w € Sy, we let T,, =T, ---T;,. This is well-defined due to the relations:

(Ti =) (Ti +1) = 0
Tzij—‘i-i-lﬂ = E-‘rlﬂﬂ%—lv L= 177N_2
T, =TT, |i—jl>1

The operator T} is seen to be invertible from the quadratic relation (7; —¢)(7;+1) = 0.
Explicitly, we can check that

=T =t = 1+t7'Ty,

We can now define the dual m-symmetric Schur functions for non-dominant m-
partitions.

Definition 2.2.1. The dual m-symmetric Schur functions s} (z;t) are defined recur-
sively in the following way. If A = (a; \) is dominant (A = (a; \) with a; > ay > --- >
ap), then

sh(est) = 5,(X0, . X,),

where v = A = @ U \, and where X; stands for the alphabet X + z1 + - -+ +
with &k the number of circles weakly above row i in the diagram corresponding to A.
Otherwise, if a; < a;;1 then

sa(z;t) = Tisi(x; 1), (2.2.3)
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where A = s;A, and where T; is a Hecke algebra generator. This amounts to saying
that

sy(x;t) = To-183 1 (x; 1), (2.2.4)
where ¢ is the shortest permutation such that o(a) = (a,-11), ..., 0o-1(m)) = a™.
The non-symmetric Hall-Littlewood polynomials H, (1, . .. .%,,;t) can be constructed

recursively as follows. If a is dominant then H,(x;t) = 2®. Otherwise, we define re-
cursively by T;Hy(z;t) = Hgo(x;t) if a; > a;q (With s;@a = (ay ..., @441, 4, -+, ).
Combining a non-symmetric Hall-Littlewood polynomial and a Schur function, we
define for A = (a; \) the function

ka(z;t) = Ho(z1, ... xm;t)sa(T)

The kj(x)’s provide a natural basis for the ring R, of m-symmetric functions.
A bilinear scalar product (-, ),, on R,, is defined by requiring that the {kx(x;t)}a
basis be such that
<kﬁA(I;t),k‘Q(ZL’;t)>m = 5AQtInv(a)’ (225)

where we recall that Inv(a) is the number of inversions in a. It can be shown that the
dual m-symmetric Schur functions form a basis of R, [26]. The m-symmetric Schur
functions sy (z;t) can thus be defined as the unique basis of R,, such that

(sa(w;1), (w5 1)) = Opat™®. (2.2.6)

We will now give a reproducing kernel for the scalar product (2.2.5)). It was estab-
lished in [26] that

— txy;)
—f(wm)T( ) Hz+g<m( vy t—Inv )H ( -t
o, y;t)
Hz+]<m+1<1 - Zy] ; ¢
where w,,, = [m,m—1,...,1] is the longest permutation in &,,, and where T; u(f;’,? stands
for T, acting on the variables yi, ..., y,. Adding the Cauchy kernel
1
T = ) _ sa(2)sa(y)
IL,;(1 = zy;) ;

to the previous equation then leads, using kj(x;t) = Hgy(x;t)sx(x), to

(wm)T( Y) Hl+]<m(1 - txiyj)

1
i jem (1 — 2iy;) [Hi,j(l - xz‘yj)]

where the new product can be located to the right given that it commutes, by sym-
metry in the y variables, with Tfﬁ Comparing with (2.2.5)), we see immediately that
(2.2.7) is the reproducing kernel that we were seeking. As such, we have by ([3.4.5)
that

= @Ok () ka(y;t) (2.2.7)
A

t.Ti i
-ty Lisen(l = t2i8) =D sy (it)si (v 1)

1
i jemar (L — @iy;) [Hi,j(l - ifiyj)] "
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To consider the limit £ — 0, it proves convenient to rewrite the previous equation as

Hi+j§m<1 — tx;y;) [ 1 ]

[Lijcmer (X —2iys) | T1,;(1 — ziy;)

where T, = (T, )"!. Taking the limit + — 0, we then obtain the following general-
ization of the Cauchy identity

= salat) (tTOTY S (4:0))
A

1
it (1= wi)| [IT500 = 7aw)]

=S s@0)siy) (228

where

sy(x) = 11_{% them)=Inv@) - ox (13 t) (2.2.9)

We will refer to these functions as the dual m-symmetric Schur functions at ¢ = 0.

The goal of this chapter is to provide a combinatorial proof of the identity .
As we will soon see, the functions s%(x) will turn out to be key polynomials. As
such, they will have a natural combinatorial interpretation. On the other hand, we
will not be able to give directly a combinatorial interpretation for the m-symmetric
Schur functions at ¢ = 0, sy(x;0). Remarkably, such a combinatorial interpretation
will emerge as a corollary of our combinatorial proof of .

We now introduce key polynomials. We have that lim,_,, 7; = 7;, where

T = L(l — Kiit1)
Ti — Tit1

We also have that lim;_, (ti) = 7;, where m; = m; + 1. Note that it is easy to check
that 72 = —7; and 72 = m;. We define mq = 7iiq = Id and, recursively, if ¢’ = s;0 and
o(i) < o(i + 1), then

My = MMy, Myt = Wiy
Using these operators, we can define the key polynomials K4 (21, ..., 2y) and dual
key polynomials Kg(x1,...,zyN) recursively as:
- x° if @ is dominant
K, = H,(x;0) = - 2.2.10
a(®) a(#;0) { i Ka(x) if a; < a;q ( )
and
r° if @ is dominant
Ko(z) = { iKoa(z) if 45 < ais (2.2.11)

where a is the composition a = (ay, ..., ay).
When A is dominant, we have that s} (z;t), being a flagged Schur function, is a
Key polynomial (see [29], theorem 23).

Proposition 2.2.1. Suppose that A = (a; \) is dominant and that \ is of length (.
For any N > {()\) we have that

Si/k\(xb <o s Ty Tm41y - - - 5 TN, t) = K(ON—Z,/\Z,...,)\l,a1,...,am)(:Ula ce oy TNy Ty 7$m)
(2.2.12)
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In the general case, we are interested in the functions s% (). We thus have that if
(7(0,) = (a(,_l(l), . ,aa_1(m)) = a+, then
* : l Wm )—1lnv T * . . 0 UJ77L0—71 T * . — * .
sy (z) = %g%t (@m)=Ivl@) T ashs (;t) = %g%t ( T, go18hs(23t) = o, o154 (T3 1)
We thus get from Proposition that the functions s} (z) are still Key polynomials
when the number of variables is finite. The next proposition will give this relation
explicitly.

Proposition 2.2.2. Suppose that A = (a; \) (not necessarily dominant) is such that
A= (A1,...,Ao). For any N > ¢(\) we have that

SA(T1, -, 2N) = KN, Asama) (T TN TL, -, T (2.2.13)

Proof. We have just seen that s}(z) = 7, ,-15\+(z;t). Supposing that o(a) =
(ag-1(1); - - - Go-1(m)) = @™, we thus have from Proposition that

*
5A($17 cee 7xN) = 7Twm0'—1K(ON—Z,)\Z,...,/\l,aafl(l),...,a071<m>)(xb <o s TN, Ty - e axm>
Since (0N~ Ny, ..., \;) is weakly increasing, we have that
K(ON*Z,)\Z,...,)\LCLU,1(1),...,110,1(7”))(xw(l)a co oy Tyy(NYy L1y e - - 7xm)
= K(ON*Z,)\Z ..... >\1,a071<1),...,a071<m>)(xla <oy TN, Ly - - 7xm)

for any w € Gy. The operator 7, ,-1 thus only acts on the last m entries of the Key
polynomial and we get

* —
5/\(3717 cee ,ilZ'N) - 7Twm0'_1K(ON*e,)\g,...,/\l,agfl(l),...,a071<m>)(:Eb <oy TN, Ty 7xm>
- K(ON*Z,)\E,..,)\L(J,WW(U,...,an(m))(mla <IN, Ty e ,$m>
= K(ON*Z,)\Z,...,)q,am,...,al)(‘rh <oy TN, Ty - 7$m)

]

2.3 Right key tableaux and their different charac-
terizations

2.3.1 Classical characterization

Key polynomials were introduced in [9] [10]. A combinatorial formula in terms of key
tableaux was later obtained in [3]. We will use this characterization throughout the
chapter.

For any totally ordered alphabet B, let Tabg be the set of semistandard Young
tableaux in the alphabet B. The elements of Tabg will simply be called tableaux. In
the remainder of this section, we will only use the alphabet B =N ={1,2,3,...}. We
will denote by Tabg(\) the set of semistandard tableaux of shape A in the alphabet
B.
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Definition 2.3.1. Let T be a tableau with ¢ columns, and let C, (5, ..., C, denote
its columns from left to right. We say that T is a key tableau if

C; 2 C; whenever 1 <i < j </.

Example 2.3.1. The tableau 2]2]is a key tableau because {1,2,3} D {2,3} D

|0~3[\D»—t
(O8]

(2}.

Example 2.3.2. The tableau 3 | is not a key tableau because {1,2} does not

1
2]
contain {3}.

Definition 2.3.2. Let S be a skew semistandard tableau. Its rectification, denoted
by rect(S), is the unique semistandard tableau of straight shape whose reading word
is Knuth equivalent to the reading word of S.

See [12] for a detailed treatment.

Given a tableau T' of shape A with column lengths ¢ = (¢1,c¢q,...,¢), for each
permutation o we are interested in the skew tableau S with column lengths oec =
(Co-1(1), Co-1(2); - - - » Co-1(r)) Whose rectification is T'. In appendix A5 of [12] it is shown
that one can find S using an action of the symmetric group on the columns of 7. We
will use the jeu de taquin construction found in appendix A1.2 of [28§].

Example 2.3.3. The action of the symmetric group on consecutive columns is as
follows. We start by adding a hole at the bottom of the column to the right. We then
use jeu de taquin slides to move the hole to the top of the column to the left as follows:

1]3 1]3 1]3 1[3]  [1]3 x[3] 3]
4]7 4[7 Al7 4] x| 4 1]4 14
5]8 58 5] x 5]7 5(7 5]7 5]7
6] 6] 6/8] [6]8 68 68 68
7] 7] 7] 7] 7] 7] 7
9] 9] 9] 9] 9] 9] 9]

We repeat this procedure until the two column lengths have been exchanged. In this
example, this corresponds to the following steps:

T3 3 3 3
17 14 1 1]
58 5|7 1[5 5
6] [els] — [el7] — [1l7
7 7 dE 63
9 o 9 79
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This defines an action of &, on skew tableaux. We can focus on the skew tableaux
S such that two adjacent columns either start or end on the same row (this is called the
compact form of o(T")). This is because all skew tableaux produced from the action of
S, have an equivalent skew tableau representative of this kind. The following example
was extracted from ([12]).

Example 2.3.4. Given the tableau

T =

‘n-lkl\:)}—t
w

the two skew tableaux S and S’ have column lengths (2, 3,2, 1) and rectify to 7"

3]

1]2]2] 1]2
S=[1[3]3 S'= 133
2|4 114
2]
But only S is in compact form.
Example 2.3.5. Let
1]3]4]
T=|2|6
5]

The complete orbit of 7" under the action of &3 is

1]4] %

203

516 §36
1]3]4] 1]
216 3[4
5 12]5]6

7] /

1]3]6 12

2

5 25

where the blue lines denote the action that swaps the first and second columns, and
the red lines denote the action that swaps the second and third columns.
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The following property is important [12].

Proposition 2.3.1. Let T' be a tableau with ¢ columns and let Sy,(T) be the set of
tableaux obtained from the action of &, on tableauz described above. If T' € &,(T)
and C' is the rightmost (leftmost) column of T', then C' depends only on the length of
C.

It is thus natural to define R.(T) (resp. L.(T)) as the rightmost (resp. leftmost)
column of 7" € &, (T) whenever such column is of length c.

Proposition 2.3.2. If ¢ < d, then R.(T) C Ra(T) and L(T) C L4(T).
We are now in a position to define left and right keys.

Definition 2.3.3. Given a tableau T' with columns of length (¢y,...,¢), its right
key tableau K, (T') (resp. left key tableau K_(T')) is the tableau whose columns are
Re(T),....,Re,(T) (resp. Lo, (T),...,L.,(T))

Example 2.3.6. We see from Example that the right and left key tableaux of

113]4]
T={21]6
5]
are respectively
1]4]4] 1]2]2]
K. (T)=\|4|6 and K_(T)=|2|5
6 5

2.3.2 A new characterization of right key tableaux

We will derive in this section a new characterization of right key tableaux based on
the supremum of a certain set of words.
We will use the ordered sets A = {1,2,...,N}U{1,...,m} and A= {1,...,m},
with the order
1<2<---<N<l<2<---<m

We extend the operations of addition and subtraction to the symbols A by treating
them formally as integers. For example, 3 — 1 = 2 and 24 4 = 6 whenever 6 € A.

Definition 2.3.4. A word w = wy - - - w; is said to be decreasing if wy > wy > - >
wy. Let W(A) be the set of decreasing words on A. Given v,w € W(A), with
V=01...0,W =Wy ... w, we say that v <w iff s <t and v; < w; for 1 <7 <s. We
write v C w to indicate that v is a subword of w. For a set of decreasing words W,
we define sup W = (ay, ..., a;) where
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We first prove three simple propositions.

Proposition 2.3.3. Let A be a set of words in W(A). Then sup A € W(A), that is,
sup A is a decreasing word.

Proof. Let sup A = (aq,...,a;), and let 1 <i < j < k. Since a; = b; for some b € A,
aiZbi>bj:aj. ]

Remark 2.3.1. The word sup A defined above is indeed the supremum of A with respect
to the partial order on W (A).

Proposition 2.3.4. Ifv and w are two decreasing words such that v C w, thenv < w.

Proof. Let w = w; ... ws. Since v C w, we have that v = w;, ... w;,_ for some 1 < iy <
ig < ... <1 <s. Hence j <i; for all 1 < j < r, which implies that w; > wi; = v
given that w is decreasing. ]

Proposition 2.3.5. Suppose that v and w are two distinct decreasing words such that
v Cw. Ifi > vy and i > wy (v; and wy are the largest letters in v and w respectively),
then

sup{iv,w} = iu

where u is the subword of w obtained by deleting the highest letter of w not in v.

Proof. Suppose that w;; is the largest letter of w not in v, and let v = vy - - - v;0" and
w = vy - - v;wipw’. This gives us that u = vy - - - v;w’. We now need to prove that

sup{iv,w} = iu

Set s = sup{iv,w}. Since v C w, we have that v C w’ which implies that v < w’
from the previous proposition. Hence iv < iu. We also have that w < iu since
V1 - Vjwi1 < g - - - v;, which yields s < tu. It is easy to check that any decreasing
word s such that s > v and s > w also satisfies s > tu. This proves the proposition.

[

Given a word w, we let W(w) be the set of decreasing subwords of w. Recall
that Tabg stands for the set of semistandard tableaux in the alphabet B. In the
remainder of this chapter, a tableau 7" will always be such that either T" € Taby4 or
T € Tabg, . ny. Given a tableau T', we let w(T) be the word obtained by reading the
entries of 7" from left to right and from bottom to top. We then let W (T') be the set
of decreasing subwords of w(7'), that is, W(T') = W (w(T)). We will also let T, be the
subtableau of T" obtained by considering only the columns of T" weakly to the right of
column r. Finally, if T € Tab 4, we will let W(T) be the set of decreasing subwords of
w(T) that only have letters in A.

Example 2.3.7. Let
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Then w(T) = 2131332, and
W(T) = {32,33,31,13,11,21,3,2,1,3,2,1},

A

W(T) = {32,

o>

5.1,
Recall that two words u and w are Knuth equivalent if one can be obtained from
the other by a sequence of elementary Knuth transformations (K”) or (K”):

(K'): yrz=yzx, forx<y<z
(K"y: wzy=zay, forx <y <z

Lemma 2.3.6. If w; = wsy, then
sup W (wy) = sup W (ws)

Proof. 1t suffices to prove the lemma for w; and ws only differing by an elementary
Knuth transformation.

First suppose that w; and wy differ by an elementary Knuth transformation (K'),
that is, that wy = u-yzz - v, and wy = w-yza - v with z <y < z. If w € W(w,), it is
immediate that w € W (w,). Hence,

sup W (w) < sup W(ws).

Now suppose that w € W(wsy). If w does not contain the subword zz, then it is
obvious that w € W (w;). Therefore, assume that w contains the subword zz, and let
w = uyzrv; with u; a subword of u and v; a subword of v. In this case, we have that
uryzrvy; and ugz both belong to W (wy). Since sup{ujyzvy, u;z} = w, we thus get that
w < sup W (wy) which implies that

sup W (ws) < sup W (wy).

and we have proven that sup W (w;) = sup W(ws) when w; and wy differ by an ele-
mentary Knuth transformation (K').

It remains to consider the case where w; and wy differ by an elementary Knuth
transformation (K"), that is, wy = u - z2y - v, we = v - zzy - v with x <y < 2. If
w € W(wy), it is again immediate that w € W (wy). Hence

sup W (wi) < sup W (ws)

Suppose that w € W (wy). If w does not contain the subword zz, then w also belongs
to W (wy). We thus assume that w contains the subword zx. We let w = u;zzv; with
uy a subword of u and v; a subword of v. We have in this case that w < u;zyv; with
uyzyvy € W(wy). Therefore

sup W (wsz) < sup W (wy),

and we have proven that sup W(w;) = sup W (ws) when w; and ws differ by an ele-
mentary Knuth transformation (K”). This concludes the proof. O
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Remark 2.3.2. The proof is inspired by the classical argument proving the Knuth
invariance of Greene’s invariants (see [12], Chapter 2).

In Proposition [2.3.2 R.(T") corresponds to the set of all entries in any column of
length ¢ of K (7). It will be more convenient for our purposes to use descending words
instead of sets, and to index the words according to the columns of K, (T') instead of
to their lengths.

Definition 2.3.5. Suppose that 7" has [ columns. For ¢ = 1,...,1, we let C;(T) be
the decreasing word whose letters are the entries in column i of K (7).

Example 2.3.8. Let

1[3]4]
T=|2|6
5]
as in example [2.3.6l Then
1]4]4]
K.(T)=[4]6] ,
6

hence Cy(T) = 641, Co(T) = 64 and C3(T) = 4.
Proposition 2.3.7. For any tableau T', we have that
sup W(T) =sup K (T) = C,(T)

Proof. 1t is obvious that sup K (7') = Ci(T') given that every column of K (7T) is
contained in the first column of K (7).

Let ¢p,...,¢ be the lengths of the columns of T (in weakly decreasing order).
Consider the unique skew tableau S € &,(T") in compact form whose column lengths
are ¢y, ...,c; (that is, in weakly increasing order). Since S rectifies to T', we have
that w(T) = w(S). By Lemma [2.3.6] we thus have that sup W(T) = sup W(S).
Therefore, we only have left to prove that C1(T") = sup W(S). Now, by definition
of K.(T), the rightmost column of S is R, (7). But since S is in compact form
and ¢, ..., c; is a weakly increasing sequence, we have that the bottom entry in each
column of S lies in the same row as the bottom entry of its rightmost column R, (T')
(considered as a column instead of as a set), that is, S is a counter-tableau (refer to
Example [2.3.5). Since the rows are weakly increasing in S, it is then obvious that
sup R, (T) = supW(S). The proposition follows immediately given that C,(7T") =
sup R, (T). O

Let ¢1, ..., ¢ be the lengths of the columns of T (in weakly decreasing order). By
definition of K| (T), the first column of 7" does not play any role in how the right keys
Re,(T),...,Re(T) are constructed. Hence, we also have that sup W(Ty) = Co(T).

Generalizing this idea, we get the following proposition.

Proposition 2.3.8. Let T be a tableau with | columns. We have that
sup W(Ty) = Cp(T')  for every 1 <k <.
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2.4 Key tableaux and (dual) m-symmetric Schur
functions at ¢t = 0.

Given a composition a = (aq,...,ay), let o be the shortest permutation in &y such
that
a’” = (Qg(1)s- -+ Qo (i))

is dominant. We can associate a right key tableau K («) of shape a™ in the following
way: if column k of K («) is of length r, then it is filled with the entries o(1),...,0(r).

We say that two tableaux P and ) of the same shape A are such that P < @ iff
P(i,7) < Q(i,7) for any (i,7) € A. It is known (see [3]) that the key polynomials have
the following expansion:

Kooy, ay) =Y ' (2.4.1)

.....

K (a). In view of Proposition [2.2.2] we have that the dual m-symmetric Schur func-
tions at ¢ = 0 are given by

52(1’1,...,%]\[) :I((()N—l)\Z 77777 MG ey al)(wla--->$N7~§717---7j\7m)‘A . (242)
It is thus natural to define, for A = (ay, ..., an; A), the key tableau

Ki(A) = K (7)

where v = (0N Ap,..., A\, am,...,a;1). In this case, v = A which is the par-
tition corresponding to the diagram of A without its circles. Observe that in v+ =
(Yo(1)s - - -+ Yo(N+m)), We have that o(i) = N + 1 — 1 if v,4) = A;. Similarly, we have
that o(i) = N +m+ 1 — i if 75 = a;. Hence, the key tableau K7 (A) can be easily
extracted from the m-partition A.

Lemma 2.4.1. The key tableau K73 (A) is the unique tableau such that, for | =
1,...,m, every column to the left of the circle filled with an m + 1 — | contains a
letter | € A and such that the remaining cells (supposing that there are k of them in
a giwen column) are filled with the letters NN —1,..., N —k+1 (if N—k+1<0,
then the key tableau K7 (A) does not exist for that N ).

Example 2.4.1. Let m = 4 and

[ ®
@

AN
@

Since the circle filled with a 4 = 4+ 1 — 1 lies in column 3, the first two columns
contain the letter 1. Likewise, the circle filled with a 1 lies in column 5, so the first




40 CHAPTER 2. THE m-SYMMETRIC FUNCTIONS

four columns contain the letter 4, and since the circle filled with a 3 lies on column
7, the first six columns contain the letter 2. Note that since the circle filled with a 2
is on the first column, there are no entries 3 on the tableau. Hence, after filling the
remaining cells with the letters N and N = N — 1, we get

NI|N[N|2|2]|2
N|i|2]4
Ki(A)=]1]2]4
2|4
14 |
After defining
S*(A) = {T € Taby(AY) : K (T) < K*(A)} (2.4.3)

we thus obtain from (2.4.1)) and (2.4.2) that the dual m-symmetric Schur function at
t = 0 is given by

si(@n, . an) = > (2.4.4)

,,,,,

Here the entry ¢ contributes a factor #; to the monomial zZ. Tt is understood that if
N —{ < 0, then the key tableau K7 (A) does not exist for that N and the corresponding
dual m-symmetric Schur function is equal to 0.

In order not to lose any generality, we will also define

SA(@1, N B Tm) = K oN— 0, aamsna) (T - TN DL ) = Z z?
TeS*(A)

(2.4.5)

We see from Lemma that, in the definition of S*(A), the condition

K(T) < K% (A) can never be violated in any position of K7 (A) occupied by a letter

that does not belong to A (since those cells are filled with the largest letters not in

/l) It is thus sufficient to restrict ourselves to the positions occupied by the letters
1,...,/min K7 (A), which we write as

S*(A) = {T € Tabs(A?) : K (T)]; < K5(N)| 4} (2.4.6)

We also need to introduce another key tableau associated to A which, as we will
see, is essentially dual to K7 (A).

Definition 2.4.1. The key tableau K (A) is the unique tableau such that, for i =
1,...,m, every column to the left of the circle filled with an ¢ contains a letter ¢ and
such that the remaining cells (supposing that there are k of them in a given column)
are filled with the letters NNN —1,..., N —k+1 (if N —k + 1 < 0, then the key
tableau K (A) does not exist for that V).
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Example 2.4.2. As in the previous example, we use

[ ®
O

M
@

Since the circle labeled 4 lies in column 3, the first two columns contain a letter 4.
Likewise, the circle labeled 3 lies in column 7, so the first six columns contain a letter
3, and since the circle labeled 1 lies on the column 5, the first four columns contain
the letter 1. Hence, after filling the remaining cells with the letters N and N = N —1,
we get

1[1]3]3]
3]3
N

Ky (A) =

2»&03»—‘

BN

where N = N — 1.

Remark 2.4.1. Comparing the constructions of Ky (A) and K7 (A), we see that if the
entries in column k of K (A) are {l1,...,l,}, then those in column k of K7 (A) are
{ly,...,*}, where
z*:{ m+1—1 ifle{l,....m}
l otherwise
The map * : {1,..., N} — A, — [* will be called the %-operation.

The following set will prove to be important:

,,,,,

S(A) = {T € Tabg,. ny(A?) : K (T)| =K. (N)] } (2.4.7)

where Q|,,, refers to the skew tableau obtained from ) by only considering the letters
1,...,m. From this set, we define the functions

sp(zr,.an) = Y @l (2.4.8)

TeS(A)

The relevance of the functions sx(x1,...,xy) will become clear later when we prove
that they correspond to the case t = 0 of the m-symmetric Schur function sy (x1, ..., zN;t).

Remark 2.4.2. The dual key polynomials defined in (2.2.10) have the following com-
binatorial interpretation similar to that of the key polynomials given in ([2.4.1)):

~

Ko(oy,...,oy) =Y a’ (2.4.9)
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.....

K, (). It is thus immediate that, for A = (a, \), we have

SA(I‘l, Ce ,IN) = Zf{a,ﬁ(xly e ,{L‘N)
B

where the sum is over all tableaux T € Taby .y} of shape a® such that K, (T) =

where 3 ranges over all distinct permutations of (A, ..., Ay, 0V 7F).

Remark 2.4.3. Suppose that T" € Tabyg; . ny has a; occurrences of the letter ¢, for
i = 1,...,m. Observe that there is a unique key tableau in Taby ) with such
occurrences of the letter ¢, for ¢ = 1,...,m, and that this key tableau corresponds to
A(T), such that K+(T)|m = K+(A)‘m. The m-partition A(T") can also be obtained
explicitly in the following way. Suppose that 7" has shape p. For ¢ =1,... m, let q;
be the number of i’s in the key tableau K (T"). We define A(T") to be the m-partition
whose diagram is obtained from p by adding a circle filled with a 1 in the uppermost
row of size a;, and then adding a circle filled with a 2 in the uppermost row of size
as that does not already contain a circle, and so on until the m circles have been
added. It is indeed possible to do this process because K (T'), being a key tableau,
has columns that are contained into each other. Therefore, if the letter i appears
a; times in K (T'), then they have to occur in the first a; columns of K (T'), which
implies that column a; + 1 of K (T') is shorter than column a;.

From the previous remark, we immediately get that S(A) can be rewritten in a
simplified form as
S(A) ={T € Tabyy,_ny : A(T) = A} (2.4.10)

.....

Example 2.4.3. Let N =2, m =1 and

A=l

The tableaux contributing to s%(x) are then

1]1] 1]2]
2] 7 2]

1]

Y

| and (2.4.11)

‘»—w \»}

‘»—» —
‘»—w —

Therefore,
* ALY — 2 2, 24 - 25 d
s1 (21, 05 T1) = xix9 + 125 + 27T + 112281 + 2331 an
_ Cr ) — 92 2., .3
sh (21, m9) = 83 (21, 25 11) = 22729 + 22125 + 29

On the other hand, there is a single tableau contributing to s, (x)

1]2]
2

which gives s (x) = z123.
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2.4.1 Admissible pairs
As we seek to prove that

1
[ smn (1= 2ad)| [TL5- (1 = i)

~

= ZsA(xl, ces ®N)SA (YL, - YN Ty e Um)
A

(2.4.12)
the elements in
G = J(S(A) x S*(A)) (2.4.13)
A
will prove fundamental. We will say that the pair of tableaux (P, Q) is admissible if
(P,Q) € G,,. We will now establish some notation.
applying the x-operation described in Remark on the entries in the columns of
K. (Q) (and then reordering the entries so that the columns are that of a tableau).
Recall that C.(T') is the descending word corresponding to column r of the key
tableau K, (7).
For a tableau P € Taby, we let C,(P) be the subword of C,(P) obtained by keeping
only the letters in A.
the x-operation on the letters of C,(Q) and then reordering the letters so that the
resulting word is decreasing. We will then let C*(Q) be the subword of C*(Q) obtained
by keeping only the letters in A.
We also recall that for P € Taby, W(P) stands for the set of subwords of w(P)
that only have letters in A.

Example 2.4.4. Let m = 4 and

~
I
BEE
(@

In this case, we have

2[2]

K(T) =

ESE
ot

which implies that C(T) = 521, Co(T) = 52 and C3(T) = 2. This yields C7(T') =
435, C3(T) = 35 and C5(T") = 3, as well as C{(T") = 43, C;(T") = 3 and Ci(T) = 3.

The following criteria for the admissibility of (P, Q) will be used again and again.

Proposition 2.4.2. Let P € Taby and ) € Tabyy . ny be two tableaux of the same
shape. Let also | be the number of columns in P (and Q). The following statements
are all equivalent to the admissibility of (P, Q):

1. K((P)|; < K3(Q)] 4
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2. C,(P) < CHQ) forallr =1,... 1.
3. sup W(Pr) < éﬁ(@) forallr =1,...,1.

Proof. Suppose that A(Q) = A. Since K+(Q)|m = K+(A)‘m, we then get after ap-
plying the *-operation that Kjkr(Q)u = Kjkr(A)|A. Hence, using (2.4.6), we get that
(P, Q) is admissible if and only if K, (P)| ; < K7 (Q)] ;.
Since C,(P) and C*(Q) are essentially the columns of K, (P) and K73 (Q), respec-
tively, restricted to their letters in A, Statement 2 is equivalent to Statement 1.
By Proposition [2.3.8, we see that sup W(P,) = C,(P). Given that the elements of
A are the largest elements of A and that A\ A is finite, this yields sup W (P,) = C,(P),
and Statement 3 is equivalent to Statement 2. ]

2.4.2 Behavior of the recording tableau

Understanding the behavior of (f;f(Q) will prove crucial in what follows. We begin by
describing explicitly how appending a new letter to @ affects C,.(Q).

Remark 2.4.4. Suppose that ) € Taby; . ny is a tableau whose largest entry is not
larger than m. Then all the letters in @ are smaller or equal to m, which implies that
the length of C(Q) is equal to the length of column r of Q.

Proposition 2.4.3. Suppose that ) € Tabg Ny is a tableau whose largest entry is
not larger than i. Then let Q' be the tableau obtained from Q) by adding a letter i in
column € (we are supposing that it is possible to do so), where € is such that there is
no letter i to the right of column ¢ in ). We then have that

C(Q) if r>¢
C(Q) =1 iC(Q) ifr=t (2.4.14)
c it r <t

where C,. is obtained from C,(Q) by replacing by i the largest entry of C,(Q) not in C,(Q)
and then reordering the letters to get a decreasing word (observe that this amounts to
doing nothing if this largest entry is i).

Proof. Throughout the proof we will use the fact that sup W(T,) = C,(T) for any
tableau 7', which is the content of Proposition [2.3.8

It is obvious that W(Q,) = W(Q..) for all » > ¢, which implies that sup W(Q,) =
sup W(Q.) in those cases.

If r = £, we have that w € W(Q)) iff w € W(Qy) or w = iw’ with v’ € W(Qy).
This immediately gives that

sup W (@) = isup W(Qy)

as claimed.
Observe that if W(Q,) contains a letter ¢, then W,(Q) = W,(Q') which implies
that we also have in this case that sup W(Q,) = sup W(Q".) (this corresponds to the
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case where the largest entry of C.(Q) is not in C;(Q), which was commented at the
end of the proposition).

So suppose that 7 < ¢ and that there is no ¢ in W(Q,). Every word w € W(Q).) is
either w € W(Q,) or w = iw’ with w’ € W(Qy). Therefore

sup W(Q,.) = sup{sup W(Q,),isup W(Q)}

Since sup W(Qy) C sup W(Q,), the proposition follows immediately from Proposi-
tion [2.3.9] N

The previous proposition has the following consequence.

Corollary 2.4.4. If Q) is a tableau that satisfies the conditions of Proposition
then
C(Q) <C(Q) forall r

The behavior of C*(Q) under the addition of a letter is somewhat more complicated.

Corollary 2.4.5. Let Q) be a tableau that satisfies the conditions of Proposition|[2.4.3,
If 1 > m then R
5 CrQ) ifr>t
CHO) = r
(@) { C. if r<?
where C'. is obtained from C(Q) by deleting the smallest entry of C*(Q) not in C:(Q),
if this entry belongs to A (and by doing nothing otherwise).

If i < m, then
) CHQ) if r>¢
(@) =9 CQUm+1—i) ifr=¢
! if r<?

where C} is obtained from é:(Q) by replacing by m+ 1 — 1 the smallest entry of é:(Q)
not in C;(Q) and then reordering the letters to get a decreasing word (observe that this
amounts to doing nothing if this smallest entry is m + 1 —i).

The analog of Corollary is then the following (the case r = ¢ does not hold
because the length increases when going from C;(Q) to C;(Q’)).

Remark 2.4.5. Proposition shows that the right key tableau K, (Q') is completely
determined by K, (@), the inserted letter i, and the insertion column ¢; no further
information about () is required.

Example 2.4.5. Let m =6, N > m, and

2
314
2

[\

3]4]

‘O‘l»hl\:)»—
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Then

w
w

4]4]

o>
o>

e~
e~
NS [N

K+(Q) =

[ISSSY (GGPY | NHY

K1 (Q) =

‘Cﬂ NI OSSR R \)
ot
‘Cﬂ>ﬁ>>c,o>[\:>>

Since () contains no entry equal to 6, we may append a 6 to the end of the second
row, obtaining

112]2]3]4]
;12131416
©=r 5
5]
Then
2[3[4]4]4] 1]1]1[1]3
3/4]6]6 ‘ 3131313
K. (Q) = K (Q) =F+2
6] 5]
Now consider the same tableau (), but with m = 3. In this case,
2[3]3]4]4] 414]4]4]4]
3144 . 5/5(1
K = K =1
5] 2]
Moreover,
2[3]4]4[4] 414]4]4]4]
314|616 6/6|/6|6
K. (0 = K (Q) =1
6] 2]

2.4.3 The RSK algorithm and admissible pairs

Recall that the RSK insertion algorithm was defined in [28].
We say that (P, Q') = (P, Q) < (;) is RSK-compatible if the following conditions
are satisfied

e (P,Q) and (P', Q') are pairs of tableaux of the same shape in Tab 4 x Tabyy, . ny.

e P' = P <« j, the insertion of the letter j in P.

e ( is a subtableau of ), and the only cell in Q'/Q is filled with the letter i.

e No letter in @) is larger than ¢, and no letter 7 in ) occurs in a column to the
right of the column in which Q'/Q lies.
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We will also say that the biletter (;) with j € Aand ¢ € {1,..., N} is admissible

if whenever j € A we have that j<m4+1—1.
The goal of this section is to show that

{(P, Q) and (2> are both admissible| <= (P',Q") is admissible (2.4.15)
J

where we recall that admissible pairs (P, Q)) were defined after (2.4.13). This will be a
consequence of Propositions [2.4.9] 2.4.12] and [2.4.13] Establishing those Propositions
will be quite technical, as it will rely on non-trivial properties of the words in W(P)
and W (P").

We first give a lemma that will provide very useful bounds on words.

Lemma 2.4.6. Consider T' =T <« j, the insertion of the letter j in a tableau T. Let
Ch—1,---,C2,C1,Co(= J) be the insertion path in T' (which ends in row k and column

(). We have the following:

(1) Forr <, let w e W(T)) be such that w has a letter in the first k rows of T".
Then, w = wg - --wy (with s > k) is such that

WEWg—1 - - - Wl < Cl—1Ch—3 . . . C1Co

(2) Ifw € W(T)) is such that w; is weakly to the left of cs (in the same row) for some
cs 1n the insertion path, and such that w;, w;_1, ..., wer1_; are in consecutive rows
(all within the first k rows of T') then

WiW;—1 *** Weg1— < CsCs1°* Coplse

Proof. We will only prove (1), as (2) can be proven in a similar fashion.

The letter ¢, is the largest entry in row k of 7" since it is the endpoint of the
insertion algorithm. Hence, wy < ¢x_;. By the insertion algorithm, c,_» is the largest
entry smaller than ¢;_; in row & — 1 of 7’. This implies that wy_; < ¢;_o since
otherwise we would have the contradiction wy_1 > ¢x_1 > wy (recall that w is a
decreasing word since it belongs to W (7})). By the same reasoning, we conclude that
W—2 < Cpg, ..., Wa < €1, w1 < o= J). O

The following two propositions will allow to construct from a word w € W(P!) a
word v > w that almost belongs to W (P,) (it belongs to W (P,) if we do not consider
its last letter).

Proposition 2.4.7. Let ¢;_1,...,ca,¢1,¢0(= j) be the insertion path of P' = P «+ j.
Given a word w = wy---w; € W(P!), let p be the largest integer such that w,
intersects the insertion path (if there is no such integer, then p = 1). Let v =
Wy Wyp_1 -+ -1 € W(PL), where vy_q---vy is defined in the following way: if w;
lies in row s+ 1 weakly to the left (in the same row) of cs, then let v; = cs. Otherwise,
let v; = w;. We then have that w < v, with either v € W(P,) or v = uj for some
u € W(P,). Observe that the proposition still holds with W replaced everywhere by W
since for any w € W(P'), the relation w < v implies that v also belongs to W (P?).
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Proof. We first show that v is decreasing. The only case which could potentially be
problematic is when v;;1 = w; 1 and v; = ¢,. Since w; 1 is to the right of the insertion
path, we have that w;; is in the row (and to the right) of some ¢;. Hence, we have
by the insertion algorithm that v; = ¢; < ¢; < w11 = v;41. It is then immediate
by construction that w < v. Since all the ¢,’s belong to P/ we then conclude that
ve W(P)).

All the v;’s (except possibly v; = ¢y = j) belong to P.. We will thus have that
v € W(P,) or v = uj with u € W(P,) if we can show that they belong to distinct
rows in P,. The only case to check is when v; = ¢, and v;_; = w;_; since in this case
¢s lies in P, one row above its position in P/. But by Lemma , w;_1 cannot be in
the row that follows that of wj;, since otherwise we would have the contradiction that
wi—1 < ¢cs—1 < ¢ (that is, w;_; would not be to the right of the insertion path). O

Example 2.4.6. Let

12]4]5]
P=|3] and 7 = 3.
6]
Then
112]3]5]
P'=13]4 :
6]
with the insertion path highlighted on blue.
1[2]3]5]
Let we W(P]) as| 3|4 then the previous procedure gives us v € W (P{) as
6
112]3]5]
the word highlighted on red | 3 | 4 , and v = uj with u € W(P,).
6]
1]2]3]5]
If instead, we had chosen w € W (P]) be the word highlighted on red | 3 | 4 ,
6

then v = w € W(P]) doesn’t intersect the insertion path, thus v € W (P;).
The previous proposition can be stated more simply in special cases.

Proposition 2.4.8. Let ¢j_1,...,¢a,¢1,¢0(= j) be the insertion path of P' = P + j.
Given a word w = wy - --wy € W(P)) that does not have any entry below row k, then
let v =, vy € W(P.) be constructed in the following way: if w; lies in row s + 1
weakly to the left (in the same row) of cs, then let v; = cs. Otherwise, let v; = w;.
We then have that w < v, with either v € W(P,) or v = uj for some u € W(P,).
Observe that the proposition still holds with W replaced everywhere by W, since for
any w € W(P'), the relation w < v implies that v also belongs to W (P.).
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Example 2.4.7. Let

1]2]4]5]
P=|3|7 and 7 = 3.
6]
Then
1[2[3]5]
P'=34 :
6|7
with the insertion path highlighted on blue.
1[2]3]5]
Let w € W(P]) be the word highlighted on red |3 |4 , then v = uj = 643
617
1[2]3]5]
with u € W (P;) highlighted on red | 3 | 4 , and w = 632 < 743 = v.
6|7
112]3]5]
If instead, we had chosen w € W (P[) as |3 |5 then v would simply be the
6|7
1]2]3]5]
word highlighted on red | 3 |5 , the inequality holds and also v € W(P,).
617

We are now in a position to show the forward implication (=) in (2.4.15)).
Proposition 2.4.9. Let (P',Q") = (P,Q) + (;’.) be RSK-compatible. If (P,Q) and

(;) are both admissible, then (P', Q") is also an admissible pair.

Proof. From Propositionl_ZL we need to show that, for all 7, any w € W (P!) is such
that w < C!(Q'). By Proposition [2.4.7, we can find a v € W(P!) such that w < v,
where either v € W (P, ) or v =uj with u € W(P ). Note that (P, Q) being admissible
implies that any w’ € W(P,) is such that v’ < C*(Q) given that sup W(P,) < C*(Q)
(see Proposition[2.3.8). We will also assume that ¢;_1, . . ., ¢2, ¢1, ¢o(= 7) is the insertion
path of P = P <« j.

_ First suppose that i > m and r > (. In this case, we have by Corollary that
CHQ) =CQ). If v e W(P,), it is then immediate that w < v < CHQ) = C(Q').
In the case v = uj, we have that the inequality j < m + 1 —1 (stemming from the
admissibility of the biletter (;)) can never be satisfied for any j € A (we are assuming

that ¢ > m), which implies that j ¢ A. Therefore, w < uj can only hold if w < u
since w € W(P'). We thus have that w < u < C*(Q) = C*(Q’), as wanted.
The case 1 > m and r < ¢ will be treated at the end of the proof.

We now con81der the case ¢ < m. We first let r > ¢, in which case C*(Q ) =CHQ)
by Corollary |2 If v € W(P,), it is immediate that w < v < C*(Q) = C*(Q").
Hence, con51der v = uj with u € W(P ). It j & A then we have as before that
w < u < CHQ) = C(Q). Now suppose that j € A and that P, has s rows. Then,
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CsCo—1-7C1 € W(Pr) since all the letters in the insertion path are larger than j €
A. We thus have that C*(Q) = asas_1 -+ a, for some word asas_;---a; such that
CsCs—1"++C1 < Agls_1 . Since u has at most s — 1 entries and j = ¢y < ¢; < aq,
we have that uj < asas_1---as. Hence w < uj < CHQ) = CH(Q') as desired.

If r = ¢, we have by Corollary 5| that C;(Q') = C:(Q)ag with ag = o+ 1 — 1,
which implies that C(Q) < CHQ). If v E W(Pg) it is thus immediate that w < v <
CQ) < Ce (Q'). Similarly, if v = uj and j & A, we have again that w < u < CQ) <
C;(Q'). We thus only have left to consider the case v = uj and j € A. But in this
case, we immediately get that w < uj < éj(Q)ag since j < ag = 1 + 1 — i by the
admissibility of (;)

Now, suppose that r < £. If column r of ) has length ¢, then we know by
Remark mp(recall that we are in the case i < m) that C*(Q) is also of length ¢. Let
é}(@) = ap_1-+-a; and éﬁ(Q) = by bgy1bsag_1 -+ ay with a,_q < by < ay (éZ(Q) is a
subword of C*(Q) since they are columns of a key tableau), so that b is the smallest
letter in C*(Q) that is not in C}(Q). By Corollary we thus have in this case that

é:(Q/) =b--- bs+1as—1 c 1A

where ag = 7 + 1 — 4. Suppose that v € W(P,). Given that v < C(Q), in order
to show that v < éj(Q’) it suffices to check that if v = v, -« - v, then vy < a,_1. Let
v = vy ---vs. Given that v, lies in a row weakly above row k, using the construction
in Proposition , we have that v, ---v, < 11 --- x5 with x -+ -2, € W(Pg). This
implies that xy -+ -2, < CA,}“(Q) = aj_;---a,. Hence vy, < 24 < a,_; as wanted, which
gives that w < v < C*(Q'). In the case, v = uj with u € W(P,), we have similarly
that u < C*(Q’). Given that j < + 1 — = ag by the statement of the theorem, we
have that w < uj < C*(Q').

Finally, suppose that ¢ > m and r < {. In this case, we have by Corollary 2.4.5]
that C*(Q ) = C’ where C’ is obtained from C*(Q) by deleting the smallest entry of
Cr(Q) not in C7 (Q) (if this smallest entry belongs to A). If this entry is not in A,
then C! = C*(Q) and we can proceed as in the case i > m and r > (. We thus only
have left to prove the case when the smallest entry is in A. As we will see, this case
is very similar to the case i < m and r < ¢. Since the smallest entry of C}(Q) not
in C;(Q) belongs to A, the entries of C*(Q) and C;(Q) in A\ A are exactly the same
(since those entries are the smallest entries). Suppose that there are p — 1 such entries
in A\ A. We thus have é;(@) = ag_1---a, and é:(@) = by bsy1bsa5-1 - - - ap with
as_1 < by < ay (C;(Q) is a subword of C*(Q) since they are columns of a key tableau),
so that b, is the smallest letter in C*(Q) that is not in C}(Q). By Corollary , we
thus have in this case that

é:(Q/) =by- - bsp1a5-1- - ap

Suppose that v € W(Pr). By the same argument as in the case i < m and r < /,
we can deduce that w < v < C*(Q'). In the case, v = uj with u € W(P,), we have
similarly that u < (f;f(Q ). Given that j € A (as in the case i > m and r > ¢ above),
it is immediate that w < u < C*(Q') since w < v = uj and u € W(P,). O
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Before being able to show the backward implication (<=) in (2.4.15]), we need a
few elementary results. The first is an easy consequence of Lemma [2.3.6]

Lemma 2.4.10. Given a tableau P and a letter j, let P' = P < j be such that the
insertion path_ends in column £. For all v < ¢ we have that sup W (F,) < sup W (F))
and that sup W (P,) < sup W (P)).

Proof. 1t r < ¢, then w(P,);j is Knuth equivalent to w(P)). Since W (P,) C W(F,) U
W (P,)j, we then have from Lemma that

sup W(P,) < sup(W(P,) UW(P,)j) = sup W(F;)

The proof is the same when we replace W by w. O

The next lemma will allow us to assume that the length of the words in w € W (P,)
is not larger than the length of C}(Q)) when we insert a letter i < m in Q.

Lemma 2.4.11. Let (P, Q') = (P, Q) + (;) be RSK-compatible, with i < m. Suppose

that, for a gienr, there exists a word w € W(PT) whose length is larger than the length
of CX(Q). Then the pair (P', Q') is not admissible.

Proof. By Remark [2.4.4, if i < m, we have that the length of C*(Q) is equal to the
length of column 7 of ). Since P and () have the same shape, it is thus impossible to
find a word w € W (P,) whose length is larger than the length of C}(Q). O]

The next two propositions will prove the backward implication (<=) in ([2.4.15)).
Proposition 2.4.12. Let (P',Q') = (P,Q) <+ (;) be RSK-compatible. If the pair
(P, Q) is not admissible, then neither is the pair (P',Q’).

Proof. For a decreasing word w = wy - - - wy, it will be convenient to use the notation
(w)s = ws. A )

Suppose that sup W(P,) £ C(Q) and first consider that r < ¢, where ¢ is the
column of the cell in Q'/Q. In this case, we get from Lemma [2.4.10| that sup W (F,) <
sup W(P/). This implies that sup W(P!) £ C:(Q') since otherwise we would get the
contradiction from Corollary that

sup W (P;) < sup W(P)) < C}(Q') < C(Q)
We now consider the case r = ¢. We have again in this case that w(P)) is Knuth

equivalent to w(F)j, which implies that sup W (P,) < sup W (P}) by Lemma [2.4.10]
If we suppose that sup W(P;) < Cr(Q'), then we get from Corollary [2.4.5 that

sup W(P) <supW(P) <Ci Q) =CHQ)(m+1—17) ifi<m

or

sup W (P) < supW(P) < Ci(Q) = C(Q) it i>m
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In the first case, using the previous lemma, we can assume that there is no word
w € W(P,) whose length is larger than the length of C*(Q) since otherwise (P, Q')
would not be admissible. Hence we can assume that, for all r, the length of sup W(PT)
is not larger than the length of éj (Q). In both cases, it leads to the contradiction that
sup W(P,) < C;(Q) from which we conclude that sup W (P}) £ C;(Q’).

We finally consider the case » > £. Since sup W(PT) £ é:(@), we can Suppose
that (sup W(P,))s > (C*(Q)), for some s. Let w = w,...w; € W(P,) be such that
(w)s = wy = (sup W(P,)),. If w does not intersect the insertion path, then w € W(P.),
which implies that

(sup W(P))s = (w)s = (sup W(E,))s > (CF(Q))s = (€ (@)

from Corollary . We thus have that sup W(P!) £ C*(Q') in that case.

Finally, suppose that w intersects the insertion path c;y_1...c; in P. Let t be the
smallest integer such that w; intersects the insertion path, and suppose that w; = ¢,_;.
Observe that the entry w; lies in row p — 1 in P while it lies in row p in P’.

We consider the word uw = ¢x_1 - - cw; - - -wq of length (k — p) +¢. The word u
is decreasing since c,_; - - - ¢; is decreasing, w is decreasing and ¢, > ¢,—; = w;. We
also have that u € W (P}) since w, lies in the row above that of ¢, in P and since
Wi_1,...,w; belong to P’ given that they do not intersect the insertion path.

Suppose that P, has g rows. Within rows ¢ and p+ 1 of P’ lie the decreasing words
Cq—1--.Cpand wy ... wyyq. Since the former has a letter in each of those rows, we have
that s —t < ¢ — p, or equivalently, that k — ¢+ s < k — p+t. Since u is a decreasing
word, we thus have that (u)g_qis > (W)r_pye = w1 = (w)s. Because u € W(P}), this

means that (sup W (P/))k_qss > (W)k_qss > (w),. Hence, Proposition yields that

~

(sup W(P)))rgrs = (w)s > (CF(Q))s = (CHQ)s = (CHQ)i—grs

which implies that sup W (P}) £ C;(Q'). Note that (C*(Q'))s > (C;(Q'))k_qss since
CHQ') is a subword of C;(Q') and since the difference in length between the two words
is at most k — q. O

Example 2.4.8. Let m = 3,

3] . 1‘) and (i, ) = (4,1).

Then C}(Q) = 31 so 32 € W(P,) breaks the condition.

‘OJ> [N

Observe that (4,1) doesn’t create any problems as its an admissible pair. We can pick

13
the word w highlighted on red [5| . Observe C;(Q’) = 31 so 32 € W(P}) breaks the

condition.
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Example 2.4.9. Let m = 3,

i 1 D and (7,7) = (5,1).

<P7Q) =

Q> |IDD>

Then C;(Q) = 3 so 32 € W(P,) breaks the condition because it is larger than it.

3][1]1]

=

(P, Q) =

1
4]
5]

=

Observe that (5,1) doesn’t create any problems as its an admissible pair. We can pick

~

3

the word w highlighted on red . Observe that C}(Q') = 3 so 32 € W(P}) breaks

’C»J>|[\J> —

the condition.
Proposition 2.4.13. Let (P, Q') = (P,Q) + (;) be RSK-compatible. If the biletter

(;) is not admissible then neither is the pair (P, Q).

Proof. First observe that j € A since (;) is not admissible. Now, let ¢x_1,...,c1, (=

j) be the insertion path. Given that j € fi, Cr_1...c1j is a word of length £ in
W(Pé), where ¢ is the column of the cell in Q'/Q. If i < m, we then have that
j > m+1—1 since (;) is not admissible. Hence, (P’, Q') is not admissible since
(supW(P)) > j > m+1—1=(C(Q)) by Corollary Finally, if ¢ > m, we
have that the length of éz‘ (@) is smaller than k by Corollary (which says that
the length of C:(Q') is that of C;(Q)). Hence, (P’,Q’) cannot be admissible given that

sup W (P}) has length k. O

2.4.4 The RSK correspondence and its consequences

An admissible biword is a biword of the form ( ;.1 ;.2 o ;.T > where every biletter
L e g

(;’Z) is admissible. The order of the biletters in the biword is irrelevant. The biword

is in lexicographic order if i; <1y < --- <4, and j, < jry1 Whenever iy = 75, 1.
The following families of biwords will be useful.

e B, is the set of biwords in the admissible biletters (;)
e B is the set of biwords in the admissible biletters (;) such that j € A

~} is the set of biwords in the biletters (;) such that 4,5 € {1,..., N}

.....

e B is the set of biwords in the biletters (;) such that i € {1,...,N},and j € A
(without any admissibility condition).
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The RSK correspondence provides a bijection between the set of biwords in By
and pairs of tableaux of the same shape in Taby x Taby  ny. From the biword
( ;l ;.2 ;.T ) in lexicographic order, one builds successively a pair (P, Q) =

1 J2 o Ir
(P™, Q) from the empty pair using again and again the RSK insertion (P®) QW) =
(P10 Q1)) (;Z) Note that at each step of this process, we have that (P®*), Q) =
(PU=1 QU=1)) < (;’;) is RSK-compatible.

Our previous results show that the RSK correspondence, when restricted to By,
provides a bijection between B4 and G,,, where we recall that G,, is the set of admis-
sible pairs of tableaux.

Theorem 2.4.14. The RSK correspondence, when restricted to By, provides a bijec-
tion between the sets By and G,,.

Proof. Let (P',Q') = (P,Q) « (;) be RSK-compatible. As mentioned earlier, Propo-
sitions [2.4.9} [2.4.12 and [2.4.13] tell us that

{(P, Q) and (;) are both admissible| <= (P',Q’) is admissible

Given a biword b € By in lexicographic order, we can thus use the RSK insertion
again and again to obtain a pair (P,Q) € G,,. Similarly, the inverse RSK insertion
produces the admissible biword b € By from the pair (P, Q) € G,,. ]

It is well known that

1 b
T > ()

1,j=1

where (zy)P is the monomial in the variables 1, ..., 7y, ¥1,...,yy whose power of z;
(resp. y;) is the number of occurrences of the letter 7 in the upper (resp. lower) row
of the biword b. Similarly, it can be easily seen that

1
— = > (zf)°
Hi+j§m+1(1 — Zi0;) Z
Combining those two expansions, we get that

1 = z )P .
[Lijcmn (1= ﬂiiﬁj)] [Hf,vjzl(l - iﬂiyj)} - b;;;( i) (2.4.16)

where (zy7)P is the monomial in the variables x1,...,Zx, Y1, .., YN, J1, - - -, Um Whose
power of x; (resp. y;) is the number of occurrences of the letter ¢, for i € {1,..., N},
in the upper (resp. lower) row of the biword b, and whose power of g; is the number
of occurrences of the letter 7, for 7 € fl, in the lower row of the biword b.

Owing to (2.4.16)), Theorem [2.4.14] has this important corollary.
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Corollary 2.4.15. The following generalization of the Cauchy identity holds
1

Hi+j§m+1(1 - 5”133])} [ngzl(l - xiyj)]

= ZEA(:IH,---,xN)B}k\(ylg---73/N§?)1,---7Z)m)
A

(2.4.17)

Letting y; = 0 for ¢« = 1,..., N, we get that our RSK correspondence provides a
new proof of the following well-known identity on key polynomials

Corollary 2.4.16. We have that
1
Hi+j§m+1<]‘ - xigjj

) = ZKa(xly cee 7xm)me(a)<g17 SR 7@771)

Proof. Letting y; = 0 for i = 1,..., N means that in S*(A) we will only admit tableaux
T € Tab 4. From (2.4.6)), we get that K (7)) < K} (A) Aoy only possible if K7 (A)

only has entries in A, which implies that A can only be of the form A = (a; (). In this

case, we get from ([2.4.5) that
52(0,;@)(@17 e agm) = K(ON,am ..... al)(07 cee 707 gl? cee 71&771) = me(a)(@h e ’gm)

On the other hand, we get that

5(a.;(Z))(xla B 7$m) = Z 'IT

T

.....

that none of the letters in K (a) are larger than m). But s(.g)(21,...,2) is then a
dual key polynomial.

S@0) (1, .., Tm) = Ka(xl, ey Tn)
L]
Letting 91 = ¥1,.--,Ym = Ym in (2.4.17), and using the definition (2.4.4)) of the

dual m-symmetric Schur function at ¢ = 0, we obtain another noteworthy Cauchy
identity.

Corollary 2.4.17. The following generalization of the Cauchy identity holds
1

ILisjeme (1 — l‘iyj)} [Hﬁgzl(l - xz'yj)]

= ZEA(xl, oo N)SA (Y1, - UN)
A

(2.4.18)

Finally, comparing the previous equation with (2.2.8)) in the case of N variables,
we get that s, (z1,...,zy) is an m-symmetric Schur function at ¢ = 0.

Corollary 2.4.18. For every m-partition A, we have that

sa(21,..., o) = sa(w1,...,2n;0)
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2.5 Connection with the almost symmetric Schur
functions

In [31], the almost symmetric Schur function asqx)(x1,22,...) was introduced. It is
indexed by a weak composition @ = (ay,...,a,) of any length m such that a,, # 0
and a partition A. The almost symmetric Schur functions form a basis of the space
AS of almost symmetric functions which, in our language, corresponds to

AS = | J Ru

m>0

where R, is the ring of m-symmetric functions.

Since we want to consider the almost symmetric functions asx)(z) as a basis of
R,,, we will extend their definition to include the case where a,, = 0. This family
of almost symmetric Schur functions will be naturally indexed by m-partitions and
denoted as,(z). We will see in this section how they relate to the m-symmetric Schur
basis {sa(x)}a.

We will need the symmetrization operator

Wn(ﬁ)1 = (Tn—1 o) (TN—1 - Tng1) - - (TN TN —2) TN 1 (2.5.1)

which is simply a shifted version of the usual operator m,,, where wy is the longest
permutation in Sy. By idempotency of the m;’s, we have that

m

forany i =m,...,N — 1.
We now define the almost symmetric Schur functions in N variables (the infinite
case is then obtained via an inverse limit). Recall that the key polynomials were

defined in (2.2.11)).

Definition 2.5.1. For a weak composition @ = (ay,...,a,) and a partition A =
(A1, ..., Ar), the almost symmetric Schur function as\)(21,...,2xN) is defined recur-
sively as follows.
1. If A = (), then
aS(a0)(T1,- -, ¥n) = Ko(21, ..., T4,)

2. If a,,, > A then
N
AS(ay,....am—1;1) ([L’) = Wvgz—)l aS5(a;)) (93)
where 1 = (am, A1, - .., Ao).

Remarkably, the m-symmetric Schur functions s, () satisfy an analogous recursion,
where the key polynomials are simply replaced by the dual key polynomials.

Proposition 2.5.1. The family {sx(x)}a is characterized by the following two prop-
erties:
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1. If X\ =0, then A
S@0) (15, 2N) = Ko(21, ..., T0)

2. If a,, > A\ then
N
5(“17---7“77171;//')(3:) = WTElf)l 5(a;\) (z).

where = (A, A1y -5 Ar).

Proof. First suppose that A = (). We have from proposition 23 in [22] that the m-
symmetric Schur function is such that

S(a;0) (l‘; t) = Ha(x; t)

Recall that H,(x;t) is obtained from the dominant case 2%" by acting with a string of
T; operators. Since lim;_,o T; = 71;, this readily implies that

5@0)(T1, - TN) = S@) (23 0) = lim Ho(z;1) = Ka(x)

given that Ka(x) is obtained from the dominant case 2% by acting with a string of 7;
operators instead of a string of T} operators.
We now prove the recursion

N
as(ala“-,amfl;/—")(aj) = W’r(n—)l a5 (a;)) ('T)

We have

Wg\i)lﬁ(ag) (x) =TN-1-- .WmWT(nN)E(a;A) (x) =TN-1-- .7Tm5(a;)\) (QJ)
since §(g;0) () is symmetric in the variables @, 41, ..., y. Therefore, using m; = 1+7;,
we get

Wi is@n (@) = (14 Fn 1) (14 Fn) s ()
= (1 o o+ Tt o )80 ()
which again follows from the fact that s, (2) is symmetric in the variables xp, 41, ..., 2y
given that 7;f = 0 if f is symmetric in the variables z; and ;4. From Remark [2.4.2]
this yields

W) g0 () = (1 + o+ Fonp1 o + o+ v wm) > Kap(x)
B

where the sum is over all distinct permutations of (A1, ..., A, 0V ~%). Hence, we finally
have

W s0n) (1) = (14 o Frmprin b4 vt = ) S Kt 5(2) = 3 Kt (2)
B ol
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where @’ = (ai,...,a;,-1), and where the sum is over all distinct permutations of
(s A1y - - 5 A, ONE1). Note that there is no overcounting given that 7K, (x) = 0
whenever w; = w;11. Note also that we need the condition a,, > A for all distinct
permutations of (@, A1, ..., \, 0¥V 771) to appear. Using again Remark we
immediately get that

N
Wr(n—)ls(a;A) (35) = 5(a1, 0 @m—1;0m,A e Ae) (:E)
]

We can now make the connection between almost symmetric Schur functions and
the m-symmetric Schur functions at ¢ = 0. Note that for completeness, we will admit
almost symmetric Schur functions indexed by pairs (a, A) such that the last entry a,,
ina = (ay,...,a,)is equal to 0. This way, the almost symmetric Schur functions will
form a basis of R,,.

Proposition 2.5.2. We have

Clﬁ(a;)\) (.Z'l, C ,Q?N) = Z S(bm) (.ZCl, . ,xN) (253)
(byp): K4 (b,p) <K (a,\)

where the sum is over all m-partitions (b; ).

Proof. Concatenating @ and A, and using the well known expansion of key polynomials
into dual key polynomials, we have from Definition and Proposition that

a5aan) (@) = Kan(@) = 3. Kpyla) (2.5.4)

by K1 (by) <Ky (a))

where the sum is over all pairs of compositions b and ~ that satisfy the condition.
Supposing the ) is of length ¢, we have from Definition that

m m m

a5 (@) = WNIWED - WD, as@an (@) = WiV s (@)

Hence, using (2.5.2)) and the fact that mf(a(x) =0 if o; < a1, we get from (2.5.4))
that

a5 () () = WY Z Ky () = Z Kpu(x),

by:K4(by)<Ky(a,\) (byp): Ky (b,p) <K+ (@,))

where the sum is now only over pairs b, u such that p is a partition. Since in this
case (b; ) is an m-partition, the proposition then follows immediately from Proposi-

tion 2.5.11 O

As a corollary, we get a natural tableau generating function for the almost sym-
metric Schur functions (which at first glance seems different from the combinatorial
interpretation appearing in [31] based on a HHL-type formula for key polynomials).
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Corollary 2.5.3. The almost symmetric Schur functions are such that
S(ai) (T Z 2’ (2.5.5)
TeAS(A

where

AS(A) = {T € Tabyy,_ny(A?) 1 K (T) < Ky (A)} (2.5.6)
for A = (a; \).
Example 2.5.1. We now express the examples of almost symmetric Schur functions
found in [31] in terms of the basis {s5(x)}s and illustrate the corresponding diagrams.
In each case, the diagram on the left represents the almost symmetric Schur function,

while those on the right correspond to the m-symmetric Schur functions appearing in
its expansion.

1.

as(o12) () =
22xg + x381(23) + Tix1 + 2381 (23) + T152(w3) + Tas9(T3) + 2717081 (23) =

S(0152) (T) + 5(102)(T) + 502;1)(T) + S201)(T) + $(12,0) () + S21,0)(2)

| | | @ D @ D
D—[® [
OO NRONERO) @ LW

2. a5(2:31)(7) = 29501 (22, T3) + 27531 (22, T3) = 8(2:31)(T) + 8(3,01) ()

| | ®
O— | ©

3. a5(21;1)(x) = x%$231($3) = 5(21;1)(56)

) @
@ —[ @

4. aﬁ(lz;l)(l’) = x%xgéd(w?,) + x1$381($3) = 5(12;1)(x) + 5(21;1)<x>
@ ©) <)
L —] O @

. aﬁ(l;gl)(l’) = I%Sll(xQ + Q’Ig) -+ ZL’1821($2 —+ 133) = 5(1;21)(33) + 5(2;11)(1‘)

| | ®
D—] (U
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2.5.1 Duality and Cauchy identities
The following generalization of the Cauchy identity was obtained in Corollary ([2.4.17))
1

[Hz’+j§m+1(l - xz‘yj)] [Hszl(l - Iiyj)}
Using Corollary [2.4.16] it is then immediate that

1 = 1, ..., N)bA (Y1, .., YN
[Hi+j§m+1(1_$iyj)] [ngzl(l_xiyj)} _zA:hA( )ALy yv)

where

=3 sa(@ree an)sh (s yw) (25.7)
A

~

ba(ze, ..., on) = Ko(T1, ..., Tm)Sa(z1, ..., TN)
and
br(zr, .., 2n) = Kup@)(1, - Zm)sa(21, ..., o)

We can thus define a natural scalar product on R,, such that

(ha, b)) =daa  and  (sp,55) = dac (2.5.8)

We are now in a position to introduce the functions that are dual to the almost
symmetric Schur functions with respect to this scalar product.

Definition 2.5.2. The almost symmetric dual Schur functions are defined as
* T
asA(:C) - Z x ’-’i‘lzwl 77777 Tm=Tm
TeAS*(A)

where

AS*(A) = {T € Taba(AY) : K. (T)| 4= K}(N)|;} (2.5.9)
We will need the following lemma.

Lemma 2.5.4. Let A and Q be m-partitions such that A© = QO The following are
then equivalent:

1 KL(Q)] 4 < K1) 4

2. K1(Q) < K1(A)

5. K () > Ky (A).
Proof. The implication

KUQ<K{(A) = K@< KA,

is immediate. Conversely, suppose that K7 ()] i< K% (A)| 4 Then, in every column
r we have that C*(€2) < C*(A), which implies that C*(A) contains no more letters from
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AN\ A than Cr(Q). Since these positions are filled with the largest possible entries of
{1,..., N}, we conclude that
K7 (Q) < K7 (A).

Finally,
KLQ) < KL(A) = Ki(Q) > KL (A),

since the * operation is an order-reversing involution. O]

The following proposition, which is analogous to Proposition [2.5.2} is almost im-
mediate.

Proposition 2.5.5. We have that

St (7) = > asfy, (71, ..., 7) (2.5.10)
(b;.u‘):K+ (bﬂu)2K+ (a'v)‘)

where the sum is over all m-partitions (b; u).

Proof. Recall from ([2.4.6) that

TeS*(A)
where
S*(A) = {T € Taby(AY) : K (T) < Ki(A)} (2.5.11)
The proposition follows immediately from the preceding lemma. O

Finally, we prove that the almost symmetric dual Schur functions are indeed dual
to the almost symmetric Schur functions with respect to the scalar product defined in

(2.5.8)).
Proposition 2.5.6. We have that
<Cl5A, Cl56> = 0rQ

Proof. The proof follows from elementary linear algebra. We have from Proposi-

tions 2.5.21 and 2.5.5] that

522 E CAQCLEB and asp, = E CQA SQ
Q Q

where the matrix (cpq) is invertible since it is triangular with 1’s on the diagonal.
Denoting by (¢aq) the inverse matrix, we then get

(asy, asg) = ( E cra St, E CoaSA) = E cra Coa Ora = E cra Car = 0aQ
T A r.A T
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2.5.2 Determinantal formulas for the m-Schur functions and
the almost symmetric Schur functions

Recall that there is a determinantal formula for the function s} (x) when A is dominant.
In this section, we derive similar determinantal formulas for s, (z), as,(x), and as} ()
when A is dominant (or antidominant in the case of as} (z)).

Since this section features several Jacobi-Trudi type determinants, we will adopt a
compact notation. We display only the diagonal entries, with the understanding that
the alphabet remains constant along each row, and that the degree increases by one
from left to right.

Example 2.5.2. With this convention, Example [2.2.1| can be written as
8;71;371(1’;& = det ( hg[X] hQ[X + xl] hl[X + 1+ 332] hl[X + 2+ .’172] ) .

We begin with the following property of the Schiitzenberger-Lusztig involution,
which is also known as evacuation. Although this result is implicit in Lascoux’s work,
a proof in type C appears in Proposition 64 of [27]; the same argument applies mutatis
mutandis in type A.

Definition 2.5.3. Let T be a tableau on the alphabet {1, ..., N} with column reading
word
w(T) = wy -+ - w,.

The Schiitzenberger involution, or evacuation, of T is the unique tableau of straight
shape, denoted by wg(7T), whose column reading word is

(N+1—w) - (N+1—w).

Proposition 2.5.7. Let T be a tableau, and let wg denote the Schiitzenberger involu-
tion. Then
ws(K_(T)) = K. (ws(T)).

Example 2.5.3. Let N =4 and

1]1]2]
T = :
3]
Then | ‘
1111
K (T)=
( ) i ?
and the reading word of 7" is
w(T) = 3112.
Applying the Schiitzenberger involution, we obtain
ws(w(T)) =2443  and  ws(T) = i 3[4]

Consequently,

K (ws()) =244 g,
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Lemma 2.5.8. Let () be a tableau in the ordered alphabet
N<N-1<---<m<---<2<1

such that, fori = 1,...,m, letter i occurs a; times in Q. If, fort =1,...,m, letter
i appears in Q in the first a; columns and nowhere else, then ws(Q) contains, for
1 =1,...,m, the entry i in each of the first a; columns and nowhere else, where the
tableau wg(Q) is in the ordered alphabet

1<2<--v<m<---<N-1<N.

Proof. During the evacuation process of the letters N,...,m + 1, the letters m to 1
can only move weakly to the left. Hence, after the letters N,...,m + 1 have been
pushed outside, the letters m to 1 form the unique tableau in the ordered alphabet
m < --- < 1of shape a®t = (ay,...,a,)" such that each letter i occurs a; times. When
the evacuation process is complete, the letters 1 to m then form the unique tableau
in the ordered alphabet 1 < --- < m of shape a™ such that each letter i occurs a;
times. O

Lemma 2.5.9. Let T be a tableau in the ordered alphabet
N<N-1<---<m<---<2<1

such that, for i = 1,...,m, letter i occurs a; times in T. Ifa = (ai,...,ay) is
dominant, the tableau T is then such that K_(T) contains the entry i in each of the
first a; columns and nowhere else if and only if the tableau T itself has an v in each of
the first a; columns while it has no @ in column a; + 1.

Proof. By the Lascoux action to construct K_(T') from T, if the letter ¢ occurs in each
of the first ¢ columns of T', then K_(T') has a letter ¢ in each of its first £ columns.

Therefore, the only way K_(T') contains the entry ¢ in each of its first a; columns
and nowhere else is if the tableau 7" itself has an ¢ in each of the first a; columns while
it has no ¢ in column a; + 1. It thus suffices to prove that such 7" will always produce
a K_(T) of the desired form.

Suppose that T itself has an ¢ in each of the first a; columns while it has no 7 in
column a; + 1. From our previous comment, K_(7") will contain an i in each of the
first a; columns. We thus need to show that it does not have more 7’s.

First, because a is dominant, for each j < a;, the j-th column of T contains the
entries

,i—1,...,2, 1.

Before continuing, let us observe that, as a consequence of [2.3.8] when we permute
columns C; and Cy (with Cy to the left of Cs) to get Cf and CY, column CY is equal
to the supremum of the column reading word of C;C5.

We will now see that column a; + 1 of K_(T') does not have i as an entry. Let
aj, @ji1,-..,a, be all the entries of a that are equal to a; (with j < i < k). Let Cy
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(resp. C3) be column a; (resp. a; + 1) of T. Column C contains the entries k, ..., 1,
while C5 only contains j — 1,...,1. As the supremum of those two columns starts
with 1,2,...,k, column C) contains all those entries, which implies that C] does not
have the entries j, ..., k. Repeating this process until C] is the first column of T, we
get that column a; + 1 of K_(T') does not have the entries j,. .., k, which implies in
particular that it does not contain the letter <.

Hence, the left key K_(T') has the entry i precisely in the first a; columns, as we
claimed. [

Proposition 2.5.10. For every dominant m-partition A = (a; \), the m-symmetric
Schur function at t = 0 admits the determinantal expression

SA(I‘; 0) = EA(Z’) = (H x?”b) det(e)\;_i_g_j [X + Xi])lgi,jSE(A(O)) , (2512)

i=1

where

Xz': Z Z;.

VE aj<i
Proof. Fix the ordered alphabet
N<N-1<---<2<L1.

By Theorem 3.5* of [30], the right-hand side of (2.5.10)) is equal to

where the sum ranges over all tableaux 7' of shape \ such that, for each i =1,... ,m,
letter ¢ does not appear in any of the first a; + 1 columns.

Given such a tableau T', append an entry i to each of the first a; columns. This
defines a weight-preserving bijection

m

. /
[Lai) 2 2" =2 ",
=1 T T

where the sum on the right ranges over all tableaux 7" of shape a U A such that for
each © = 1,...,m, letter ¢ appears in each of the first a; columns while it does not
appear in column a; + 1.

By Lemma [2.5.9] these are precisely the tableaux whose left key has letter 7 in
each of the first a; columns and nowhere else. We then get from Lemma [2.5.8] and
Proposition that the set {ws(T”)} is the set of tableaux on the alphabet

1<2<---< N

such that, for each i, the right key K (wg(7")) = ws(K_(T")) contains the entry i
in each of the first a; columns and nowhere else. But this is the same as saying that
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wg(T") € S(A), where S(A) was introduced in (2.4.7)). Therefore, we get from ([2.4.8)

that -
i=1 T T/

ws(T")eS(A)

Example 2.5.4. Let A = (2,1;4). The Young diagram associated to A is then

[ ]
OR

@

and we have
sy (z) = zizadet (e1[X] er[X] e[X +ao] e[X + 1 +a3]).

Proposition 2.5.11. For every dominant (a, \), the almost symmetric Schur function
admits the determinantal expression

as (g () = (H xa) det (ex;—i+j [X + Xi]) i pno - (2.5.13)

i=1

where

Xi = Z Zj.
Jia;<i
Proof. The argument closely parallels that of Proposition 2.5.10, Now, in the flagged
Schur expansion arising from the determinant in virtue of Theorem 3.5% of [30], on
the corresponding set of tableaux 7', the entry ¢ may first appear in column a; + 1 of
T, while in Proposition [2.5.10|¢ could only appear in 7" after column a; + 1.

After multiplying by [[i~, z;", we obtain a generating function over the set of
tableaux T” such that, for each 7, the entry i appears in all of the first a; columns and
is free to appear or not in the other columns. Equivalently, by Lemma [2.5.9]
the left key of 1" contains 7 at least in the first a; columns.

Applying the Schiitzenberger involution to each 7" and using Proposition [2.5.7] this
satisfying

K (T") < Ki(A)

which is the same as stating that 7" € AS(A). Therefore these tableaux are precisely
those contributing to as (). O

Corollary 2.5.12. For a dominant m-partition A, the functions sx(x) and asp(x) are
the product of a column flagged Schur function and a monomial x®.

Example 2.5.5. Let A = (2,1;4) as in Example We then have

ClﬁA(l') = l’%l’g det (61[X] 61[X + 272] 61[X + 1z + 1'2] 61[X + x4+ {EQ]) .
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Proposition 2.5.13. Let A = (a; \) be an antidominant m-partition. Assume that
a # 0, and let a, be the first nonzero entry of a. Set

b= (am,...,a,).
Then b is a dominant composition of length k =m —r + 1, and

b= (b —1,...,05 —1).

Define
w=>b"UA
Then
k
Clﬁj\(x) = (H l’l) det(hm.,iﬂ [X -+ Xi])lgi,jgf(A(O))’ (2514)
i=1
where

Xi = Z Z;.

by =AY

Proof. By Theorem 3.5 of [30], the determinant in (2.5.14) is the generating function
>
S

where S ranges over the semistandard tableaux of shape p with flag ¢ = (1, ..., ¢).
Here ¢; is the index of the row of the diagram of A containing the circle labeled 7. We
emphasize that the flag restrictions are imposed with respect to the alphabet A.

From such a tableau S, construct a tableau T as follows. For each 1 < ¢ < k,
append a cell in column b; to the row containing the circle labeled 4, and fill this new
cell with z. Since g = b~ U A, the resulting tableau has shape bU .

This operation preserves semistandardness. Indeed, the flag condition implies that
every entry to the left of the new cell containing ¢ is at most 7. It also implies that every
pre-existing entry immediately above such a cell is strictly smaller than 7. If several
new cells are added in the same column, their labels are strictly increasing from top
to bottom, by the convention used to order the circles corresponding to equal parts.
Thus the rows remain weakly increasing and the columns remain strictly increasing.

Let B be the set of tableaux obtained in this way. Since the weight of the new
entry ¢ is x;, the generating function of B is

k
(1) 2
i=1 s
It therefore remains to prove that

B = AS*(A).
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We first prove that
B C AS*(A).

Let T € B, and fix a column ¢. Define
i(t) = max({j : b; >t} U{0}).

—

By the flag conditions, no letter larger than i(¢) can occur in 7;. On the other hand, for
every 1 < j < i(t), the distinguished entry j occurs in column b;. Since b is dominant,

by 2 by >+ > by > 1,

so all these entries belong to T;. Moreover, their positions in the reading word occur
in the order

—

i) 5,
Consequently,

—

i(t)---21 € W(T)).

Every decreasing word in W(Tt) uses letters from

—

Hence it is bounded above, in the componentwise order, by i(t) - - - 21. We conclude
that - -
sup W(T3) = i(t) - - - 21.

This is precisely the admissibility condition defining AS*(A), and therefore
B C AS*(A).
We now prove the reverse inclusion. Let
T € AS*(A).
Fix 7, set t = b;, and let
p =min{j : b; = t}, g =max{j: b; = t}.
Since b is dominant, the indices for which b; =t form the interval [p, q]. Moreover,
by >t — j<gq
The defining condition for AS*(A) therefore gives
sup W (T,) = G---21. (2.5.15)

For each p < s < ¢, the letter s occurs in 7T;. Indeed, the coordinate of the
supremum in ([2.5.15)) equal to § is attained by some decreasing subword of the reading
word of T3, and hence § must occur in that reading word.
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We next show that none of these entries occurs in T}, ;. Since b is dominant,

Thus

AA

sup /W(Ttﬂ) = ]9/—\1 - 21,

where the right-hand side is understood to be the empty word when p = 1. If some s
with p < s < ¢ occurred in T}, then the one-letter word § would belong to W (T}41).
Its first coordinate would force the first coordinate of the supremum to be at least
S > p, a contradiction. Therefore,

s$¢ T for every p < s < gq.
It follows that each of the entries
ﬁ?p + 17 ot 7q/\

lies in column ¢. Since the columns are strictly increasing and no letter larger than ¢
can occur in T}, these entries occupy the bottom ¢ — p + 1 cells of column ¢, in the
order

ﬁ?p + ]‘7 ctt q/\
from top to bottom. By the convention defining the diagram of A, these are precisely
the terminal cells of the rows containing the circles labeled p,p+1,...,4q.

Repeating this argument for every distinct part of b shows that, for each 1 <1 < k,
the terminal cell of the row containing the circle labeled ¢ is filled with ¢. Delete these
k distinguished cells. The resulting diagram has shape

b~ UN=p.

The remaining filling is semistandard, since only terminal cells have been removed.
Furthermore, the entry ¢ in the deleted terminal cell implies that all entries to its
left are at most ¢, while the column-strict condition implies the corresponding strict
inequalities above it. By the definition of ¢, these are exactly the flag conditions for
the tableau of shape pu. Thus the tableau obtained after deletion is one of the flagged
tableaux used in the construction of B.

Consequently,
T € B,

and hence

AS*(A) C B.
Combining the two inclusions gives

B = AS"(A).
Since

ash (7) = Z zT,
TEAS*(A)

the claimed determinantal formula follows. ]
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Remark 2.5.1. If @ = 0, then the product is empty and = A. Hence

Clﬁj(\(.ilﬁ) = det(h)\i—i+j [X]) = S)\[X]a

1<i,j <O(A)
by the classical Jacobi-Trudi identity. Thus the proposition also holds in this case.
Example 2.5.6. If A = (2,3;5), we get

Cl5>(k273;5)(l') = T1T2 det (h5[X] hQ[X + ZL‘l] hl [X +x + 1'2]) .
Observe that this can be rewritten as

Cl52<273;5) (fﬂ) = det (h5[X] IL‘th[X + l'l] l’ghl[X —+ 21 + JZQ]) .
which has a similar form as

52(372;5) (IE) = det (h5[X] h3[X + ZL‘l] hQ[X —+ x1 + 1'2]) .
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Chapter 3

The m-Symmetric Macdonald
positivity at t =1

This chapter reproduces the article “A proof of the m-Symmetric Macdonald positivity
at t = 17, written in collaboration with Luc Lapointe.

Abstract. We prove, in the case t = 1, the extension to the m-symmetric world of
the original Macdonald positivity conjecture. This is achieved by giving a combinato-
rial interpretation of the Kostka coefficients Kqa(g,1) in terms of standard fillings of
the diagram associated to the m-partition 2. This interpretation generalizes the one
in the usual Macdonald case, which is given by a major index statistic on standard
tableaux.

3.1 Introduction

For a nonnegative integer m, the ring R,, of m-symmetric functions is the subring
of Q(q,t)[[x1, z2, x3,...]] consisting of formal power series that are symmetric in the
variables Ty, 41, Tmi2, Tmas, ... (the first m variables thus playing a distinguished,
non-symmetric role). An extension of the Macdonald polynomials Py (x;q,t) to this
setting, indexed by m-partitions and forming a basis of R,,, was introduced in [10]
3]. The same family has also been considered in [0, [7] under the name of partially-
symmetric Macdonald polynomials. Remarkably, it has been shown in [I4] that the
partially-symmetric/m-symmetric Macdonald polynomials are in correspondence with
certain (C*)?-fixed point classes of the parabolic flag Hilbert schemes [2], a result that
generalizes the correspondence between Macdonald polynomials and (C*)2-fixed points
of the Hilbert schemes [9].

In [I0L B, 6] [7, [14], the partially-symmetric/m-symmetric Macdonald polynomials
are defined as a t-symmetrization of the non-symmetric Macdonald polynomialdl] In

IThe version of the non-symmetric Macdonald polynomials used in [6] [7, [14], although equivalent,
differs slightly from that used in [I0, B]. As a consequence, the t-symmetrization in [6l [7, [14] is
performed on all but the last m variables, whereas in [I0] [3] it is performed on all but the first m

71
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this article, we instead rely on the results of [3] to define the m-symmetric Macdonald
polynomials through an orthogonality /unitriangularity characterization akin to that
of the usual Macdonald polynomials. Specifically, there is a natural scalar product
on R,, with respect to which the power-sum symmetric functions in the m-symmetric
world are orthogonal:

(pa(z;t), po(@;1))m = daq @™ @2y (g, 1).

The m-symmetric Macdonald polynomials are then the unique basis {Py(x;¢q,t)}a of
R,,, such that:

1. (Px(z;q,t), Po(z;9,t))m =0if A #Q  (orthogonality)

2. Py(z;q,t) = my + Z daa(q,t)mq  (unitriangularity),
Q<A
where the my’s are the m-symmetric monomials and where the order on m-partitions
is an appropriate generalization of the usual dominance ordering.

A central feature of the m-symmetric framework, introduced in [10], is an extension
of the original Macdonald positivity conjecture (now a theorem [9]). The conjecture
asserts that the plethystically modified integral form Jy(z;q,t) = ca(q,t)Pa(x;q,t)
of the m-symmetric Macdonald polynomials expands positively in terms of the m-
symmetric Schur functions (which now depend on a parameter t):

X .
Ja [1—_75;%75} = ZKQA<Qat> se[X;t]  with Koa(g,?) € N[g,t]. (3.1.1)
0

The motivation for introducing this conjecture was to embed the (g, t)-Kostka coef-
ficients into a much richer combinatorial framework, where the additional structure
could shed light on their notoriously elusive nature. In particular, this extra struc-
ture appears to include special recursions and Butler-type rules for the coefficients
Kana(g,t), which could hold the key to a long-sought combinatorial interpretation of
the (g, t)-Kostka coefficients in terms of a ¢, t-statistic on standard tableaux.

The main goal of this article is to prove the m-symmetric Macdonald positivity
conjecture at t = 1. In the usual Macdonald case [12], one typically begins with the
g = 1 case (in which the Macdonald polynomial reduces to an elementary symmet-
ric function) and extracts the ¢ = 1 case from the duality K,\(q,t) = K (t,q).
Alternatively, the t = 1 case can be obtained directly, using the factorization

. X X

11—?11 '])\ |i1—_ta Q7t1 - (Qa q))\h)\ |i1 — q:| )
where (g; q), is a product of g-shifted factorials (¢; q),, and where h) is a homogeneous
symmetric function. Combined with the identity

(1 =k [1)—((11 B quh“[x]h’“ L)—(q} |

variables.
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this leads, by induction and the Pieri rules, to
Ku(g,1 qu‘“ (3.1.2)

where the sum is over all standard tableaux P of shape u, and where maj, is a major
index statistic depending on \.

Since the duality K,\(q,t) = K,/ (t,q) has no analog in the m-symmetric world,
our strategy is to generalize the direct approach at ¢t = 1. We will show, in Proposi-
tion , that the polynomial Jy [X/(1 —t);q,t] also factorizes at t = 1:

i | it = s atn [ | P [
(3.1.3)
The proof of this non-trivial factorization relies on properties of the scalar product
(-, -)q.t together with the explicit formula for the squared norm (Py(z; ¢, t), Pa(x;q,t)) 41

obtained in [3].

Combining (3 with the identity

hy {x+—} Zq%f khk[ )_( }

yields our main result (Theorem [3.8.3), namely the sought-after combinatorial inter-
pretation:

Koalar) = a5, (3.1.4)

where the sum is over all standard fillings 7" of the shape (2, where majj; is a major
index statistic depending on A, and where T, is a standard tableau constructed from
T and the non-symmetric entries @ in A = (a;\). Owing to the intricacies of the
m-symmetric Schur functions, this formula applies directly only when € is dominant
(that is, when the entries b = (by,...,b,) in Q = (b; u) satisfy by > by > -+ > by,).
This restriction is easily lifted, however, using the symmetry (Proposition

Koa(q,1) = Koo (g, 1), (3.1.5)

which holds for any permutation o € S,,, where o(A) = (ag-1(1),...,@-13m); A) if
A = (a;\). A noteworthy corollary of (3.1.4) is that

Kon(1,1) = #{standard fillings of the shape Q} = #{standard tableaux of shape bUu}.

This makes it clear that any combinatorial interpretation of the Kqx(q,t) coefficients
— which contain the usual (g, t)-Kostka coefficients K ,)(g,t) as special cases — must
amount to producing a ¢, t-statistic on standard tableaux.

The article is organized as follows. Section presents the extension to the m-
symmetric world of the basic concepts in symmetric function theory. Section
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introduces the orthogonality /unitriangularity characterization of the m-symmetric
Macdonald polynomials, which relies on the Hecke algebra in the definition of the
t-deformation of the m-symmetric power-sums. The (dual) m-symmetric Schur func-
tions are defined in Section which sets the stage for the statement of the m-
symmetric Macdonald positivity conjecture in Section [3.5] Section establishes a
tableau formula for the expansion of the dual m-symmetric Schur functions; by duality,
this yields a combinatorial description of the product of a dominant monomial and a
Schur function in terms of m-symmetric Schur functions. The factorization and
the symmetry are proved in Section 3.7 Finally, Section [3.8 develops the basic
properties of the Jeu de Taquin that we will need and establishes the combinatorial

interpretation (3.1.4)) for the coefficients Kqn(g, 1).

3.2 The ring of m-symmetric functions

Most of this section is taken from [10]. Let A = Q(q,t)[h1, ho, hs,...] be the ring of
symmetric functions in the variables xi, 25, x3,... (the standard references on sym-
metric functions are [12], [15]), where

hr:hr<$1,l’2,$3,...): E xilxiQ---xir.

11 <ig < <ip

Bases of A are indexed by partitions A = (A\; > --- > Ay > 0) whose degree A is
Al = A\ + -+ + A and whose length ¢(\) = k. Each partition A\ has an associated
Young diagram with ); lattice squares in the i row, from top to bottom (English
notation). Any lattice square (7, j) in the ith row and jth column of a Young diagram
is called a cell. The partition AU u is the non-decreasing rearrangement of the parts of
A and p. The dominance order > is defined on partitions by A > g when Aj4---4+X\; >
p1 + -+ p; for all i, and |A| = |l

We define the ring R,,, of m-symmetric functions as the subring of Q(q, t)[[z1, T2, T3, . . .

made of formal power series that are symmetric in the variables x,, 11, Tmi2, Tmis, - - - -
In other words, we have

Ry~ Q(q,t)[z1, ..., 2m] @ A,

where A,, is the ring of symmetric functions in the variables x,,11, Timio, Tmasz, . ... 1t
is immediate that Ry = A is the usual ring of symmetric functions and that Ry C
Ry C Ry C ---. Bases of R, are naturally indexed by m-partitions which are pairs
A = (a;\), where a = (ay, ..., a,) € ZT, is a composition with m parts, and where A
is a partition. We will call the entries of @ and A the non-symmetric and symmetric
entries of A respectively. In the following, unless stated otherwise, A and 2 will always
stand respectively for the m-partitions A = (a; \) and Q = (b; u). Observe that we
use a different notation for the composition @ with m parts (which corresponds to
the non-symmetric entries of A) than for the composition 1 with N parts (which will
typically index a non-symmetric Macdonald polynomial).
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Given a composition @ and a partition \, aU\ will denote the partition obtained by
reordering the entries of the concatenation of @ and A. The degree of an m-partition A,
denoted |A[, is the sum of the degrees of @ and A, that is, |[A| = a1+ -+ @, + A+ Ao+
---. We also define the length of A as ¢(A) = m+£(\). We will say that @ is dominant
if ay > ay > -+ > a,, and by extension, we will say that A = (a; \) is dominant if a
is dominant. If @ is not dominant, we let a™ be the dominant composition obtained
by reordering the entries of a.

There is a natural way to represent an m-partition by a Young diagram. The
diagram corresponding to A is the Young diagram of a U A with an i-circle added to
the right of the row of size a; for i = 1,...,m (if there are many rows of size a;,
the circles are ordered from top to bottom in increasing order). For instance, given
A =(2,0,2,1;3,2), we have

|
v o 9

O
@

Observe that when m = 0, the diagram associated to A = (;A) coincides with the
Young diagram associated to A. Also note that if n is a composition with m parts,
then the diagram of 7 coincides with the diagram of the m-partition A = (a;0),
where @ = 7. We let A©® = a U )\, that is, A is the partition obtained from the
diagram of A by discarding all the circles. More generally, for ¢ = 1,...,m, we
let AW = (@ +1) U\, wherea +1° = (a1 + 1,...,a; + 1,a541,...,a,). In other
words, A® is the partition obtained from the diagram associated to A by changing
all of the j-circles, for 1 < 5 < 7, into squares and discarding the remaining circles.
Taking as above A = (2,0,2,1;3,2), we have A = (3,2,2,2,1), AD = (3,3,2,2,1),
AP =(3,3,2,2,1,1), A® =(3,3,3,2,1,1) and AW = (3,3,3,2,2,1). We then define
the dominance ordering on m-partitions to be such that

A>Q —= AD>0D  foralli=0,...,m, (3.2.1)
where the order on the right-hand-side is the usual dominance order on partitions.

Example 3.2.1. We have that A = (0,3;1) > (2,1;1) = €, since A® = (4,1,1) >
(3,2,1) = Q@ A =(3,1,1) > (3,1,1) = QW and A® = (3,1) > (2,1,1) = QO

We will associate arm and leg-lengths to the cells of the diagram of an m-partition.
Because of the circles, we will need two notions of arm-lengths as well as two notions
of leg-lengths. The arm-length a(s) is equal to the number of cells in A strictly to the
right of s (and in the same row). Note that if there is a circle at the end of its row,
then it adds one to the arm-length of s. The arm-length a(s) is exactly as a(s) except
that the circle at the end of the row does not contribute to a(s).
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The leg-length ¢(s) is equal to the number of cells in A strictly below s (and in
the same column). If at the bottom of its column there are k circles whose fillings are
smaller than the filling of the circle at the end of its row, then they add k& to the value
of the leg-length of s. If the row does not end with a circle then none of the circles at
the bottom of its column contributes to the leg-length. The leg-length g(s) is exactly
as ((s) except that the circles at the bottom of the column contribute to ¢(s) when
there is no circle at the end of the row of s.

Example 3.2.2. The values of a(s) and ¢(s) in each cell of the diagram of A =
(2,0,0,2;4,1,1) are

3422 10|00‘

23 11
24 10

01

00

5

36|22 12|00\

13|01 0
14|00 @
03

02

8

Let the m-symmetric monomial function my(z) be defined as

while those of a(s) and £(s) are

e al a _ a
ma(x) == a0 (Tt Tma2y - - ) = T2 MA (Tt Tong2, - - - ),
where my(Zy41, Tma2, - - - ) is the usual monomial symmetric function in the variables
Lm+1y Lm42; - - -

— a1 a2
MA(Tmi1s Tty - -+ ) = E Tl 1 Tptig e,
(0%

with the sum being over all distinct rearrangements « of (A1, A, ..., Agn),0,0,...). It
is immediate that {my(z)} is a basis of R,,.
The m-symmetric power-sums are defined as

pa(x) ==t o aim pa(z) = 2% pa(x). (3.2.2)

It should be observed that the variables in py, contrary to those of my in my (z), start
at xp instead of x,,,1. In this expression, py(z) is the usual power-sum symmetric
function

o)
pa(x) = H P (T),
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where p,(x) = 2] + 5+ ---.
Let sx(z) be the Schur function indexed by the partition A, which can be defined
through the Jacobi-Trudi determinant:

sx(1) = det(hAi,Hj(x)) (3.2.3)

1<i,j<e(n)

where hi(z) = 0 if £ < 0. By replacing py(x) by sa(z) in (3.2.2]), we get another basis
of R,,:
ka(x) == 2%s)\(z). (3.2.4)

The basis kj(x) will play a fundamental role in this article.

3.3 m~symmetric Macdonald polynomials

In order to define the m-symmetric Macdonald polynomials, we first need to define a
t-modification of the m-symmetric power-sum basis. It will rely on the Hecke algebra.
Let the exchange operator K ; be such that

wa(,a:l,,a:],):f(,x],,xl,)

We then define the generators T;, for : = 1,...,m — 1, of the Hecke algebra as

tx; — xip

Ti — Tig1
The T;’s satisfy the relations:

(T; = t)(Ti+1) =0
LT T = Tip TiTi
TT =Ty, if li— g > 1.

Let Hy(x;t) = Hy(xq, ..., Tpy;t) be the non-symmetric Hall-Littlewood polynomial.
The polynomial H,(z;t) can be constructed recursively as follows. If a is dominant
then H,(x;t) = 2% Otherwise, T;H,(x;t) = Hgol(z;t) if a; > a;1 (with s;a =
(a1 ...,Gi11, 0G5, -..,ap)). Since Hy(x;1) = 2%, the following ¢t-deformation of the m-
symmetric power sum basis

pa(x;t) = Hy(x;t)pa(x) (3.3.2)

also provides a basis of R,,.
Let |a| = a; + - - - + a,, and let Inv(a) be the number of inversions in a, that is,

Inv(a) = #{(4,j) |1 <i < j <mand a; < a;}.

We now introduce a scalar product in R,, defined on the t-deformation of the m-
symmetric power-sums as:

Pa(3t), Pa(z;))gr = S0 @™ @ 2y (g, 1), (3.3.3)
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where
%))

z\(q,t) = 2y

=1

1— g
1 — M’

In the previous expression, z) = [[;», 4@ - ny(i)!, with n,(i) the number of occur-
rences of 7 in A\. Observe that when m = 0, this corresponds to the usual Macdonald
polynomial scalar product [12].

The m-symmetric Macdonald polynomials can be defined with the following or-
thogonality /unitriangularity characterization akin to that of the usual Macdonald
polynomials.

Proposition 3.3.1. The m-symmetric Macdonald polynomials form the unique basis
{Px(z;q,t)}r of Ry, such that

1. (Pp(z5q,t), Pa(x;q,t))q: =0if A#Q  (orthogonality)

2. Py(x;q,t) =mp + Z dpa(gq,t) mg  (unitriangularity)
Q<A

for certain coefficients daa(q,t) € Q(q,t). We recall that the dominance order on
m-partitions was defined in (3.2.1]).

We will later need the squared norm of an m-symmetric Macdonald polynomial,
which is given explicitly as [3]

1— qa(s)+1tt7(s)

1— qa(s)t2(8)+1 (334)

(Pa(ziq,t), Pa(xiq,t))ge = ¢*t™@ ]

sEA

3.4 The (dual) m-symmetric Schur functions

We are now ready to introduce the (dual) m-symmetric Schur functions. We will first
introduce the dual m-symmetric Schur functions. Then, by duality, the m-symmetric
Schur functions will be defined. In the following, it will prove convenient to use the
plethystic notation in which, for a symmetric function f and X = z; + x5 + -+ -, we
let fIX] = f(z) = f(x1,22,...). More generally, we have using this notation that
fIX+x1 4+ +x] = flxe,... 2, 21,29, . ..).

Let v be a partition of length ¢. For a sequence of alphabets Xi,..., X,, where
¢ = {(v), the multi-Schur function s, (X7, ..., X,) is defined as [13]

(X1, ..., X)) = det (h,,i,iﬂ- [Xi]> . (3.4.1)

1<i i<t

Observe, from (| - that s,,(Xl, ..., Xy) is equal to the usual Schur function s,(x)
whenever X = X; = Xp = = X,.
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Definition 3.4.1. The dual m-symmetric Schur functions s} (z;t) are defined recur-
sively in the following way. If A = (a; \) is dominant then
sy(z;t) = s, (X1, ..., Xy),

where v = A® = a U ), and where X; stands for the alphabet X + 21 + -+ + 2
with k& the number of circles weakly above row ¢ in the diagram corresponding to A.
Otherwise, if a; < a;,1 then

sy(z;t) = Tisi (w3 t), (3.4.2)
where A = s;A. This amounts to saying that
sy(@;t) = T,-1834 (3 1), (3.4.3)
where o is the shortest permutation such that o(a) = (a,-1¢1), ..., s-1(m)) = a*.

Example 3.4.1. The diagram associated to (2,1;3,1) is

|
@
@

from which we deduce that

hs[X] halX] hs[X] helX]

5 ({L‘t) _ hl[X —+ l’l] hQ[X —+ .%'1] hg[X + Ll'l] h4[X -+ 513'1]
213,14 0 holX 4+ @1 + xa] hi[X 4+ @1 4+ @3] ho[X + 21 + 2]
0 0 ho[X+[E1+l’2] hl[X+I1+ZL'2]

Remark 3.4.1. The multi-Schur functions that we use in Definition are essentially
flagged Schur functions [I1], 16] in infinite alphabets instead of finite alphabets. For
instance, if X were equal to y; + --- + y;, the dual m-symmetric Schur function
83 1.31(z;t) would correspond in the language of [16] to the flagged Schur functions
s321.1(b) with flags by = 0,by = 1,b3 = 2 and by = 2 (with the understanding that the
variables yi, ..., y; would not be constrained by any of the flags).

A bilinear scalar product (-, -),, on R, is defined by requiring that the power-sum
basis be such that

(pa(51), pa(; 1)) m = Saat™ @2y, (3.4.4)

where we recall that Inv(a) is the number of inversions in a. It can be shown that the
dual m-symmetric Schur functions form a basis of R, [10]. The m-symmetric Schur
functions sy (z;t) can thus be defined as the unique basis of R,, such that

(sa(z;t), 55(x:1))m = Opat™ @, (3.4.5)
For i = 1,...,m — 1, the operator T; has a simple action on s} (z;t) by definition. It
also has the following simple action on s (xz;t):
si(z;t) if a; > a;4q
Tisp(z;t) = (t—1)sa(x;t) +tsz(xst) if a; < ajpr (3.4.6)
tsp(x;t) if a; = a; 41

where A = (ay, ..., Q41,5 oy Qmi A).
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3.5 The m-symmetric Macdonald positivity conjec-
ture

A positivity conjecture for the m-symmetric Macdonald polynomials in terms of m-
symmetric Schur functions akin to the original Macdonald positivity conjecture [12]
(now theorem [9]) was stated in [10]. It relies on an extension of the notion of plethysm
to R,,. Recall that the plethysm relevant to Macdonald polynomials is the linear map
on the ring of symmetric functions that sends the power-sum py to py/[T,(1 — ) [1].
In the plethystic notation, this map is denoted as

[ X }_ Xl pao)
AT TILaO =) T ILa -y

The notion of plethysm that we will need will simply be the linear map R,, = R,,
defined on the m-symmetric power-sums py(x;t) as

{X -}_ palX;tl  palst)
ba 1_¢ - Hz(l _t)\i) - Hl(l —t)‘i)'

We stress that the plethysm only depends on the symmetric part A of A = (a; \).
The integral form of the m-symmetric Macdonald polynomials is given by

Ia(z;q,t) = calq, t)Pr(z;q,t), (3.5.2)

(3.5.1)

where
enla 1) = [J(1 = g1y,

seA
Recall that the arm and leg-lengths were introduced in Section 3.2
It appears that the m-symmetric Macdonald polynomials in their integral form are,
once plethystically transformed, positive in terms of the m-symmetric Schur functions.

Congecture 3.5.1. The m-symmetric Macdonald polynomials in their integral form are
such that

JA [%, q,t} = EQ: Kaa(g,t) sq(x;t), (3.5.3)

with KQA(C], t) S N[q,t]
Example 3.5.1. We have
X
J1,02 {m7 q, t} = 15300 + qt*50,30 + 4t 0,03 + (qt° + )220 + (qt* + )s2,01 + (°1° + )s1.20
+ (P + Ds102 + (¢°2 4 qt)so21 + (17 + @)s012 + (¢° + @) S0,0.2.1
+ qt?s110 + gt s1.001 + Pt o111 + €2S0,0:1.1.1-

In Section we will give a proof of Conjecture in the case t = 1 by provid-
ing a combinatorial interpretation for the coefficients Kqgx(g,1). The combinatorial
interpretation will imply in particular that, as can be appreciated in Example |3.5.1

Kaqa(1,1) = # of standard tableaux of shape p Ub.
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3.6 A tableau expansion and the (dual) m-symmetric
Schur functions at ¢ = 1.

In this section, we will provide a combinatorial interpretation for the expansion of the
dual m-symmetric Schur functions (in the dominant case) in the kj(z) basis defined
in . This combinatorial interpretation is essentially a rewriting of a result on
flagged Schur functions [16].

A (skew) tableau T" of shape \/u is a filling of the skew diagram A/p with integers
such that the entries are strictly increasing along columns (from top to bottom) and
weakly increasing along rows (from left to right). We first define an important set of
tableaux.

Definition 3.6.1. For the m-partitions A = (a; A) and Q = (b; i) of the same degree,
we define Spq as the set of skew tableaux T" of shape (@ U \)/u such that the letter i
appears b; times and always within the first a; columns of T'.

Example 3.6.1. If A = (4,4,2;3,2,1) and Q = (1,3,1;4,3,2,1, 1), the set Syq con-
tains the skew tableaux

1 2 2 2 3

Lemma 3.6.1. Suppose that T € Sxq with A dominant. If we let T, be obtained from
T by adjoining, fori=1,...,m, a square filled with the letter i in the position of the
i-circle in A, then T, is a skew tableau.

Proof. Since A® = (a U \) and since the circles in A are ordered from top to bottom
in a given column, we only need to show that in 7' there cannot be a letter larger
than i directly above the i-circle or directly to its left. Observe that the i-circle lies in
column a; + 1. Since A is dominant, a letter j larger than ¢ can only occur in the first
a; < a; columns. Hence the letter directly above the i-circle cannot be larger than i.
Now suppose that there is a letter 7 > ¢ directly to the left of the i-circle. Let ¢ be
the column in which the ¢-circle lies, and suppose that there are k circles below the
t-circle in column c¢. Since A is dominant, this implies that there are only k letters
larger than ¢ that can appear in column ¢ — 1 of 7. But in column ¢ — 1 of T" there
are at least k cells below the cell in which the letter j lies (because there are k circles
below the i-circle in column ¢ and those circles need to have a square to their left).
This is a contradiction since those k cells cannot all be filled with letters larger than
7 since j > ¢ and there are only £ letters larger than <.

[
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Proposition 3.6.2. Let A be dominant. Then
si(zit) = Dagkal(z), (3.6.1)
Q

where Dpg = #Saq, and where we recall that kq(x) was defined in (3.2.4).
Proof. From Definition [3.4.1} if A = (a; \) is dominant then

sa(@;t) = s (X, Xo),

where v = A®© = a U ), and where X; stands for the alphabet X + 21 + -+ + z
with k& the number of circles weakly above row ¢ in the diagram corresponding to A.
Now, following Remark [3.4.1] let X = y; + yo + - -- with the understanding that the
variables y1,vs,... are not constrained by any of the flags. Suppose also that the
letters 1,2,... and 1,...,m are ordered in the following way:

l<2<--<1<2---<m.
Given a tableau R, let (z,y)® stand for the monomial with the letter z; (resp. ;)
having power j if i (resp. ¢) occurs j times in R. It is shown in [I6] that

su(X1,.. . X)) =) (z,y)",

R

where the sum is over all tableaux R of shape v in the letters 1,2,--- and 1,...,m
such that in the i row the letters are all smaller than the number of circles weakly
above row i. Since A is dominant, the circles are ordered from 1 to m when reading
from top to bottom. This implies that the letter k£ can lie in any row weakly below
the row in which lies the circle k. Since the letters larger than k cannot be put in any
row weakly above the row in which lies the circle k, we have, equivalently, that the
letter k can only lie within the first a; columns of R.

Hence, given a tableau R as above, the letters 1,2,... in R form a tableau Q of
shape g, while the letters 1,2,...,m form a skew-tableau T' of shape v/u where the
letter ¢ appears always within the first a; columns of 7. We thus have that

$u(Xq, ..., Xp) = Z(m,y)R = ZnyT = Z Z su(y)z’,
Q,T “w T

R

where the last sum is over all skew-tableaux of shape v/u where the letter i appears
always within the first a; columns of T'. Letting y = x in the previous expression, this
gives immediately that

si(@;t) = 5,(X1,..., Xy) =Y Daoka(z),
Q

where, for Q = (b; ), Dpg is the number of tableaux 7' of shape v/u such that
the letter ¢ appears b; times and always within the first a; columns of 7. That is,

Do = #Sha.- O
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At t = 1, the scalar product (3.4.4)) is such that
<SA<I; 1), SE(SL’; 1)>f§1 = 5AQ and <]{ZA( ) kQ( )> = 5AQ (362)

If, for an arbitrary A, we let Dyq be such that
Q

then the dualities in 2|) imply that

= Dpasa(z;1). (3.6.3)

From Proposition [3.6.2] we have a combinatorial interpretation for the coefficient of
sa(x; 1) in the expansion of kq(x) whenever A is dominant. This will prove important

in Section B.8]

3.7 The case t =1 of the m-symmetric Macdonald
polynomials

We first prove that the functions
ha(x;q) = hay [ 21 + X] - ha,, [q7 20 + X W[ X]

are dual to the monomial m-symmetric basis {my(z)} with respect to the scalar
product (-, )" defined as

(pa(2), po(2)) = dra q"2), (3.7.1)

where the m-symmetric power-sum basis was introduced in (3.2.2)). An elementary
result in symmetric function theory states that [12]

Zz/\ pa(x)pa(y ):Zm,\(:c)h,\(y). (3.7.2)

Hj,k:l( %yk
Using
\a| a a,

Hz 1(1 — q 1x2yZ Zq (373)

it then immediately follows that

1

- ' g™z pa(x)paly 3.7.4
[TZ (1 =g 'zy) ij:l(l TYk) Z a(@)pa(y), ( )

which means that the left-hand-side of the previous identity is a reproducing kernel
for the scalar product (-,-)".
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Proposition 3.7.1. We have that

1 1
0= ) (= 2" @

or, equivalently, that
(ma(z), ha(z;q))" = drq.

Proof. From (3.7.2)), we obtain that

Zm)\ 1, Tm)ha(y) = Zmbhb(y),

HJ 1Hk( — TjYk) -
which implies that
H],k(l — «ijk:) H;nzl Hk(l — xjyk) Hj2m+1 Hk(]' _ x]yk> - b\Y ~ M1, T2, - - - )0AY).
Hence, using (3.7.3]), we get that
1 c|l,c,c b
0 e T o) Zq el Zx ho(y Z A(Emst, Tz - )ha(y).

(3.7.5)
Now, owing to [12]

h y + Y Z qicycha c
we deduce that

D oa eyt ho(y) =Y D M ha o(y) = Y #%ha g Y] ha g Y.
b,c a

a cCa

Inserting the previous equation in the right-hand-side of (3.7.5)), we finally get

1 1 a -1 1
= . = 2%ha (¢ Y] han [0 YUY ] DY (@, Tmsas - ) (Y),
Hi:l(]' - q_lxiyi) HJ7/€<1 — :L‘]yk) ; ! ; + +

which proves the proposition. O]

We now obtain the limit as ¢ — 1 of the modified version of the m-symmetric
Macdonald polynomials. Recall that the integral form Jy(x;¢q,t) of the m-symmetric
Macdonald polynomials was introduced in (3.5.2]).

Proposition 3.7.2. For A = (a1,...,am;\), let

(G DA = (G Dar (G Dan (G DA (@ Drgny
where (q;q), = (1 —q)(1 —¢*) - (1 —¢"). We have that

gX qX X
: h N h .
,q} G al{xﬁl_q} am{xm+1_q} AL_J

X X
: . — Slaf( .
1£T11JA |:1 _t7Qat:| q (Q7q)AhA |:1 I
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Proof. Define yet another scalar product as
(pa(w;t) , palw; 1))y, = Oaa ¢*t™ @ 2y (3.7.6)

and observe that

lim (pa(;) , po(z; D)he = 0a0 @2y = (pa(x) , pa(z)) = (lim pa(z;1), 1iiI%pQ($;t)>/,

(3.7.7)
where the scalar product (-, -)’ was defined in (3.7.1)). Tt is also immediate that

X(1- q , al Inv(a

<pA[X;t] , P [ﬂﬂf}> = Sp0 ¢t @ 2y (g, 1) = (pa(;1) , pala;t)),, -
q,t

Therefore, from Jy(z;q,t) = ca(q,t)Pa(z;q,t) and (3.3.4), we get

X(1-q) ' altnv@) T 1 — €7 F10)
<PA[X; ¢, t], Jo [W, q,t}> t = (Pa(z;t), Ja(z;t)),, = dancalq, t)qelt )H 1 — gu()hs)+1
q7

seA

_ 5Aﬂq\a|tlnv(a) H(l . q&(s)JrltZ(s)).
seEA

Using lim;1 Py(z;¢,t) = ma(z) [3], we thus deduce from (3.7.7) that

_ X(1- ' ;
= lim <PA[X; q, 1, Jo [—( %) : q,t} > = 0pr0q H(l — Oy = 6200 (g q)a.
t—1 (1 — t) ot Ty

Hence, from Proposition |3.7.1] we have that

lim J [% q,t} = ¢(q; @) aha(z; ),

X .
7

The previous proposition implies an important symmetry property of the coeffi-
cients Kqa(q,t) at t = 1.

which is equivalent to

. X
lim Jy [
t—1

1_taQ7:| q (CZaq)A A|:

]

Proposition 3.7.3. The Kostka coefficients Kqx(q,1) are such that
Koa(q,1) = Ko)oa) (g, 1) (3.7.8)

for any o € Sy, where o(A) = (0(a); \) = (ag-101), - -, Go-1(m); A).
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Proof. From and Proposition [3.7.2] we have at ¢t = 1 that

X
¢ (q; ) aha [1 — q] =Y Kaalg, 1)salw; 1), (3.7.9)
Q
which implies that
CIM(Q; q)aho) { — ] ZK Q)o(n) ( Soq) (x5 1) (3.7.10)

for any o € Sy,. Let K, be such that K, f(x1,...,2m) = f(Zo@), .- Tomm) for any
o€ S,,. We have

X gX gX X X
o L—cz’q} ‘”l ()+1—Q] {x”(m)Jrl q} ’ L—q} 7 {1—61’4

and K,sq(x;1) = s,0)(x; 1), where the last relation follows from (3.4.6) in the case
t =1 (in which case T; = K;;11). Applying K, on both sides of (3.7.9)) thus yields

qa|(Q;Q)AhU(A)|: ] ZKQA 4,1)sq(0)(x; 1).

Comparing the last equation with (3.7.10)), it is immediate that Kqx(q, 1) = Ky@)on) (g, 1).
O]

3.8 The coefficients Kqa(q,t) at t = 1.

In this section, we will give a combinatorial interpretation for the coefficients Kqx (g, 1).
This combinatorial interpretation will correspond to the major index statistic of certain
standard tableaux which will be constructed using Jeu de Taquin operations [4].

Let T be a tableau with a hole in it. An inside Jeu de Taquin move consists in
moving the hole upward by one unit or leftward by one unit depending on whether the
entry above the hole is weakly larger or strictly smaller than the entry to its left. In
doing so, the entry where the hole now lies moves in the original position of the hole.

Similarly, an outside Jeu de Taquin move consists in moving the hole downward
by one unit or rightward by one unit depending on whether the entry below the hole
is weakly smaller or strictly larger than the entry to its right. In doing so, the entry
where the hole now lies moves in the original position of the hole.

Definition 3.8.1. Let T be a (skew) tableau of n letters. For a and s such that
1 < a < s < n, and such that there is only one occurrence of the letter s, we construct
the tableau T;_,, in the following way:

1. Create a hole in T by deleting the letter s.
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2. Increase by one every letter in 7" from a to s — 1 (so that the letters now go from

a+1tos).

3. Use Jeu de Taquin moves to push the hole inside the letters a + 1 to s. Let the

resulting tableau be T".

4. Put letter a in the position of the hole in 7" to form the (skew) tableau Ty_,,.

1]2]6]10]
31819
Example 3.8.1. Let T'={4[11[13| . We compute T71_,2 as follows
5112
7]
1. Delete the letter s = 11:

1]2]6]10]
31819
4 13
512
L7

2. Increase by one the letters from a = 2 to s — 1 = 10:

3|7

11]

9110
13

12

’OOCJO'!»Q}—‘

3. Use Jeu de Taquin to move the hole inside (but without moving it passed the

letters smaller than a + 1 = 3):

113711 1[3]7]11]
41910 4[Tuo
5113 — [5]9[13
6[12 612
18] 18]

4. Put the letter a = 2 in the position of the hole:

7

11]

10

T11—>2 =

Ok |Ww

13

[y
[\

‘OO@CY‘[\DH

We can also define the reverse process.

T =

11]

10

O |~ |W

13

—_
N

‘OO@OT
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Definition 3.8.2. Let 7" be a (skew) tableau of n letters. For a and s such that
1 < a < s < n, and such that there is only one occurrence of the letter a, we construct
the tableau T, in the following way:

1. Create a hole in T by deleting the letter a.

2. Decrease by one every letter in 7' from a + 1 to s (so that the letters now go
from a to s — 1).

3. Use Jeu de Taquin to push the hole outside the letters a to s — 1. Let the
resulting tableau be T".

4. Put letter s in the position of the hole in 7" to form the (skew) tableau T, ..

We will also consider that T, ., = T. From the elementary properties of the Jeu
de Taquin [4], it is immediate that (Ty—s)ssa = (Tssa)ass = T -

Example 3.8.2. In order to illustrate the reverse process, we start with the tableau
T obtained in step (4) of Example [3.8.1] and compute To ;.

1. Delete the letter a = 2:

7[11]
10
13

O [~

’OOCT:OT
—
[\~

2. Decrease by 1 every letter from a+1 =3 to s = 11:

1[2]6]10
9

13

0 |W (N

‘\quk
[
o

3. Use Jeu de Taquin to move the hole outside (but without moving it passed the
letters larger than s — 1 = 10):

1]2]6]10] 1]2]6]10] 112]6]10
3[9 319 3[8]9

41813 — |4[8][13 — T'=l4T13

512 512 512

7] 7] 7]

4. Put the letter s = 11 in the position of the hole:

2[610
819
11]13
12

T2ﬁ11 =

‘\IU!.J;OJH
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Observe that T5_,17 is the original standard tableau in Example [3.8.1}

Let a and b = a + 1 be consecutive letters in a standard tableau 1. The relative
order between a and b is established in the following way. We say that b is southwest
of a if b lies in a column weakly to the left of that of a. Similarly, we say that b is
northeast of a if b lies in a column strictly to the right of that of a.

It will prove important later in this section that the Jeu de Taquin operation T, ,
described earlier preserves relative orders. Observe that T_,, will also preserve relative
orders since it is essentially the inverse of T, ..

Lemma 3.8.1. Let T be a standard tableau of size n, and let T" = T,_,,. For any
consecutive letters b and b+ 1 such that a < b < s, we have that the relative order of
b and b+ 1 in T is the same as the relative order of b—1 and b in T".

Proof. The relative order between the letters will change only if the relative order of
the letters b and b + 1 changes when performing the Jeu de Taquin in Step (3) of
Definition [3.8.1] Since the Jeu de Taquin can only move the letters one cell to the
right or one cell to the left, the only possibility for the relative orders to change is if
the Jeu de Taquin changes

b

into b [b+1

b+1

or vice versa. In order for the first case to occur, we would need to have the following
situation

a b b b b |b+1

c |b+1 c [b+1 c [b+1 c

which, by definition of Jeu de Taquin, leads to the contradiction b < ¢ < b+ 1. The
case where the Jeu de Taquin changes

b
b |b+1 into
b+1

can be proved in a similar manner. O
Example 3.8.3. Using

1[3]7]11] 1[2]6]10]

21410 31819

T=|5/913 and Ty, = 41113
6|12 5|12
18] L7

computed in Example we see that the pair 3,4 in 7" has the same relative order
as the pair 2,3 in T5_,1;. The relative order is also preserved when comparing the pair
a,a+ 1 in T with the pair a — 1,a in Ty _,1; for a =4, ..., 10.
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Lemma 3.8.2. Let T be a standard tableau of size n. For any consecutive letters a
and a+ 1 and any a + 1 < s < n, we have that the relative order of the letters a and
a+1 in T is the same as the relative order of the letters s — 1 and s in the tableau T",
where

T = (Ta-i—l—)s)a—)s—l .

Proof. Let a and b = a + 1 be in positions (i,j) and (k,¢) respectively. We observe
that if k > ¢ then ¢ < j since there would otherwise need to be an entry ¢ such that
a < ¢ < b in position (k,7), which is impossible given that a and b = a + 1 are
consecutive.

Hence, if b is strictly to the right of a then it must lie in the row of a or in a higher
one.

When going from T to T}, the hole in the position of the the letter b will follow
a path when pushed outside using Jeu de Taquin. Let P, be this path. Similarly, we
will let P, be the path followed by the hole in the position of the letter a when going
from Ty s to T" = (Tp—s)ass—1- Observe that in T”, the ending points of P, and P,
are occupied respectively by the letters s — 1 and s. Hence, P, cannot end southeast
of Pb.

We will consider separately the two following cases:

1. blies in a column strictly to the right of the column in which a lies (b is northeast
of a).

2. b lies in a column weakly to the left of the column in which a lies (b is southwest

of a).

We first consider Case (1). In this case, given that P, starts weakly below P, and
cannot end southeast of P,, the relative order of the letters can only change if P, goes
through a vertical segment of P,. We will now see that this is impossible, as illustrated
in Figure |3.1] given that P, cannot even touch P, on a vertical segment.

Suppose that P, approaches a vertical segment of P,. Let ¢q,co be the labels in T’
of the squares occupied by the vertical segment. After the vertical Jeu de Taquin, the
squares become respectively ¢ and c3. We then use an overline to denote their values
in Ty, withéy =co— 1,63 =c3—lorég=s,b; =b —1orb =b (depending on
whether b < by < s or not), and by = by — 1 or by = by.

by | a by | c2 by | C2

b2 C2 b2 C3 bg C3




3.8. THE COEFFICIENTS Kqa(q,t) ATt =1. 91

b,

PP

Figure 3.1: P, cannot touch P, on a vertical segment.

—
|

Figure 3.2: P, cannot touch P, on a horizontal segment.

When, in computing 77 = (T} _,5)a—ss_1, the hole corresponding to a (represented
by an a in the following diagram) arrives in the position in which b; is located, we
have that a < b; < by < ¢o < s, which implies that b; = b; — 1 and by = by — 1.
Therefore, we have that by = by — 1 < ¢5 — 1 = &, and the Jeu de Taquin move is the
following:

a C2 by Co

by | C3 a C3

We have thus shown that the path P, cannot touch the path P, on a vertical segment,
which implies that in 7" the letter s lies in a column strictly to the right of the letter
s —1.

We now consider Case (2) in which b = a + 1 lies in column weakly to the left
of that of a. This case is similar to the previous one, with the path P, never going
through a horizontal segment of the path P,. Geometrically we can think of this case
as the conjugate of the previous one, which we illustrate in Figure [3.2l We omit the
proof which is exactly as in the previous case.

]

Example 3.8.4. Consider the tableau (73_,15)214 obtained from the following tableau
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T:
1]13]5]6]11] 1]3]4]5]10] 112]3]4]9]
2[4]7]9 2]6]8]14 ’ 571113
T = — T = — T = (T =
8 [10[13]15 215 = To l12[15 (Ts15)2-10 = FrilT5
12[14 11[13 10[12
(3.8.1)

where the paths P; and P, are indicated in red and blue respectively. Note that the
relative order of the letters 2 and 3 in 7" is the same as the relative order of the letters
14 and 15 in (T3_>15)2_>14.

Definition 3.8.3. Let a = (ay, ..., ay) be a vector of nonnegative integers, and let T’
be a standard tableau of size |a|. Fori € {1,..., ¢} andc=a;+--+a;_1 + 1, we let

maj, ()= Y j,

Jiotd 71

where the sum is over all j € {1,...,a; — 1} such that the letter ¢ + j is southwest of
the letter c+ 7 — 1 in T'. We then define the major index of 7' relative to « as

0
maja(T> = Z maja,i(T)'
i=1

Example 3.8.5. Let o = (3, 1,4, 5,2) and suppose that

5 [10[15]
811
12[14

O ||

|
[
w

To « corresponds the following auxiliary diagram whose row lengths are the entries of
a:

19]21]32]
40
516" |72|8°
9001312734
14495
If a and a + 1 are in row ¢ of the auxiliary diagram, and a + 1 is southwest of a in T,
then we add the superscript of @ + 1 to maj, ;(7). We thus have

maj, (T) =2, maj,,(T) =0, maj,3(T)=1+2, maj,(T)=2+3+4, maj,5(7)=0

which implies that maj, (7)) =2+0+3+9+0 = 14.

Let T be a standard tableau in n letters. For an interval [a,b], with 1 <a <b<n
and an s > b, we will let

71[a,b]—>s = ( te (Tbas)bflﬁsfl v )

a—s+a—>b’
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Given an m-partition 2 such that |Q2] = n, we will say that 7" is a standard filling
of Q if the cells of © (not including the circles) are filled with the integers 1,...,n in
a standard way. For instance, a possible standard filling of Q = (2,0, 1;3,2) is

4]

®

@OOU!OJ»—
SRS

Definition 3.8.4. Let T be a standard filling of the m-partition 2, with n = |Q2|. We
first let T, be the tableau obtained from 7' by changing, for ¢ from 1 to m, the i-circle
into a cell filled with the letter n+1i. For a = (a4, ..., a,,) such that |a| < n, we will let
T, be the standard tableau obtained from 7, in the following way. Let T+ = T,
and then define recursively
i i+1
T( ) = 7ﬁ[(n::—_l)—aq;—-~-—am,n—ai+1—-~-—am]—>n—}-i—l—alurl—~-~—am

for i =m,...,1. We then let T, = T (which is also equal to T® by construction). If
the letters in T}, are divided into the blocks (n—la|, a1, ..., am, 1™) , then those in 7™
are divided into the blocks (n—|a|, ay, ..., @m_1,1™ ", ay, 1) (the letters corresponding
to a,, have been shifted by m — 1). Using this process again and again, we get that
the letters in T, are divided into the blocks (n — |a|,a1,1,a2,1,..., an,1).

Example 3.8.6. We will compute T, for a = (2,1, 3) and

2[4]8]

506D
9(2)

@\]OJH

First, after replacing the 1-circle, 2-circle and 3-circle by cells filled respectively by the
letters 10,11 and 12, we obtain

21418
6|10
9111

||~
ot

T,=T% =

1

[\

whose blocks are (3,2,1,3,1,1,1) with the 1’s stemming from the circles and the 3
corresponding to n—|a| = 3. In order to go from (3,2,1,3,1,1,1) to (3,2,1,1,1,3,1),
we need to compute s

[7,9] 11
1[2]4]8 1[2]4]8 1[2]4]6
@ _[3]5[6]9 @ _[3]5]6]10 @ _ @  _[3][5][7]10
oo =7 iofix — Asoou = 7o — = Treen =[50
12 12 12
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Then, to go from (3,2,1,1,1,3,1) to (3,2,1,1,1,3,1) we need to compute T}y ..

112147
2) _ p(3) _ B3 _|3]5]6]10
T( ) _17[6,6]—>7 - 67 81911
2

Finally, as we don’t need to move a; = 2 since it already has a 1 to its right, we have
T,=T" =7®

We will now provide a combinatorial interpretation for the expansion of the m-
symmetric Macdonald polynomials in terms of m-symmetric Schur functions.

Theorem 3.8.3. Let A = (a; \) be an arbitrary m-partition. The (q,t)-Kostka coeffi-
cients at t =1 in

. X
113% I L—_t, q, t} = ZQ: Kan(q,1)sa(z;1)

have the following combinatorial interpretation. If Q) is dominant, then

Koalg,1) = Y ¢l (3.8.2)

T:sh(T)=Q

where the sum is over all standard fillings of the m-partition ), where

A:()\1,...,)\4,&1+1,...,am+1),

and where T, was introduced in Definition [3.8.7)
If Q is not dominant, then o(Q2) is dominant for some o € S,,. In this case, using

Proposition [3.7.3, we can compute Kox(q,1) = Ke@)o(a) (¢, 1) using (3.8.2).
The combinatorial interpretation for Kqa(q,1) implies in particular that, when
q=1t=1, we have

Kon(1,1) = #{standard fillings of Q} = #{standard tableaux of shape bU u}.

We first illustrate Theorem before proceeding to its proof.

Example 3.8.7. Let A = (2,1,3;3), and T be as in Example [3.8.6, We have that
sh(T') = (3,2,0;4) = € is dominant. The contribution of T' to Koa(g,1) is thus
¢™i(Te) where @ = (2,1,3) and A = (3,3,2,4). In Example [3.8.6, we obtained

214|7
51610
911

T, =

oO|lW|—

[
N
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Using the auxiliary diagram

10 21 32
491562
7918!
9ot 1321

we get that maj;(Ta) = 2+ 1+ 1+ 2+ 3 = 9 with contributions from the letters
3,5,8,11,12.

Example 3.8.8. Let A = (2,1,3;2,1) and 2 = (2,0,3;4). In this case,  is not
dominant. Using the permutation o = [2, 3, 1], we have that o(Q2) = (3,2,0;4) is now
dominant. Hence,

Koa(q;1) = Kooy (@5 1) = K32,04)3,21,2,1)(¢, 1)

Note that in this case A’ = o(A) = (3,2,1;2,1) is dominant even though it does not
have to be necessarily this way. One of the tableaux contributing to K32 0,4)(3,2,1:2,1)(¢; 1)
is

2[4]8]

o

T —

@\va—l

and its contribution will be ¢™x(Ta) where a = (3,2,1) and A’ = (2,1,4,3,2). We
first compute T,. We start with

ot
D
—
o

T =T, =

[am—
’[\—,\IOOH
Ne)
—_
—

whose blocks are (3,3,2,1,1,1,1). We then obtain 7 = Tg(ﬂll as follows:

112[4]8 112[4(8
10 ) 3]5]69
7@ _|315]6 .7 —
71911 =11 711011
12| 12]

whose blocks are now (3,3,2,1,1,1,1). In order to reach the blocks (3,3,1,2,1,1,1),

we then have to compute 7?) = T[(fg] Lo

11248 1/2(4|8 1 4
3 _13[5]6]9 B3 _13]5]6]9 (3) _ 7B e _|3]5]6
T - 7 10 11 — TB*)Q - 7 10 11 — (Tgﬁg)’?—)g _71[7,8]—)9 _T - 8 10 11
12 2 2
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With T, = T™W = T® and with the auxiliary diagram associated to A’ = (2,1,4,3,2)
given by

1°]21]

40]51]62 73‘
89191107
11921

we get that the contributions to majz,(7,) come from the letters 5,10 and 12. Hence
majz, (7T,) = 1+ 2+ 1 = 4 which implies that the contribution of T' to Kqoa(q,1) is ¢*.

Proof of Theorem|5.8.5. From Proposition|3.7.2, we need to prove that, for a dominant
Q, we have

qX aX X
ha e Y T P
(¢ 2)a 1{x1+1_ } m{x +1_q} A|:1_q:|

— Z qmaj;\ (Ta)

SO T: Sh(T):Q

or, equivalently, that

X qX qX
(q; @)rha L — q} (¢ @)ar hay |:1'1 + Tq] (¢ Damhan |:xm + —]

l—gq
50 T:sh(T)=Q
(3.8.3)
We now use
Pa; | @i + —— Z ai=cipy X | e
a; ) 1 —q q al c; 1 I €;
to rewrite the left-hand side of - as
al Am, X (q q) (qq)
la|—lel (. 1Y) ay ' 4)am c
q 4 4)aha { ] ¢ 3.84
CIZ::O C;:O (@9) 1= (¢ QDar—er (G Dap—cn . (3:84)

where v = (A1, ..., A, a1 — ¢, ..., Ay — Cy). Now, it is known that [12]
(4 9)ah [ } Z P sy (1), (3.8.5)

where the sum if over all standard tableaux P of size |«|. Since 2 = (b; i) is dominant,
we get from (3.6.3)) and Proposition m that

= kr(.ﬁ(])

= Dor = #Sar, (3.8.6)

sQ

s, (x)
50
where I' = (¢; ). We recall that @ € Sqr if @ is a filling of the skew shape (bU pu)/v
such that letter i appears ¢; times and always within the first b; columns of ). For
1 =1,...,m, we then change the circle 7 in ) into a square filled with the letter i.
Note that this produces a skew tableau @, by Lemma [3.6.1 We now standardize

- Z g3 (Ta),
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Q. in the following way. Suppose that r = |v| = |a|. We replace all the letters 1
in @ (there are ¢; + 1 of them) by the letters r + 1,...,7 4+ ¢; + 1 ordered from left
to right. We replace all the letters 2 in @) (there are ¢y + 1 of them) by the letters
r4+c+2,...,7+c; + co + 2 ordered from left to right, and so on. Let the resulting
skew tableau be Q5. Letting I' = (¢;sh(P)), we thus have that

:Z Z qmaj&(TP,Q)7

5Q P QeSar

(¢; @)aha L)_(q} a*

where T'p is the standard tableau obtained from the union of the tableau P and and
the skew tableau Q%' described earlier, and where & = (Ay,..., \p,a1 — ¢y vy Ay —
Comy 1T 1em Ty,
We now let
T]/{Q = (TP,Q)[rfam+cm+1,r]%n+mfcmfla

where we recall that r = |a| = || + |a] — |¢|, and where n = |Q|. From Lemma [3.8.2]
we have that

majd(TP,Q) = majy (TIID,Q):
where

c1+1 Cm—1+1 cm+1
1atl L qemtl 1em+),

~/
& =M, Apar =y Ay — Cp Um — Crm,

Now, fix a 7" = Tpg. This 7" can originate from many pairs (P, Q), each pair
corresponding to a certain ¢,,. Since we only focus on the last a,, + 1 letters of 7",
we will refer to those letters as 1,...,a,, + 1 for simplicity. Let s > 0 be such that
in 7" the letters s + 1,8 +2,...,a,, + 1 are ordered from left to right and such that
this sequence is the longest (that is, either s = 0 or the letter s+ 1 is southwest of the
letter s in T"). Note that, for a given (P, Q), this can only occur if the corresponding
¢m 18 such that ¢, +1 < a,, — s+ 1 given that in that case the last ¢, + 1 letters of T’
are ordered from left to right by construction (they correspond to the occurrences of
the letter m in @, ordered form left to right). We will see that for such a 7", we have

~ A —C <q7 q)am maj~s (T’ maj () (T”
qu m#q o/ (T) = gy @), (3.8.7)
Cm:() Q7q Am —Cm
where
'}/(m) = ()\1, ey )\g, a; —C1y.v.yQmpm—1 — Cmp—1, 101+1’ ceey 1Cm_1+1, Ay, + 1)

First suppose that s # 0. By definition of maj,; and maj.m), the letters smaller than
s+ 1 will have the same contribution in both statistics (given that s < a,, — ¢,,) while
the letters larger than s+ 1 will contribute 0 to both statistics given that by definition
those letters are ordered from left to right. Hence, the only difference between the
two statistics is in the contribution of the letter s + 1. By definition of maj,,, the
letter s + 1 will contribute s to majs if s < a,, — ¢, and 0 otherwise. In the sum,
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we thus have that the the letter s + 1 will contribute s to the maj, statistic in 77 if
S # y — ¢y, While it will contribute 0 otherwise. We thus have to show that

Am—S—1
(@ Dam K (G Dam
q° m qimem — =q° 3.8.8
(q)s CZ_:O (€ Dar—cm (388)

since on the right-hand side of (3.8.7) the contribution to the maj. ) statistic of the
letter s + 1 in 7" is ¢°. The previous identity amounts to

(600 _ Z mCE q)g' (3.8.9)

For a fixed a, the identity can be easily seen to hold by descending induction starting
from the case s = a (which is immediate). In the general case, supposing by induction
that the case s holds, we have that

@0 (@9d J(60a (49
! ;q(q;q)i_q s

which proves by induction.

Now suppose that s = 0. In this case, the last a,, + 1 letters in 7" are ordered
from left to right and thus do not contribute to maj,; and maj.m . Hence, we have to
show that

am

Z qam Cm q Q)am -1

— (4 Dan—cn

But this holds given that it is easily seen to be the case s = 0 of -

Note that the 7" on the right-hand-side of (3.8.8§] - can be thought as stemming from
a pair (P, Q) corresponding to the case ¢,, = 0, in which case & = (Ay,..., A\¢,a1 —
Cly vy Q1 — Co1, Gy, 19T 1m0 1) Comparing with Definition m, it is
thus natural to let 77 = 7™ on the right-hand-side. We have thus proven that

am
— C] q a maj (T(m))
a C m ma, m
PO v b DD DICEA D DI DI S
cm=0 q q am=Cm  p QESqr P QGSQF(m)

where T™) = (¢;, -+, ¢,n_1,0;8h(P)).
Following the same procedure, we can show that

Am—1

Z gam-1—Ccm=1 .(Q;Q)amﬂ Z Z qmaj’y(m (T(m) Z Z qmajv(mfl)(T(me)

em—1=0 (4 Darr s P Q€S P QeS

ar(m) Qr(m—1)
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where '™~V = (¢, -+, ¢;_2,0,0;sh(P)), and where

,.)/(TTL—l) - (Ala s 7)\€7a1 —C1y. .o, Ap—2 — Cp—2, 1CI+17 ) 1Cm_Q—i_laarn—l + 17am + 1)

After doing all the summations, we get

Z Z q\a| le] C] Day (€9 ay, Z Z qmaja/(TI',’Q)qmaJa Z Z maj_ 1) ( (T() 7
- (q;q

=0 ep=0 (& Dar—er (& Do P QeSar P Q€S

ar(1)

where 'V = (0™;sh(P)), and where
’7(1) = ()\1,...,)\(,&1+1,...,am—|—1).

Note that 4! = A, and that 7)) = T,. We thus finally have that

DD D A NP

P QeS, ) T:5h(T)=0

since @ is empty, which means that (P, Q) = (P,()) now corresponds to an arbitrary
standard filling T" of €2. This proves the theorem. m

Remark 3.8.1. It was shown in [10] that Koa(q,t) = K,a(g,t) when Q = (0™; 1) and
A = (0™; \). For such © and A, it is easy to see that the combinatorial interpretation
in Theorem corresponds to that of . Indeed, we have in this case that A =
(A1, .., A, 1™) and T, = Ty, where we recall that T, corresponds to T with the i-circle
transformed into a squared filled with the letter |A| 4+ ¢. But since the last m letters
in T, do not contribute in this case to maj;(75), we have that maj;(71.) = majr(P),
where P is the standard tableau corresponding to 7" without its circles.
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Chapter 4

Parking Functions with zero dinv

This introduction is adapted from pages 33-35 from [15].

4.1 The Garsia-Haiman Modules and the n!-Conjecture

Throughout this chapter, let X,, = {z1,...,2,} and Y,, = {y1,...,yn} Given a sub-
space W C C[X,,,Y,], we define the bigraded Hilbert series of W as

H(W;q,t Z t'q’ dim(W49)) (4.1.1)

1,70

where W) consists of those elements of W of that are bihomogeneous of degree i in
the x—variables and j in the y—variables. Thus

W= we.

i,j>0
We also define the diagonal action of G, on W by
O’f = f(xa(l), s To(n)y Yo(1)s - - - ,ya(n)) g c 6n, f eW (4.1.2)

This action preserves each bihomogeneous component W) so we can define the
bigraded Frobenius series of W as

FWig.t) =Y tig Y s\Mult(x*, W) (4.1.3)

1,7>0 AFn

Similarly, let W€ be the subspace of alternating elements in W, and

H(Weq,t) = Z tq dim (W) (4.1.4)
i,7>0
Then
HWq,t) = (F(Wq,1), s10) (4.1.5)

103
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For p € Par(n), let (r1,¢1),..., (T, cy) be the (a/ — 1,I" — 1) = (column, row) coordi-
nates of the cells of u, taken in some arbitrary order. Define

n
7‘]'—1 Cj—l
1 1

v#(Xm Yn) =

) (4.1.6)
ij=1

For example,

Y1 1 1 Ty
Y2 T2 XYz Xy
Ys T3 T3Ys I3 (4.1.7)
Ys Ty T4lYs Ty

Ys T5 XsYs Xy

For pu F n, let V(i) denote the linear span of V,(X,,,Y;) and its partial derivatives
of all orders. Note that, although the sign of V,, may depend on the arbitrary ordering
of the cells of u we started with, V(u) is independent of this ordering. Garsia and
Haiman conjectured [4] the following result, which was proved by Haiman in 2001 [19].

Vi2.21)(X5,Y5) =

—_ = = =
()

Theorem 4.1.1. For all p+ n,
F(V(u);q.t) = Hy, (4.1.8)
where H, = H,[X;q,t] is the modified Macdonald polynomial.
Note that implies that Ky ,(q,t) € N[g,1].
Corollary 4.1.2. For all u+ n, dimV(u) = n!.

Theorem and corollary together were known as the "n! conjecture”.

Altought Corollary appears to be substantially weaker, Haiman proved [18]
in the late 1990’s that Corollary actually implies theorem [4.1.1]

In summary, Adriano Garsia and Haiman constructed special modules whose struc-
ture coefficients are the ¢, t—Kostka polynomials. Haiman’s proof of the n! conjecture
n [19], then stablished the Macdonald positivity.

4.2 The Space of Diagonal Harmonics
For h,k € N let

Prk[Xn, Vo Zx v bk € N

denote the “polarized power sum”. It is known that the set {psx[Xn, Yn],h + k > 0}
generates C[X,,,Y,|%, the ring of invariants under the diagonal action. Thus the
natural analog of the quotient ring R, of coinvariants is the quotient ring DR, of
diagonal coinvariants defined by

DR, = C[X,,Y,] <Zx Yk Yh 4k > 0> (4.2.1)
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By analogy we also define the space of diagonal harmonics DH,, by
o oF
DHnI{fGC[Xn,Yn]:Z _Z_f=0,Yh+k >0} (4.2.2)
Yi

i=1 "t

The space DH,, is finite dimensional and isomorphic to DR,,. The dimension of
those spaces turns out to be (n+1)""!, a result which was proved by Haiman in [17].
His proof of this result uses many of the techniques and results from his proof of the
n! conjecture.

The number (n + 1)"~! counts parking functions, which play a central role in
studying the structure of DH,,.

The diagonal operator V defined as

VH\X;q,t] = t"Nq" " H\[X; q,1] (4.2.3)

have been fundamental in understanding the ¢, t—combinatorics of the identities as-
sociated to DH,, and Macdonald polynomials. Its definition was chosen so that

(V(en[X]), en[X]) = Culq, 1) (4.2.4)

where C,,(q,t) denotes ¢, t—Catalan Number. It is well known that

Z tarea dznv D) (425>

DeDpn

Extending the dinv statistic to parking functions leads to the following conjecture

V@n,hn Z qdmv tarea P) (426)

PePpy,

where P, is the set of parking functions of size n, and dinv(P) and area(P) are
statistics defined on parking functions. In our work we focused on studying the dinv
statistic, which is the more intricated of the two.

The sections 5.3-5.7 chapter were extracted from an article "Parking Functions
with Zero dinv” which was done in collaboration with Susanna Fishel, which whom I
am deeply grateful.

4.3 Introduction

Carlsson and Mellit proved the renowned shuffle conjecture in [7]; that is they proved
that the conjectured combinatorial formula for the Frobenius character of the diagonal
coinvariant algebra is correct. The combinatorial expression is in terms of parking
functions, using the statistics area and dinv.

The number of diagonal inversions or dinv is a well-studied statistic, first defined
for Dyck paths, then expanded to all parking functions. Please see the standard
reference [I5]. In [I] Garsia, Xin, and Zabrocki defined primary and secondary dinv,
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which refine dinv. In their proof of the three shuffle case of a refinement of the shuffle
conjecture, they found and used a bijection and noticed that their bijection swapped
primary and secondary dinv. We enumerate the parking functions with zero secondary
dinv.

Let PFZ(n) denote the set of parking functions defined on [n| with zero secondary
dinv and ¢(n) := |PFZ(n)|, where we set ¢(0) = 1. We will show that for n > 1,
1 (n) satisfies the following recursion

" (n—1)! <
v = _k;!

k
k=1 (TL =0

(” , k)¢(€)1/1(n —k—10). (4.3.1)

We will prove by proving that any parking function h € PFZ(n) can be
decomposed uniquely into a triple (f, g, D), where f and g are two parking functions
which have zero secondary dinv and whose domains are disjoint subsets of [n] not
containing 1, and D is a sequence consisting of the remaining elements of [n| and be-
ginning with 1. This will give us a bijection. Recursion allows us to enumerate
PFZ(n). This recursion is satisfied by other combinatorial objects and defines the
sequence A007840 on OEIS. We describe one of the objects it counts.

Let ¢(n) be the number of ordered cycle decompositions of n, defined in Sec-

tion [4.4.3] Please also see [6, Page 8].
Our main result is

Theorem 4.3.1. Let n be a nonnegative integer. We have ¥(n) = ¢(n).

As we want to prove that ¢ (n) is the same as ¢(n), we prove ¢(n) satisfies (4.3.1)),
with 1 (n) replaced by ¢(n) throughout.

Proposition 4.3.2. The recursion (4.3.1)) is satisfied by ¢(n), the number of ordered
cycle decompositions of n.

We begin with the definitions of parking functions and dinv in Section 4.4, In
Section , we begin our proof of by defining a set P(n) of triples in and
. We define a process to insert an integer into a parking function in Sectionm
In Section we construct a map ¥ from the set P(n) to PFZ(n). Given a triple
(f,9,D) € P(n), where f and g are parking functions and D is a sequence, we will
insert the elements of D and ¢ into f to produce h € PFZ(n). Not until Section
do we show that W is invertible. Finally, in Section |4.7, we say a few words on why
the bijection proves and therefore Theorem m

4.4 Preliminaries

4.4.1 Parking functions

There are many equivalent definitions of parking functions. We use their diagrams to
define them.
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5 20
3 14
4 15
2 12
1 7

Figure 4.1: On the left, the parking function f € PF(5) whose function form is
(1,1,2,1,4). On the right is a parking function in PF(A), A = {7,12,14,15,20}.

Definition 4.4.1. A Dyck path of length 2n is a lattice path from (0,0) to (n,n)
which never goes below the line y = . Let A C Z, |A| = n. Starting with a Dyck
path D of length 2n, a parking function on A is an arrangement of the elements of
A in the squares immediately to the right of the n vertical steps of D and with strict
decrease down the columns. We will often refer to the elements of A as the labels of
the parking function.

The standard definition of a parking function is the case A = [n].

We can also view a parking function as a function f : A — [n], as the name
suggests. Given a parking function in diagram form, set f(i) = j if i has been placed
in column j. The domain of f is A and denoted dom( f). We denote the set of parking
functions on A by PF(A) and in the case A = [n] by PF(n). In this paper, we use
both the diagram form and the function form of a parking function. Note that the
function form is usually written as a vector (f(1), f(2),..., f(n)). Please see [15] for
more details and Figure for an example.

4.4.2 Diagonal inversion (dinv) statistics

Let f € PF(n) be a parking function. The row row;(i) of i € [n] is the row of i
in f, counting from the bottom, and its column col(7) counting from the left. For
example, in Figure 4.1 on the left, we have row(2) = 2 and col;(2) = 1. The diagonal
of an element 4 € [n] is diag;(i) = row (i) — coly(i).

We will also consider the set diagonal d for d € [n]. It is the set

{i € [n] : diag;(i) = d}.

Again referring to Figure on the left, diagonal 0 of f is {1}, diagonal 1 of f is
{2,5}, diagonal 2 of f is {3,4}, and all higher diagonals are empty. We denote the
max,c4 diag,(z) by Ay. All parking functions have nonempty diagonal 0.

There are two types of dinv pairs. If i,j € [n] with i < j, diag;(i) = diag(j),
and cols(i) < colg(j) (i to left, same diagonal), then (7, ) is a primary dinv pair and
dinv, (f) is defined as the number of such pairs. If i,j € [n] with i < j, diag(i) =
diag;(j) — 1, and coly(i) > col(j) (i strictly to right, lower adjacent diagonal), then
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d d—1

Figure 4.2: If i < j, diag,(i) = diag;(j) — 1, and coly(i) > cols(j), then (j,i) is a
secondary dinv pair for f.

(7,1) is a secondary dinv pair and the number of these pairs is dinvy(f). Please see
Figure Primary and secondary dinv were introduced in [I] and their sum is dinv.
We study parking functions with zero secondary dinv: dinvy(f) = 0 and we denote
this subset of PF(n) by PFZ(n). Parking functions on a domain A with zero secondary
dinv are denoted PFZ(A).

In Figure on the left, there is one primary dinv pair (2, 5), and no secondary
dinv pairs; therefore dinv,(f) = 1 and dinvy(f) = 0, and we have f € PFZ(5).

4.4.3 Ordered cycle decompositions
We define the second main object of this note and prove Proposition [4.3.2]

Definition 4.4.2. An ordered cycle decomposition of a permutation of n is a
sequence (01,09, ...,0%) of nonempty, disjoint cycles whose product oy - 03 - - - 0 is a
permutation of n.

As in the introduction, we denote the number of ordered cycle decompositions of
permutations of n by ¢(n). For example, ¢(2) = 3 as {(12),(1)(2),(2)(1)} is the set
of ordered cycle decompositions of permutations of 2, and ¢(3) = 14 as

{(123), (132), (12)(3), (3)(12), (13)(2), (2)(13), (23)(1), (1)(23),
(D(2)(3), (H3)(2), (2)(1)(3), (2)B)(1), (3)(1)(2), B)(2)(1)}

is the set of ordered cycle decompositions of permutations of 3.

The expression
n

¢(n) = c(n, k)k!, (4.4.1)

k=0

where ¢(n, k) is the signless Stirling number of the first kind, also appears in [6].
We claim in Proposition that
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4(n) ("7 "ot k-0 (142

T L (n— k)

k=1 \" =0
Proof of Proposition[{.3.9. Suppose there are k elements in the cycle which contains 1

and ¢ elements which precede this cycle, where 0 < ¢ < n—k. There are (Zj) (k=1)! =
% such cycles, (”;k
cycle, and ¢(n — k — ¢) ways to arrange the elements which follow the cycle. Finally,

sum over k and /.

) -¢(¢) ways to pick and arrange the elements which precede the
O

4.5 The map V¥

Fix a positive integer n. Let A, B, E C [n| be such that 1 € E and [n] is the disjoint
union of A, B, and E. Set

P(A,B,E)=A{(f,g9,D)}, (4.5.1)

where f € PFZ(A), g € PFZ(B), and D = (ey,es,...,¢p) is an ordering of £ such
e; = 1. We set

Pn)= |J U P4 B.E), (4.5.2)

k(€T |Al=C
k+¢<n |B|=k

where A and B in (4.5.2)) are disjoint subsets of [n] which do not contain 1, E =
n]\ AU B, and P(A, B, E) is as in (4.5.1].

4.5.1 Insertion

Let A C Z, let f € PFZ(A), let x ¢ A, and let k be a positive integer. We define
the insertion of number x into f in place k as follows and denote the result by f =
['(f,x, k). Here we use the function form of f. For a € AU {x} we define

f(a) if f(a) <kor f(a) =k and a < z,
fla) = fla)+1 if f(a) > kor f(a) =k and a > z, (4.5.3)
k if a = x.

Insertion can be seen in terms of the diagram. It splits the diagram of f at column
k, with the portion to the right of a’s cell or directly above a’s cell shifting to the
right. A row and column will be added to f’s diagram form.

For the map W, we’ll need to insert without increasing secondary dinv.
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10 10 11 10
10
7 7 10
7
5 6 7
5
3 5 5 5
2
2
d 0(f.3.1) 0(7.6.1) D(f.10,3) I(f.8.3)

Figure 4.3: The parking function f and the results of various insertions.

Definition 4.5.1. Let h be a parking function on A, let = ¢ A, let ¢,d < |A|.
Denote the elements in diagonal d — 1 which are strictly to the right of column ¢ by
Y1,Y2, - - -, Ym. LThey are ordered so that

¢ < colp(yr) < colp(ys) < -+ < colp(Ym)-

Let ¢* be the minimum ¢ such that for all £ > ¢*, y, > z. If z < y;, then ¢* = 0. The
(c,d)-insertion of = in h inserts x on diagonal d and in a column at least ¢ of h and
results in the parking function h* = I'(h, z, ¢*), where

o COlh(yg*) if x>0
S lex1 if ¢+ = 0.

In general, we refer to (¢, d)-insertion as special insertion.

Claim 4.5.1. Let f € PFZ(A) and x ¢ A. Suppose ¢ and d satisfy the following
conditions.

1. We have d = Ay and for all y such that coly(y) > ¢, we have d > diag;(y); and

2. there is a label which is in column ¢ and diagonal d and it’s at the top of its
column.

If & is the result of a (¢, d)-insertion of x into f, then dinvy(h) = dinve(f). What'’s
more, diag,(z) = d.

Proof. First, we show that diag,(z) = d. Suppose £* > 0. Then y, < xz, yp is in
diagonal d — 1, and ¢* = col,(y+), so x will be placed directly on top of y,+ in diagonal
d. Now consider the case £* = 0, so that ¢* = ¢+ 1. By condition , x must be
placed in the row above the row that the largest element of column c¢ is in. Therefore,
again, x is in diagonal d of h.

Recall that (j,7), where i and j are labels in h, is a secondary dinv pair if i < j,
diag, (i) = diag,(j) — 1, and col,(i) > col,(j). By condition (I)), there can be no
secondary dinv pair (j,z) and by the definition of ¢*, there can be no secondary dinv
pair (x,1).

]
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d= Af

(%

C

Figure 4.4: Condition (/1)) of Claim says that d is the highest index of a diagonal
which has a label in it and this diagonal has no labels on it to the right of column c.
Condition says that column ¢ has a label on diagonal d.

4.5.2 Definition of ¥ : P(n) — PFZ(n)

Let (f,g,D) € P(n), where f € PFZ(A), g € PFZ(B), D = (e; = 1,ea,...,¢5), and
[n] is the disjoint union of A, B, and {ej,es,...,es}. The map ¥ : (f,g,D) — h
consists of three phases and produces a sequence of functions f = hg,hy,...,hy = h
with all hy having zero secondary dinv.

In the first phase, we will use special insertion to insert D into f. All elements
of D are inserted into diagonal A¢. Let ¢ be the column of the entry in diagonal Ay
with the largest column index. We start with hy = f and (¢, Af)-insert 1 into hy,
obtaining h;. Notice that 1 will be the only label in its row and column. At step ¢,
1 <i<s, welet ¢c=coly, ,(e;—1) and (¢, Af)-insert e; into h;—;. Conditions and
of Claim are satisfied, so we have not added any secondary dinv. At the end
of the first phase, we have hg = f,hy, ..., hs.

In the second phase, we special insert the entries of the main diagonal (diagonal 0)
of g into hs. Let 21, 2o, ..., 2, be the entries of the main diagonal of g, ordered so that
coly(z1) < coly(z2) < -+ < coly(z). This phase is similar to the first phase, except
that we now insert into diagonal @ = (Ay 4+ 1) = (A, + 1) of hs. We begin with
¢ = colp, (1) — 1 and we (¢, d)-insert z; into hy to obtain hs + 1. Notice that we cannot
apply Claim for the first insertion of phase two, because its condition (2)) is not
satisfied. However, the £* used in special insertion will be positive in this case, since
1 is on diagonal 0 — 1 = Ay_. Since ¢* > 0, the first entry will be placed on top of y,-
in diagonal 0 = diag h, + 1. As in the proof of Claim , since diagy,,,, (21) = Ap,,
there can be no secondary dinv pair (j, z;) and by the definition of ¢*, there can be
no secondary dinv pair (z1,7). At step i, s +1 < i < s+, let ¢ = colp,_,(zi—1-s)
and (c,d)-insert z;_g into h;_1. At the end of this phase, we have hq, ..., hg, ..., hsie.
Again, conditions and ([2)) of Claim are satisfied at each step.

We are now in the third phase. Let z1,..., 2 be as defined in the second phase.
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Figure 4.5: Parking function g from Figure with blocks drawn in.
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7 16 D = (1,6,9, 15, 20)
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Figure 4.6: Parking functions f and g, as well as a sequence D. See Example m
(f,9,D) € P(21).

The block B; of z; is the set of labels z in g such that diag,(x) > 0 and coly(z;) <
coly(z) < coly(zi41), where we set coly(z,11) to be |dom(g)| + 1 for ease of notation.
Please see Figure In the third phase, we insert the blocks of g into hs.;. There
are t blocks of g: one for each element z; from diagonal 0 of g.

The width of B;, wd(B,), is col,(z;4+1) —coly(z;) +1. The number of rows occupied
in g by elements of B; is also wd(B;). For each B;, we expand the diagram of hg, ;1
by wd(B;) columns inserted after coly_,,., ,(2), then add the labels from B; so that
their relative position to z; (number of rows above, number of columns to the right)
is as it was in ¢g. Let x be a label added in the third phase from block B;. Note that
the preservation of relative positions forces

diagy,(v) = diag,(z) + diagy,(z;) = diag,(z) +0 > 0.
Example 4.5.1. We show how the map ¥ works on the functions f and g and the

sequence D given in Figure [1.6, In the first phase, the elements of D are special
inserted on f’s highest diagonal, which is diagonal 3. They are circled in the diagram
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Figure 4.7: The results after phases 1 and 2 of the map ¥ applied to (f, g, D) from

Figure [1.6]

on the left of Figure [4.7. The label 15, for example, cannot be inserted in a column
which precedes the label 11 from f, or it would create a secondary dinv pair. In the
parking function on the right of Figure [4.7] the labels 2,16,21 and 10 from ¢’s main
diagonal have been inserted (second phase). Finally, in Figure , we insert the blocks
from g.

Proposition 4.5.2. For (f,g,D) € P(n), the parking function h = V(f,g,D) has
diHV2<h) = 0.

Proof. We refer to the construction of ¥ given in this section.

By Claim[4.5.1] the parking function g, has zero secondary dinv, since it was built
from f € PFZ (dom(f)) using special insertion with ¢ and d satisfying the conditions
in Claim [£.5.1 We need only show that we did not create any secondary dinv with
the insertion of a block in the third phase.

Suppose i < j and 7, j € dom(g). By our construction, diagy,(i) = diag, (i) +Ay+1
and similarly for j. What’s more, the z; and their corresponding blocks were added in
increasing order of their columns in g. Therefore, diag, (i) = diag,,(j) — 1 if and only
if diag,(i) = diag,(j) — 1 and coly(i) > col,(j) if and only if coly(i) > coly(j). Since
(7,4) was not a secondary dinv pair in g, it cannot be one in h. No new secondary
dinv pair was created by an interaction of a label from the second phase and one from
third, or two labels from the third.

Suppose we have a label from the first phase and one from the third. Their diag-
onals differ by at least two, so they could not form a secondary dinv pair. O]
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Figure 4.8: The parking function h = W(f, g, D), where (f, g, D) is given in Figure
See also Example
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4.6 Inversion of the map WV

In this section, we show that W is invertible, simply by reversing all the steps. We will
“remove” rows, columns, and labels from h, to construct D and g, and what remains
of h will be the parking function f.

Let h € PFZ(n). We must find (f,g, D) € P(n). We use ? to denote diag,(1).
The first step is to identify labels z1, 29,..., 2. They are the elements of diagonal
0 + 1, ordered so that coly(z1) < colp(z2) < -+ < colp(z) and will make up the main
diagonal of g.

Next, we define blocks B; for 1 < i < t as the set of labels x in h such that
diag,(z) > 9+ 1 and coly(z;) < colp(z) < colp(zi41). The block By is the set of x
with diag,(z) > 0+ 1 and coly(2;) < coly(z), it should be noted that z; ¢ B; as
diagy(z;) = 0+ 1. The height ht(B;) of the block B; is the number of rows occupied
in h by elements of B;, plus 1 for z;, so that row,(z;) + ht(B;) = rowp(z;+1). Note
that ht(B;) = wd B; + 1, where wd B; was defined in Section [4.5.2] There will be at
least ht(B;) — 1 columns which either contain elements of B; or are empty strictly
between the column of z; and the column of z;,;. Additionally, the domain of g has
b=ht(B;) + ht(Bs) + - - - + ht(B;) elements.

The parking function g is constructed by first placing the blocks, together with
21,29, ..., 2, in a b xX b grid so that z1, 29, ..., 2, are on the main diagonal. Place z; on
the main diagonal in column ht(B;) + - - -+ ht(B;_1) + 1. Next the elements in B; are
placed in the grid. They must retain their relative position to z;, and every row must
have exactly one element in it.

We remove from h the rows containing elements from a block and columns col, (z;)+
1,colp(z) + 2,...,colp(z) + ht(B;) — 1, also removing the labels in these rows and
columns. We remove all labels in the column of z; from higher rows. We call the
resulting, smaller parking function h’. Notice that diag,(z) = diag,, (z) for all labels
2 remaining in A/’

The parking function A’ may now have fewer rows, columns, and labels. The
labels z,..., z are still in A’ and are on the highest diagonal. We want to erase the
labels z1,...,z from A/, but in the order z, ..., z; and always removing the column
following each z;’s column. We begin with z;. If there is a label x such that row (z) =
rowy (z:) + 1, then since diagy, (z;) > diag, (x), we have coly (x) — colp (2z:) > 1, so
we remove the empty column coly/(z;) + 1 and row rowy(z), thereby also erasing z;.
If no such z exists, then since diag, (z;) > diag,/ (1) > 0, there is an empty column
after coly(z;), which we remove, as well as the row z; is in. In either case, we call
the resulting parking function h;. We repeat this procedure with z;,_; down to zi,
producing parking functions h;_1,...,hy. At the end, hy has ht(B;) + ht(Bs) + - - - +
ht(B;) fewer rows and columns than the original h and all remaining labels are in the
same diagonal as in the original h; i.e. diag, (v) = diag,(z), for all labels = in h;.

The sequence D = (e; = 1,e9,...,¢€5) is taken from diagonal 0 of h, which is
the highest diagonal of h;. The elements ej,es, ..., e are the labels in the highest
diagonal whose column indices are at least the column index of the label 1 in h; and
they are ordered so that coly, (1) < coly, (e2) < -+ < coly, (es). Thelabels ey, ..., es are
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removed from hy, resulting in f. This step reverses the first phase of the construction of
U. Finally, we mention f will be on a domain of size n— (s+b). It is straightforward to
see that we have reversed the procedure which defines W and that this inverse function
U~ is defined on all of PFZ(n).

4.7 The map ¥V and Theorem [4.3.1]

We can now directly see that ¢ (n) satisfies (4.3.1)) and thereby prove Theorem [4.3.1]
Let k € [n] and 0 < ¢ < n — k. There are (7_}) - (k — 1)! = éZ:B: sequences
(e1,€2,...,€L), where ey, e, ..., e, are distinct elements of [n] and e; = 1. There are

(”;k) subsets A C [n] of size ¢ which are disjoint from {ej,...,e;} and ¥ () is the
number of parking functions with zero secondary dinv on A. Let B be the complement
in [n] of {ey, ..., ex}UA; there are 1(n — k — ¢) parking functions with zero secondary

dinv on B. We sum over k and ¢ to obtain (4.3.1).
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4.8 A Bijection Between Parking Functions with
Zero Secondary Dinv and Ordered Cycle De-
compositions

Recall that PFZ(n) denotes the set of parking functions of length n with dinv = 0,
and let OrdC(n) denote the set of ordered cycle decompositions of [n].

Theorem 4.8.1. There exists a bijection
¢ : PFZ(n) — OrdC(n).
An explicit construction of ¢ and its inverse 1V is given below.

The construction is inspired by [11] and refines Theorem by providing an
explicit bijection. The key observation is that, under the map h +— (f, g, D), the diag-
onal D naturally behaves like a cycle. By reorganizing the decomposition as (f, D, g)
and generalizing the construction so that it can be iterated, successive diagonals can
be interpreted as cycles, yielding a complete ordered cycle decomposition of h.

Definition 4.8.1. We define the map ¢ : PFZ(n) — OrdC(n) as follows.
Let f € PFZ(n). We construct an ordered cycle decomposition

Set Ag = [n]. For ¢ > 1, assuming A;_; has been defined, let
m; = min Aifl,

and let (¢;, d;) be the column and diagonal containing m;. Define D; to be the sequence
of elements of A;_; lying on diagonal d; and weakly to the right of column ¢;, ordered
from left to right. Set

A=A, 1\ D;.

We repeat this process until A, = @.

Each sequence D;, with its elements ordered from left to right along the diagonal,
is regarded as a cycle whose first entry is m;. Let (ji,...,Jx) be the permutation of
[k] determined by the order in which the minimal elements my, ..., m; appear in the
diagonal reading word of f. We then set
Example 4.8.1. Let f € PFZ(21) be the parking function shown in Figure [£.9]

First step. Set m; = 1. The elements lying on the same diagonal as 1 and weakly
to its right are 1,6,9, 15,20, in that order. Thus, D; = (1,6,9, 15,20)[11

I'Note that D; is the same diagonal obtained in our earlier example, where f was decomposed into
two partial parking functions and a diagonal. The present construction iterates that argument.
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Second step. Next, we take
my =min([21] \ {1,6,9,15,20}) = 2.

Collecting all elements on the diagonal containing 2 that lie weakly to its right yields
the cycle Dy = (2,16, 21, 10).
Third step. Repeating this procedure gives

ms = min([21] \ (D; U Dy)) = 3.

The elements on the diagonal containing 3 lying weakly to its right are 3,14 in that
order, so D3 = (3, 14).
Steps 4—8. Continuing in this manner, we obtain:

D4 = (4, 13, ]_7, 19), my = 4,
Ds = (5,11,18),  ms5 =5,
Ds = (7), me =T,
D7 = (8), mry = 8,
Dg = (12), mg = 12.

The set of minima is therefore {my,...,mg} = {1,2,3,4,5,7,8,12}.
Reading the parking function diagonal by diagonal (from bottom to top, and within
each diagonal from left to right), these elements appear in the order:

3,5,8,7,1,2,4,12.

While the cycles are constructed in increasing order of their minimal elements, the
final ordered cycle decomposition arranges them according to the diagonal reading
order of these minima. Therefore,

o(f) = C1C2C304C5CsC7Cy = D3 D5 D7 Dg Dy Dy Dy Dy.
This corresponds to C; = Dj, with j = (3,5,7,6,1,2,4,8). Explicitly,

o(f) = (3,14)(5,11,18)(8)(7)(1,6,9, 15,20)(2, 16,21, 10)(4, 13,17,19)(12).

We now give an equivalent, more direct description of the construction, which is
often more convenient for computations by hand.

Begin with the first diagonal, and let e; be its first element. Define e; to be the
first element (read from left to right) on the same diagonal as e; that is smaller than
e1. If no such element exists, let e5 be the first element of the next diagonal.

More generally, suppose that eq,...,e; have been defined. If there is an element
on the same diagonal as e;, lying strictly to the right of e; and smaller than e;, let e;,4
be the first such element. If no such element exists, let e;;1 be the first element of
the next diagonal. Continue this procedure until all diagonals have been exhausted.
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Figure 4.9: Example of the bijection ¢ applied to a parking function f € PFZ(21).

The cycles are:
Cy=(3,14), Cy=(511,18), C3=(8), Cy=(7), C5=(1,6,9,15,20),

Cs = (2,16,21,10), Cr=(4,13,17,19), Cs = (12).
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The resulting elements ey, ..., e, are precisely the first elements of the cycles in the
ordered cycle decomposition.

We now construct the cycles. The first cycle C} consists of the elements on the
first diagonal lying strictly to the left of ey if e lies on the same diagonal as ey, and
of all elements on the first diagonal otherwise.

More generally, suppose that C,...,C;_; have been defined. If e;;; lies on the
same diagonal as e;, let C; consist of the elements on the diagonal of e; that lie weakly
to the right of e; and strictly to the left of e;,1. If e;;1 lies on the next diagonal, let
C; consist of all elements on the diagonal of e; that lie weakly to the right of e;.

Equivalently, one may read the parking function diagonal by diagonal, from bottom
to top, and within each diagonal from left to right. Each diagonal begins with the
first element of a cycle and ends with the last element of a cycle. The first elements
of the cycles are obtained by taking the first element of the first diagonal and then,
recursively, the first element to the right of the previous one that is smaller than it;
whenever no such element exists, one moves to the next diagonal.

Finally, set ¢(f) = C1Cy - - - C.

Remark 4.8.1. The preceding description shows that ¢ may be viewed not merely as
a bijection, but as a flattening of the geometric structure of a parking function. The
entries of f are arranged along successive diagonals, read from bottom to top and
from left to right within each diagonal. The map ¢ preserves this arrangement while
flattening it into a single sequence: each diagonal becomes a sequence of cycles, and
the bottom-to-top order of the diagonals determines the overall order of the cycles.

4.8.1 The inverse map

We now construct the inverse map
Y : OrdC(n) — PFZ(n).

The construction proceeds by adding cycles one at a time, using the special insertion
introduced in Section [£.5.]
Let
m=C---C € OrdC(n),

where each cycle is written with its smallest element first. We first construct the
parking function corresponding to (', and then successively attach Cs, ..., Cy. Thus,
although the cycles are processed in the order in which they appear in 7, the resulting
diagonals are built from bottom to top.

Definition 4.8.2 (Diagonal attachment). Let f be a partial parking function with
support A, and let
D = (dy,...,d;)

be a cycle such that

di = min{ds, ..., d;} and DNA=g.
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Suppose that
(f)=Cr--- G
We define the diagonal attachment f - D so that

W(f-D)=Cy---C.D.
Let D denote the highest occupied diagonal of f. We distinguish two cases.

a) Suppose that
di <a for every a € D.

In this case, D is attached to the end of the highest diagonal D. The remaining
elements of D are then inserted, in their prescribed order, using special insertion.

b) Suppose that
di > a for some a € D.

Let a be the last element of D that is smaller than d;. We insert d; directly
above a and then use special insertion to insert the remaining elements of D. In
this case, the elements of D form a new diagonal immediately above D.

The two cases correspond to the two possible positions of the new cycle relative to
the highest diagonal of f. The first case appends D to the highest diagonal, while the
second creates a new diagonal above it.

The following observation is the key property of diagonal attachment.

Lemma 4.8.2. Let f be a partial parking function and let D be a cycle satisfying
the hypotheses of the diagonal attachment construction. Then f - D is again a partial
parking function with zero secondary dinv, and

o(f-D)=p(f)D.

Proof. The entries of D are inserted using special insertion. By Claim [4.5.1] each
such insertion preserves the secondary dinv and places the newly inserted entry on
the prescribed diagonal. Thus the resulting object is again a partial parking function
with zero secondary dinv.

In case (a), the entries of D are added to the highest existing diagonal, so the
diagonal decomposition of f is extended by the entries of D at its right end. Since d;
is the smallest entry of D, the resulting block is recognized as the cycle D.

In case (b), the insertion of d; creates a new diagonal immediately above the highest
diagonal of f, and the subsequent special insertions place the remaining entries of D
on the same diagonal in their prescribed order. Hence the new diagonal corresponds
precisely to the cycle D.

In either case, the cycle decomposition extracted by ¢ from f - D is obtained from
that of f by appending D. m
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Definition 4.8.3. Let
m=Cy---C € OrdC(n).

Let f; be the parking function whose diagram consists of the single diagonal Cf.
Recursively define
fin="Ji-Cir,  1<i<k.

We define

Proposition 4.8.3. The maps ¢ and ¢ are mutually inverse.

Proof. Let
m=C---C € OrdC(n).

By construction, f; consists of the single diagonal C}, so

e(f1) = Cr.

Suppose inductively that

e(fi) =Cr---C.
Since

fir1 = fi- Cipa,
Lemma gives

e(fir1) = o(fi)Ciz1 = Cr -+ C;Ciypr.

Thus

@(¢(W)) = Sp(fk) = 01 . Ck = T.

The construction of ¢ and the preceding lemma also show that applying ¢ to the
diagonal decomposition produced by ¢( f) reconstructs f one diagonal at a time. Hence

e(f) =T

Therefore ¢ and ¢ are mutually inverse. ]

Example 4.8.2. Let C; = (2,10,16,8,14,21), Cy = (4,11), C3 = (1,12,5), Cy =
(6,18,9,17,7), Cs = (3), and Cs = (13,19, 20, 15).

A faster description of v

The recursive diagonal-attachment construction is convenient for proving that 1 is
inverse to ¢, but it is not always the fastest method for computing 1) by hand. We
now give a direct description.
Let
T=C0C1---Cg

be an ordered cycle decomposition, and let

m; = min C;, 1 <<k,
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Figure 4.10: Partial parking functions fi, fo, and f3 (from left to right).
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Figure 4.11: Partial parking function f;.
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Figure 4.12: Partial parking function f5.
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Figure 4.13: The resulting parking function fs = ¢ (7).
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Partition the sequence (my,...,my) into maximal decreasing subsequences
(mi)iens - - - (Mi)ier,
chosen so that I} < I, < --- < I, where [, < I, means that
x <y for every x € I,, y € I,.

Thus
Lu---Ul. = [kl

D, =[] ¢

tel,

For each 1 < p < r, define

where the cycles are concatenated in their original order. Then
¢(7T) =Dy-Dy--- Dy,

where the product denotes successive diagonal attachments.

4.8.2 Consequences of the bijection and further questions

The bijection ¢ provides more than a correspondence between parking functions with
zero secondary dinv and ordered cycle decompositions. It also translates natural con-
ditions on the diagonal decomposition of a parking function into conditions on the
corresponding cycle decomposition. We use this observation to describe the zero-dinv
and zero-area parking functions.

Proposition 4.8.4. Under the bijection
¢ : PFZ(n) — OrdC(n),

a parking function has zero dinv if and only if its image is an ordered cycle decompo-
sition consisting entirely of singleton cycles. Consequently,

I{f € PF(n) : dinv(f) = 0} = nl.

Proof. Recall that PFZ(n) consists of parking functions with zero secondary dinv.
Under ¢, the elements of each cycle are placed on the same diagonal, with the smallest
element written first. If a cycle has more than one element, then its first element and
any other element of the cycle form a primary dinv pair. Thus, if dinv(f) = 0, every
cycle in ¢(f) must be a singleton.

Conversely, if every cycle is a singleton, then the corresponding parking function
has no primary dinv pairs. Since it belongs to PF'Z(n), it also has no secondary dinv
pairs, and hence dinv(f) = 0.

Therefore, the parking functions with zero dinv are in bijection with ordered de-
compositions of [n] into singleton cycles. Such decompositions are in bijection with
permutations of [n], and hence there are n! of them. O
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Lemma 4.8.5. Let f € PFZ(n), and let
o(f)=0Cy---Cy, m; = min C;.
Then f is supported on a single diagonal if and only if
my > mg > -+ > mg.

Proof. Suppose first that f is supported on a single diagonal. In the direct description
of ¢, after choosing m;, the next cycle start m;,; is the first element to the right of
m; on the same diagonal that is smaller than m;. Hence

my > mg > -+ > my.
Conversely, suppose that
mi > Mo > - > M.

In the direct construction of ¢, a new diagonal is entered exactly when there is no
smaller available element to the right of the current cycle start on its diagonal. The re-
sulting cycle starts from different diagonals cannot form a strictly decreasing sequence
in the prescribed diagonal reading order. Therefore no new diagonal can occur, and
f is supported on a single diagonal. O

Proposition 4.8.6. Under the bijection
¢ : PFZ(n) — OrdC(n),

a parking function has zero area if and only if its image is an ordered cycle decompo-
sition
Cy---Cy
whose cycle minima
m; = min C}

satisfy
my > mo > - > Mg.

Proof. A parking function has zero area if and only if all of its entries lie on a single
diagonal. Under the construction of ¢, the cycles are obtained by cutting the diagonals
according to their cycle-starting elements, and the cycles are ordered according to the
diagonal reading order.

Suppose first that f has zero area. Then all entries lie on a single diagonal. The
cycle starts are obtained by taking the first element of the diagonal and then, recur-
sively, the first element to the right that is smaller than the preceding cycle start.
Hence the cycle minima satisfy

my > Mg > -+ > Mg.
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Conversely, suppose that
my > Mo > -+ > Mg.

By the construction of ¢, a new diagonal is introduced precisely when the next cycle
start is taken from the first element of the next diagonal. Thus, if more than one
diagonal were present, the cycle starts would not form a strictly decreasing sequence
in their prescribed order. Hence all cycles must lie on a single diagonal, and therefore
f has zero area. [

Example 4.8.3. For n = 3, the corresponding ordered cycle decompositions are

{(DE)B3), (HB)(2), (2)(1)(3), (2)B) (1), (3)(1)(2), 3)(2)(1)}

in the zero-dinv case, and

{(123), (132), (23)(1), (2)(13), (3)(12), (3)(2)(1)}

in the zero-area case.

The two descriptions above show that both the zero-dinv and zero-area parking
functions are naturally indexed by subsets of OrdC(n) of cardinality n!. This suggests
a direct bijection between these two classes of parking functions. In the next section,
we construct such a bijection by showing that the area statistic on zero-dinv parking
functions and the dinv statistic on zero-area parking functions are both Mahonian.
The resulting recursions then yield an explicit bijection between the two classes.

Remark 4.8.2. The same ideas suggest a more general encoding of parking functions
with arbitrary secondary dinv. Namely, a parking function can be reconstructed from
the unordered sets of labels occupying its diagonals together with the primary and
secondary dinv pairs. The order of the labels within each diagonal is determined by
the primary dinv relations, while the secondary dinv relations determine the relative
placement of the diagonals.

In this description, if Dy,..., Dy are the diagonals, then

k

area(f) = Z(z — 1)|Dyl.

i=1

It would be interesting to investigate whether this encoding can be used to gain further
insight into the ¢, t-symmetry of

Z tarea(f)qdinv(f)'
fEPF(n)
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